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PML applied to spacetime Trefftz-DG numerical formulation for the acoustic wave equation

Introduction

Aim of our work ?

→ to develop a Trefftz method in time domain with the Tent-Pitcher algorithm, for wave problems.

Why ?

→ gain precision, → reduce computational time.

What kind of problems ?

→ acoustic, → elastodynamic, → elasto-acoustic wave propagation systems.

What kind of methods ?

→ Trefftz-Discontinuous Galerkin methods with Tent-Pitching.

What kind of basis ?

→ polynomial basis functions, → Green's functions.

Acoustic Wave equation

First order acoustic wave equation : 

                       1 c 2 ρ ∂p ∂t + ∇ • v = f in Ω , ρ ∂v ∂t + ∇p = 0 in Ω , v(•, 0) = v 0 , p(•, 0) = p 0 in D , v • n x = 0 in ∂D × I . Ω = D × I I = [0, T ] with x = (x, y), p = p(x, t), pressure, v = v(x, t) = (u, v), velocity, f = f (x, t), source term, c = c(x), wave speed, ρ = ρ(x), density.

Results

Neumann boundary condition polynomial basis functions

Source Points

Green's function as basis

Notations: X = x -x s , r = √ X .X X 1 = x -x s , X 2 = y -y s , T = t -t s
Cagniard-De Hoop method :

G p (x, t, x s , t s ) = 1 2π T 2 -r 2 c 2 , G u (x, t, x s , t s ) = T X 1 ρr 2 G p (x, t, x s , t s ) , G v (x, t, x s , t s ) = T X 2 ρr 2 G p (x, t, x s , t s ) .                    ρ ∂u ∂t + ∂p ∂x = 0 , × w ρ ∂v ∂t + ∂p ∂y = 0 , × z 1 c 2 ρ ∂p ∂t + ∂u ∂x + ∂v ∂y = 0 , × q
w, z, q: test variables

F out h ( 1 c 2 ρ p h q + ρu h w + ρv h z)n t + (u h q + p h w)n x + (v h q + p h z)n y + F in h (0.5 -α)(ρu h w + ρv h z)n t + (0.5 -β) 1 c 2 ρ p h q n t +0.5 F in h q(u h n x + v h n y ) + p h (wn x + zn y ) = F in h -(0.5 + α) ρu 0 w + ρv 0 z n t -(0.5 + β) 1 c 2 ρ p 0 q n t -0.5 F in h p 0 (wn x + zn y ) + q(u 0 n x + v 0 n y )

Results

Figure Perfectly Matched Layers

ρ ∂u ∂t + σ x u + ∂p ∂x = 0 , ρ( ∂ ∂t + σ x )u + ∂p ∂x = 0 , ρ( ∂ ∂t + σ x ) ∂u ∂t + ∂ ∂t ∂p ∂x = 0 , ρ ∂u ∂t + ∂p ∂x - σ x ∂ ∂t + σ x ∂p ∂x = , σ x : absorbing coefficient in the x-direction J.-P. Bérenger [1994]                                        ρ ∂u ∂t + ∂p ∂x -p 1 = 0 , ρ ∂v ∂t + ∂p ∂y = 0 , 1 c 2 ρ ∂p ∂t + ∂u ∂x + ∂v ∂y -u 1 = 0 , ∂ ∂t + σ x p 1 = σ x ∂p ∂x , ∂ ∂t + σ x u 1 = σ x ∂u ∂x . u 1 , p 1 : auxiliary variables                                        ρ ∂u ∂t + ∂p ∂x -p 1 = 0 , ×w ρ ∂v ∂t + ∂p ∂y = 0 , ×z 1 c 2 ρ ∂p ∂t + ∂u ∂x + ∂v ∂y -u 1 = 0 , ×q ∂ ∂t + σ x p 1 = σ x ∂p ∂x , ×w 1 ∂ ∂t + σ x u 1 = σ x ∂u ∂x . × q 1
w, z, q: test variables w 1 , q 1 : auxiliary test variables

PML -Variational Formulation

F out h ( 1 c 2 ρ p h q + ρu h w + ρv h z)n t + (u h q + p h w)n x + (v h q + p h z)n y +(u 1 q 1 + p 1 w 1 )n t -σ x (uq 1 + pw 1 )n x + F in h (0.5 -α)(ρu h w + ρv h z+u 1 q 1 )n t + (0.5 -β) 1 c 2 ρ p h q+p 1 w 1 n t +0.5 F in h q(u h n x + v h n y ) + p h (wn x + zn y )-σ x (uq 1 + pw 1 )n x = F in h -(0.5 + α) ρu 0 w + ρv 0 z+u 0 1 q 1 n t -(0.5 + β) 1 c 2 ρ p 0 q+p 0 1 w 1 n t -0.5
F in h p 0 (wn x + zn y ) + q(u 0 n x + v 0 n y )-σ x (u 0 q 1 + p 0 w 1 )n x PML -Basis functions

• G pml p (x, t, x s , t s , σ x ) = exp -A cos(B)G p (x, t, x s , t s ) • G pml u (x, t, x s , t s , σ x ) = exp -A G p (x, t, x s , t s ) ρr 2 T X 1 cos(B) + hX 2 sin(B) • G pml v (x, t, x s , t s , σ x ) = exp -A G p (x, t, x s , t s ) ρr 2 T X 2 cos(B) + hX 1 sin(B) with A = A(x, t, x s , t s ) = X 1 r 2 Σ(x, x s )T , B = B(x, t, x s , t s ) = X 2 r 2 Σ(x, x s )h , Σ(x, x s ) = X 1 0 σ(x, x s )dX , h = h(x, t, x s , t s ) = T 2 - r 2 c 2 . PML -Test functions                                        ρ ∂w ∂t + ∂q ∂x -σ x ∂q 1 ∂x = 0 , ρ ∂z ∂t + ∂q ∂y = 0 , 1 c 2 ρ ∂q ∂t + ∂w ∂x + ∂z ∂y -σ x ∂w 1 ∂x = 0 , ∂ ∂t -σ x q 1 = -q , ∂ ∂t -σ x w 1 = -w .
• G q pml (x, t, x s , t s , σ) = G p pml (x, t, x s , t s , -σ)

• G w pml (x, t, x s , t s , σ) = G u pml (x, t, x s , t s , -σ)

• G z pml (x, t, x s , t s , σ) = G v pml (x, t, x s , t s , -σ)

PML -Results

Figure 

Figure :

 : Figure: Pressure at time t=0.308 with Trefftz-DG+Tent-Pitching
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  Figure: Pressure at time t=0.308 with Green's functions

  Figure: Pressure at different time steps with PML