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Centrohermitian Solutions of a Factorization Problem Arising in
Vibration Analysis. Part II: A Coninvolutory Matrix Approach

Elisa Hubert', Yacine Bouzidi?, Roudy Dagher® and Alban Quadrat*

Abstract—1In [13], we showed that the structure of centro-
hermitian matrices and Lee’s transformation can be used to
transform the search for centrohermitian solutions of a rank
factorization problem — at the core of a new demodulation
approach arising in gearbox vibration analysis — into the
search for real solutions of a polynomial system. Hence, in
[13], we parametrized a class of centrohermitian solutions of
the rank factorization problem that is interesting in practice.
Despite its effectiveness, Lee’s transformation can be seen as a
black box hiding information on the resolution of the rank
factorization problem for centrohermitian solutions. To get
more insight, in this paper, we develop an alternative approach
to the centrohermitian rank factorization problem.

I. INTRODUCTION

In [13], we studied the centrohermitian solutions of a rank
factorization problem defined by centrohermitian matrices
[14], [5]. Recall that a matrix with complex entries is
centrohermitian when it is equal to the matrix obtained by
exchanging the rows and the columns of its conjugate. See
Definition 1 below. Centrohermitian vectors and matrices
usually appear in signal processing. For instance, the vectors

neN, C,:=(c_n(s) ... en(s)”

formed by the n first Fourier coefficients centered around 0
of a real signal s are centrohermitian since J,C, = C,,
where J,, denotes the n X n exchange matrix, i.e., the matrix
formed by 1 on the second diagonal and O elsewhere.

The rank factorization problem studied in [13] is at the
core of demodulation problems arising in gearbox vibration
analysis [8], [9]. Indeed, the static transmission error of
toothed gearing vibration can be expressed as a finite sum
of products of time functions [15], [1], [2], [8]. If we
study this error within the frequency domain using Fourier
analysis, transforming products into convolutions, under non
overlapping hypotheses on the supports of the corresponding
signals, we are then led to the rank factorization problem
studied in [8], [9], [10], [11], [12], [13]. The standard
amplitude and amplitude and phase demodulation problems
can be reformulated within this framework [8], [9].

In [13], using the centrohermitian structure and the so-
called Lee’s transformation [14], [5], the search of centro-
hermitian solutions of the rank factorization problem was
transformed into the search of real solutions of an associated

c—1(8) co(s) c1(s) ...
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rank factorization problem for real matrices. Then, using
results obtained in [11], [12], an explicit characterization of
a class of centrohermitian solutions (important in practice)
of the rank factorization problem was obtained in [13].

Despite its effectiveness, Lee’s transformation can be seen
as a black box which hides information on the resolution
of the rank factorization problem. Hence, in this paper, we
shall directly study the existence and the characterization of
a class of centrohermitian solutions of the rank factorization
problem by adapting the method developed in [10], [11],
[12], [13]. Doing so, we shall obtain more insight.

II. THE CENTROHERMITIAN RANK FACTORIZATION
PROBLEM

In what follows, k denotes a field (e.g., Q, R, C), k™*™
the K-vector space of the n x m matrices with entries in K,
and I,, the identity matrix of k"*". Moreover, M € C"*™
(resp., M* € C™*™) denotes the conjugate matrix (resp.,
the adjoint, i.e., the conjugate transpose) of M & C™"*™
and J,, stands for the n X n exchange matrix, i.e., the matrix
formed by 1 on the second diagonal (anti-diagonal) and 0
elsewhere. If M € k™*™, then we can consider the k-linear
maps M. : K™t — k™*! and .M : ki*X? — kixm
respectively defined by (M.)(n) := M n for all n € km*1
and (\M)(\) = AM for all A € k'*", and denote
their kernels (resp., images) respectively by kerx(M.) and
kery (. M) (resp., imi(M.) and imy(.M)). If {f;};=1,. ., is
a set of vectors, then span, { f;},;=1,... » denotes the kK-vector
generated by the f;’s. Finally, we set:

|
> S
rzl o= an T

We can now state the main problem studied in this paper.
The rank factorization problem:

Let Dq,...,D, € k™™ \ {0} and M € k™™ \ {0}.
Determine — when they exist — a column vector u € K™*!
and row vectors v; € K!X™, ¢ =1, ..., r, satisfying:
I
M =Y Djuv;. (1)
i=1

If (1) has a solution, then M w = Y.._, D; u (v; w) for
all w € k™*! and img(M.) C spany{Diu,...,D,u} C
k™*1 which yields the following rank condition:

1 :=rankg(M) <rankg(Diu ... Dru) < min{r,n}.
2)
Hence, (2) is a necessary condition for the solvability of (1).
Let us state again the concept of a centrohermitian matrix.



Definition 1 ([14], [5]): A matrix M € C™*™ is called
centrohermitian if J, M J,, = M. The set of all the
centrohermitian matrices of C"*™ is denoted by CH,, ,,.

Example 1: Using J; = 1, a column vector u &€ crnxl
and a row vector v; € C'*™ are centrohermitian if we have:

Jnﬂ:ua Vi S = v;.

The centrohermitian rank factorization problem is a rank
factorization problem for centrohermitian matrices M and
D+, ..., D, and centrohermitian solutions u and v1, ..., v,.

The centrohermitian rank factorization problem:

Let Dy,...,D, € CH,, \ {0} and M € CH,,, \ {0}.
Determine — when they exist — v € CH,, ; and v; € CHy 1,
1=1,...,r, satisfying (1).

In [13], we showed that the centrohermitian rank factoriza-
tion problem can be reduced to a rank factorization problem
over K = R. Let us state again this important result.

Definition 2: A matrix @ € C"*™ is called J-real if:

According to Example 1, the columns of a J-real matrix
are centrohermitian vectors. Let us give explicit examples.
Example 2: For t € N, the following matrices

1 (L il ,
— c C 7ﬁ><27f7 — 1,
Qo2 7 ( 5 il ) Q1

I; O i 1
Qo = 1 0 V2 0 € CHHx(2t+1)
2
V2 Jy 0 —iJ;

are J-real. They are also unitary, namely, they satisfy:

Q3% Qat = Qoy Q% = Ioy,
Q%11 Qat41 =
IfU € C™*™ and V € C™*" are two non-singular J-real
matrices, then we can define Lee’s transformation [14]:
¢:CH,,; — RV
M — V-IMU.
In [14], it is shown that ¢ is a bijection, and thus, that the R-
vector space CH,, ,, = ¢~ !(R™*™) is isomorphic to R™*™.
We state again the equivalence between the two problems.
Theorem 1 ([13]): Let D; € CH,, for i = 1,...,7,
M e CHym, Qm € C™*™ and Q,, € C™*" be two J-
real and unitary matrices (see, e.g., Example 2), and:

Digp::Q;DiQnG izl,...,r,
= QM Qy, € R

Q2141 Q%41 = Iotg1-

nxn
R,

3)

Then, the centrohermitian rank factorization problem (1)
admits a solution (u,vy,...,v.) € CH, 1 x CHY , iff the
following rank factorization problem

My =" Diyuyvig, 4)
i=1
admits a solution (g, vigp, . . ., Ury) € R™Ix (R1*™)" The

bijection between the sets of solutions is then defined by:

CHn,l X CH;,m —
(uvvla"'vvr) —

Rn><1 %

(Q:Lualemv"’v

(R1><m T

Uy Qm)v

R x (R™>™)" +— CH,, x CH] ,

(Ugpy V1 - -3 Upp) > (Qn Uy, V1 QFys .-y
III. A FEW INTRODUCING REMARKS
Based on results of [10], [11], [12], all the centrohermitian
solutions of the centrohermitian rank factorization problem
which are such that vy,...,v, are C-linearly independent
were parametrized in [13]. This class is important in practice.
Lee’s transformation can be seen as a black box hiding
interesting information on the resolution of the centrohermi-
tian rank factorization problem. Hence, we shall adapt the
approach developed in [10], [11], [12] to directly handle the
centrohermitian rank factorization problem.

Urep Q:n,) .

If we note
U1
A(u):==(Dyu ... Dyu) €K™ v:= : e kmm,
v
then (1) can be written as follows
A(u)v = M, &)

which emphasizes the bilinear structure of the system (1)
which is polynomial in the entries of » and of the v;’s.
Note that (5) and (2) explain the choice of the terminology
for the problem (1), namely, a rank factorization problem.
If (u, v) is a solution of (5), then so is (Au, A=t v) for
all A € k\ {0}, which shows that the solution space S of
(5) is closed under the following transformation:

VA ek\ {0}, Ao (u, v):=(Au, A" 0). (6)

Since k* :=k\ {0} is an abelian group for the multiplica-
tion, (6) then defines a group action of k* on S, namely:

V(u,v) €S, 1le(u,v)=(u,v),

VAL A€k, Aye(Ape(u,v)) =N A) e (u, v).

The action (6) of the multiplicative group K* on the solution
space S of (5) yields the following equivalence relation:

YV (u,v), (u,v) €S (W, V)~ (u, v)
e Irek: (W, V) =Xe(u,v) = (ur A7 0).
The quotient of the action S/k*, defined by the orbits
V(u,v) €S: Oy, o) i= {(u/\, AL v) | A e k*},

defines a partition of the solution space S of (5). Hence, the
study of S can be restricted to the study of S/K*.

In what follows, we shall suppose that k = C.

Let us first suppose that a centrohermitian solution (u, v)
exists for (1), i.e., (u, v) satisfies (5) and:

u=J,u, v;=vJyn, 1=1,...,7

(7

S u=J,u, v=0J,.

Let us suppose that the matrices D;’s are also centroher-
mitian. Then, we can first check that we have:

A(u) D,
JIn

... Dp1)
Dy J,T ... Jy D, J,7T)
Jn A(J, a) ®)

—_



Using (7) and (8), A(u)v = M yields J,, A(u) v J,, = M.
Then, we obtain A(u)v = J, M Jp,, i.e., Jo M J,, = M.
Hence, M is necessarily a centrohermitian matrix.

Let M, Dy,...,D, be centrohermitian matrices. Let us
study when a complex solution (u, v) of (5) is a cen-
trohermitian solution, i.e., satisfies (7). Using (5), we get
Au)v = M = J, M J,, and thus, using (8), we have
In A(w)T I, = A(Jp @) (V) = M. The set S of com-
plex solutions of (5) is then closed under the transformation:

T:(u,v)eS— (Jpu,vJy,) €S. 9)

The transformation 7 satisfies 72 = id, where id is the
identity transformation. Moreover, using (6), we obtain:

VYAek®, The(u,v)=T(u A1)
= (TN N TI)
=XeT(u,v).
Hence, we can restrict 7 to the quotient S/K* to obtain:
T:S/k* — S§/k*

(10)

Ou,v)

The centrohermitian solutions of (5) , i.e., the solutions
satisfying (7), are the fixed-points of T, i.e., those that satisfy:

(u,v) € S: T(u,v) = (u, v).

Lemma 1: The centrohermitian solutions of (5) are in a
1-1 correspondence with the orbits Oy, .y of S/K* that are
fixed by the involution 7 defined by (10).

Proof: If (u, v) is a centrohermitian solution of (5),
i.e., if (u, v) is a fixed point of 7, then, using (10), we have
T (O, v)) = OF(u,v) = O, v)» Which shows that the orbit
O(u, v) 1s fixed by T. Conversely, let us suppose that O, .,
is a fixed point of 7, then O7(y, ») = O(y, »)- By definition,
there exists z € k* such that 7 (u, v) = (zu, 271 v), ie.,
(JnW, 0 Jy) = (zu, 2~ v). The equation J,, 4 = z u yields
uw=J,zu=2J,u = Zzu. Since u # 0 (u = 0 yields
A(u) = 0, and thus, M = 0), we obtain 27 = |z|? = 1. Let
us first suppose that z = —1 and let v’ = iu and v/ = —iv.
Then, we have O, vy = Oy, v)s

— OT(u,v)-

V' =10Jy = —tv="1",

oy S
{ Jpu' = —iJ,u=1iu=1u,

which shows that (v, v’) is a centrohermitian solution. Now,
let us suppose that z # —1 and let A := (1 + 2)/2 € k*,
' := Auwand v’ := A~ v. Then, we have O, vy = Otu, v)»
Az =), and thus, X% 2z~ =)X"1 and

Jpt! = AT = zu=Au=1,

o' T, = X_lﬁJm N T ly=aly= v,

which shows that (u/, v') is a centrohermitian solution. M
Remark 1: If (uy, v) satisfies (5), where uy is centro-

hermitian, ie., J,u; = wuj, then, using (9), we have

A(uy) (0 Jm) = M, which, with the following notation

1
vy = E(v—&—ﬁJm),

yields A(uj)vy = M and vy J, = v;, and shows that
(uy, vy) is a centrohermitian solution of (5). Hence, the
problem of the existence of fixed-points of 7 is reduced
to the problem of the existence of solutions (u, v) of (5)
satisfying J,, @ = u, i.e., of solutions with u centrohermitian.

IV. CHARACTERIZATION OF A CLASS OF SOLUTIONS

In Section IV-A below, we shall review the parametrization
of all the solutions (u, v) of (5) which are such that v are
full row rank matrices which is obtained in [10], [11], [12].
These solutions are important in practice [8]. In this paper,
we shall focus on this important class of solutions. See [3] for
the general solutions. In Section IV-B, we shall extend this
parametrization for the centrohermitian rank factorization
problem without using Lee’s transformations (see Section II).

A. Full row rank solutions v

(5) is equivalent to the existence of v € K™*! satisfying:

imy(M.) C img(A(u).) C K™<L. (11)
Thus, we find again (2), i.e.:
[ :=ranky (M) < ranky(A(w).) < min{r,n}. (12)

Hence, u € K™*! is such that not all the { x I-minors of the
matrix A(u) vanish simultaneously.

A class of solutions of (5), important in practice, is defined
by the solutions (u, v) with full row rank matrices v, i.e.,
such that the v;’s are K-linearly independent. Note that v
then admits a right inverse t € K™*", i.e., vt = I,.. Hence,
A(u)v = M yields A(u) = M t, which shows the inclusion
img(A(u).) C imy(M.) and with (11) yields:

img(A(u).) =img(Drw ... Dyw) =img(M.).  (13)

Remark 2: Alternatively, this result is a consequence of
the fact that ranky (M) = rankg(A(u)v) = ranky(A(u))
since ranky (v) = r, i.e., of the fact that v has full row rank.
Equivalently, it is also a straightforward consequence of (12)
and of Sylvester’s rank inequality asserting that:

ranky (A(u)) + rankg(v) <1+ 7.

Indeed, ranky(v) = r and (12) yield ! < rankyg(A(u)) <.
In what follows, we shall recall how to parametrize all the
uw’s satisfying the equality (13). Note (13) is equivalent to:
1) D;u € img(M.) = kerk(L.) for ¢ = 1,...,r, where
L € kP*™ is a full row rank matrix whose rows
define a basis of kerx(.M) and p := n — I, ie,
kerk(.M) = imy(L.) (with the convention that L = 0
if kerg(.M) = 0), i.e., u satisfies the linear system:

L D,

Nu=0, N:= ckPTM. (14)

LD,
2) rankg(A(u).) = rankyg(M) = 1.
These above two conditions can be solved as follows. If (14)

is reduced to {0}, then no solution exists since A(0) = 0 and
M # 0. Hence, let us suppose that the dimension d of the



k-vector space (14), i.e., of kery(V.), is larger than or equal
to 1 and let Z € k™*¢ be a full column rank matrix whose
columns define a basis of (14). Thus, u = Z ) satisfies (14)
for all ¥ € k1, ie., satisfies the first above condition.
Substituting this expression into the second condition, we
are led to the characterization of the following set:

P = {¢ € k! | rankg(A(Z ) = 1}.

To do that, let X € k™*! be a full column rank matrix
whose columns define a basis of imy(M.). Therefore, we
have imy(M.) = imk(X.) and there exists a unique matrix
Y € k™ such that M = X Y. Now, using the fact that
D; Zv¢ € img(M.) = imy(X.) for all ¢» € k?*!, there
exists a unique W; € k'*? such that D; Z = X W; for
t=1,...,r, which yields A(Z¢) = X Wiy ... W, 0)
for all 1 € k&1, Let B(¢)) := (Wit ... Wyrtp) € kIXT
for 1) € k1. Since X has full column rank, we then get:

P = {p € kP | ranky(B(v)) = 1}. (15)

Let {m;};—;,. ¢ denote the set of all the I x [-minors
of the matrix B(¢)) € k'X". Note that m; is either 0 or a
homogeneous polynomial of degree [. Let (m, ... ,mq) be
the ideal of the polynomial ring K[t1,...,14] and let us
consider the following affine algebraic set [4]:

Vk((mi,...,men)) ==
V= . )T €k mi() =0, i=1,....Cl).

Then, (15) is clearly equivalent to:

P = kP Vi((ma, . me)).

For a more efficient method to compute P, see [12].

For every ¢ € P, B(¢)) has full row rank, and thus, there
exists a right inverse Ey, € k™! ie., B(v) Ey, = I,. Using
X B(W)v=A(Zvy)v=M = XY and the fact that X has
full column rank, we obtain B(v))v =Y, which yields v =
Ey,Y +C,Y', where Cy € k(=0 is a full column rank
matrix whose columns define a basis of the K-vector space
kerk(B(%).), ie., kerk(B(¢).) = imy(Cy), and Y’ is any
matrix of K("~U*™ _ Finally, noticing that (E,, C) € k™"
is not singular, v has full row rank iff so has (Y7 Y’7).

Theorem 2 ([11]): With the above notations, we have:

u=272Y
, | €S
v=FEy Y +CyY
(16)
Moreover, v = E Y + Cy Y’ has full row rank iff so has

VyeP, VY eklmhxm, (

xT y'"h.
See [3], [12] for the study of the (regularity of the) maps:

Y EP+— Ey, YePr— Cy.

Note that the multiplicative group k* acts on P as follows:

k*xP — P
(A ¥) — A
Hence, the study of P can be reduced to the study of the
quotient of the action P/K* and of the orbits O for 1) € P.

Moreover, we note that B(Ay) = AB(vy) for all
A € k*. Hence, we get that Cy4 = Cy. If we denote
by E), a right inverse of B(Avy) for v € P, ie,
B(A¢)Eyy = I, then we get B(¢)) (AExy) = I, and
thus, B(¢) (Ey —AExy) = 0, which shows that each
column of E;— A\ E)  belongs to kery (B(1)).) = imk(Cly.),
and thus, there exists a unique matrix Y, € k(r=Oxt guch
that By, — A Eyy = Cy Yd’}’ . Hence, we have:

ANVEy =Exy — A ' CpY) =Exy — A Chy Y.
Finally, if (u, v) € S is of the form of (16), then we have:
Viek®, Ae(u,v)= ()\u, )\_1@)

- (Zw, BxgY +Cryp A1 (Y — YJY)) €s.

For examples, see [3], [8], [9], [10], [11], [12], [13].

B. An approach based on coninvolutory matrices

We consider the extension of the approach for the rank
factorization problem of Section IV-A to the centrohermitian
rank factorization problem, i.e., to centrohermitian matrices
M, Dy, ...,D, and centrohermitian solutions u, vy, ..., v;.

Letk=C, M € CH,, , and D; € CH,, ,, i =1,...,7.

By definition of the full row rank matrix L € kP*™ intro-
duced in Section IV-A, it satisfies the following properties:

1) LM =0.

2) If L' € kP *™ is a matrix satisfying L' M = 0, then

there exists L” € kP *? such that L' = L" L.

The first condition, i.e., LM = 0 yields LM = 0, i.e.,
LJ,MJ,, = 0since M = J,MJ,, and thus, we get
(L J,) M = 0. Using the second point, there exists a matrix
L"” € kP*P such that L J,, = L L, i.e.:

L=L"LJ,. (17)

Using (17), J,, € R"*™ and J2 = I,,, we obtain
L=0U'LJ,=L"L"LJ?=T"L"L,
and using the fact that L has full row rank, we finally obtain:

'L’ =1

=1, L'L"=1I,. (18)
A matrix L € kP*P satisfying (18) is called coninvolutory
[6], [7]. Clearly, a coninvolutory matrix is non-singular.

Remark 3: If ® € R™ ", then ¢'® is clearly coninvo-
lutory. Theorem 14 of [7] proves the converse result, i.e.,
every coninvolutory matrix E is of the form of £ = ¢'©
for a certain ©® € R™*™, In particular, © can be chosen to
be a polynomial in E. Finally, there exists a unique matrix
© € R™*" satisfying E = €' © with all its eigenvalues in the
half-open strip {z € C| — /2 < 3(2) < w/2}.

Let us now consider a solution u € k™*! of (14), i.e.,
satisfying LD;u = 0 for 7+ = 1,...,r. Then, we have
LD;uw=0.Using L=L"LJ,, D; =J,D;J,, J2 =1,
and L” is a non-singular matrix, we then obtain

L'LJ?D;J,u=0 < LD;(J,u) =0,



which shows that the solution space kerx(N.) of (14) is
closed under the following transformation:

J :kerg(N.) — kerg(N.),

19
u — J,u. (19)

Using the k-vector space structure of kery (/N.) coming from
the linear system (14), we then have:

wy = % (w4 T () = % (1 + Jn ) € ker(N.).
Moreover, u; satisfies J (uy) = uy, i.e., u € CH, 1, which
shows (14) always admits centrohermitian solutions.

If (u, v) € S, then we have just proved that u; € CH,, 1
satisfies (14). But as explained in Section IV-A, (14) is only
a necessary condition on u for the existence of a solution
(u, v) of (5). Hence, we now need to investigate when there
exists vy € K™*™ satisfying vy J,, = vy (i.e., the rows of
vy are centrohermitian vectors) such that (uy, vy) € S.

Recall that u = Z 1) is a solution of (14) for all ¢y € k1.
Hence, using (19), we get that J,u = Jn, Z is also a
solution of (14) for all ¢ € k%*1. Hence, there exists
a unique ¢ € k%! such that J, @ = J,Z¢y = Z¢.
Considering R := (¢1 ... ¢n) € k4%4, where ¢; is such
that .J,, Zv; = Z ¢; and 1; is the i vector of the standard
basis of k"1, i.e., v; is the vector formed by 1 at the i
position and O elsewhere, then we have Jn.Z =ZR,ie.

7 =J,ZR. (20)

Then, we get Z = J,, Z R, which implies that Z = Z R R,
and thus, R R = I, since Z has full column rank, and also
RR=RR=1, 21

i.e., R is coninvolutory. Using u = Z ¢ and (20), we have:
Joi=J,Z =7 (R1) € kerg(N.). (22)

Now, using (20) and the fact that Z has full row rank,
u = Z 1 is centrohermitian iff J, u = u, i.e., iff:

JnZp =29 & Z(Rp—)=0 & =R (23)

A vector 1 € k< satisfying (23) will be called R-
conjugate. Let 'R be the R-linear vector space formed by
all the R-conjugate vectors of k%<1, i..:

R = {yp e k™ | R =1y}.

Hence, u € K"*! belongs to kerk(N.) and is centrohermitian
iff there exists ¥ € R such that u = Z .

Let ¢ = 1, 4+ i1);, where ¢, ¢; € R R =R, +iR;,
where R,., R; € R4, Using (21), R, and R; satisfy:

(24)

R+ R}’=1,, R,R;=R;R,.

Let us note:

R. R
H:= ( o ) € R2dx2d, (25)

The matrix H is involutory [6], namely:

2 Rr R»L R’r‘ RZ
H? = = Loy
Ri - Rr Rz - Rr

Since H? = Iy, the characteristic polynomial of H is either
A2 — 1 or one of its two factors, i.e., A — 1, A + 1. The last
two correspond to H = Is; and H = —1I54, which are not of
the form of (25). Hence, the characteristic polynomial of H
is A2 — 1, which shows that the eigenvalues of H are 1 and
—1 associated with the respective eigenvectors of the form:

ne =0+ Hy, no=n—Hiy, nek’P

Now, 1) = R} is equivalent to the following linear system

(5 5 ()-(n).

which shows that (1 )T € R?*! is an eigenvector of
H associated with its eigenvalue 1. Hence, we have R # 0.

Computing a basis of the eigenspace kergr((H — Ia4).) of
H, there exists a full column rank matrix G € R??*¢ such
that kerr ((H — I24).) = img(G.), where e is the multiplicity
of the eigenvalue 1 of H, i.e., e = dimg(kerg((H — I24).)).
Hence, using ¥ = 1, + i 1);, we have:

=Ry & Iye R, < zr ) =Gr.
Now, let G = (GT GT)T, where G}, € R™*¢ for k =1, 2,
and let set 0 # Z' := G + i Gy € k?¥*¢. We then have:

R=2Z'R>!' ={Z'v|veR. (26)

Note that, by construction, we have RZ' = Z. This
identity can easily be checked again as follows:

RTG1 +R'LG2 = G17

< RZ =27,
R;G1 — R, G2 = G,

HG=G & {

Using Remark 1 and Theorem 2, we obtain that a solution

of the centrohermitian rank factorization problem exists iff
there exists v € R®*! such that the following matrix

K®):=B(Z'~y)=W1Z'~vy ... W, Z'v) e kX"

is such that rankyg (K (7)) = [, i.e., such that K (v) has full
row rank, i.e., admits a right inverse.

We can now state the main result of the paper.

Theorem 3: With the above notations, the centrohermitian
rank factorization problem admits a solution iff:

C :={y € R! | rankg(K (7)) = 1} # 0.

If so, then centrohermitian solutions are defined by

uy=(227")7,
VvyeCcC, v+TJ,
vy =T

with the following notations:
e v=FE,Y +C,Y forall Y/ € Kr=Ox1,
e E, € k™!is aright inverse of the matrix K () € k'*",



e U, € k<=1 is a full column rank matrix satisfying:

kerg (K (7y).) = img(C,.).
For computational issues, we refer to [3], [12].

is 72 + 2. Hence, if 77 # 0 or 7o # 0, then the
centrohermitian rank factorization problem admits solutions.
For v € R?*1\ {0}, solutions (uy, v;) are then defined by:

Example 3: We consider the centrohermitian matrices: EMERNE
ujy = A Y= 0 5
9+18% —225 941981 i+
M = 0 0 0 ,
91087 —225 9-18i v= KTV =907 455"
1291+ (1 —=108)y2 =257 1291 + (1 —100)y2 4 20772
—i 00 1240+ (110071 —2571  —12792 4+ (1 — 10d) 72 + 207 1
Dlzjgv D2: 0 0 O U"‘@Jg ) ) L
0 0 i v= o =900 +%)"
Then, we have m =n =3, r =1 = 2 and: 127+ (1 =109 =257 127+ (1+107) 7
p= 1’ L:(O 1 0)’ LH:L —12’YQ+(1—1OZ)’)/1 —25’)/1 —1272+(1+101)’71
0 1 Finally, if d = 1 and P # (), then we can easily prove that
0 1 . N .
i=2 Z=|0 0|, m= - the centrohermitian rank factorization problem is solvable.
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