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Framework

Fix group effect regression with missing group
@ Regression with fixed group effect
e Group variable missing

@ Group-related variables available

Example: High blood pressure (Berney et al., 2018)
@ Link with the level of physical activity
@ Level of phyiscal activity not easily available

@ Mean time spent doing various physical activity available

Specific mixture of regressions (Wang et al., 1996; Hunter and Young,
2012; Wu and Yao, 2016)

@ Only intercepts vary among components
@ Mixture weights related to other variables

@ Quantization of the variables related to the group membership
(Charlier et al., 2015)
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The usual two-step approach

Two-step approach (Auray et al., 2015; Ando and Bai, 2016; Zhang
et al., 2019)

@ Clustering based on group-related variables
@ Regression fitted with estimated group variable as covariate
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The usual two-step approach

Two-step approach (Auray et al., 2015; Ando and Bai, 2016; Zhang
et al., 2019)

@ Clustering based on group-related variables

@ Regression fitted with estimated group variable as covariate

Remarks
@ Usual in epidemiology, economics

A Suboptimal procedures

o Step 2: regression model with measurement errors
o Information about the group in the target variable = target variable
relevant for clustering
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State of the art

Latent variables models

o Latent class, latent profile analysis (Guo et al., 2006; Kim et al.,
2016)

@ No focus on a particular variable, parametric framework

@ Latent variable mixed effect model: arbitrary covariate effects, direct
modelling of covariate on the latent variable

Concomitant variables framework (Dayton and Macready, 1988; Griin
and Leisch, 2008; Vankatova and Fiserova, 2017)

@ Variables to locally adjust the weights of the mixture of regressions

@ More focused on regression than on clustering

Cluster-weighted models(Mazza et al., 2018)
@ Joint mixture model on the response and the covariates

@ All the covariates are used in the clustering
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Take the main message

Simultaneously estimate clustering and regression
@ Full parametric or semi-parametric framework

@ Semi-parametric framework circumvents biased estimators

Focus on semi-parametric approach (Hunter et al., 2011)

e Component densities as a product of univariate densities (Chauveau
et al., 2015; Zhu and Hunter, 2016; Zheng and Wu, 2019)

@ lIdentifiable if densities are linearly independent and at least 3
variables used for clustering (Allman et al., 2009)

@ Inference by maximum smoothed likelihood (Levine et al., 2011)
@ Allow to consider robust losses in regression and flexible clustering
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Data considered

Notations

(VT,XT,Y)T: random variables a
V =(UT,ZT)T: vector of covariates

Y € R: the variable to predict e @

Z =(Z1,...,Zx)" € Z a categorical e

variable with K levels

Example on high blood pressure
@ Y: diastolic blood pressure
@ U: gender, age, alcohol consumption, obesity and sleep quality

@ X: is the set of covariates measuring the level of physical activity
(practice of that activity, hours spent watching TV, hours spent on
the computeur, etc.)

@ Z: group of subjects with similar physical activity behaviours
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Regression model

Y = V'3 +¢e with E[p(¢)[V] =0



Joint predictive clustering model

Regression model

Y =V B+ e with E[p()|V] = 0

L(t) p(t)
Mean 12 2t
T-quantile  |t| + (27 — 1)¢ 2(7 = 1g<oy)

r-expectile |7 —1{t <O}t* 2t((1 — 7)1{t < 0} + 71{t > 0})
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Regression model

Y = V'3 +¢e with E[p(¢)[V] =0

Clustering model

K
Fa;9) = mfulx)
k=1



Joint predictive clustering model

Regression model
Y =V B+ e with E[p()|V] = 0

Clustering model
K
F@;9) = mfilx)
k=1

parametric  semi-parametric

dx
fe(@)  fil(w;0k) kaj(zj)
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Joint predictive clustering model

Regression model

Y = V'3 +¢e with E[p(¢)[V] =0

Clustering model
K
= mfu(x)
k=1
Joint clustering and regression model

f(z,y|u; 0) Zﬂ'kfk (y —u'y— o),
where, for k=1,..., K

Elp(Y —U"~ = 6)|U, Zr =1] =0
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Moment condition on the joint model

Lemma 1

Let a model with identifiable parameters defined in preview slide, noting

T fr(2) fo(y —u'y — 6)

X,¥ ,y) =P(Z, = 1|x,y) = ,
) i = 1ew) S mefe(x) foly — UTry = 6)

then 3= (67,7T)T is the single parameter satisfying

Vk=1,....K, Erp " (X, Y)p(Y —u"y = 6)|U, X] =0. (1)
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Moment condition on the joint model

Lemma 1

Let a model with identifiable parameters defined in preview slide, noting

T fr(2) fo(y —u'y — 6)
S mefe(@) f(y —UTy = 8)

T?’Y(Qj,y) = ]P(Zk? = 1‘$,y) =

then 3= (67,7T)T is the single parameter satisfying
Vk=1,....K, Erp " (X, Y)p(Y —u"y = 6)|U, X] =0. (1)
Remark

@ Moment equation verified on the joint model
@ Justify the need for a simultaneous approach

M. Marbac, M. Sedki, Ch. Biernacki, V. \ Jewall imul i-p ric estimation of clustering and regression 8/19



Standard two-step approach

The two step approach

@ Clustering step Perform a clustering of X to obtain an estimated
hard classification rule #% : R% — Z or an estimated fuzzy
classification rule #X : R¥x — Z; where Zx is the simplex of size
K.
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Standard two-step approach

The two step approach

@ Clustering step Perform a clustering of X to obtain an estimated
hard classification rule #% : R% — Z or an estimated fuzzy
classification rule #X : R¥x — Z; where Zx is the simplex of size
K.

@ Regression step Estimation of the regression parameters given the
estimator of the group memberships

where 7X (z;) is the element k of vector 7% (z;).
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Suboptimal two-step approach

Lemma 2

Let an identifiable model, then
@ Assume that #+X converges to the best classification rule based on
X, denoted by #X. Then #¥X is asymptotically suboptimal since

K K

> R(X)Zk

k=1

Y (X,Y) Z
k=1

E <E

@ Let f. defines a random variable with finite variance and U to have
a covariance matrix with non-zero eigenvalues. Then, considering
the quadratic loss and a consistent fuzzy classification rule 7+, the
estimator 'Ayf'x is asymptotically unbiased but the estimator 5 s
asymptotically biased since

K
an ) YAN®LY)
lim bias((SEX) = 72;1 L
e > ohe1 Dkn

where Ay = E[r,f(X)rf (X)].
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Semi-parametric model

K K dx
flysw [ w0) =Y mefuly,x [w0) =Y e [] fes(w) fo(y—uTy—3).

k=1 k=1 j=1

Let w = (aT,y)7, thus (. | us0) = Sh, mfulw ] u;6).



Semi-parametric approach

Semi-parametric model

fij (@) fe(y— u’ ¥—6k)-

K K
Pz |10 = Do milyer | 156) = 3 m

k=1

i ::]><

Let w:= (x",y)", thus f(y,z | u;0) = Zle T fr(w | u; 0).

Sufficient condition for identifiability: marginal distribution of X is
identifiable and thus a sufficient condition is to consider linearly
independent densities f;j's and dx > 3 (Allman et al., 2009).
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Semi-parametric approach

Semi-parametric model

frj(z5) fe(y— u' ¥ —0%).

u ::];<

K K
f(ya33|u;9)=z77kfk(y,x\u9 Z

Let w:= (z7,y)7, thus f(y,z | u;0) = Ziil T fr(w | u;6).

Smoothed log-likelihood (Levine et al., 2011)

Let (N fx) (w | w;0) = exp { [ Kp(w — @) In fi(@ | u; 0)dw) } with
Ky (a) = H?Zl Kp(a;) and Kp(a;) the rescaled kernel function.
We want to maximize the smoothed log-likelihood

Zln<zﬂ'k ka wz‘uzv ))

subject to = ZZ 1 Zk 1 %p(yi —ufy—6) = 0.

° lﬂéff(wi‘ul7
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Minorize-Maximize algorithm

Let an initial value [, an iteration [r] is defined by
@ Minorize step:

7T_l[crfl] (Nflgrfl]) (wz | Ud;e[r—l])

[r—1]
t; = .
Zf:l Wy_l] (Nfe[r_l]) (w; | ug; 0r—1)

e Maximize step:
© Updating the parametric elements

Zt[r Uand gl —argmant[r ULy — ui v = 61).
i,k

@ Updating the nonparametric elements

frj(a) = Zt[r UK (i — a)
7"k i

n

fola) = Zt“ UK ui A =6l — a).
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Minorize-Maximize algorithm

Let an initial value [, an iteration [r] is defined by
@ Minorize step:

ﬂ_l[crfl] (Nflgrfl]) (wz | Ud;e[r—l])

[r—1]
t: = )
Zf:l Wy_l] (Nfe[r_l]) (w; | ug; 0r—1)

e Maximize step:
© Updating the parametric elements

Zt[r Uand gl —argmant[r ULy — ui v = 61).
i,k

@ Updating the nonparametric elements

frj(a) = Zt[r UK (i — a)
7"k i

n

fola) = Zt“ UK ui A =6l — a).

The MM algorithm increases the value of the smoothed likelihood at
each iteration.
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Experimental design on simulated data

Simulated data
@ Z; ~ M(my,m3), mp =m =0.5
o Xij = (—1)%1&+my, mijiid, j=1,...,4
o U; ~N>(0,1,)
oY, = (Zin,Zio, U, Upn)B + €4, 8= (— 1,1,1,1) g; i.id

Simulation setting
o Different distributions for 7;; and ¢;
@ 100 samples are generated for each case

@ & control the class overlap: tuned to have a misclassification of 0.10

Evaluation metrics
o Regression: MSE of the coefficient of the regression 3

@ Clustering: adjusted rand index (ARI) between the true and the
estimated partition

Semi-parametric approach applled with bandW|dth h=n"1/5
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Simultaneous vs two-step X parametric vs nonparametric

Quadratic loss

Mixture \ Noise | Well-specified Miss-specified
_— iy ~N(0,1) . nij ~ N(0,1)
Well-specified Case 1: e~ N (0, 1) Case 2: e 17~ E(1)
Miss-specified Case 3 M8 Case 4: mij ~ T3
EiNN(O,l) gi~T3

& simulatenous nonparametric & two-steps nonparametric
Method & simulatenous parametric & two-steps parametric
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Robust regression

@ Different losses: mean, median, Huber with parameter 1 and logcosh

omjw'ﬁgandsiw’]},

& simulatenous nonparametric
Method & two- steps nonparametric

n: 25 n: 50 n: 100 n: 200

IS

## *% -ﬁ'ﬁ o7 4F
> ZE:Z: ﬁ ﬁ % *g ‘i‘; *@

meamnedlalhlubebgcosh mearmedlahubeiogcosh meam di >sh 1 diahubelogcosh
regressmn

v

k|
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High blood pressure prevention data set

National Health and Nutrition Examination Survey of 2011-2012 !
@ n = 2626 subjects between 18 and 60 years old.
@ Target variable (Y): diastolic blood pressure in mmHg

@ 7 covariates (U): gender, age, alcohol, obesity, sleep, smoke,
cholesterol

@ 7 variables (X) related the physical activity

e 5 binary: indicated whether the subject has a vigorous work activity
o 2 categorical: time spent watching TV, time spent using a computer
(7 levels each)

Experimental design
@ 67% learning / 33% test
@ Smoothing with a Gaussian kernel
e Bandwidth h = n=1/%,

lhttps://wwwn.cdc. gov/nchs/nhanes/cont1nuousnha.nes
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Results

regquadUZ-K3  regmedUZ-K3  reglogchUZ-K3

MSEP test 122.55 122.44 122.48
Gender (woman) -3.07 -3.22 -3.13
Age 0.24 0.23 0.23
Alcohol (no) -1.47 -2.48 -2.48
Obesity (yes) 3.00 2.72 2.72
Sleep -0.48 -0.39 -0.31
Smoke (no) 0.09 0.42 0.51
Cholesterol 0.03 0.03 0.03
Class 1 60.28 59.04 58.58
Class 2 60.52 59.75 59.48
Class 3 61.09 60.14 59.62
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Results

regquadUZ-K3

regmedUZ-K3

reglogchUZ-K3

MSEP test 122.55 122.44 122.48
Gender (woman) -3.07 -3.22 -3.13
Age 0.24 0.23 0.23
Alcohol (no) -1.47 -2.48 -2.48
Obesity (yes) 3.00 2.72 2.72
Sleep -0.48 -0.39 -0.31
Smoke (no) 0.09 0.42 0.51
Cholesterol 0.03 0.03 0.03
Class 1 60.28 59.04 58.58
Class 2 60.52 59.75 59.48
Class 3 61.09 60.14 59.62

@ Class 1 (7w = 0.15): recreational physical activities, traveling by foot

or by bike, no physical activity at work, spending few hours by

watching screens

@ Class 2 (w3 = 0.44): few physical activities
@ Class 3 (w3 = 0.44): high physical activities at work
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Results

regquadUZ-K3  regmedUZ-K3  reglogchUZ-K3

MSEP test 122.55 122.44 122.48
Gender (woman) -3.07 -3.22 -3.13
Age 0.24 0.23 0.23
Alcohol (no) -1.47 -2.48 -2.48
Obesity (yes) 3.00 2.72 2.72
Sleep -0.48 -0.39 -0.31
Smoke (no) 0.09 0.42 0.51
Cholesterol 0.03 0.03 0.03
Class 1 60.28 59.04 58.58
Class 2 60.52 59.75 59.48
Class 3 61.09 60.14 59.62

@ Class 1 (7w = 0.15): recreational physical activities, traveling by foot
or by bike, no physical activity at work, spending few hours by
watching screens

@ Class 2 (w3 = 0.44): few physical activities

@ Class 3 (m3 = 0.44): high physical activities at work

Conclusion: Moderate physical activities (recreational activities,
traveling by bike or foot, not spending many hours by watching screens)
prevents the high blood pressure
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Conclusion and perspectives

Conclusion
@ Alternative to the two-step approach

@ Simultaneous clustering and regression: improves the accuracy of
the regression parameters and of the partition

@ Applicable to a wide range of regression models

@ Semi-parametric approach avoids bias in the estimation
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Conclusion and perspectives

Conclusion
@ Alternative to the two-step approach

@ Simultaneous clustering and regression: improves the accuracy of
the regression parameters and of the partition

@ Applicable to a wide range of regression models

@ Semi-parametric approach avoids bias in the estimation

Perspectives

@ Take into account prediction quality for selecting the number of
components and bandwidth

@ Investigate selecting the variables in both regression and clustering

@ Consider location scale symmetric distributions (Hunter et al., 2007)
or an independent component analysis structure (Zhu and Hunter,
2019).

@ Extension possible to several latent categorical variables explained by
different sub-groups of variables of X (Marbac and Vandewalle,
2019)
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Thank youl

Question?
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