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Honouring Andrey V. Sarychev’s 65

Encounter first with the Portuguese team

Geometric control summer school, Bedlewo (2003)

"Even if he falls asleep during a talk, he will ask THE good question!"

Then Trieste, Dijon, Moscow, Paris... (often with Bernard)



Two seminal papers (among many others)

Second order optimality conditions (smooth case)

Mo Ct Math, USSR Spormik
o 13158 (1950, B 3 Val's1 ok V.3
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‘THE SECOND VARIATION OF A CONTROL SYSTEM
unc 5193
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AnsTaacr. The constancy of gn of the ssond varaion of  nosinear control syt i
vcsigated. Sulfcient conditons fo contolshy of econd oxde and ako sufcient
conditions fo optmabty wih repect o fast sction o he extemals of this sem
Snslogous 10 the LegendesJacobi condiions of e classical cakule of variaon e

[r——

‘The paper is devoted to an investigation of controllability and optimality of nonlincar
systems. The investigation of the sccond variation of the system gives cssential informa-
tion on the behavior of a control system in a neighborhood of a given extremal. The
Morse index is the most important invariant of the second variation. The second variation
of a control system has previously been studid by many authors; we note, in particular,
the papers [1] and [2). In the present paper a modification of the concept of a conjugate
point of an extremal is considered. The structure of the set of conjugate points is
investigated depending on whether or ol the given extremal satsfcs a strong regularity
condition. In finding the set

method for computing the Morse indesx of the second ariation are given.

‘We consider the problem of fast action

£=f(xu). 0]
M0)=0, x(T)=x, )
7 - min. o)

Here the phase vector x € R, s ector ield which s smooth (of class C=) in x and
vice continuously diffrendiable with respect o the parameter u € R, and the control

) is 8 measurable, esentially bounded function. u-) € L. We call the control u(-)
admissbl for the sysem (1)-(2)on the iterval 0. T if th solation of the equation

&= f(x.u(r)

with initial condition x(0) = 0 assumes the value , at time T: Let () be an admissible
control on [0,7) o0 be checked for optimality in problem (1)-(3). We rewite the
diferenial cquation (1) i the form

= i) + (fxw) = f0x (1) = f(x) + 81 (x.0).

198 Mathemarcs Subet Clasfcaion, Pimary 49810, 93805
s

Leads to numerically computable conjugacy conditions



Two seminal papers (among many others)

Second order optimality conditions (bang-bang case)

AND SECOND-ORDER SUFFICIENT OPTIMALITY
CONDITIONS FOR BANG-BANG CONTR

Paved the way for further analysis (Poggiolini, Stefanni et al)



Model definition

Optimal control of microbial cells (ANR Maximic, Pl H. de Jong)

Stewart et al (2005), PLoS Biol., 3(2): €45

Milias-Argeitis et al. (2019), Nat Commun., 7:12546

> Self-replicator model: biomass maximisation (Giordano et al'16)

> Genetic engineering of a strain of bacteria: light-induced control of growth
> New pathway to produce a metabolite of interest (Egorov et al'18)

» Competition between biomass maximisation and metabolite production

Yabo, A.; Caillau, J.-B.; Gouzé, J.-L. Optimal bacterial resource allocation:

metabolite production in continuous bioreactors. Math. Biosci. Eng. 17 (2020),
no. 6, 7074-7100



Model definition
Self-replicator model

The model represents three chemical macroreactions between substrate (S),
precursors (P), genetic machinery/ribosomes (R), metabolic machinery (M)
and produced metabolite (X):

s v, p
P Y%, aR+ (1-a)M
PV, x

New control: u(t) := a(t)/(t)



Model definition

Continuous stirred-tank reactor dynamics

In terms of concentrations s, p, r, x (and using m+r =1) in the CSTR,

5=D(sin—5s)—vpm(s,1=r)¥,
p=vm(s,1—r)—vx(p,1—r)—u(p,r)(p+1),
S04 F=(u=r)u(p.r),
x=vx(p,1—r)¥ — Dx,
¥ = (u(p,r)—-D)V,
where ¥ is the volume of the cell population, D is the dilution rate, s;, is the
substrate inflow, and

/J(pvr)::ﬁvR(pvr)

(B =inverse of cytoplasmic density) is the growth rate of the bacterial
population.

Assumption. The synthesis rates vy, vg and vx are monotone increasing
kinetics (e.g. Michaelis-Menten, vg(p,r) := kgrp/(Kr +p)) and

VX(pvlfr) = C(r) VR(par)'



Asymptotic behaviour

Mass conservation
Proposition. The set
r:{(s,p,r,x,”f/)eRS Sin>s>0,p>0,x>0,1>r>0,% >0}
is positively invariant for the initial value problem.
We assume #/(0) > 0 and r(0) > 0 (no growth otherwise).

Proposition. The w-limit set of any solution of system S; with constant input
u(t) =7 lies in the set

Q:= {(s,p,r,x,%) €ER®: s+ <p+%> “//+x:s,-,,}.

This result is used to define a limit system and reduce the dimension by two.



Asymptotic behaviour

Limiting system

As r(t) — T when t — o0 and since x can be eliminated (Q2), we define

D(sin—s)—=vm(s)?,
Si: VM( ) - u(p)(p+6+1)
=(u(p)—-D)7

where

Vm(s) :==vm(s,1-1), Vgr(p):=vr(p,u), Vx(p):=vx(p,1-1),
u(p) :=u(p.u), ©:=c(u).

We study the local and global stability properties of this reduced system.



Asymptotic behaviour

Local stability

Theorem. Define
f(p) :==Vr(p) +Vx(p) +H(p)p = B(p)(P+T+1),

and let p,, be the solution of f(p) = Vp(sin). Then,
> If ﬁ(pw) > D:

» The interior equilibrium E; exists, is unique and locally stable.
» The washout equilibrium E,, exists, is unique and locally unstable.

> If i(pw) < D:

» The interior equilibrium E; does not exist.
» The washout equilibrium E,, exists, is unique and locally stable.
» The interior equilibrium E; := (s;, p;, ¥;) with
_ _ - D(sin — si)
L(pi)=D, vm(s))="Ff(p), Vi=—""-"
vm(si)

» The washout equilibrium is E,, := (Sjn, pw,0).



Asymptotic behaviour
Sketch of proof. If i(py) > D,

—D—viy(s)7i 0 —Vm(s)
Ji= V() j’(p) o |,
0 ' (p)7i 0
and the characteristic polynomial is
Pi(A) =( + D)(A? + A (D+Vhy(s) Vi + (p+ e+ 1) (p)) +Viy(s) % (p+ €+ 1) T (p))

>0 >0

which, by Routh-Hurwitz criterion, implies that all eigenvalues have negative
real part. If fL(pw) < D,

-D 0 —C
Viu(s)  —F (p) 0 ]
0 0 u(pw)—D

with characteristic polynomial

Pu(A) = (A+D)A+F (p))(A—E(pw)+D). [



Asymptotic behaviour
Global analysis

Proposition. The o-limit set of any solution of the limiting system Sj lies in
the set
Q= {(s,p,“//) eR¥: s+ (p +E+1)”//:s;n}

As s =sj, — ¥ (p+<c+1), one can further reduce 5] to

Sl { =vm(s())—B(p)(p+CT+1),
! =(u(p)—D)7.

Proposition. Every solution of the limiting system S’ converges to
> £ :=(pi, ) if Hi(pw) = D,
> E; = (pw,0) if I(pw) <D.

Sketch of proof. Bendixson-Dulac criterion allows to discard periodic orbits
and cycles of equilibria as

b+ 3 = 5 (s() ~i(p) 7 (p) (p-+ -+ 1) +R(p) - D

() 5 =T () (p+e+1)-D<0. O



Asymptotic behaviour
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Results on asymptotically autonomous systems (Thieme'92) eventually allow to
relate the asymptotic behaviour of the 2-dimensional limiting system S’ to the
behaviour of the full 5-dimensional system S;.

Theorem. Every solution of system S; converges to

> the extended interior equilibrium E; := (s, pi, U, xi, 5), xi :=7¢¥;, if

ﬁ(Pw) > D,

» the extended washout equilibrium EW := (Sin, Pw, T, 0,0) otherwise.



Dynamic optimisation

Metabolite production
Maximisation of the metabolite X is considered over a finite time horizon:

-
maximize D”f/ext/ x(t)dt,
0

resorting to (q:= (s, p,r,x,?) € R?)

-
maximize / x(t)dt

(OCP) : { subject to  g(t) = F(q(t),u(t)),
q(0)=qo, q(T) free,

Proposition. Existence holds.



Dynamic optimisation

Extremal flow

We write the (normal) Hamiltonian in terms of state g :=(s,p,r,x,?") and
costate A 1= (As, Ap, Ar, Ax, Ay ):
H(g,A,u)= —A0% + (A, F(q,u)),
where F is the right-hand side of S;. As the dynamics is control-affine,
H = Hg + uHy with
HO :AS(D(Sin_S)_ VM(571 - r)n//)'i_lp(VM(s?l_ r) - VX(P,].— r)_“(pvr)(p+l))

— At (p. )+ A(vx(p.1 = 1)V = Dx) + Ay (u(p.r) — DYV — 2%,
Hl :a’f:u’(p7r)'

By virtue of Pontrjagin’s maximum principle, a.e. one has

u(t)—{ 0 if Hi(q(t).A(£) <0,
L1 if Hi(q(t),A(t)) >0,

and the control is singular if H; vanishes along a whole subarc.



Dynamic optimisation
Singular arcs

Along a singular arc

e . : JHOJH; JHJIH\ B o
O*HlquqJFW)L Z (ﬁTqI*Tq’ IA; >*{H»H1}*{H07H1}-*H01

0 = Ho1 = Hoo1 + uH101-
Proposition. Singular arcs are at least of order two.

Haor =p(pur) et (pur) e 5 (o )i+ ol ) |

dH, JH,
~Artte(por) 52 = Aekip(por) 52
r P

which is also equal to 0 when H; =0. [

In the case of an order two singular control (Higgp1 < O along the arc,
generalized Legendre-Clebsch condition)

Hoooo1 |

Hio001

Although the order is local (H1o1 is not everywhere zero), one expects
connection between bang and singular arcs through Fuller phenomenon.



Dynamic optimisation

Fuller phenomenon

1.00 s 0.20 —»p
0.75 0.15
0.0 0.10
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p— _V
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t t t
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Dynamic optimisation
Turnpike property

maximize X
(SP)x : { subject to F(q,u) =0,
0<u<l1

— e
sinoce | 02 pinocP

A Lagrange pair (g, ,A) of (SP)x defines a hyperbolic equilibrium of the
Hamiltonian singular flow on ¥" := {(q,A) | Hy = Ho1 = Hoo1 = Hoooo1 = 0},

Hoooo1
Hs(q.2) = H(q,4,us(q. 1)), us(q,2) = ———=(q,1).
10001
See Trélat-Zuazua'l4, Pighin'16 in the regular case, ongoing work with
S. Maslovskaya, W. Djema, J.-B. Pomet in the singular case




Static optimisation

Metabolite production vs. biomass maximisation

Maximisation is now performed wrt. the static control T plus the dilutation rate
D of the CSTR:

maximize Dy maximize Dx
(SPy): ¢ subject to F(q,u)=0, (SPx):< subject to F(g,u)=0,

0<u<l, 0<u<l1.

1.0 0.46 1.0 0.07

0.40 0.06

0.8 0.8
0.33 0.05
0.6 0.26 0.6 0.04
- s

0.4 0.20 0.4 0.03

Gopt(D) 0.13 Gope(D) 0.02

0.2 ---- Boundary © 0.07 0.2 ---- Boundary © 0.01

o DV max o Dx; max
0.0+ T T T T 0.00 0.0 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
A(p) h=1 Ap)th=1

Proposition. Any solution of the two static problems lies in the region of
existence of the interior equilibrium, f(py) > D.



Static optimisation

Discussion
L N M 100
¥ / to07s
S ——p P -, H
p 1050 f,
| 8 H
_-l R S 025 =X
’.' |7
B sP, e 0.00
0 SPx X &7 o

> 20% decrease of biomass (¥') but 500% increase of produced metabolite
(X)

» Difference between static and "gold standard" dynamic optimisation
negligible for large fixed final time (< 1%)

> Richer models: ubiquity of Fuller and (singular) turnpike phenomena

» Second order conditions in the Fuller case: preliminary approach in
Agrachev-Beschastnyi'2020

> Reproducible research: ct (= control toolbox) initiative
ct.gitlabpages.inria.fr/gallery


https://ct.gitlabpages.inria.fr/gallery/bacteria/bacteria.html

Standing on the shoulders of giants

Revaz Valerianovich Gamkrelidze
(born February 4, 1927)

Bon
Anniversaire
Andrey !




