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(Categorical) Functional Data

Most of considered functional data is scalar (univariate/
multivariate) :
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Categorical functional data

Set of states : S = {s1,%,...,5c}, K>2

Xt:Q—>S.

A path of X on [0, T] is a sequence of states s;; and times points t; :
{(0 = t0,5i°)7 (t175i1) (t27512) tP =T Slp)}
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Categorical functional data

An example : Paths of infected patients.

S = {D’ C? T’ S}’

e D = patient has no follow-up

C = patient has a follow-up but no treatment

e T = the patient has a medical follow-up with a treatment but the
infection is not suppressed

S = the patient has a medical follow-up with a treatment and the
infection is suppressed.

A path on [0, 19] :
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Categorical functional data
An example : Paths of infected patients.

Several paths :
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Categorical functional data

The seminal work of Jean-Claude Deville (1982)
Analyse de données chronologiques qualitatives : comment analyser
des calendriers 7, Annales de I'INSEE, No. 45, p. 45-104.

ANNALES DE LINSEE — N- 451982

Analyses de données
chronologiques
qualitatives :

comment analyser
des calendriers?

par Jean-Claude DEVILLE*

La statistique descriptive des processus aléa-
toires est un domaine a peu prés vierge. Cet
article montre comment décrire un ensemble
dindividus aractérisés par une carriére, c'est-
andire, par une évolution dans un ensemble
drétats finl. En utilisant judicieusement des
méthodes d’analyse factorielle, on aboutit 3
des représentations, optimales en un certain
sens, des Individus et des états du processus
dans un espace euclidien de dimension finie
arbitraire. L'exemple traité concerne I'évolu-
tion, entre 15 et 45 ans, de I'état matrimonial
d'un groupe de femmes.
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Categorical functional data

Other pioneer works

» Boumaza Rachid (1980). Contribution & I'Etude Descriptive
d'une Fonction Aléatoire Qualitative. Ph.D. thesis, Université
Paul Sabatier, Toulouse.

» Deville Jean-Claude, Saporta Gilbert (1983). Correspondence
Analysis with an Extension towards Nominal Time Series.
Journal of Econometrics, 22, pages 169-1809.
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Categorical functional data analysis

Dimension reduction by optimal encoding and principal components

Idea : find z € L»(Q2) that maximizes

-
/ 772(Z;Xt)dt,
0

with  7?(z; X;) = var(Be(z)) 4pqg E:(z) = E(z|X¢).

var(z)

Solution :

T
/ E¢(z)dt = Az.
0
{()\,’,Z,‘)},’Zl such that Ay > X\ > ... >0 and

T
/ Et(z,-)dt = \iz.
0
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

Optimal encoding functions : a*, x € S :

;
z:/ D A (t)1ydt,
0

xeS
with

-
/ Z p*Y(t,s)a’(s)ds = Aa*(t)p*(t), Vte€[0,T],Vx €S,
0 yeS

where p*(t) = P(X; = x) and p*Y(t,s) = P(X; = x, Xs = y).
under the constraint :

)
| Sl or s =1

x€eS
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Categorical functional data analysis

Two expansion formulas

1§_Zz, P ,vxes.
i>1
and
p*Y(t,s) = p*( Z)\a
i>1

Vt,s € [0, T],Vx,y € S.

In particular, for x = y and s = t we obtain
1

()= Nla ()P p , Vte[0,TLvxeS.
i>1
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A two-states model example (Saporta (1981))

Let [0, T] = [0,1] and 6 ~ U0, 1].

0, if t<8(w),
1, otherwise.

P(t,s)z(lgs S;t>fors<t,

x) = {

1-t 0>fort25.
t—s s

P(t,s) = (
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A two-states model example (Saporta (1981) —cont.

(50) -4 1) (30)
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A two-states model example (Saporta (1981)) — cont.

The principal components z; are, up to a constant,

zi = P;i(20 — 1),

where P; is the i-th Legendre polynomial,

(% -1)
Pl =g

Thus,
Z1 = ?(29 — 1),

2 = \/i [3(20 — 1) — 1]
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Categorical functional data analysis

Approximation

Let {¢1,...,0m}, @i : [0, T] = R, i=1,..., m, be a basis of
functions (Fourier, B-splines, monomial, etc.) and for each x € S
consider the approximation :

ax(t) ~ O‘(x,l)(bl(t) + a(x,2)¢2(t) +..t Oé(x,m)(z)m(t')v vt € [07 T]?
where o, = (()Z(X71), Q(x,2)5 > a(xym))/ e R™.

Let v € R™*K be the column vector obtained by the concatenation
of the vectors {ax }xes
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Categorical functional data analysis

Approximation

Then,
Ga = MFa,

under the constraint
o Fa =1,

where the matrix G is the covariance matrix of the random
variables {V(, j),x € S,i € 1,...m}, defined as

T
V(x,i) = / gb;(t)l?dt, vx € S,
0

G = {G(X,i),(y,j) = cov (V(x,i)) V(y,j)) , X,y € S, ihj=1,...
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Categorical functional data analysis

Approximation

The matrix F is defined by
F= {F(Xvi)v()/aj) =E (U(Xvi)v(YJ)) » XY € S’ I’J = 1’ Tt m} ) (1)
where U, i) (y.j) 1S the random variable

.
. | souona it x=y.
Ut (v4) :/0 di(t)o; ()11 dt = 0

0 otherwise.

Thus, F is a block diagonal matrix, each block being a square
matrix of size m x m corresponding to each x in S,

{U(X,i),(X,j)ﬂ Ia./ = 17 SRR m}

16/20



Categorical functional data analysis

Estimation
Let {Xi,...,X,} be a sample of n paths of X corresponding to a
random sample (w1, ...,w,) € Q7. Then,
» the V data set with n rows and Km columns for the V's
random variables,

Vix.i) Visc.m)

w Vis1,1) Vis1.m)

w1 | V(s ,1)(w1) Visy,m)(w1) Vix,iy(w1) Visic,m)(w1)
V= .

wn | V(s ,1)(wn) V(sy,m)(wn) Vix,iy(wn) Visic,m)(@n)

» and the U dataset with n_rows and Km? columns for the U'’s
random variables, respectively :
Ytsie.m) (sic.m)

w |- Uix, i), (x,1) Uix, i), (x,m)

w1 Uix, i), (x,1)(w1) Ux, i), (x,m)(@1) Usye,m) (s ,m) (w1)
U= . . .

wn Uix, i), (x,1)(wn) Uix, i), (x,m)(@n) Utsye,m), (s ,m) (wn)
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Categorical functional data analysis
Estimation
For each i and jin {1,...,m} and x and y in S one has :

~ - 1 n _
Gix,in(y) = OV (Vs Viyj)) = —— (Z Vis,iy (wn) iy jy(wh) — nVix i) V(y,j>

n—1
h=1
and
U ! Z U, (wp) if
r x,i),(y.j) — = x,1),(y.J)\Wh mTx=y,
Fooiy () = G i) = | (60)5(v )
0 otherwise.

An estimate of i-th eigenvector ol i >1,is the i-th eigenvector a; of
the eigen-equation, R R
Ga = \Fa,
under the constraint

a’'Fa=1.

18/20



Categorical functional data analysis

Estimation

Then, for each x € S, the i-th encoding eigen-function a* is
estimated by

m
=) Aipyds 21
=1

The estimates for the principal components :

T m
@)= [ L aOR@d =33 dp ) 121

xeS x€S j=1
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Categorical functional data analysis

Estimation

Confidence bounds.
Bootstrapping from the V and U datasets,

—

var(aX(t)) = ¢(t)/i(i,x)¢(t)v

where ¢(t) is the column vector ¢(t) = (¢1(t),. .., ém(t)) and

(i x) is the covariance matrix of &; x = (a,,(xﬁl), - ,a,~7(x,m)).

Then, for a confidence level 1 — u, u € [0, 1], a confidence interval
for aX(t) is obtained as

— —

Crim(a} () = a (1) = G-y var(aX(t)),

where G-z is the quantile of order 1 — % of the standard normal
distribution.
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