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(Categorical) Functional Data
Most of considered functional data is scalar (univariate/
multivariate) :
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Model : Stochastic process, X = {Xt , t ∈ T },

Xt ∈ Rp, p ≥ 1,

for some continuous index set T
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Categorical functional data

Set of states : S = {s1, s2, . . . , sK}, K ≥ 2

Xt : Ω→ S.

A path of X on [0,T ] is a sequence of states sij and times points tj :
{(0 = t0, si0), (t1, si1), (t2, si2), . . . , (tp = T , sip )},
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Categorical functional data
An example : Paths of infected patients.

S = {D,C ,T , S},

• D = patient has no follow-up

• C = patient has a follow-up but no treatment

• T = the patient has a medical follow-up with a treatment but the
infection is not suppressed

• S = the patient has a medical follow-up with a treatment and the
infection is suppressed.

A path on [0, 19] :
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Categorical functional data
An example : Paths of infected patients.

Several paths :
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Categorical functional data
The seminal work of Jean-Claude Deville (1982)

Analyse de données chronologiques qualitatives : comment analyser
des calendriers ?, Annales de l’INSEE, No. 45, p. 45-104.
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Categorical functional data
Other pioneer works

I Boumaza Rachid (1980). Contribution à l’Étude Descriptive
d’une Fonction Aléatoire Qualitative. Ph.D. thesis, Université
Paul Sabatier, Toulouse.

I Deville Jean-Claude, Saporta Gilbert (1983). Correspondence
Analysis with an Extension towards Nominal Time Series.
Journal of Econometrics, 22, pages 169–189.
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

Idea : find z ∈ L2(Ω) that maximizes∫ T

0
η2(z ;Xt)dt,

with η2(z ;Xt) = var(Et(z))
var(z) and Et(z) = E(z |Xt).

Solution : ∫ T

0
Et(z)dt = λz .

{(λi , zi )}i≥1 such that λ1 ≥ λ2 ≥ . . . ≥ 0 and∫ T

0
Et(zi )dt = λizi .
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

Optimal encoding functions : ax , x ∈ S :

z =

∫ T

0

∑
x∈S

ax(t)1x
t dt,

with

∫ T

0

∑
y∈S

px ,y (t, s)ay (s)ds = λax(t)px(t), ∀t ∈ [0,T ], ∀x ∈ S,

where px(t) = P(Xt = x) and px ,y (t, s) = P(Xt = x ,Xs = y).
under the constraint :∫ T

0

∑
x∈S

[ax(t)]2 px(t)dt = 1.
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Categorical functional data analysis
Two expansion formulas

1x
t =

∑
i≥1

zia
x
i (t)

1
px(t)

, ∀x ∈ S.

and
px ,y (t, s) = px(t)py (s)

∑
i≥1

λia
x
i (t)ayi (s),

∀t, s ∈ [0,T ],∀x , y ∈ S.

In particular, for x = y and s = t we obtain

px(t) =

∑
i≥1

λi [axi (t)]2


−1

, ∀t ∈ [0,T ],∀x ∈ S.
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A two-states model example (Saporta (1981))

Let [0,T ] = [0, 1] and θ ∼ U[0, 1].

Xt(ω) =

{
0, if t < θ(ω),
1, otherwise.

P(t, s) =

(
1− s s − t
0 t

)
for s < t,

P(t, s) =

(
1− t 0
t − s s

)
for t ≥ s.
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A two-states model example (Saporta (1981) –cont. 1

λ

(
a0(t)
a1(t)

)
=

∫ t

0

(
1 0

1− s
t

s
t

)(
a0(s)
a1(s)

)
ds

+

∫ 1

t

( 1−s
1−t

s−t
1−t

0 1

)(
a0(s)
a1(s)

)
ds

λi = 1
i(i+1) , i ≥ 1.

λ1 = 1
2 :

{
a0(t) =

√
6t,

a1(t) =
√
6(t − 1).

λ2 = 1
6 :

 a0(t) =
√

120
11 (t2 − 0.5t),

a1(t) =
√

120
11 (t2 − 1.5t + 0.5).

λ1 + λ2

(m − 1)T
= 67%.
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A two-states model example (Saporta (1981)) – cont. 2

The principal components zi are, up to a constant,

zi = Pi (2θ − 1),

where Pi is the i-th Legendre polynomial,

Pi (x) =
∂(x2 − 1)i

∂ ix

Thus,

z1 =

√
6
2

(2θ − 1),

z2 =

√
5
24
[
3(2θ − 1)2 − 1

]
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Categorical functional data analysis
Approximation

Let {φ1, . . . , φm}, φi : [0,T ]→ R, i = 1, . . . ,m, be a basis of
functions (Fourier, B-splines, monomial, etc.) and for each x ∈ S
consider the approximation :

ax(t) ≈ α(x ,1)φ1(t) +α(x ,2)φ2(t) + . . .+α(x ,m)φm(t), ∀t ∈ [0,T ],

where αx =
(
α(x ,1), α(x ,2), . . . , α(x ,m)

)′
∈ Rm.

Let α ∈ Rm×K be the column vector obtained by the concatenation
of the vectors {αx}x∈S
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Categorical functional data analysis
Approximation

Then,
Gα = λFα,

under the constraint
α′Fα = 1,

where the matrix G is the covariance matrix of the random
variables {V(x ,i), x ∈ S, i ∈ 1, . . .m}, defined as

V(x ,i) =

∫ T

0
φi (t)1x

t dt, ∀x ∈ S,

G =
{
G(x ,i),(y ,j) = cov

(
V(x ,i),V(y ,j)

)
, x , y ∈ S, i , j = 1, . . . ,m

}
,
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Categorical functional data analysis
Approximation

The matrix F is defined by

F =
{
F(x ,i),(y ,j) = E

(
U(x ,i),(y ,j)

)
, x , y ∈ S, i , j = 1, . . . ,m

}
, (1)

where U(x ,i),(y ,j) is the random variable

U(x ,i),(y ,j) =

∫ T

0
φi (t)φj(t)1x

t 1
y
t dt =


∫ T

0
φi (t)φj(t)1x

t dt if x = y ,

0 otherwise.

Thus, F is a block diagonal matrix, each block being a square
matrix of size m ×m corresponding to each x in S,
{U(x ,i),(x ,j), i , j = 1, . . . ,m}.
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Categorical functional data analysis
Estimation

Let {X1, . . . ,Xn} be a sample of n paths of X corresponding to a
random sample (ω1, . . . , ωn) ∈ Ωn. Then,
I the V data set with n rows and Km columns for the V ’s

random variables,

V =

ω V(s1,1) · · · V(s1,m) · · · V(x,i) · · · V(sK ,m)

ω1 V(s1,1)(ω1) · · · V(s1,m)(ω1) · · · V(x,i)(ω1) · · · V(sK ,m)(ω1)

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

ωn V(s1,1)(ωn) · · · V(s1,m)(ωn) · · · V(x,i)(ωn) · · · V(sK ,m)(ωn)

I and the U dataset with n rows and Km2 columns for the U’s
random variables, respectively :

U =

ω · · · U(x,i),(x,1) · · · U(x,i),(x,m) · · · U(sK ,m),(sK ,m)

ω1 · · · U(x,i),(x,1)(ω1) · · · U(x,i),(x,m)(ω1) · · · U(sK ,m),(sK ,m)(ω1)

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
ωn · · · U(x,i),(x,1)(ωn) · · · U(x,i),(x,m)(ωn) · · · U(sK ,m),(sK ,m)(ωn)
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Categorical functional data analysis
Estimation

For each i and j in {1, . . . ,m} and x and y in S one has :

Ĝ(x,i),(y ,j) = ĉov
(
V(x,i),V(y ,j)

)
=

1
n − 1

(
n∑

h=1

V(x,i)(ωh)V(y ,j)(ωh)− nV̄(x,i)V̄(y ,j)

)

and

F̂(x,i),(y ,j) =

 Ū(x,i),(y ,j) =
1
n

n∑
h=1

U(x,i),(y ,j)(ωh) if x = y ,

0 otherwise.

An estimate of i-th eigenvector α(i), i ≥ 1, is the i-th eigenvector α̂i of
the eigen-equation,

Ĝ α̂ = λ̂F̂ α̂,

under the constraint
α̂′F̂ α̂ = 1.
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Categorical functional data analysis
Estimation

Then, for each x ∈ S, the i-th encoding eigen-function axi is
estimated by

âxi =
m∑
j=1

α̂i ,(x ,j)φj , i ≥ 1.

The estimates for the principal components :

ẑi (ω) =

∫ T

0

∑
x∈S

âxi (t)1x
t (ω)dt =

∑
x∈S

m∑
j=1

α̂i ,(x ,j)V(x ,j)(ω), i ≥ 1.
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Categorical functional data analysis
Estimation

Confidence bounds.
Bootstrapping from the V and U datasets,

̂var(axi (t)) = φ(t)′Σ̂(i ,x)φ(t),

where φ(t) is the column vector φ(t) = (φ1(t), . . . , φm(t))′ and
Σ̂(i ,x) is the covariance matrix of α̂i ,x =

(
α̂i ,(x ,1), . . . , α̂i ,(x ,m)

)
.

Then, for a confidence level 1− u, u ∈ [0, 1], a confidence interval
for axi (t) is obtained as

CI1−u(axi (t)) = âxi (t)± ζ1− u
2

√
̂var(axi (t)),

where ζ1− u
2
is the quantile of order 1− u

2 of the standard normal
distribution.
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