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Introduction

Aim of our work ?
Òæ to develop a spacetime method with the Tent-Pitcher

algorithm, for wave problems.
Why ?
Òæ gain precision,
Òæ reduce computational time.

What kind of problems ?
Òæ acoustic,
Òæ elastodynamic,
Òæ elasto-acoustic wave propagation systems.

What kind of methods ?
Òæ Tre�tz-Discontinuous Galerkin methods with Tent-Pitching.

What kind of basis ?
Òæ polynomial basis functions,
Òæ Green’s functions.
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Acoustic Wave equation

First order acoustic wave equation :
Y
__________]

__________[

1
c2fl

ˆp

ˆt
+ Ò · vvv = f in W ,

fl
ˆvvv

ˆt
+ Òp = 0 in W ,

vvv(·, 0) = vvv0, p(·, 0) = p0 in D ,

vvv · nxnxnx = 0 in ˆD ◊ I .

W = D ◊ I
I = [0, T ]

with
p = p(xxx, t), pressure,
vvv = vvv(xxx, t), velocity,
f = f(xxx, t), source term,

c = c(xxx), acoustic wave
propagation speed,
fl = fl(xxx), density.
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Tre�tz approach

Basis functions are local solutions of the initial PDEs
We work on the skeleton of the mesh only
Requires low number of degrees of freedom,
Characteristics of the solution are included in the discrete
solution
Basis functions are discontinuous ≠æ Discontinuous Galerkin
discretization
Flexibility in choice of basis functions (plane waves, Green’s
function...)

⇤ Implicit scheme
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Variational formulation

Th : non-overlapping space-time mesh composed of Lipschitz smooth
elements K œ W

V
h(Th) =

)
„ œ L

2(Q), „|K œ H
1(K)

*

Tre�tz space

T(Th) =
)
(www, q) œ V

h(Th)
d ◊ V

h(Th)|

fl
ˆwww

ˆt
+ Òq = 0 and 1

c2fl

ˆq

ˆt
+ divwww = 0

*

Discrete Tre�tz space :

Tp(Th) =
)
(www, q) œ T(Th), (www, q)|K œ Pp(K)d ◊ Pp(K)

*
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Variational formulation

On FQ
h , the internal element faces, we have :

{{p}} =
1
2 (p

≠ + p
+) ,

JpKt = p
≠

nxnxnx
≠ + p

+
nxnxnx

+ ,
JpKx = p

≠
n

≠
t + p

+
n
+
t ,

{{vvv}} =
1
2 (v

vv
≠ + vvv

+) ,

JvvvKt = vvv
≠ · n

≠
t + vvv

+ · n
+
t ,

JvvvKx = vvv
≠ · nxnxnx

≠ + vvv
+ · nxnxnx

+ .

FD
h : boundary element faces ˆD ◊ I

F0
h : initial time element faces D ◊ {0}

FT
h : final time element faces D ◊ {T}
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Variational formulation

Seek (vvvh, ph) œ Tp(Th) such that, ’(www, q) œ Tp(Th), it holds true :
⁄

FQ
h

# 1
c2fl

{{ph}}JqKt + fl{{vvvh}} · JwwwKt + {{ph}}JwwwKx + fl{{vvvh}} · JqKx
$
ds

+
⁄

FQ
h

#
–1JvvvhKxJwwwKx + —1JphKxJqKx + –2flJvvvhKt · JwwwKt +

—2
c2fl

JphKtJqKt
$
ds

+
⁄

FT
h

# 1
c2fl

phq + flvvvh · www
$
ds +

⁄

FD
h

#
phwww · nxnxnx + –1(vvvh · nxnxnx)(www · nxnxnx)

$
ds

≠(
1
2 ≠ —2)

⁄

F0
h

1
c2fl

phqds ≠ (
1
2 ≠ –2)

⁄

F0
h

flvvvh · wwwds =

+(
1
2 + —2)

⁄

F0
h

1
c2fl

p0qds + (
1
2 + –2)

⁄

F0
h

flvvv0 · wwwds
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Tent Pitcher algorithm

How to reduce computational costs ?
solve element-by-element if mesh respects constraints
Òæ Tent-Pitcher algorithm

introduced for hyperbolic problems in spacetime
domain,
consists in building a causal mesh, which respects the
wave propagation speed,
conducive to parallel computing.
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Tent-pitching process 1d+t
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Tent-pitching process 1d+t
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Tent-pitching process 2d+t
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Tent-pitching process 2d+t
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Tent-pitching process 2d+t
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Tent-pitching process

≠(
1

2

+ —2)

⁄

Fin
h

1

c2fl
pin

h qnt

≠(
1

2

+ –2)

⁄

Fin
h

flvvvin
h · wwwnt =

≠
1

2

⁄

Fin
h

pin
h www · nxnxnx + qvvvin

h · nxnxnx

⁄

Fout
h

1

c2fl
phqnt + flvvvh · wwwnt + phwww · nxnxnx + qvvvh · nxnxnx

+(
1

2

≠ —2)

⁄

Fin
h

1

c2fl
phqnt + (

1

2

≠ –2)

⁄

Fin
h

flvvvh · wwwnt

+
1

2

⁄

Fin
h

phwww · nxnxnx + qvvvh · nxnxnx
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Results

Neumann boundary
condition

polynomial basis functions

Figure: Pressure at time t=0.308
with Tre�tz-DG+Tent-Pitching

Figure: Pressure at time t=0.616
with Tre�tz-DG+Tent-Pitching

CPUexact = 20 ◊ CPUapprox. CPUapprox = 10 ◊ CPUtent≠pitch.
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Green’s function as basis

Boundary Elements Method (BEM) consists in finding the
solution of a PDE, thanks to the solution on the boundary of the
domain :

4 only the boundary has to be discretized,
8 need to determine fundamental solutions beforehand,
8 have to compute complex singular integrals,
8 meshes are hard to build.

Method of Fundamental Solutions (MFS) introduced as
alternative to BEM :

4 no need to compute singular integrals,
4 meshfree method,
8 but we also need fundamental solutions, since the solution is

approximated by a linear combination of these
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Green’s function as basis

Gp(x, y, t) =
1

(t ≠ ts)2 ≠ (x ≠ xs)2 ≠ (y ≠ ys)2 ,

Gvx(x, y, t) =
(t ≠ ts)(x ≠ xs)

(t ≠ ts)2 ≠ (x ≠ xs)2 ≠ (y ≠ ys)2 ,

Gvy (x, y, t) =
(t ≠ ts)(y ≠ ys)

(t ≠ ts)2 ≠ (x ≠ xs)2 ≠ (y ≠ ys)2 .
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Results

Figure: Pressure at time t=0.308
with Green’s functions

Figure: Pressure at time t=0.616
with Green’s functions
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Boundary Conditions

In numerical simulations, cannot work in infinite domain
Òæ we truncate the domain

Òæ it creates reflections !

Solution : introduce appropriate boundary conditions
Òæ Absorbing Boundary Conditions
Òæ Perfectly Matched Layers
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1st order Absorbing Boundary Conditions

First order ABC for acoustic wave equation on absorbing
boundary :

ˆp

ˆn
=

1
c

ˆp

ˆt
on G .

Here, use of Green’s functions as ABC.

191919191919191919191919191919191919191919191919



Results
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Perfectly Matched Layers
Y
________]

________[

fl
ˆu

ˆt
+

ˆp

ˆx
≠ ‡

iÊ + ‡

ˆp

ˆx
= 0 ,

fl
ˆv

ˆt
+

ˆp

ˆy
= 0 ,

1
c2fl

ˆp

ˆt
+

ˆu

ˆx
+

ˆv

ˆy
≠ ‡

iÊ + ‡

ˆu

ˆx
= 0 .

Modified Green’s functions :

G
pml
p (xxx, t) =exp(≠A(xxx, t)) cos (B(xxx, t))G(xxx, t)

A(xxx, t) =cos(◊(xxx))I(xxx)
t

r(xxx)

B(xxx, t) =sin(◊(xxx))I(xxx)

Û
t2

r(xxx)2 ≠ 1
c2

I(xxx) =
⁄ x

0
‡(xxx)dxxx 212121212121212121212121212121212121212121212121



Prospects

Parallelization

Extend to unstructured meshes

Extend 2D to 3D

Consider adaptive meshes & local-time stepping
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Soobšč. Akad. Nauk Gruzin. SSR, 30:529–536, 01

1963.

Rudolf Mathon and R.L. Johnston.

The approximate solution of elliptic

boundary-value problems by fundamental

solutions.

SIAM Journal on Numerical Analysis, 14, 09 1977.

Ilaria Perugia, Joachim Schöberl, Paul Stocker,
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