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Motivation

• Amplifiers at high frequency are ubquitous (Cell phones,
relays...), need to be quick to design and produced in large
quantites.

• Computer-assisted design and simulation before production.

• Powerful “frequency simulation” tools give a reliable
prediction of the response, but that response might be
unstable.

• Need for a tool to predict stability/unstability.

Complex Days UCA 11 janvier 2018 2/10



Motivation

• Amplifiers at high frequency are ubquitous (Cell phones,
relays...), need to be quick to design and produced in large
quantites.

• Computer-assisted design and simulation before production.

• Powerful “frequency simulation” tools give a reliable
prediction of the response, but that response might be
unstable.

• Need for a tool to predict stability/unstability.

Complex Days UCA 11 janvier 2018 2/10



Motivation

• Amplifiers at high frequency are ubquitous (Cell phones,
relays...), need to be quick to design and produced in large
quantites.

• Computer-assisted design and simulation before production.

• Powerful “frequency simulation” tools give a reliable
prediction of the response, but that response might be
unstable.

• Need for a tool to predict stability/unstability.

Complex Days UCA 11 janvier 2018 2/10



Motivation

• Amplifiers at high frequency are ubquitous (Cell phones,
relays...), need to be quick to design and produced in large
quantites.

• Computer-assisted design and simulation before production.

• Powerful “frequency simulation” tools give a reliable
prediction of the response, but that response might be
unstable.

• Need for a tool to predict stability/unstability.

Complex Days UCA 11 janvier 2018 2/10



Amplifiers (seen at a distance)

@
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@
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-

state: ζ

-signal amplified

K a e iω ta e iω t

power (fixed)

State ζ contains many currents and tensions,
possibly distributed (∞-dimensional)

ζ̇ = Fsignal(ζ, t) , amplified = g(ζ) (*)

II stable periodic solution of (*), yielding desired amplified signal.

II In particular, if zero signal,
ζ̇ = F0(ζ) must have a stable equilibrium ζ0, with g(ζ0) = 0.
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Inside

An amplifier is made of interconnected

• resistors, inductors, capacitors,

• diodes/transistors,

I nonlinear

• transmission lines.

I infinite dimension (delays, telegrapher equation...)
cannot be neglected at high frequencies

In fact,
transmission lines
have an important role
in the design.
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Computer-assisted design

Harmonic Balance (HB): a reliable design and simulation tool.
Simulations take place in the frequency domain.

• Transmission lines are described by their frequency response,
sometimes experimental.

• The nonlinear characteristic of the diods (and its linearization)
are known numerically.

6 LONGER VERSION OF PAPER PUBLISHED IN IEEE TRAN. ON MICROWAVE THEORY AND TECHNIQUES. DOI: 10.1109/TMTT.2017.2749222

Fig. 5. Simulation set-up and photograph of the balanced amplifier. In the simulations for the stability analysis, the amplifier is excited at the collector of
one of its transistors. All transmission lines in the circuit are 50⌦ lines unless stated otherwise. The length of the transmission lines is given in millimetres.
The TLINP model was used for the transmission lines with ✏r = 6.15, tan(�) = 0.003 and conductor losses A = 2.5 dB/m.

Fig. 6. The separation of the impedance ( ) into the stable part ( ) and unstable part ( ) reveals the instability around 1.46 GHz. The interpolation error is
shown with ( ). In the plot on the left, there are artefacts present in the unstable part due to interpolation of the coarsely obtained impedance data. When the
impedance of the balanced amplifier is simulated on a finer frequency grid, the artefacts disappear (right).

the denser frequency response data (Fig. 6) still predicts the
instability around 1.46 GHz, but the artefacts in the unstable
part at higher frequencies are gone. The maximum of the
interpolation error went down to �80 dB(⌦).

C. Example 3: Two-stage Power Amplifier

As a third example, we consider the small-signal stability
analysis of an X-band PA designed in the 0.25µm GaN HEMT
technology GH25-10 of UMS [27]. The circuit and its design
are described in great detail in [18]. The resulting MMIC is
shown in Fig. 7.

The PA is a two-stage design where the second stage
consists of two branches with each two transistors in parallel.
In simulation, the second stage of the PA demonstrated an
odd-mode instability [18], so a stabilisation resistor was added
between the drains of the top and bottom halves of the second
stage of the PA (as indicated in the Fig.).

The simulation of the complete PA was performed in ADS.
The passive structures in the circuit were simulated with EM
simulations in Momentum and combined with the non-linear
transistor models afterwards. To verify the stability of the
amplifier, the circuit impedance was determined at the gate
of the top most transistor of the second stage.

The obtained impedance for Rstab = 500⌦ is shown in
Fig. 8. The impedance is simulated on 945 logarithmically
spaced points between 1MHz and 50GHz. Because 1MHz is
not sufficiently close to DC, a bandpass filter was used in the
stability analysis. Due to the low amount of data points in the
resonances of the circuit, a Padé interpolation was used in the
stability analysis. The resulting stable and unstable parts are

shown in blue and red on the same figure. It is clear that the
circuit is unstable for Rstab = 500⌦. The unstable part peaks
around 9.5GHz and lies about 40 dB above the interpolation
error level.

The odd-mode instability can be resolved by decreasing the
resistance of Rstab [18]. In a second stability analysis, we
determined the stability of the PA for Rstab = 25⌦. The results
of this second analysis are shown in Fig. 9. The obtained
unstable part coincides with the level of the interpolation error,
which indicates that the circuit is now stable.

D. Example 4: R-L-diode circuit

The final example in this paper shows that the stability
analysis can also be used to determine the stability of HB
simulations of the R-L-diode circuit shown in Fig. 10. The
circuit is based on [28], but a realistic diode model was used to
represent the diode in the circuit instead of the three equations
provided in the original paper.

The circuit is excited by a single-tone voltage source with an
amplitude Vin and a frequency of 100 kHz. Because the diode
has a transit-time of 4 µs, the circuit generates period-doubling
solutions starting from sufficiently high amplitudes Vin. For
even higher Vin, the circuit will create chaotic solutions.

To visualise this behaviour, a bifurcation diagram is con-
structed using time-domain simulations in the same way as
is described in [28]: For every value of Vin, 1030 periods of
100 kHz are simulated and the final 30 periods are sampled
every 1/100 kHz. If the circuit solution is periodic with the same
period as the input source, all 30 sampled points will fall on

CAD tool prototype
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Stability from computer-assisted design?

“small signal” = 0 : ζ̇ = F0(ζ) (1)
“large signal” = a e iω t : ζ̇ = Fω(ζ, t) (2π/ω -periodic) (2)

Harmonic Balance computes an equilibrium point ζ0 of (1)
or a periodic solution t 7→ ζper(t) of (2)

Linearized system:

ξ̇ =
∂F0
∂ζ

(ζ0) ξ or ξ̇ =
∂F0
∂ζ

(ζper(t), t) ξ .

Stability is given by the spectrum of ∂F0
∂ζ (ζ0),

or the time-var. counterpart (Floquet) of ∂F0
∂ζ (ζper(·), ·).

These are out of reach, no “time-domain” modelisation.
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Stability from computer-assisted design

However, Harmonic Balance may compute the frequency response
of u → y as in

ξ̇ =
∂Fω
∂ζ

(ζper(t), t) ξ + B u , u = C ζ or · · · (*)

for suitable linear operators B, C . Hence a possibility to
reconstruct the singularities of the (harmonic) transfer function of
this linear system.

System (*) is built artificially by adding
a fictive source of current or tension u
and a measure y in the circuit.

Proof. Let us write

P := V1 Ī1 + V2 Ī2 = V (0) I(0) � V (`) I(`)

= �
Z `

0

✓
@V

@x
(⇠) I(⇠) + V (⇠)

@Ī

@x
(⇠)

◆
d⇠.

Replacing @V/@x and @I/@x by their values in terms of
I and V deduced from Equation (2), we obtain:

P = �
Z `

0

⇣
�(R + Ls) |I(⇠)|2 � (G + Cs) |V (⇠)|2

⌘
d⇠,

therefore

<(P ) (5)

=

Z `

0

(R + L<(s)) |I(⇠)|2 + (G + C <(s̄)) |V (⇠)|2 d⇠.

Clearly the integrand is positive for <(s) � 0, hence
<(V1 Ī1 + V2 Ī2) is positive when <(s) � 0. This in turn
implies that both Y (s) and Z(s) are positive real. 2

2.1.4 Transistors.

A transistor is typically modeled by a controlled current
source, usually combined with some resistors and (non-
linear) capacitors. After linearization the latter become
ordinary capacitors, so we are left to describe the cur-
rent sources and their linearization. A controlled current
source has 3 terminals. When the transistor if a Field
E↵ect Transistor (FET), these terminals are called gate,
source, and drain, denoted respectively by G, S and D
(see Figure 5). Their behavior is described by a relation

Fig. 5. Controlled current source.

of the form iD = f(vGS , vDS) where f is a non-linear
real-valued function and vGS = vG�vS , vDS = vD�vS .
As in the case of diodes, this simple model assumes no
inductive nor capacitive e↵ect, as f only depends on
vGS , vDS and not on their time derivatives, nor on the
derivative of iD. Moreover the function f is increasing in
both variables. Also, no current enters the gate: iG = 0.
Around a operating point, we make use of the linear ap-
proximation:

iD = gm vGS + gd vDS , gm > 0, gd > 0, (6)

where gm and gd are the partial derivatives of f at this
point, assuming they exist (see Figure 6). Thus, a tran-
sistor is again a pair of coupled dipoles (gate-source and
drain-source) with a common terminal (source).

Fig. 6. Model for the linearized controlled current source.

3 Nodal analysis and partial transfer functions

Formally speaking, a circuit is a directed graph with la-
beled vertices (called junction nodes), and edges (called
branches). Branches correspond to dipoles and nodes to
terminals thereof. We restrict to circuits built from ele-
ments listed in Section 2.1. To form a graph represent-
ing a given electric device, we take these elements as
branches and connect them according to the device. Cou-
pled branches with a common node may occur if trans-
mission lines or transistors are used. Of course many dif-
ferent circuits may represent to the same device.

To each junction node j is associated a potential Vj ,
and to each edge k an electric current Ik. One of the
junction nodes, say Vn, is the ground (its potential is 0 by
convention). We always assume that the graph associated
with a circuit is connected.

In order to check stability of a circuit, the following simu-
lation experiment is made. An ideal current source Iin is
plugged in between the ground and some junction node
k of the linearized circuit. To express the e↵ect of Iin on

Fig. 7. Partial transfer function at node k

the potential Vk, we use nodal analysis which is a clas-
sical method to derive voltages at the nodes of a circuit
in terms of the branch currents [7, sect.2.9]. Specifically,
we denote by V = (V1, . . . , Vn�1)

t the vector of all node
voltages (except Vn, the reference ground voltage) and
by I = (I1, . . . , Ip)

t the vector of all currents in the

4
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Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.

• [Baratchart & al 2017, Cooman & al]: singularities can be
determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;

in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;

link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;

transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



Program

State of the art in electronics is to use the frequency response to
perform rational approximation of the (harmonic) transfer function
on frequency intervals (it is not rational!), check the location of
poles and their stability [Jugo & al 2001, Suarez 2015].

Our program is to improve the estimation of the singularities and
to further analyse stability to justify/understand its link with these.
• [Baratchart & al 2017, Cooman & al]: singularities can be

determined without rational approximation;
in the “small signal” case, singularities are poles.

• [Fueyo, PhD]: time-domain modelisation;
link between: localstability / the spectrum of the generator /
the singularities of (harmonic) transfer function;
transfer function is not meromorphic for “large signals” in
general, conjecture: meromorphic in the right-half plane for
real life circuits?

Complex Days UCA 11 janvier 2018 8/10



A simple circuit [Fueyo & al.]
Example due
to [Hale & al 1993]

Part I
Un circuit simple
1 Introduction
Nous considérons le circuit très simple suivant, où une ligne relie un générateur de tension p(t),
périodique de pulsation Ê0, de période T := 2fi

Ê0
, et une résistance R en série avec avec un circuit

comprenant en parallèle une diode modélisée par i = g(v) (un courant commandé par une tension)
et un condensateur de capacité C1 :

Ce circuit précédent peut être modéliser de deux façon. Tout d’abord nous allons l’étudier de
façon informelle dans le domaine fréquentiel, puis ensuite dans domaine temporelle.

1.1 Une heuristique de l’approche par harmonic balance
Ce qui suit provient du livre de A. Suarez (voir[Sua09]) que l’on applique dans le cadre de notre
circuit. On note i0 et v0 (resp. i1 et v1) l’intensité et la tension à gauche (resp. droite) de la ligne.
On note par des lettres capitales la transformée de Laplace (transformée que l’on note L) de ces
quantités, ce qui ramène l’étude du circuit dans le domaine fréquentiel. On a d’après les lois de
Kirchho� :

I
V0 = ≠I0R + P
I1 = L{g(L≠1{V1})}+ sV1C1.

(1)

La ligne de transmission sans perte est vue comme un composant électrique qui est régit par
l’équation des ondes, dans le domaine fréquentielle, on peut la modéliser de la façon suivante :

A
V0
V1

B
=

A
Z11 Z12
Z21 Z22

B A
I0
I1

B
,

où les éléments de la matrice Z sont des éléments connus car ce sont des caractéristiques de
la ligne. En utilisant les relations données par les lois de Kirchho� et la modélisation de la ligne
précédente, on arrive à l’équation :

1

u
courant

y

Model “ζ̇ = Fω(ζ, t)”
with ζ ∞-dimension.
Assume a periodic solution.

• The spectrum of the
monodromy operator along the
periodic solution is made of:

- a continuous component or eigenvalues with infinite multiplicity
- plus a finite number of eigenvalues with finite multiplicity,

• It does give local stability of the nonlinear circuit.

• Modulo a minor lack of observability when some rational ratio,
and at least right of a vertical axis with negative real part, the
set of singularities of the harmonic transfer function is the
spectrum of the monodromy operator.
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Perspectives

• General circuits

• Algorithms

• Transfer

Thank you for your attention.
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