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Compliant Mechanisms (CMs) are used to transfer motion,
force and energy, taking advantages of the elastic deforma-
tion of the involved compliant members. A branch of spe-
cial type of elastic phenomenon called (post) buckling has
been widely considered in CMs: avoiding buckling for better
payload-bearing capacity and utilizing post-buckling to pro-
duce multi-stable states. This paper digs into the essence of
beam’s buckling and post-buckling behaviors where we start
from the famous Euler–Bernoulli beam theory and then ex-
tend the mentioned linear theory into geometrically nonlin-
ear one to handle multi-mode buckling problems via intro-
ducing the concept of bifurcation theory. Five representative
beam buckling cases are studied in this paper, followed by
detailed theoretical investigations of their post-buckling be-
haviors where the multi-state property has been proved. We
finally propose a novel type of bi-stable mechanisms termed
as Pre-buckled Bi-stable Mechanisms (PBMs) that integrate
the features of both rigid and compliant mechanisms. The
theoretical insights of PBMs are presented in detail. To the
best of our knowledge, this paper is the first study on the the-
oretical derivation of the kinematic models of PBMs, which
could be an important contribution to this field.

1 Introduction
1.1 Compliant mechanisms

Compliant Mechanisms (CMs) have gradually turned
into a hot research spot over the last few years [1]. Con-
ventional rigid mechanisms are designed to transfer motion,
force and energy through the cooperative state of all the in-
volved rigid links and kinematic pairs. Likewise, CMs are
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Centrale Lille, UMR 9189 CRIStAL, F-59000 Lille, France, Tel: +33 3 59
57 79 53, Fax: +33 3 59 57 78 50.

capable of realizing the same functions only through the elas-
tic deformation of the built-in elementary flexible members.
This unique concept offers several desired characteristics in
terms of low cost and high performance [1] [2]: energy-
saving operation [1]; more simplified manufacturing pro-
cess [3]; less mechanical maintenance needed [2] and better
motion precision achieved [4]. Due to these mentioned mer-
its, CMs have been utilized in many mechanical applications,
such as multi-stable mechanisms [5], constant-force-control
mechanisms [6], compliant robotic actuation [8], energy-
harvesting applications [9] and force sensors [10] serving as
a promising type of alternative to conventional rigid mecha-
nisms [1] [3].

1.2 Buckling and post-buckling of slender beams
1.2.1 From an engineering perspective

Flexible slender beams will present more diverse me-
chanical responses if buckling or post-buckling behavior oc-
curs. Essentially, a slender beam tends to buckle into an un-
stable state if the axial loading reaches its critical value or
equivalently its buckling limit, which is mainly due to im-
perfect geometry and off-axial loading or some external fac-
tors [11]. In all the mentioned scenarios, the lateral deforma-
tion will immediately occur and then sharply increase if the
axial force is beyond the buckling limit. From an engineer-
ing point of view, the ‘instability’ nature of buckling would
lie in the following three aspects: the sharply decreasing ax-
ial stiffness, the rapidly increasing lateral displacement and
the unpredictable situations after the axial load reaches the
critical load as it normally has three potential choices: one
bucked state, another buckled state with symmetric geometry
and even the unbuckled equilibrium state. For more theoret-
ical details about buckling and post-buckling, the mentioned
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Fig. 1: General (post)-buckling of a slender straight beam

references here [12] are recommended.
However, this ‘instability’ nature would also present

benefits if dialectically treating and making most of it. For
example, slender structures used in civil engineering, marine
engineering and aircraft engineering have therefore drawn
a huge concern regarding elastic instability that may cause
structural failure [13], which has to be avoided. On the
other hand, the unique characteristics of buckling and post-
buckling can also be utilized in some mechanical applica-
tions, such as bi-stable or multi-stable compliant mecha-
nisms [14]. In the scope of this paper, we would like to char-
acterize and take advantages of these phenomena rather
than simply avoid them as the diverse mechanical response
of buckling and post-buckling states would surely enrich
some unexpectedly positive possibilities of current CMs.

1.2.2 The essence
The buckling theory has been intensively investigated

since linear buckling theory (Euler buckling) was derived by
Euler in 1744 [15] and further refined for higher modes by
Lagrange in 1770 [16]. It’s worth noting that the mentioned
two authors both concluded their findings based on the fa-
mous beam equation by Bernoulli [17]:

EI
dθ

ds
= M(s), s ∈ [0,L] (1)

which assumes the linear relationship between the beam cur-

vature
dθ

ds
and the exerted moment M at (x, y) or equivalently

s along the beam axis (see Fig. 1). θ(s) represents the ori-
entation of the beam at s. E is the Young’s modulus and
I denotes the second moment of inertia of the cross section
area; L denotes the beam length; Fx(L), Fy(L) and Mo(L) are
the constant forces and moment exerted at the beam end L
(for simplicity we drop the dependency of L in the sequel).
Therefore, the model regarding nonlinear buckling and post-
buckling behavior (see Fig. 1) can be characterized by the
following form: EI dθ

ds = Fx(b−y(s))−Fy(a−x(s))−Mo for
s ∈ [0,L] where Fy and Mo are involved only when analyzing
post-buckling. Then, conducting differentiation of the above
equation with respect to s results in the following equation:

EI
d2θ

ds2 =−Fx sinθ+Fy cosθ, s ∈ [0,L] (2)

where
dx
ds

= cosθ and
dy
ds

= sinθ are utilized. Eq. (2) is in
fact an ordinary differential equation (ODE) with respect to s

to describe the orientation evolution of θ along s for s∈ [0,L].
With different conditions defined at the point s= 0 and s= L,
Eq. (2) becomes as a typical two-point boundary value prob-
lem (BVP). Mathematically, the existence of solution for a
general BVP is a difficult problem. However, due to the fact
that (2) is arisen from engineering applications, therefore it is
well-posed with different but coherent boundary conditions
(B.C.), which are determined by variant end-support cases of
beam, as shown in Fig. 2: free end, pinned end, roller, fixed
end, sliding end, etc. Summarizing what we have stated

Fig. 2: Different types of beam ends

above, buckling problem is essentially to analyze a two-point
BVP (2) without involving Fy under different B.C., which
yields the similar form of the following type:

D.E. EI
d2θ

ds2 =−Fx sinθ, s ∈ [0,L]

B.C. g
(
θ(0),θ′(0),θ(L),θ′(L)

)
= 0

(3)

where g ∈ R2 represents different independent boundary
conditions defined at s = 0 and s = L.

Unlike buckling problem where only the X-axis force Fx
exists, post-buckling problems might contain external Fy and
Mo, and this can be formulated as follows:

D.E. EI
d2θ

ds2 =−Fx sinθ+Fy cosθ

B.C. g
(
θ(0),θ′(0),θ(L),θ′(L)

)
= 0

(4)

We would like to emphasize that BVPs (3) and (4) may
have different solutions under the same boundary conditions
although it looks so much like the simple single-solution
beam-deflection problem, which in this case corresponds to
the different geometries of the slender beam subjected to an
axial load Fx above some buckling limit (see Fig. 3). Essen-
tially speaking, this is because BVP (3) has gone through a
bifurcation phenomenon, and we would like to briefly recall
the definition of bifurcation [18] here:

Definition 1. In dynamical system described by an ODE as
dx
dt = f (x, p) with x∈Rnx and p∈Rnp , a bifurcation solution
of x occurs when a small smooth change of p causes a sudden
“qualitative” or topological change of x in its behavior.

In our case, BVP (3) can be regarded as the dynamical sys-
tem as we can always consider BVP (3) as a dynamical sys-
tem with respect to s. In such an ODE, bifurcation param-
eter refer to the axial loading Fx which may trigger the sud-
den “qualitative” or topological change of θ. This definition
theoretically explains the possible sudden and rapid geome-
try change of slender structures when the axial load reaches
the critical limit, which in the scope of this paper is buckling.
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(a) Buckling geometry (b) Post-buckling geometry

Fig. 3: Schematic geometries of (post)-buckling of beams

Therefore, BVP (3) can describe the buckling phe-
nomenon as shown in Fig. 3a: the buckled beam will always
have two potential geometries (see Geometry 1 and Geome-
try 3) and more importantly it is also possible for the beam to
stay axially equilibrium (Geometry 2). Note we don’t con-
sider any imperfections of the studied beam in this paper, but
if we do (for instance, a small initial curvature of the beam)
logically the beam will result in one buckled state (where
Fig. 3a does not apply) [19].

Supposing the beam has buckled and presented the po-
tential Geometry 1 or Geometry 3 as displayed in Fig. 3a,
the beam will go through post-buckling phenomenon under
some extra beam-end loading (Fy and Mo) and eventually
reached Geometry A or Geometry B respectively as shown
in Fig. 3b. Obviously, BVP (4) can be utilized to describe
this post-buckling behavior. A bifurcation diagram (Fig. 4)
is used to explain the process of buckling and post-buckling
where in particular Path 1 is due to the continuous increase
of Fx whereas Path 2 and Path 3 are possibly the combined
results of Fx, Fy and Mo. Note that there always exists a point
s∗ ∈ [0,L] such that the lateral displacement of this point
y(s∗) will go through a bifurcation phenomenon as shown
in Fig. 4 and Fig. 6.

Fig. 4: Schematic bifurcation diagram of (post)-buckling

1.2.3 State of the art
As we have explained in the above that buckling and

post-buckling problems can be modeled as BVPs under dif-
ferent B.C. Therefore, two main methodologies have been re-
ported in the literature. The first method is to solve BVPs an-
alytically, relying on Euler buckling theory to find the critical
loads [20]. Due to the fact that those BVPs are normally non-
linear when large deformation occurs, therefore elliptic inte-
gral approach has been applied in the above mentioned ref-

Fig. 5: Schematic operation of a bi-stable mechanism

erences to handle non-linearity, which make those methods
not really analytic. Besides, another methodology is to solve
BVPs purely via an approximate manner. In such a branch,
one brilliant work [21] completed in 1997 has turned out to
be the first comprehensive contribution of solving buckling
and post-buckling problems under different beam-end condi-
tions (which are essentially different BVPs) via a numerical
scheme: shooting method. [22] utilized 3-order Taylor series
to simplify the original ‘buckling’ ODE to a linear one (see
Eq. (35) and Eq. (40) in [22]) and then derived a closed-form
solution to the nonlinear post-buckling problem which is ac-
curate enough up to a rise-to-span ratio of about 0.3 com-
pared to elliptic-integral solutions. Logically, the higher the
order of the polynomials is, the closer the results are to ana-
lytical results (see Fig. 9 in [22]). The contributors of [23]
proposed a differential quadrature based iterative numerical
integration method to solve post-buckling nonlinear ODE
where six representative cases have been studied. In this pa-
per, we aim to offer a more straightforward, easy-to-follow
and efficient method to characterize the exact buckling and
post-buckling behavior of slender beams without adopting
elliptic-integral-based solutions to BVPs (3) and (4).

1.3 Compliant bi-stable mechanisms
Compliant bi-stable mechanisms are a special branch of

CMs which has two stable equilibrium states [14] (see State
1 and State 3 in Fig. 5). This special type of mechanisms is
potential alternative for a wide variety of mechanical appli-
cations: sensors [24]; state switches [25], relays [26], recon-
figurable robotic system [27], landing gear mechanisms [28],
and devices for vibration energy harvesting [29].

The transition between these two stable equilibrium
states is essentially the operational process of these mech-
anisms, and they can stay stable without any power input in
these states. Note that during the transition, the mechanisms
often need to go through an unstable equilibrium state which
is State 2 in Fig. 5. At this unstable position, the system
would jump into either of the mentioned stable equilibrium
states if any disturbance occurs, which again triggers the con-
cept of bifurcation phenomenon presented in Section 1.2.2.

Similar to BVPs (3) and (4), a typical bi-stable mecha-
nism as shown in Fig. 5 can be theoretically described as the
following two BVPs (5) and (6). The equilibrium states of
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Fig. 6: Schematic bifurcation of bi-stable mechanisms

the bi-stable system can be formulated below:

D.E.
d2θ

ds2 = f (
dθ

ds
(s),θ(s),Fx,Mo,E, I(s),L,T )

B.C. g
(
θ(0),θ′(0),θ(L),θ′(L)

)
= 0

(5)

and the entire in-equilibrium transition process between
State 1 and State 3 are described below:

D.E.
d2θ

ds2 = f (
dθ

ds
(s),θ(s),Fo,Fx,Fy,Mo,E, I(s),L,T )

B.C. g
(
θ(0),θ′(0),θ(L),θ′(L)

)
= 0

(6)

where Fo denotes the actuation force which drives the sys-
tem from one equilibrium state to another; I(s) implies that
BVPs (5) and (6) can define bi-stable systems with beams of
uniformly varying cross section (in other words, I(s) needs
to be continuous and derivable); T stands for the horizontal
distance between the two fixed bases.

Now we are ready to start our analysis on the basis of
BVP (5): at State 1, Fx and Mo both equal 0 as they are in
the undeformed shape; State 2 is the unstable one and may
jump to State 1 or State 3 if any random disturbance occurs,
which means the whole system is at the buckling initiation,
and more importantly, Fx would possibly reach its maximum.
Fig. 6 explains the essence of how bi-stable mechanisms
work by introducing the bifurcation diagram. As shown in
Fig. 6, State 2 actually refers to buckling initiation state, and
it can switch to State 1 or State 3 through Path 1 or Path 2
under a corresponding disturbance, which is termed as Ini-
tiation. In practice, bi-stable mechanisms would normally
start to operate from State 1 (Scenario 1) or State 3 (Scenario
2) rather than Initiation stage (State 2) where it can be clearly
noticed that the starting points of Scenario 1 and Scenario 2
are actually the buckling consequences of Initiation stage.
Logically, Scenario 1 is a post-buckling process from State 1
to State 3 through Path 3. Similarly, Scenario 2 is also a post-
buckling process from State 3 to State 1 through Path 4. To
sum up, we can conclude that the operational processes of bi-
stable mechanisms are essentially post-buckling behaviors
of the bi-stable systems.

With the conclusion reached from the above analysis,
we have already found out that bi-stable mechanisms are

heavily concerned with buckling and post-buckling phenom-
ena. Therefore, this paper essentially investigates the buck-
ling and post-buckling problems of via digging into BVPs (3)
and (4). Mathematically, to solve this problem, we can nor-
mally have two types of strategies: analytical solutions and
numerical solutions. However for general nonlinear BVPs, it
is difficult to find analytical solutions. Therefore, this paper
adopts collocation technique as a numerical method to solve
this nonlinear BVP.

1.4 Collocation method
In this paper, we employ collocation method to solve

the mentioned problems in previous paragraphs. As reported
in the literature of applied mathematics, collocation method
has already been a widely accepted option of solving two-
point BVPs, and it essentially conducts collocation with sev-
eral continuous polynomial functions to approximate the tar-
get unknown function under given boundary conditions [30]
[31]. To recall it, we would like to briefly explain how BVPs
(3) and (4) are handled using collocation method.

Firstly, we rearrange BVPs (3) and (4) into the following
general form for simplicity:

D.E.
d2θ

ds2 = f (s,
dθ

ds
,θ...)

B.C. g
(
θ(0),θ′(0),θ(L),θ′(L)

)
= 0

(7)

Then we can solve the above BVPs via collocation method
through a local manner.

1.4.1 Basic idea of approximation
Generally speaking, by dividing the interval [0,L] into

i+1 points 0 = s0 < s1 < · · ·< si = L (named as collocation
points), collocation method approximates the solution of the
BVP via linear combination of well-chosen basis functions
by satisfying D.E. and B.C. at all collocation points.

Precisely, denote by Θ(s) the approximate solution of
(7), and suppose that a cubic polynomial pk(s) is chosen to
approximate the solution θ of (7) on each sub-interval [sk−1,
sk], i.e., Θ(s) = ∑

i
k=1 pk(s) where

pk(s) =
{

bk0 +bk1s+bk2s2 +bk3s3, ∀s ∈ [sk−1,sk]
0, otherwise (8)

with bk j for 0 ≤ j ≤ 3 being the 4 unknown polynomial co-
efficients on the kth interval. In total, we have 4i unknown
parameters to be identified. Clearly, Θ(s) should satisfy the
D.E. in (7) for all collocations points, and this yields the fol-
lowing 3i algebraic equations to be fulfilled:

d2Θ

ds2 (sk−1) = f (sk−1,
dΘ

ds
(sk−1),Θ(sk−1))

d2Θ

ds2 (s̄k
k−1) = f (s̄k

k−1,
dΘ

ds
(s̄k

k−1),Θ(s̄k
k−1))

d2Θ

ds2 (sk) = f (sk,
dΘ

ds
(sk),Θ(sk))

(9)
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where s̄k
k−1 =

sk−1 + sk

2
.

Note that the approximated solution Θ(s) is a combi-
nation of a series of local polynomials, therefore additional
equation should be imposed to guarantee the continuity at
all collocation points, i.e., pk−1(sk−1) = pk(sk−1),∀k ∈ [2, i].
Hence we have the above i− 1 algebraic equations due to
the continuity conditions. Together with the 2-dimensional
B.C. in (7), we finally obtain a set of algebraic equations
with dimension 3i+ i−1+2 = 4i+1, which will be used to
compute those 4i unknowns parameter bk j defined in (8).

Furthermore, we can take one step further to ensure the
differentiability, i.e. Θ(s) ∈ C1, by imposing the follow-
ing derivative continuity conditions at all collocation points:
dpk−1

ds (sk−1)=
dpk
ds (sk−1),∀k∈ [2, i]. which gives another i−1

equations, yielding altogether 4i+ 1+ i− 1 = 5i algebraic
equations available.

In summary, collocation method enables us to solve the
4i unknowns bk j based on the 4i+ 1 or 5i equations which
can be numerically solved via Newton-Raphson method.

It is worth noting that numerical tools would always
need an initial guess to start its iterative computation which
might play an important role in the convergence and local
minima. In our context, we can have two different ways to
set the initial values of bk j:

1. Direct way: We randomly initialize the values of bk j,
which yields a random shape of Θ(s).

2. Indirect way: We choose a globally initial guess for
Θ(s), which yields the corresponding bk j for every cubic
polynomial pk(s).

The direct way is suitable for the scenario where the problem
tends to have only one single solution, i.e., global minima.
The indirect way goes for the scenario where we reasonably
initialize the initial guess (possibly near the final solution)
for the final solution via using the existing information, and
it is suitable to treat local minima case which is exactly the
buckling topic discussed in this paper. We would like to re-
mark that the discretization idea of this proposed colloca-
tion method looks similar to that of classic FEA, but they are
essentially two different strategies to solve beam-deflection
problems. In fact, FEA does not have a global governing
equation to describe the deformation, therefore it has to use
quite a lot finer mesh elements to handle large deformation.
Conversely, this paper proposes a global governing equation
to describe the large beam-deflection problems for which
collocation method is used to approximate its solution. Con-
sequently, it is possible to have a precise approximation of
the solution by even using a low-order polynomial.

1.4.2 Final geometry
Finally, as long as θ(s) is obtained, the deformed

beam shape x(s) and y(s) can be obtained using: x(s) =∫ s
0 cos(θ(ξ))dξ and y(s) =

∫ s
0 sin(θ(ξ))dξ.

1.5 Newton-Raphson method
As reported in the literature of applied mathematics,

there are several methods to handle nonlinear equations or

system of equations. In this paper, we would like to pro-
ceed with a commonly used method called Newton-Raphson
method for these problems. Here, a brief recap is presented
to solve a general nonlinear equation or a system of nonlinear
equations f (x) = 0: xi = xi−1− f (xi−1)

f ′ (xi−1)
, where xi in the ith

can be calculated from the i−1th trial xi−1 and f
′
(xi−1) can

be numerically solved using Newton’s divided difference for-
mula. After the convergence (in practice the convergence cri-
teria is set as ||xi+1− xi|| ≤ ε where ε is a predefined thresh-
old), we can finally obtain the solution x to f (x) = 0. Note
that x can be a vector in this method.

1.6 Structure of the paper
We first present a straightforward numerical strategy to

solve buckling and post-buckling problems of slender beams
where several basic Euler-buckling and its extended cases are
studied and reliable FEA results are shown to compare and
verify our method. Then, based on the theoretical analysis,
we therefore systematically propose a new type of bi-stable
mechanisms, Pre-buckled Bi-stable Mechanisms (PBMs)
with the theoretical insights provided regarding PBM design
and optimization.

2 Characterization of nonlinear buckling phenomenon
In this section, we are going to study five cases (Case 1

to Case 5) of non-linear buckling phenomena. They are ac-
tually five different cases of Eq. 3 under different boundary
conditions. In these five cases, the initial axis of the beam
is required to coincide with x-axis for buckling study, which
means the beam does not have initial curvature. Note that the
nonlinear buckling behavior studied in the following paper
refers to the first-order nonlinear buckling if without being
specified. Briefly speaking, the buckling behavior of slender
structures contains many (theoretically infinite if not consid-
ering the maximum stress limit of these structures) modes of
shapes and buckling loads. The first-order buckling refers to
the buckling phenomenon with simplest shape which is most
likely to occur and triggered by the least buckling load [15].

2.1 Case 1: classic buckling problem
This case aims to study a slender beam with one end

fixed to the base and the other end only subjected to an axial
force Fx without any other constraints, which is graphically
displayed in Fig. 7. Starting from Eq. (1), we can obtain

Fig. 7: The schematic beam deformation of Cases 1 and 3
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EI dθ

ds = M(s) = Fx(y(L)− y(s)) whose differentiation gives:

EI
d2θ

ds2 =−Fx sinθ(s) (10)

Rearranging (10), we will have 1
2 EI( dθ

ds )
2−Fx cosθ(s) = C,

where C is an unknown constant which can be determined by
the boundary conditions. Precisely,

C =
1
2

EI(
dθ

ds
(L))2−Fx cosθ(L) =−Fx cosα (11)

where EI
dθ

ds
(L) = 0 and θ(L) = α, and α is an unknown pa-

rameter to be determined. Similarly,

C =
1
2

EI(
dθ

ds
(0))2−Fx cosθ(0) =

F2
x

2EI
y(L)2−Fx (12)

where EI
dθ

ds
(0) = Fxy(L) and θ(0) = 0. Rearrang-

ing the above equations drives us to have dθ

ds =

±
√

2Fx
EI (cosθ(s)− cosα), which actually results in three

possibilities. If θ(s) = 0, then we can easily ob-

tain α = θ(s) = 0 and
dθ

ds
(s) = 0, which leads to Sce-

nario 2 as shown in Fig. 7. Otherwise, we will

have dθ

ds = +
√

2Fx
EI (cosθ(s)− cosα) if α > 0 and dθ

ds =

−
√

2Fx
EI (cosθ(s)− cosα) if α < 0, which clearly corre-

sponds to Scenarios 1 and 3 as shown in Fig. 7. Here, we
only take the case α > 0 as an example to finish the rest de-
duction and logically solving the case α< 0 follows the same
procedure. Assume f (α) as:

f (α) =
∫

α−

0

1√
2Fx
EI (cosθ(s)− cosα)

dθ−
∫ L−

0+
ds (13)

then we can obtain the value of α by solving f (α) = 0
under Newton-Raphson method. If we consider (11) and
(12) together, we can easily derive the expression for y(L):

y(L) =
√
(1− cosα) 2EI

Fx
.

So far, we have got all the information needed of the
boundary conditions: θ(0) = 0, dθ

ds (0) =
Fxy(L)

EI , θ(L) = α and
dθ

ds (L) = 0. Differentiating (10) twice ends up with a fourth-

order ODE: EI d4θ

ds4 +Fx(−sinθ(s)( dθ

ds )
2 + cosθ(s) d2θ

ds2 ) = 0.
Logically, we can have the final solution of θ(s) via solving
the obtained ODE using collocation method.

2.2 Case 2: classic buckling problem considering grav-
ity

In this case, we take gravity into account when deal-
ing with the classic buckling problem. Based on the load-

ing condition as shown in Fig. 8, we can have the funda-
mental first-order ODE that comes from Eq. (1): EI dθ

ds =

Fx(y(L)− y(s))+
∫ L

s qx(s)(y(r)− y(s))dr.

Fig. 8: The schematic beam deformation of Case 2

Differentiating this equation, we then reach:

EI
d2θ

ds2 =−Fx sinθ(s)+qx sinθ(s)(s−L) (14)

with the boundary conditions: θ(0)= 0 and dθ

ds (L)= 0. Obvi-
ously, we are not able to manipulate (14) like what we do for
Case 1, which means α and y(L) are unknown and therefore
can not be used for setting up the above boundary conditions.

When applying numerical method, the numerical trial
always starts from an initial guess and then reaches the final
numerical solution by satisfying some given boundary con-
ditions [32] [33]. Therefore, we need to choose a good initial
guess to guide the numerical process especially when solving
multi-solution problems.

As for Case 2, θ(s) = 0 can be easily found as one of
the solutions that corresponds to Scenario 2 as displayed in
Fig. 8. Similar to Case 1, Scenarios 1 and 3 here are sym-
metric to each other so we just go through the deduction of
the former as an example. If we take a closer look at the
above deduced fundamental first-order ODE, we may have
an intuition of the form of θ(s) which therefore can be uti-
lized as its initial guess θ(s)ig = a(s−L)2 +αig, where a is
an undetermined parameter and αig denotes the initial guess
of α. They could be both set as a relatively small number

for the first trial. Logically,
dθ

ds
(s) follows the form below:

dθ

ds (s)ig =−2a(s−L). By slightly tuning the values of a and
αig for the initial guesses, we can easily find the solution of
θ(s) via collocation method.

2.3 Case 3: classic buckling problem considering uni-
formly varying cross section

In this case, we aim to consider the buckling phe-
nomenon of a slender beam with uniformly varying cross
section as displayed in Fig. 7. Likewise, we are not able
to find the values of α and y(L) beforehand so we need to
follow the procedure proposed in Case 2. First, we need to
be ready with the definition of Case 3: EI(s) dθ

ds = M(s) =
Fx(y(L)− y(s)), where I(s) is the function of s. This implies

6 Copyright © by ASME



Fig. 9: The schematic beam deformation of Case 4

the cross section of the beam varies respect to s, and if I(s)
is continuous and deliverable (uniformly varying cross sec-
tion), we can arrive at the differentiation result of the above
equation: EI′(s) dθ

ds +EI(s) d2θ

ds2 = −Fx sinθ(s), with the fol-
lowing boundary conditions: θ(0) = 0, dθ

ds (L) = 0. Similarly,
we set up the same initial guesses of the same formulation in
Section 2.2 for the obtained BVP and we can then reach the
final solution of θ(s) using collocation method.

2.4 Case 4: classic buckling problem about moving rev-
olute joints at the both ends

In this case, we study the beam buckling phenomenon
with revolute joints at the both ends. Note that this case can
be considered as a simple combined one of rigid and flexible
mechanisms. We first start with its fundamental equation:
EI dθ

ds = M(s) =−Fxy(s). Then, differentiating it results in:

EI
d2θ

ds2 =−Fx sinθ(s) (15)

Rearranging (15), we will obtain: 1
2 EI( dθ

ds )
2−Fx cosθ(s) =

C, where C is an unknown parameter which can be deter-
mined by the boundary conditions. Precisely,

C =
1
2

EI(
dθ

ds
(0))2−Fx cosθ(0) =−Fx cosα (16)

where EI
dθ

ds
(0) = 0 and θ(0) = α, and α is an unknown pa-

rameter to be determined. Similarly, C = 1
2 EI( dθ

ds (L))
2 −

Fx cosθ(L) = −Fx cosα, where EI
dθ

ds
(L) = 0 and θ(L) =

0. Rearranging this equation with (16) drives us to have:
dθ

ds = ±
√

2Fx
EI (cosθ(s)− cosα) It is obvious that the ob-

tained differential system has three solutions: if θ(s) = 0,

then we can easily obtain α = θ(s) = 0 and
dθ

ds
(s) = 0,

which leads to Scenario 2 as shown in Fig. 9. Otherwise,

we will have: dθ

ds = −
√

2Fx
EI (cosθ(s)− cosα) if α > 0 and

dθ

ds = +
√

2Fx
EI (cosθ(s)− cosα) if α < 0, which clearly cor-

responds to Scenarios 1 and 3 as shown in Fig. 9. For idea
demonstration, we just take the case of α > 0 as an exam-
ple, and solving the case of α < 0 has the same procedure.

Assuming f (α) as:

f (α) =
∫ −α+

α−
− 1√

2Fx
EI (cosθ(s)− cosα)

dθ−
∫ L−

0+
ds

(17)
Therefore, f (α) = 0 can be logically solved via Newton-
Raphson method to obtain the value of α. Then, we can start
to handle the four-order system of (15):

EI
d4θ

ds4 +Fx(−sinθ(s)(
dθ

ds
)2 + cosθ(s)

d2θ

ds2 ) = 0 (18)

as all the boundary conditions are known at this point:
θ(0) = α, dθ

ds (0) = 0, θ(L) =−α and dθ

ds (L) = 0. Using col-
location method to reach the solution of (18) yields our final
target θ(s).

For the Nth (N = 1,2,3...) mode of the buckling behav-
iors [15] that is displayed in Fig. 10, we just need to follow

the strategy: f (α) =
∫ −α+

α− − 1√
2Fx
EI (cosθ(s)−cosα)

dθ−
∫ L

N
−

0+ ds.

As long as α is obtained, revisiting (18) will provide the cor-
responding Nth-mode solution of θ(s).

2.5 Case 5: classic buckling problem about moving
fixed constraints at the both ends

In this case, we aim to investigate the classic buckling
problem about moving fixed constraints at the both ends.
Note that similar to Case 4, this case can also be consid-
ered as a simple combined one of rigid and flexible mecha-
nisms as well. We need to start with its fundamental equa-
tion for explaining the three scenarios shown in Fig. 11:
EI dθ

ds = M(s) = −Fxy(s) + Mo, where Mo logically equals
0 only if the slender beam is axially equilibrium under the
condition of Scenario 2. Differentiating this equation, we
have: EI d2θ

ds2 = −Fx sinθ(s), with the boundary conditions:
θ(0) = 0,θ(L/2) = 0. Likewise, θ(s) = 0 can be easily
found as one of the solutions that corresponds to Scenario
2 as displayed in Fig. 11. To handle Scenario 1, we set
up appropriate initial guesses for the above deduced BVP:
θ(s)ig =− 16a

L2 (s− L
4 )

2+a and dθ

ds (s)ig =− 32a
L2 (s− L

4 ), where
a is an unknown parameter to be determined, we then can
obtain the solution of θ(s) via tuning a from a small value.
Scenario 3 can be explained in the same manner as well.

Fig. 10: The schematic beam deformation of Case 5
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Fig. 11: The schematic beam deformation of Case 5

3 Characterization of non-linear post-buckling phe-
nomenon
In the last section, we have covered five common cases

of classic buckling problems so we will move forward to
characterize their post-buckling behaviors where three rep-
resentative cases (Case 6 to Case 8) are studied. Essentially,
these three different cases are derived from Eq. 4 with dif-
ferent boundary conditions.

3.1 Case 6: post-buckling behavior of a fixed constraint
at one end

This case actually is a further study of Case 1, which
deals with its post-buckling behavior as shown in Fig. 12.
Suppose the post-buckling behavior starts from point A
through point B, and ends at point C. We first need to manip-
ulate its governing equation (1) into a handy state: EI dθ

ds =
M(s) = Fx(y(L)− y(s))− Fy(x(L)− x(s)). Differentiating
this equation results in:

EI
d2θ

ds2 =−Fx sinθ(s)+Fy cosθ(s) (19)

Rearranging (19) leads to the following:

1
2

EI(
dθ

ds
)2−Fx cosθ(s)−Fy sinθ(s) =C (20)

where C is to be determined by the boundary conditions. Pre-
cisely, we have the following relation:

C=
1
2

EI(
dθ

ds
(0))2−Fx cosθ(0)−Fy sinθ(0)=

1
2

EI(
dθ

ds
(0))2−Fx

(21)

where θ(0) = 0, and
dθ

ds
(L) stays unknown for this moment.

Similarly we get C=1
2 EI( dθ

ds (L))
2−Fx cosθ(L)−Fy sinθ(L)=

Fig. 12: Case 6: post-buckling behavior of Case 1

Fig. 13: Conceptual design of the mechanism of Case 6

−Fx cosα−Fy sinα where EI
dθ

ds
(L) = 0 and θ(L) = α, and α

stays unknown for this moment. Substituting this equation
into (20) yields:

dθ

ds
=±

√
2Fx

EI
(cosθ(s)− cosα)+

2Fy

EI
(sinθ(s)− sinα)

(22)
Obviously, θ(s) = 0 and Fy = 0 is one unique solution (that

is point B in Fig. 12) of (22) as well as (19). If α > 0, we
will have:

f (α,Fy)=
∫

α−

0

1√
2Fx
EI (cosθ(s)−cosα)+

2Fy
EI (sinθ(s)−sinα)

dθ

−
∫ L−

0
ds

(23)
Given α or Fy, it can be directly solved using Newton-
Raphson method. Similarly, if α < 0, we will ar-
rive at: f (α,Fy) =

∫
α+

0
−1√

2Fx
EI (cosθ(s)−cosα)+

2Fy
EI (sinθ(s)−sinα)

dθ −∫ L−
0 ds. Obviously, it can be solved in the same man-

ner using Newton-Raphson method. As long as α and
Fy are known, we can logically find out the expression

and its value of
dθ

ds
(0) by rearranging (21): dθ

ds (0) =

±
√

2
EI (Fx−Fx cosα−Fy sinα). So far, the essential infor-

mation of the boundary conditions can be summarized as:

θ(0) = 0, dθ

ds (0) =±
√

2
EI (Fx−Fx cosα−Fy sinα), θ(L) = α

and dθ

ds (L) = 0. Differentiating (19) twice ends up with the
fourth-order ODE:

EI
d4θ

ds4 +Fx(−sinθ(s)(
dθ

ds
)2+cosθ(s)

d2θ

ds2 )

+Fy(cosθ(s)(
dθ

ds
)2 + sinθ(s)

d2θ

ds2 ) = 0
(24)

Therefore, we can easily reach the final solution of θ(s) via
solving ODE (24) constrained by the obtained boundary con-
ditions under collocation method. If we consider the prac-
tical design that involves this post-buckling behavior, the
mechanism would follow the layout as shown in Fig. 13.
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3.2 Case 7: post-buckling behavior of moving revolute
joints at both ends

This case actually is the post-buckling study of Case 4
as displayed in Fig. 14. Likewise, we would like to analyze
the post-buckling behavior from point A through B finally to
point C. The governing equation is first derived and needs to
be arranged in a clear way: EI dθ

ds =M(s)=−Fxy(s)+ Fy
2 x(s).

Differentiating this equation, we will obtain:

EI
d2θ

ds2 =−Fx sinθ(s)+
Fy

2
cosθ(s) (25)

Slightly manipulating (25), we then can reach:

1
2

EI(
dθ

ds
)2−Fx cosθ(s)−

Fy

2
sinθ(s) =C (26)

Substituting the boundary conditions θ(0) = α and
dθ

ds
(0) = 0 into (26) gives us:

C =−(Fx cosα+
Fy

2
sinα) (27)

Similarly, substituting the boundary conditions θ(
L
2
) = 0

and
dθ

ds
(

L
2
) into (26) gives us:

C =
1
2

EI(
dθ

ds
(

L
2
))2−Fx (28)

Then, rearranging (26) and (27) yields:

dθ

ds
=±

√
2Fx

EI
(cosθ(s)− cosα)+

Fy

EI
(sinθ(s)− sinα)

(29)
Clearly, we will have one unique solution (θ(s) = 0 and Fy =
0) to (29) and (25). Besides, if α > 0, we will have:

f (α,Fy)=
∫ 0

α−

−1√
2Fx
EI (cosθ(s)−cosα)+

Fy
EI (sinθ(s)−sinα)

dθ

−
∫ L

2

0+
ds

(30)

Fig. 14: Case 7: post-buckling behavior of Case 4

Fig. 15: Case 8: post-buckling behavior of Case 5

If α or Fy is known, it can be solved using Newton-Raphson
method. Similarly, if α < 0, we will arrive at: f (α,Fy)=∫ 0

α+
1√

2Fx
EI (cosθ(s)−cosα)+

Fy
EI (sinθ(s)−sinα)

dθ−
∫ L

2
0+ ds. Similarly, if α

or Fy is known, it can be solved using Newton-Raphson
method as well. Then, we will be able to obtain the value

of
dθ

ds
(

L
2
) via dealing with (27) and (28) together:

dθ

ds
(

L
2
) =∓

√
1

EI
(2Fx−2Fx cosα−Fy sinα) (31)

Logically, the boundary conditions are all avail-
able: θ(0) = α, dθ

ds (0) = 0, θ(L
2 ) = 0 and dθ

ds (
L
2 ) =

∓
√

1
EI (2Fx−2Fx cosα−Fy sinα). Then, differentiating

(25) twice gives us the final governing fourth-order ODE:

EI
d4θ

ds4 +Fx(−sinθ(s)(
dθ

ds
)2+cosθ(s)

d2θ

ds2 )

+
Fy

2
(cosθ(s)(

dθ

ds
)2 + sinθ(s)

d2θ

ds2 ) = 0
(32)

Finally, we are able to get the solution of θ(s) via solving
ODE (32) constrained by the obtained boundary conditions
under collocation method. The practical design of the mech-
anism follows the basic structure displayed in Fig. 14.

3.3 Case 8: post-buckling behavior of moving fixed
joints at both ends

This case aims to characterize the post-buckling behav-
ior of Case 5, which is shown in Fig. 15. Here, we also con-
sider its post-buckling process from point A through point
B to point C as well. The governing equation is presented
below: EI dθ

ds = M(s) = −Fxy(s) + Fy
2 x(s) +Mo. Then, we

can logically reach its corresponding second-order ODE:
EI d2θ

ds2 = −Fx sinθ +
Fy
2 cosθ, with the following boundary

conditions: θ(0) = 0, θ(L/2) = 0. To solve this ODE con-
strained by the obtained boundary conditions, setting up ap-
propriate initial guesses.

4 Results and discussions
In this section, the numerical results from our proposed

methods are compared with FEA results for verification of
both high accuracy and efficiency. First of all, the mate-
rial and geometry of the studied slender beam are defined
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(see Fig. 16): E = 200×109 Pa and Poisson’s ratio ν = 0.3
(structural steel); the beam length is fixed to L = 0.1 m; the
initial parameters of the rectangular cross section are set as
w(0) = 0.006 m and h(0) = 0.001 m respectively. Besides,

Fig. 16: The geometry of studied beam

the cross section parameters at any random point along s axis
(beam axis) are noted as functions of s: w(s) and h(s), so
the second moment inertia of the cross section area at s can

be expressed as I(s) =
h(s)3w(s)

12
. Note that in Case 3 (the

varying cross section case), w(s) = (1−5s)w(0) and h(s) =

(1−5s)h(0), so I(s) =
h(s)3w(s)

12
=

h(0)3w(0)
12

(1−5s)4. In

the rest cases, I(s) =
h(s)3w(s)

12
=

h(0)3w(0)
12

.

4.1 Buckling behavior
4.1.1 Case 1: classic buckling problem

The corresponding results of Fx against x(L), Fx against
y(L) and Fx against α are displayed in Fig. 18 (the bifurcation
diagrams). The mesh information is presented below: 150
cuboid mesh elements; 216 edge elements; 408 mesh ver-
tices. In terms of computational expense, tCM and tFEA refer
to the time cost by collocation method and FEA respectively:
tCM = 60 s; tFEA = 5289 s; tFEA

tCM
= 5289

60 = 88.15.

4.1.2 Case 2: classic buckling problem with gravity
The gravity in this case can be considered as a uni-

formly distributed load along the beam, so qx(s) = G
L = mg

L =
Lw(s)h(s)ρg

L = w(0)h(0)ρg = 0.46 N/m, where G denotes the
gravity exerted on the beam; m denotes the mass of the beam;
g denotes the acceleration of gravity; ρ= 7850 kg/m3 is den-
sity of the beam. The bifurcation diagrams of Fx against x(L),
Fx against y(L) and Fx against α are displayed in Fig. 19. The
mesh information is presented below: 150 cuboid mesh ele-
ments; 216 edge elements; 408 mesh vertices. The following
presents the time cost of collocation method and FEA respec-
tively: tCM = 24 s; tFEA = 7524 s; tFEA

tCM
= 7524

24 = 313.50.

4.1.3 Case 3: classic buckling problem considering uni-
formly varying cross section

In this case, a slender beam of uniformly varying cross
section is studied (see Fig. 17). As mentioned before, the
second moment of inertia of the cross section area is for-
mulated as: I(s) = h(s)3w(s)

12 = h(0)3w(0)
12 (1− 5s)4. The bifur-

cation diagrams of Fx against x(L), Fx against y(L) and Fx
against α are displayed in Fig. 20. The mesh information
is presented below: 150 Hexahedron mesh elements; 236

edge elements; 416 mesh vertices. The following presents
the time cost of collocation method and FEA respectively:
tCM = 20 s; tFEA = 4020 s; tFEA

tCM
= 4020

20 = 201.

4.1.4 Case 4: classic buckling problem about moving
revolute joints at the both ends

Here, the results of the first-order and second-order
buckling behaviors are presented. The mesh information is
presented below: 150 cuboid mesh elements; 216 edge ele-
ments; 408 mesh vertices.

* First-order buckling: the bifurcation diagrams of Fx
against x(L/2), Fx against y(L/2) and Fx against α are
displayed in Fig. 21. The following presents the time
cost of collocation method and FEA respectively: tCM =
13 s; tFEA = 4320 s; tFEA

tCM
= 4320

20 = 332.31.
* Second-order buckling: the bifurcation diagrams of Fx

against x(L/4), Fx against y(L/4) and Fx against α are
displayed in Fig. 22. The following presents the time
cost of collocation method and FEA respectively: tCM =
40 s; tFEA = 69s; tFEA

tCM
= 69

40 = 1.73.

4.1.5 Case 5: classic buckling problem about moving
fixed constraints at the both ends

The bifurcation diagrams of Fx against x(L/2), Fx
against y(L/2) and Fx against α are displayed in Fig. 23.
The mesh information is presented below: 150 cuboid mesh
elements; 216 edge elements; 408 mesh vertices. The fol-
lowing presents the time cost of collocation method and FEA
respectively: tCM = 7 s; tFEA = 62 s; tFEA

tCM
= 62

7 = 8.85.

4.1.6 Discussions
Obviously, the results displayed in Figs. 18 to 23 prove

that our numerical method can effectively catch the charac-
teristics of buckling behaviors in different cases. Besides,
the computational cost is shown to be much less than FEA.
Therefore, both in terms of accuracy and efficiency, our pro-
posed method have demonstrated dominant advantages in
characterizing the buckling behavior of slender beams. As
we can notice, buckling behaviors of slender flexible struc-
tures provide unpredictably promising possibilities for de-
signing CMs due to their nonlinear/large deformation and
complex mechanical responses. Several CM designs noted
in the literature (such as multi-stable mechanisms) have in-
tuitively included the buckling phenomenon to some extent.
However, to the best of our knowledge, nearly no contribu-
tions to theoretically modeling buckling behaviors directly
based on geometrically nonlinear Euler–Bernoulli beam the-
ory have ever been made in the field of CMs. In other words,
our proposed method can serve as a universal and effective

Fig. 17: The geometry of studied beam in Case 3
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Fig. 18: Bifurcation diagrams of Case 1
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Fig. 19: Bifurcation diagrams of Case 2
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Fig. 20: Bifurcation diagrams of Case 3
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Fig. 21: Bifurcation diagrams of Case 4 (first-order buckling)
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Fig. 22: Bifurcation diagrams of Case 4 (second-order buckling)
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Fig. 23: Bifurcation diagrams of Case 5
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Fig. 24: Insight study on Case 8: y(L/2) - Fy relationship

tool to solve the mentioned problems as well as assisting
buckling-involved CM designs.

4.2 Post-buckling behavior
In Chapter. 1.3, we have proved that the operational pro-

cess of bi-stable mechanisms are essentially post-buckling
behaviors. Therefore, it is worth discovering if the post-
buckling behaviors of the studied cases (Case 6 to Case
8) have anything in common with the traditional bi-stable
mechanisms. To do that, the force-displacement plots are a
graphically straightforward tool [14], which can intuitively
present the mechanical responses of studied bi-stable mech-
anisms. The results are also displayed in a similar manner as
follows. Here in this section, an insight study on Case 8 is
presented.

4.2.1 Case 6: post-buckling behavior of a fixed con-
straint at one end

Fig. 25 demonstrates the relationship between y(L) and
Fy under three different axial forces Fx = 30, 32, 34N where
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Fig. 25: y(L) - Fy relationship in Case 6
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Fig. 26: y(L/2) - Fy relationship in Case 7

the results obtained from FEA and the proposed collocation
method are compared. The mesh information is presented
below: 150 cuboid mesh elements; 216 edge elements; 408
mesh vertices. The computational expenses of the mentioned
methods are presented respectively: tCM = 40 s; tFEA =
1794 s; tFEA

tCM
= 1794

40 = 45.85.

4.2.2 Case 7: post-buckling behavior of moving revolute
joints at both ends

In this section, the force-displacement plot of first-order
post-buckling behavior of the studied slender beam is pre-
sented. Fig. 26 demonstrates the relationship between
y(L/2) and Fy under a fixed axial force Fx = 100N where
the results obtained from FEA and the proposed collocation
method are compared. The mesh information is presented
below: 150 cuboid mesh elements; 216 edge elements; 408
mesh vertices. The computational expenses of the mentioned
methods are presented respectively: tCM = 7 s; tFEA =
206 s; tFEA

tCM
= 206

7 = 29.42.

4.2.3 Discussions
According to the results shown above (Fig. 25 and Fig.

26), our proposed method can effectively catch the charac-
teristics of post-buckling behavior in different cases, and the
computational expense is much less than FEA as well. As
shown in Fig. 25, the mechanical responses of the studied
mechanism are dependent of the axial force Fx. Besides, Fig.
25 and Fig. 26 have also clearly demonstrated the stable
and unstable equilibrium (buckling initiation) states of the
studied mechanisms. These mentioned interesting charac-
teristics have triggered our next-step theoretical exploration
where Case 8 is studied as an example.
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Fig. 27: State transformation of the studied mechanism in
Case 8 (also valid for Cases 6 and 7)

4.3 Theoretical insights
This section aims to theoretically analyze the mechan-

ical properties of the mechanisms (Cases 6-8) proposed in
this paper where Case 8 is taken as a representative case
here, providing design insights for future work. Let’s take
a look at the following characteristics (obtained by colloca-
tion method) of the studied mechanism as demonstrated in
Fig. 24:

1 The force-displacement plot (Fig. 24) is totally sym-
metric with respect to the unstable equilibrium point O,
which is similar to odd functions. Obviously, O also
refers to the buckling initiation state of the mechanism.

2 The stiffness K of this post-buckling process is defined

as K =−
∆Fy

∆y(L/2)
so it’s obvious that the mechanism

has two stable equilibrium points shown in Fig. 24.
3 Here, we define the distance between the unstable equi-

librium point and one stable equilibrium point as the
Stroke (S) of the mechanism.

4 The mechanical properties of the mechanism depends
on the axial force Fx, which can be controlled by users.
As Fx gets smaller, the stable equilibrium points grad-
ually come to approach the unstable equilibrium point
O. When Fx decreases below the critical load (first-order
buckling load), the system will just have one equilibrium
point, which is stable and located at O. In this situation,
the slender beam does not experience buckling initiation
at all, demonstrated in Fig. 27

5 As shown in Fig. 27, the mechanism follows the path A-
B-C driven by the vertical load Fy to fulfill state jumping,
which is perfectly symmetric compared to Fig. 6.

Concluded from the mentioned above, we would like to term
the mechanism proposed in Case 8 (also valid in Case 6 and
Case 7) as Pre-buckled Bi-stable Mechanisms (PBMs).
Compared with the classic bi-stable mechanisms, the advan-
tages of PBMs lie in:

1 To the best of our knowledge, PBMs take the lead to
combine the use of rigid and compliant mechanisms,
which provides the chance for users to make most of
merits of the mentioned two types of mechanisms.

2 PBMs gracefully remain the intrinsic beauty of CMs:
symmetry [4], which enables themselves to be more re-
configurable and maneuverable in certain applications.

3 PBMs are easily adjustable to re-set its mechanical re-
sponses simply by tuning the axial force Fx whereas the

Fig. 28: Optimized concept design of Case 7

classic ones need to be pre-fabricated and are always
fixed to one single setting.

4 Also, the stiffness K and the stroke S can be straight-
forwardly optimized via setting up objective functions
where Fx could be the optimized variables (or the geo-
metric parameters of the PBM).

5 PBMs are open to be reconstructed through simple
ways. For example, the operational path A-B-C of Case
7 is curved (see Fig. 14), which is not convenient for
practical implementation. To solve this inconvenience,
two springs with same stiffness are added in a simple
manner to straighten the path, demonstrated in Fig. 28.

5 Conclusions
Compliant Mechanisms have been attracting talented re-

searchers in recent years, presenting many desired mechan-
ical properties. In this paper, we characterize eight cases of
nonlinear buckling and post-buckling behaviors via numeri-
cally approximating the geometrically nonlinear solution of
the famous Euler–Bernoulli beam theory. We then propose
a novel type of bi-stable mechanisms termed as Pre-buckled
Bi-stable Mechanisms (PBMs) that integrate the features of
both rigid and compliant mechanisms, followed by detailed
theoretical insights. The work of this paper provides theo-
retical and numerical results, which can be used to conduct
mechanism optimization. Our future work will include prac-
tical designs of PBMs for some certain applications based on
the theoretical contributions achieved in this paper.
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