Most of considered functional data is scalar (univariate/ multivariate) : Model : Stochastic process, X = {X t , t ∈ T },

X t ∈ R p , p ≥ 1,
for some continuous index set T
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Set of states : S = {s 1 , s 2 , . . . , s K }, K ≥ 2

X t : Ω → S.
A path of X on [0, T ] is a sequence of states s i j and times points t j :

{(0 = t 0 , s i0 ), (t 1 , s i1 ), (t 2 , s i2 ), . . . , (t p = T , s ip )}, 3/20 S = {D, C , T , S},
• D = patient has no follow-up

• C = patient has a follow-up but no treatment

• T = the patient has a medical follow-up with a treatment but the infection is not suppressed

• S = the patient has a medical follow-up with a treatment and the infection is suppressed.

A path on [0, 19] :

The seminal work of Jean-Claude Deville (1982)

Analyse de données chronologiques qualitatives : comment analyser des calendriers ?, Annales de l' INSEE,No. 45,.

Idea : find z ∈ L 2 (Ω) that maximizes T 0 η 2 (z; X t )dt, with η 2 (z; X t ) = var (Et (z)) var (z)
and E t (z) = E(z|X t ).

Solution :

T 0 E t (z)dt = λz. {(λ i , z i )} i≥1 such that λ 1 ≥ λ 2 ≥ . . . ≥ 0 and T 0 E t (z i )dt = λ i z i . 8/20
Optimal encoding functions : a x , x ∈ S :

z = T 0 x∈S a x (t)1 x t dt, with T 0 y ∈S p x,y (t, s)a y (s)ds = λa x (t)p x (t), ∀t ∈ [0, T ], ∀x ∈ S,
where p x (t) = P(X t = x) and p x,y (t, s) = P(X t = x, X s = y ). under the constraint :

T 0 x∈S [a x (t)] 2 p x (t)dt = 1. 9/20
Categorical functional data analysis Two expansion formulas

1 x t = i≥1 z i a x i (t) 1 p x (t)
, ∀x ∈ S.

and p x,y (t, s) = p x (t)p y (s) i≥1 λ i a x i (t)a y i (s), ∀t, s ∈ [0, T ], ∀x, y ∈ S.
In particular, for x = y and s = t we obtain

p x (t) =    i≥1 λ i [a x i (t)] 2    -1 , ∀t ∈ [0, T ], ∀x ∈ S. 10/20 Let [0, T ] = [0, 1] and θ ∼ U[0, 1]. X t (ω) = 0, if t < θ(ω), 1, otherwise. P(t, s) = 1 -s s -t 0 t for s < t, P(t, s) = 1 -t 0 t -s s for t ≥ s. λ a 0 (t) a 1 (t) = t 0 1 0 1 -s t s t a 0 (s) a 1 (s) ds + 1 t 1-s 1-t s-t 1-t 0 1 a 0 (s) a 1 (s) ds λ i = 1 i(i+1) , i ≥ 1. λ 1 = 1 2 : a 0 (t) = √ 6t, a 1 (t) = √ 6(t -1). λ 2 = 1 6 :    a 0 (t) = 120 11 (t 2 -0.5t), a 1 (t) = 120 11 (t 2 -1.5t + 0.5). λ 1 + λ 2 (m -1)T = 67%.
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The principal components z i are, up to a constant,

z i = P i (2θ -1),
where P i is the i-th Legendre polynomial,

P i (x) = ∂(x 2 -1) i ∂ i x
Thus,

z 1 = √ 6 2 (2θ -1), z 2 = 5 24 3(2θ -1) 2 -1 13/20
Let {φ 1 , . . . , φ m }, φ i : [0, T ] → R, i = 1, . . . , m, be a basis of functions (Fourier, B-splines, monomial, etc.) and for each x ∈ S consider the approximation :

a x (t) ≈ α (x,1) φ 1 (t) + α (x,2) φ 2 (t) + . . . + α (x,m) φ m (t), ∀t ∈ [0, T ],
where

α x = α (x,1) , α (x,2) , . . . , α (x,m) ∈ R m .
Let α ∈ R m×K be the column vector obtained by the concatenation of the vectors

{α x } x∈S Then, G α = λF α, under the constraint α F α = 1,
where the matrix G is the covariance matrix of the random variables {V (x,i) , x ∈ S, i ∈ 1, . . . m}, defined as

V (x,i) = T 0 φ i (t)1 x t dt, ∀x ∈ S, G = G (x,i),(y ,j) = cov V (x,i) , V (y ,j) , x, y ∈ S, i, j = 1, . . . , m , 15/20
Categorical functional data analysis

Approximation

The matrix F is defined by

F = F (x,i),(y ,j) = E U (x,i),(y ,j) , x, y ∈ S, i, j = 1, . . . , m , (1) 
where U (x,i),(y ,j) is the random variable

U (x,i),(y ,j) = T 0 φ i (t)φ j (t)1 x t 1 y t dt =        T 0 φ i (t)φ j (t)1 x t dt if x = y , 0 otherwise.
Thus, F is a block diagonal matrix, each block being a square matrix of size m × m corresponding to each x in S, {U (x,i),(x,j) , i, j = 1, . . . , m}.

Then, for each x ∈ S, the i-th encoding eigen-function a x i is estimated by

a x i = m j=1
α i,(x,j) φ j , i ≥ 1.

The estimates for the principal components :

z i (ω) = T 0 x∈S a x i (t)1 x t (ω)dt = x∈S m j=1
α i,(x,j) V (x,j) (ω), i ≥ 1.
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Estimation

Let {X 1 , . . . , X n } be a sample of n paths of X corresponding to a random sample (ω 1 , . . . , ω n ) ∈ Ω n . Then, the V data set with n rows and Km columns for the V 's random variables,

and the U dataset with n rows and Km 2 columns for the U's random variables, respectively :

Estimation

For each i and j in {1, . . . , m} and x and y in S one has :

Confidence bounds.

Bootstrapping from the V and U datasets,

where φ(t) is the column vector φ(t) = (φ 1 (t), . . . , φ m (t)) and Σ (i,x) is the covariance matrix of α i,x = α i,(x,1) , . . . , α i,(x,m) .

Then, for a confidence level 1 -u, u ∈ [0, 1], a confidence interval for a x i (t) is obtained as

where ζ 1-u 2 is the quantile of order 1 -u 2 of the standard normal distribution.
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