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vector-valued finite elements for fields with low regularity and
integrable curl or divergence

Zhaonan Dong* Alexandre Ern' Jean-Luc Guermond?

March 3, 2022

Abstract

We estimate best-approximation errors using vector-valued finite elements for fields with low
regularity in the scale of fractional-order Sobolev spaces. By assuming that the target field enjoys
an additional integrability property on its curl or its divergence, we establish upper bounds on these
errors that can be localized to the mesh cells. These bounds are derived using the quasi-interpolation
errors with or without boundary prescription derived in [A. Ern and J.-L. Guermond, ESAIM Math.
Model. Numer. Anal., 51 (2017), pp. 1367-1385]. In the present work, a localized upper bound on
the quasi-interpolation error is derived by using the face-to-cell lifting operators analyzed in [A. Ern
and J.-L. Guermond, Found. Comput. Math., (2021)] and by exploiting the additional assumption
made on the curl or the divergence of the target field. As an illustration, we show how to apply these
results to the error analysis of the curl-curl problem associated with Maxwell’s equations.

1 Introduction

A central question in the finite element approximation theory is to establish local upper bounds on
the best-approximation error for functions that satisfy some minimal regularity assumptions typically
quantified in the scale of fractional-order Sobolev spaces. The goal of the present work is to derive
some novel results in this context when the approximation is realized using Nédélec finite elements
and Raviart-Thomas finite elements. Most of our developments focus on the Nédélec finite elements
since they require more elaborate arguments. The corresponding results for the Raviart—Thomas finite
elements only improve marginally the state of the art from the literature, and only a short discussion is
provided in a specific section of the paper.

We are interested in approximating fields with a smoothness Sobolev index that is so low that one
cannot invoke the canonical interpolation operators associated with the considered finite elements. In
this case, the best-approximation error can be bounded by considering quasi-interpolation errors, such
as those derived in [10]. However, the resulting upper bound cannot be localized to the mesh cells if the
regularity of the target function is only measured in the scale of fractional-order Sobolev spaces. The
lack of localization is relatively mild if no boundary conditions are prescribed in the finite element spaces,
since in this case the quasi-interpolation error can still be bounded by local contributions involving the
fractional-order Sobolev seminorm of the target function over patches of mesh cells instead of just each
mesh cell individually. The lack of localization is more significant if boundary conditions are additionally
prescribed in the finite element spaces since in this case the upper bound on the quasi-interpolation error
is global. This is not surprising as in this situation the target function has not enough smoothness to have
a well-defined trace at the boundary. The main contribution of this work is to show that the localization
becomes possible provided some (mild) additional assumptions are made on the integrability of the curl
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or the divergence of the target function. The main tool to achieve this result hinges on the face-to-cell
lifting operators introduced in [15]. The additional assumptions on the curl or the divergence allow us
to give a weak meaning to the trace of the target function in the dual space of a suitable fractional-order
Sobolev space.

In this work, the space dimension is d = 3 for the Nédélec finite elements and d > 2 for the Raviart—
Thomas finite elements. For d = 2, the results for the Raviart—Thomas elements can be transposed
to the Nédélec elements by invoking a rotation of angle T; details are omitted for brevity (see, e.g.,
[13, Sec. 15.3.1]). We consider a polyhedral Lipschitz domain D C R¢. Moreover, we use boldface
for Re-valued fields and linear spaces composed of such fields. For instance, for real numbers r > 0
and p € [1,00] (we assume p € [1,00) if r ¢ N), W™P(D) denotes the (fractional-order) Sobolev space
equipped with the Sobolev—Slobodeckij norm.

Let (Tp)nen denote a shape-regular family of affine, matching, simplicial meshes such that each mesh
covers D exactly. Let P¢(7p) denote the H (curl; D)-conforming finite element space built on the mesh
Tr, using the Nédélec finite element of degree k € N (here, the superscript © refers to the curl operator).
Given a target field v € W™P(D), with r > 0 possibly very small, our goal is to establish localized upper
bounds on the best-approximation error

vhean;Sf(ﬁ,) lo =llzr o). @)
The first natural idea is to invoke the canonical interpolation operator for Nédélec finite elements,
say Z;. Since this operator can only act on those fields having an integrable tangential trace along
all the mesh edges, invoking the standard trace theory in Sobolev spaces (see, e.g., [16]) shows that a
suitable domain for the canonical interpolation operator Zy is W™P(D) with rp >d —1=2 (and r > 2
if p=1). Assume that the polynomial degree is such that k > 1if p € [1,2] and k > 0 otherwise, and let
€ (%J{: +1]ifp>1lorr e [2,k+1]if p=1. Then, it is well-known (see, e.g., [18] or [13, Sec. 16.2])
that there is ¢ such that for all v € W™P(D), all K € T, and all h € H, we have

v = T5, (v) e () < ch|vlwrre k), (2)

where hx denotes the diameter of the mesh cell K € 7. Here, the symbol ¢ denotes a generic positive
constant whose value can change at each occurrence provided it only depends on the mesh shape-
regularity, the space dimension, and the polynomial degree k of the considered finite elements. Notice
that ¢ is unbounded as r | % if p > 1. For instance, in the Hilbert setting where p = 2, the minimal
regularity requirement is v € H"(D) with r > 1, and ¢ is unbounded as r | 1.

The requirement r > % can be lowered to r > % (with p = 2) by invoking more sophisticated results
on traces derived in [2] which, however, hinge on some additional integrability assumption on Vxwv. To
use these results, the edge-based degrees of freedom of the Nédélec finite element are extended by defining
them using edge-to-cell lifting operators and an integration by parts formula (see, e.g., [13, Sec. 17.3]).
One can then show (see [0]; see also [1, 8, 3] for slight variants) that for all 7 € (3,1] and all p > 2, there
is ¢ such that for all v € H"(D) with Vxwv € LP(D), all K € Ty, and all h € H, we have

C T 1+d(%7%)
o = Zi@)llzaue) < e (Bilvlarao + i 2 IVxvlna) ) (3)

with ¢ unbounded as r |  or p | 2.

Unfortunately, the regularity assumption r > % is often not realistic in applications. To go be-
yond this assumption, one can invoke the quasi-interpolation operators devised in [10]. Recall that the
construction of these quasi-interpolation operators consists of first projecting the target field v onto a
fully discontinuous finite element space and then stitching together the projected field to recover the
desired conformity property by averaging the canonical degrees of freedom of the projected field. Since
the projected field is always piecewise smooth, this construction is always meaningful, regardless of the
regularity of the target field v. Let Z,”™ : L'(D) — P¢(T},) denote the quasi-interpolation operator thus
constructed with the Nédélec finite elements. Then, [13, Thm. 22.6] shows that there is ¢ such that for
all r € [0,k + 1], all p € [1,00] if r € N and p € [1,00) otherwise, all v € W™P(D), all K € Tp, and all
h € H, we have

v —Z,* (0) e (k) < chiclvlwrr ey, (4)



where D, :=int (g, eTe K’) and T denotes the collection of mesh cells sharing at least one edge with
K. We notice that a slight loss of localization occurs in (4) since the Sobolev—Slobodeckij seminorm on
the right-hand side is evaluated over the macroelement DY and not just over K. In the present work, we
show that provided some (mild) additional integrability assumption is made on Vxwv, the estimate (4)
can be localized to the mesh cells in 7 ; see Theorem 2.1 and Corollary 2.2.

The loss of localization is more striking if one wants to additionally enforce a homogeneous boundary
condition on the tangential component of the target field. We assume for simplicity that the condition is
enforced over the whole boundary 9D of D. Recall that the tangential trace operator v¢ : H (curl; D) —
H~2(D) is defined through a global integration by parts formula (see, e.g., [13, Thm. 4.15]) and that
we have 7°(v) := vjpp X mp whenever the field v is smooth enough, where np denotes the unit outward
normal to D. Then, setting P (7) := {vn € Pg(Tn) | v°(vn) = 0}, one is interested in establishing
local upper bounds on the best-approximation error

inf vV—v »(D)- 5
el o= o) )

Let Z; 3" : L*(D) — P o(Tn) denote the quasi-interpolation operator with homogeneous boundary
prescrlptlon associated with the Nédélec finite elements. Then, [13, Thm. 22.14]) shows that for all
r € [0, %), there is ¢ such that for all v € WP(D), and all h € H, we have

[v = 5™ (0) Loy < ch™ 05" [vllwre (D), (6)

where h := maxge7, hic, £p is a characteristic (global) length scale associated with D, and ||[v|lwrr(p) =
llvllze(py + €plv|wrr(p). Notice that the target field v has not sufficient regularity to have a well-
defined tangential trace on the boundary. The loss of localization in (6) arises when bounding the
quasi-interpolation error over those mesh cells that have at least one edge located on the boundary 0D
(the upper bound (4) holds true for the other mesh cells). The presence of the global length scale ¢ and
of the full Sobolev-Slobodeckij norm of v instead of just the seminorm in (6) comes from the need to
invoke a Hardy inequality near the boundary (see the proof of [10, Thm. 6.4]). In the present work, we
show that provided some (mild) additional integrability assumption is made on Vxwv, the estimate (6)
can be fully localized to the mesh cells; see again Theorem 2.1 and Corollary 2.2.

2 Main results on Nédélec finite elements

In this section, we first state our main results and then present their proofs.

2.1 Statement of the main results

Let us first observe that the domain of the tangential trace operator can be extended to Y (D) := {v €
L*(D)| Vxv € LI(D)} for all ¢ € (;2%,2]. Indeed, for all v € Y(D), 1°(v) € H~3(9D) can still be
defined by duality by setting for all w € H 5((’9D)7

(4 (®), whan = /D (09 xl(w) ~ (Vxv)d(w)) dr, (7)

where I(w) denotes a lifting of w in H'(D). Indeed, owing to the Sobolev embedding theorem, and the
fact that ¢ > 2+d, we infer that H'(D) < L9 (D) with % + % = 1, so that the second term on the
right-hand side of (7) is meaningful owing to Hélder’s inequality. We can now state our main result. For
simplicity, we estimate the quasi-interpolation error only in the L?-norm.

Theorem 2.1 (Localized quasi-interpolation error estimate for Nédélec elements) Forallr €

(0,1] and all q € (ﬁfd,Q} there is ¢ such that for all v € H"(D) with Vxv € LY(D), all K € Ty, and

all h € H, we have

v . I+d(g—
o = ™ @)lleer < ¢ 3 { ool + bt "2 IV x0l o ). (5)
K'eT§{



Moreover, assuming that v¢(v) = 0, we also have

av r 1+d(
H’U _Iiclbd ( ||L2 < C Z {hK/|v|HT(K/) + hK’ 27 HVX’UHLq(K/)} (9)
K'eTE

Squaring the above inequalities, summing over the mesh cells, and observing that the cardinality of
the set {K’ € Ty, | K € Tg.} is uniformly bounded for all K € T, and all h € H, we infer the following
result.

Corollary 2.2 (Localized best-approximation error for Nédélec elements) Forallr € (0,1] and

all q € (2+d7 2], there is ¢ such that for all v € H"(D) with Vxv € LY(D), and all h € H, we have
. 2+42d(1 - H
I LR PATIERR  DiR ( RR re N s | AU Gt

KeTy,

Moreover, assuming that v¢(v) = 0, we also have

. 242d(L—
inf v — vy, <ec {h gy + R Vxv|3a }} ) 11
one P (i) | nllzz(py < {Kez;h W0 k) || 1Z0(x) (11)

Remark 2.3 (Exponent) Observe that 2+ 2d(
we have 2+ 2d(3 — %) =2 for ¢ =2.

- %) =2d(%2 — 7) > 0 since q € (22+dd,2] Moreover,

2.2 Preliminary: localizing the tangential trace to the mesh faces

This section collects some preliminary results needed in the proof of Theorem 2.1. These results are
drawn from [15] and are briefly restated here for the reader’s convenience.

Let K € 75 be a mesh cell, let Fx be the collection of the faces of K, and let FF € Fg. To
define a tangential trace that is localized to the mesh face F', we introduce the local functional space
VeK):={v € L?(K) | Vxv € LK)} with ¢ € (524,,2] (as above) and p > 2. We equip this space

2+d’
with the (dimensionally consistent) norm
1+4d(2
[ollver) == l[0llLe ) + Py Vol Lo (12)
Let 0 € (2,p] be such that ¢ > 2% (thls is 1ndeed possible since the function x — szd is increasing
n [2,00)). Let ¢’ € [1,2) be such that é ? = 1. We consider the (fractional-order) Sobolev space
W%’QI(F ), equipped with the (dimensionally consistent) norm
1Dl 1.y = NllLer () + hF|¢| . (13)

Let (Wé’gl (F))" denote the dual space of W%’Q’(F). It is shown in [15, Equ. (5.5)] that upon introducing
suitable face-to-cell lifting operators, it is possible to define a tangential trace operator localized to the
mesh face F' through an integration by parts formula, namely 7§ r : V¢(K) — (W%’Q,(F ))’, such that
the following two properties hold: (i) vk r(v) = (v X mk)|p whenever the field v is smooth, where ng
denotes the unit normal to 0K pointing outward K; (ii) There is ¢ such that for all v € V°(K), all
K €T, and all h € H,

+d(

1 1
c —o Tl —3)
e @) gy e, < it P ol (1)

o =

Let N¥(K) be composed of the restriction to K of the Nédélec polynomials of order k € N. Let us set
NE(F) := gie »(N¥(K)) for all F € Fg. In this work, we need to invoke the following inverse inequality.



Lemma 2.4 (Inverse inequality on F) Let t € [1,00]. There is ¢ such that for all ¢ € NF(F), all
KeTh, all F e Fk, and all h € H,

(d-1)(3-1

)
[@nllLer) < chg Pnll gy 3o o (15)

)
Proof. Let &, € N*(F). Recalling the definition (13) of the ||-||W§,Q,(F)—norm and invoking an inverse
inequality on N*(F) (see, e.g., [13, Sec. 12.1], and observe that N¥(F) C ]P’SioTEl, where T : S~ — F

is the geometric mapping from the reference (d — 1)-dimensional simplex S4-1 to F and where Psf} is

composed of Re-valued, (d — 1)-variate polynomials of order at most (k + 1)), we infer that
(d=1) (5 —+

o t )
||€h||W§,e/(F) <chy ||£hHL"/(F)’

with ¢ € [1,00] such that + + L = 1. This implies that

£nd d=1)(r—¢ £ d
||¢h||Lt(F) = sup M <ec g{ D(,r—77) sup m
£,ENE(F) ||€h||Lw(F) £,ENE(F) thHW%‘Q'(F)

Since fF on-€pds = <¢h’€h>(W§'Q’(F))’,W%‘Q/(F)’ the assertion follows from the definition of the dual

norm in (W%’gl (F))" and the identity & — & = 1 —

=
O

Let us set
VD) :={veLP(D)|Vxv e LID)}, (16)
V(D) = {v € V(D) | 1°(v) = 0}. (17)

(Observe that the tangential trace operator ¢ is meaningful on V(D) since p > 2.) Proceeding as in
[13, Thm. 4.15], one can show that V{F(D) coincides with the closure of C§°(D) in V(D). We notice
that for all v € V(D) and all K € T, we have vjx € V¢(K). We also define the broken version of
V(D) as follows:

VE(Tn) :={v e LP(D) | vjx € V(K), VK € Tp}. (18)

The collection of the mesh faces, 3, is split into the collection of the mesh interfaces, F;, and
the collection of the mesh boundary faces, ]-',‘3 . For all F € Fy, there are two distinct mesh cells
K_,K, € T such that FF = 0K_NJK,. For all F € .7-';?7 there is one mesh cell K_ € 7T, such that
F = 0K_nNaD. For every field v € V¢(T), the jump of the tangential component across the mesh
interface F' = 0K_ N 0K € Fy is defined as

V&, r(V)]F =7k r(vx_) + 7K, F(VK, ) (19)
Moreover, for every mesh boundary face F'=0K_NJD € ]—',? , we conventionally set
[ve,r(v)]F = vk_r(vx). (20)

Lemma 2.5 (Vanishing jumps and boundary traces) (i) Forallv € V¢(D), we have [vk,r(v)]r =
0 for all F € Fy. (ii) For all v € V(D), we additionally have [yx r(v)]r = 0 for all F € F?.

Proof. Let v € V(D) and let F' € Fy. For all K € T;, such that F' € Fg, vk r(v) is defined in [15,
Equ. (5.5)] so that

(e (0), ) = [ (o9xBE@) ~ (Vx0)BE (9)) do

1 1 o
(We'™ (1), We'™ (F)
for all ¢ € W2 (F), where EX : W%’QI(F) — W' (K) is the face-to-cell lifting operator from [15,
Def. 5.1].

(i) Let F = OK_ NOK, € F;. We define the global lifting operator EX : Wé’QI(F) — W1 (D) such



that ER(¢)x, = En*(¢) and ER(¢) = 0 otherwise. Summing the above identity for K € {K_, K},
we infer that

(Ivk,r ()], &)

W (7)) W

vy = [ (0XEP(@) — (V0 ER(@)) da, (21)

for all ¢ € We? (F). Since, by construction, E2(¢) has a zero trace at the boundary of D and since
Vi (D) coincides with the closure of C§°(D) in V¢(D), we conclude that

=0.
() P SR,
Since ¢ is arbitrary in W%’g/(F), this implies that [[ny F(v)ﬂp =0.
(ii) If F = OK_NaD € F?, we set ER ((ﬁ)‘K = E “(¢) and EF (¢) = 0 otherwise. This yields
again (21), and invoking that y°(v) = 0 still gives ([hK (V)] F, ) . 0, whence the

assertion.
O

2.3 Proof of (8)

Let us start with a preliminary result of independent interest. For all K € Ty, let 1% : L1(K) — PY(K)
denote the (local) L2-orthogonal projection onto P°(K) (that is, II1% (v) is the mean value of v over K).

Lemma 2.6 (Localized quasi-interpolation error in V(D)) For all p > 2 and all ¢ € (52%,2],

2+d>
there is ¢ such that for allv € V¢(D), all K € Ty, and all h € H, we have
c,av d(l_%) +d(
o = Ze™ @)z < el ” 30 (o= W @llzsgaer + hrer" > I x0llgoen). (22)

K'eTg

Proof. Let II§ : L'(D) — P{"(Th) = {v), € LY(D) | vy € N¥(K), VK € T;,} denote the global L>-
orthogonal projection onto the broken Nédélec finite element space P,:’b(ﬁl). Let ITS, : L'(K) — N¥(K)

denote the local L2-orthogonal projection onto N*(K), so that we have IIf (v);x = Il (v|x) for all
v € L'(D) and all K € Tj. Recall (see [10, Sec. 5]) that we have Z;"™ := 7, e oII§ , where the operator

T POP(Th) — PE(Th) is built by averaging the canonical degrees of freedom, see [10, Sec. 4.2]. The
triangle inequality implies that

v = I, (0)lp2x) < v = Wi () |2y + 112 = T™) (T, (0) [ 2 (1) = T1 + To.
Since P°(K) C N¥(K), standard properties of the L2-orthogonal projection and Hélder’s inequality
(recall that p > 2) imply that
0 Ad(3—-3) 0
Ty <o = Hg(W)llp2x) < chg” Plo =g (v)|[ e k)

Moreover, [10, Lem. 4.3] followed by Lemma 2.4 (with ¢ = 2) give (recall that the value of ¢ can change
at each occurrence)

1 . . 3+d-1)(3-3) c
T2 <ch Y Dk r@)]rlle ) < chi Y e p (I (v Nzl

= " “(p)”
FeFy, FeFy

where ff( denotes the collection of the mesh interfaces sharing at least an edge with K. Observing that
Y .r(v) = 0 since v € V(D) (see Lemma 2.5(i)), we infer that

T <eht TVED ST g (o - g (o Nl

FeFs,

wed (1)

By definition of the jump operator, invoking the triangle inequality and recalling the definition of the
set T yields

1

l+(d1’7% C C
Ty<ehy VTS ST g (o — I ()]

we (1))
K'€TE FEFiNFL



Owing to the bound (14) and the shape-regularity of the mesh sequence, we infer that

1_
Ty < Chi(2

o=

)
D o =5 (@)llve - (23)
K'eTg

Invoking the triangle inequality and recalling the definition (12) of the norm equipping V¢(K') gives for
all K/ € T,

14+d(2

o — e () lvegery < llo — T (0) ogaery + B~ V0] gagaery + 10T = M) (@) e -

where we used that IT1% (v) is a constant field in K’. Invoking inverse inequalities on the first line, the
triangle inequality and standard properties of the L?-orthogonal projection on the second line, and,
finally, Holder’s inequality (recall that p > 2) and the regularity of the mesh sequence on the third line,
we also have

. dE-3) o
(0T~ T )0y < ehig? [T~ T (0)
d(i-3)
<chy? I = T%) (0) L2k
< el = T ) (0) 1o e,

Combining this bound with (23) and recalling the bound on ¥; completes the proof. .

Proof of (8). Let r € (0,1] and ¢ € (2%,2]. Consider a field v € H"(D) with va € Lq(D). The

2¥d’
Sobolev embedding theorem implies that v € V(D) (indeed, we can take p := 42 2'r >2ifr < ¢ and
any p € (2,00) otherwise). Applying Lemma 2.6, re-arranging the factors involving the local mesh sizes

on the right-hand side of (22) and using the shape-regularity of the mesh sequence, we infer that

d(2 1—{-11(2

lo =T @)l g2y < ¢ Y Vo = It ()l + i

K'eTg

DIV xollzain)-

Owing to [13, Equ. (17.19)] and since I1%, (v) is a constant field in K’, we infer that

d( i
= || — 5 ()| o (i) < € ([l = Wi () || 250y + higer 0] Er (167 )

so that invoking the (fractional) Poincaré—Steklov inequality in K’ (see, e.g., [13, Sec. 12.3.1]) gives

( P r
2 || 7H?{’('U)HLP(K/) SChK/"U|HT(K’)-

Combining the above bounds completes the proof.

2.4 Proof of (9)

The proof of (9) follows from minor adaptations of the arguments to prove (8). The most relevant change
hinges on the following result.

Lemma 2.7 (Localized quasi-interpolation error in V(D)) For all p > 2 and all q € (2%;1(1,2]
there is ¢ such that for all v € V§(D), all K € Ty, and all h € H, we have
v d(5—3) 1+d(5

o~ T )z < ehi” » 30 (o~ W@l + by V<0 lgagien ). (24)

K'eTg

Proof. The only relevant difference with the proof of Lemma 2.6 is in the upper bound estimate for
T5. Owing to the homogeneous boundary prescription, we now have Z;3" := J,," o II§, where the

averaging operator 3™ : POP(Ty,) — P¢ o(Tr) is built as J,*" with the additional requirement that



all the degrees of freedom attached to the mesh edges and faces located on the boundary 0D are zero
(see [10, Sec. 6.2]). As a result, we now have

1
To <chi Y @5 @) FllL2 (),
FeFk

where Fx denotes the collection of the mesh faces (and not only the mesh interfaces) sharing at least
an edge with K. The bound on ¥ is obtained by using the same arguments as above and the fact that
[vx.7(v)]F = O for every mesh boundary face F € F? since v € V(D) (see Lemma 2.5(ii)). 0

3 Raviart—Thomas finite elements

The discussion for the Raviart-Thomas finite elements goes along the same lines as for the Nédélec
finite elements, except that the minimal regularity requirements on the target field are less demanding
when using the canonical interpolation operator (or any extension thereof) since one only needs to give
a meaning to the trace of the normal component of the target field on the mesh faces.

Let PZ(7y) denote the H (div; D)-conforming finite element space built on the mesh 7;, using the
Raviart-Thomas finite element of degree k € N (here, the superscript ¢ refers to the divergence operator)
and consider the best-approximation error

inf v—v , 25

ery | nllze(p) (25)

for an arbitrary target field v € W™P(D), with 7 > 0 possibly very small. Let Z be the canonical

interpolation operator associated with the Raviart—-Thomas finite elements. It is well-known (see, e.g.,

[5] or [13, Sec. 16.1]) that for all r € (%,kJr 1Jif p>1and r € [1,k+ 1] if p = 1, there is ¢ such that for
all v € W™P(D), all K € Ty, and all h € H, we have

v — i (v)| Lo (i) < ehc|vlwro(x)s (26)

with ¢ unbounded as r | % if p > 1. For instance, in the Hilbert setting where p = 2, the minimal

3, and c¢ is unbounded as r | % Moreover, by invoking
more sophisticated results on traces and assuming some additional integrability property on V-v, one
can show (see, e.g., [13, Sec. 17.2]) that for all » € (0,1] and all ¢ > 22+7dd7 there is ¢ such that for all
v € H"(D) with Vv € LY(D), all K € Ty, and all h € H, we have

regularity requirement is v € H"(D) with r > 1

, 14+d(5—1)
o~ Tz < ¢ (Wiclolariry + b 27 190l ) (27)
: 2d
with ¢ unbounded as r | 0 or ¢ | 577;.

It is also possible to consider the quasi-interpolation operators devised in [10]. Let IS’av : LY(D) —
P,S(ﬂl) denote the quasi-interpolation operator associated with the Raviart—Thomas finite element.
Then, [13, Thm. 22.6] shows that there is ¢ such that for all » € [0,k + 1], all p € [1,00] if » € N and
p € [1,00) otherwise, all v € W™P(D), all K € T, and all h € H, we have

lv = Zy™ (0) Lo () < P [vlwrn (g ) (28)

Df = int (Ug era K ') and T} denotes the collection of mesh cells sharing at least one face with K.
We notice again that a slight loss of localization occurs in (28) since the Sobolev—Slobodeckij seminorm
on the right-hand side is evaluated over the macroelement D% and not just over K. One can also enforce
a homogeneous condition on the normal component of the target field over the whole boundary 0D of
D (for simplicity). Recall that the normal trace operator ¥4 : H(div; D) — H~2(D) is defined through
a global integration by parts formula (see, e.g., [I3, Thm. 4.15]) and that we have y4(v) := VgD ND
whenever the field v is smooth enough. Then, setting P,io(ﬂl) := {vp, € P(Tn) | v4(vp) = 0}, one is
interested in establishing local upper bounds on the best-approximation error

inf ||’U —UhHLp(D). (29)

thP]io('Th,)



Let Igéav : LY(D) — P,io(ﬁ) denote the quasi-interpolation operator with homogeneous boundary
prescription associated with the Raviart-Thomas finite elements. Then, [13, Thm. 22.14] shows again
that for all r € [0, %), there is ¢ such that for all v € W"™P(D), and all h € H, we have
d,av ro—
o = T () |0y < B 05 [0 llwrn o) (30)

We now show that the estimates (28) and (30) can be localized under suitable additional assumptions
on the divergence of the field v. Let us first observe that the domain of the normal trace operator can

be extended to Y4(D) := {v € L?(D) | V-v € LY(D)} for all q € (22~Tdd72]' Indeed, for all v € Y4(D),

~d(v) € H=2(8D) can still be defined by duality by setting for all w € H=(dD),

(v4(v),w)op = /D (v-Vl(w) + (V-v)l(w)) dz, (31)

where [(w) denotes a lifting of w in H'(D). This is again a consequence of ¢ > % and Holder’s

inequality. We can now state our main result. For simplicity, we estimate the quasi-interpolation error
only in the L?-norm.

Theorem 3.1 (Localized quasi-interpolation error estimate for Raviart—Thomas elements)

For all v € (0,1] and all q € (22_‘_—‘1(1,2], there is ¢ such that for all v € H"(D) with V-v € Li(D), all

K €Ty, and all h € H, we have

d,av r 1+d(;_%)
v = Z™ ()2 S ¢ Y {hK,MH,.(K,) F R ||V.U||L4(K/)}. (32)
K'eTg
Moreover, assuming that v4(v) = 0, we also have
d,av r 1+d(l*l)
lo =T @)Lz ) < e Y {hx/|’U\Hr(K')+hK/ © ”v'v”L'I(K’)}- (33)

K'eTg
Using the same arguments as above, we readily infer the following result.

Corollary 3.2 (Localized best-approximation error for Raviart—Thomas elements) For allr €
(0,1] and all q € (%,2], there is ¢ such that for allv € H"(D) with V-v € LY(D), and all h € H, we
have

- , 242d(1—1) 2

Lt o= vl <o 5 {Mlolgo - VIVl ) G0
L KeTh
Moreover, assuming that v4(v) = 0, we also have

1

. - 2+2d(3-1) N
ot o= onllzeoy SC{ > {PE e + b ||v-v||iq(K)}} . (35)

WEPZ (Th

KeTy

Remark 3.3 (Comparison with canonical interpolation) The canonical Raviart—Thomas interpo-
lation operator and the quasi-interpolation operator achieve the same convergence rates under the same
smoothness assumptions. Notice though that the estimates (32)-(33) are localized over T whereas the
estimate (27) is localized over the single cell K. The upper bounds in Corollary 3.2 can also be derived
by invoking the canonical Raviart—Thomas interpolation operator. This is in contrast with the Nédélec
elements where the estimates (8)-(9) on the quasi-interpolation error are essential to prove Corollary 2.2.
These estimates hold for the canonical Nédélec interpolation operator only if r > %

4 Application to Maxwell’s equations

In this section, we briefly present two applications of the above results for the approximation of Maxwell’s
equations using Nédélec finite elements. We focus on simplified forms of Maxwell’s equations obtained,
e.g., in the time-harmonic regime and in the eddy currents approximation.



4.1 Model problem

Given a source term f € L%(D) with ¢ € (22+7dd’ 2], the model problem we consider consists of seeking
A € Hy(curl; D) := {v € H(curl; D) | v°(v) = 0} such that a(A,b) = £(b) for all b € Hy(curl; D), with
the following sesquilinear and antilinear forms:

ala,b) = /D(z/a-l_)Jrana'VxI_))dx, 2(b) ::/Df~l_)d:c. (36)

We assume that the model parameters v, x are both bounded in D and we set vy = ||[v|[p~(p), kg =
|5l Lo (). We also assume that there are real numbers 6, v, > 0, &, > 0 such that
. i0 . i0
eiselgf?}%(e v(z)) > v, and eiselgfﬂ?(e K(x)) > Ky. (37)
This condition ensures the coercivity of the sesquilinear form a. Therefore, the model problem is well-
posed owing to the Lax—Milgram lemma, and its unique weak solution is such that vA+Vx(kVxA) = f
in D together with 4°(A) = 0. To obtain a regularity result on the weak solution, we assume that there
is a partition { Dy, }meq1:13 of D into M > 1 disjoint polyhedral Lipschitz subsets such that vp, , and
K|p,, are constant for all m € {1:M}. One can then show (see [17, 7], see also [4, 9, 2]) that there is
r € (0, %) such that
A€ H' (D), VxA e H"(D). (38)

4.2 Classical approximation with prescribed boundary conditions

In this setting, the discrete problem approximated with Nédélec finite elements consists of seeking Aj €
Pg o (Tn) such that a(Ap, by) = £(by) for all by € Py o(75). Recall that & € N denotes the polynomial
degree and that (75,)ney is a shape-regular family of ’aﬁine, matching, simplicial meshes such that each
mesh covers D exactly. Notice that the homogeneous boundary condition on the tangential component
of Aj at the boundary is explicitly enforced in the discrete problem.

The error analysis is performed by establishing suitable stability, consistency, and boundedness prop-
erties. To avoid distracting technicalities, we do not track the dependency of the constants in the error
analysis on the nondimensional factors Z—g, Z—g, and vyky 102 (recall that ¢p denotes a characteristic
(global) length scale associated with D). Referring to [12] (see also [14, Chap. 44]) for further insight,
the main error estimate states that there is ¢ such that we have

HA AhHH(curl;D) S c bhelli“lf)(ﬁ) ||A bhHH(curl;D)~ (39)
Moreover, invoking commuting quasi-interpolation operators, it is also shown therein that there is ¢ such
that we have

A— Ayl i en gc( inf  [|[A—b n, inf  |[VxA—d ) 40
| hll H (curl; D) bheP,g,o(Th)” nllL2(D) Ddh,eP,;{o Th)|| AIF2195) (40)

The analysis performed in this paper allows us to derive the following result where the best approxi-
mation error is fully localized even when r € (0, %)

Corollary 4.1 (Localized error estimate) There is ¢ such that we have

1
r 2(1—r 2
||A—AhH<curl;D>Sc{ > (145 oo + 6 >||vXA||%2(K>+é%|VxA|%m))}. (41)
KeTh

Proof. We combine the error estimate (40) with the results from Corollary 2.2 and Corollary 3.2. In
particular, we apply the estimate (11) with v := A (notice that indeed v°(A) = 0) and ¢ := 2, and the
estimate (35) with v := Vx A (notice that indeed 79(VxA) = 0 and that V-v = 0). This yields

1

2

1A — Apll sz (eurt; ) Sc{ 3 (h%A&V(K)+h%(||wA||2La(K)+e%h%|vXA|imK))} ,
KeTy,

whence the assertion follows from h% < h%gEQD(PT). 0
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4.3 Nitsche’s boundary penalty technique

Let us now consider a variant of the above discrete problem where the boundary condition is enforced
by Nitsche’s boundary penalty technique' see [11] and also [14 Chap. 45]. For all K € Ty, we set
vi = Vi, Kk = KK, vk = R(ePvk), and Kkrx = R(e /<;K) To avoid distracting technicalities,

and - K. Recall that for every mesh boundary face F' € ]-' there is a mesh cell K_ € 7T} such that
F = 8[( NOD. The discrete problem now consists of secking A, € Pg(T) such that aj,(Ayp, by) = £(by)
for all by, € P¢(Ty), with ap(-,-) = a(-,-) —nn(-, ) + su(-, ), with the followmg sesquilinear forms defined
on PZ(Th) x PE(Th):

ah,bh Z / manh X?'LF) bhdS ah,bh Z Noe —i0 h—/(ahan)-(Ehxnp)ds,
Fer? FeF? F
(42)
where 79 is a nondimensional parameter that must be chosen large enough so that the sesquilinear form
ap, is coercive on Pg(Ty) (see [11, Lem. 3.3] or [14, Lem. 45.1]).

To perform the error analysis, it is convenient to introduce the space Vi := {a € Hy(curl; D) | kVxa €
V<(D)}, where the space V¢(D) is defined in (16). We observe that the exact solution satisfies A € Vi;
indeed, A € Hy(curl; D) by construction, Vx(kVxA) = f —vA € L9(D) owing to our assumption on
the source term f, and kVx A € LP(D) for some p > 2 owing to the Sobolev embedding theorem (recall
that VxA € H"(D) by (38) and that  satisfies a suitable multiplier property as shown in [17, 7]).
Notice that the approximation error A — Ay, belongs to the space V; := Vi + P¢(7;,) which we equip
with the norm

KK _
813, = >~ {ucllblidacr) + ml V3Bl f + 0 =lbn x mllae)
KeTy, FeFp K- (43)
3
2d(5—7) 2+2d(5—1)
+ 3 mre {hs IVxbI sy Fhi IV (VX)) |
FeFy
for all b := bs + by, € V} with bs € Vi and by, € P{(7T,). The following error estimate is established in
[11, Sec. 7.2] and [14, Thm. 45.6] (with ¢ = 2): There is ¢ such that we have

IA- Aullv, <c  inf A by, (44)
brePE(Th)

The analysis performed above allows us to derive the following error estimate where the best approx-
imation error is fully localized even when r € (0, %)

Corollary 4.2 (Localized error estimate) There is ¢ such that we have

|4~ Anlly, < erf { >~ 13 (B2 A sy + 57 IV X Al i) + [V < Al ) )
KeTy

2d(%E 1)
SN ||f—uA||2Lq(K)} | (45)

FeFp

NJ=

Proof. Adapting the arguments from the proof of [14, Thm. 45.6] (setting ¢ = r therein) where the
infimum is realized by using a commuting quasi-interpolant with prescribed boundary conditions, we
infer that

A =il +“ﬁ inf  ||VxA — d|72p

inf  ||JA—=by|y, < c{uﬁ L
k,o\/h

brePE(Th) bhepc (Th)

o 2 Zd(%fé) 2 %
+ Ky Z (hK,|VXA|HT(K,)+hK, ||f_VA||L’1(K7)) )
FeF?

Combining this estimate with the estimates (11) and (35) proves the assertion (as above, we hide the
nondimensional factor vy, 102 in the generic constant c). 0
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