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Introduction

As a promising alternative of designing mechanical systems, Compliant Mechanisms (CMs) provide several great solutions for many existing mechanical applications and have become a research hot spot over the last few decades [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF]. Conventional mechanisms composed of rigid links attached at kinematic pairs, serve as devices to transfer motion, force and energy by the translational and angular movements of a group of physically interrelated rigid links while CMs are able to do the same only counting on the deformation of flexible members [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF] [START_REF] Lobontiu | Compliant mechanisms: design of flexure hinges[END_REF]. CMs have already demonstrated many meaningful advantages over conventional rigid-body mechanisms, including increased motion precision [START_REF] Farhadi Machekposhti | A review on compliant joints and rigid-body constant velocity universal joints toward the design of compliant homokinetic couplings[END_REF][4] [START_REF] Fan | Design and development of a novel monolithic compliant xy stage with centimeter travel range and high payload capacity[END_REF][6] [START_REF] Cao | Hybrid compliant mechanism design using a mixed mesh of flexure hinge elements and beam elements through topology optimization[END_REF][8] [START_REF] Gräser | On the influence of the flexure hinge orientation in planar compliant mechanisms for ultra-precision applications[END_REF], simplified manufacturing process [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF][2] [START_REF] Farhadi Machekposhti | A review on compliant joints and rigid-body constant velocity universal joints toward the design of compliant homokinetic couplings[END_REF], reduced weight [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF][2], cost reduction [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF][2] [START_REF] Farhadi Machekposhti | A review on compliant joints and rigid-body constant velocity universal joints toward the design of compliant homokinetic couplings[END_REF] and less maintenance [START_REF] Larry | Compliant mechanisms. In 21st century kinematics[END_REF] [START_REF] Lobontiu | Compliant mechanisms: design of flexure hinges[END_REF]. Owing to the mentioned merits, many great designs that employ CMs have been proposed for a wide variety of practical applications, such as compliant kinematic joints [START_REF] Dong | Design and analysis of a family of snake arm robots connected by compliant joints[END_REF] [START_REF] Palmieri | Study of a fully compliant u-joint designed for minirobotics applications[END_REF] [START_REF] Çagıl Merve Tanık | Steel compliant cardan universal joint[END_REF] [START_REF] Tanık | Compliant cardan universal joint[END_REF], positioning motion stage [START_REF] Li | Position-space-based compliant mechanism reconfiguration approach and its application in the reduction of parasitic motion[END_REF] [START_REF] Fan | Design and development of a novel monolithic compliant xy stage with centimeter travel range and high payload capacity[END_REF][8] [START_REF] Gräser | On the influence of the flexure hinge orientation in planar compliant mechanisms for ultra-precision applications[END_REF][14] [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF], actuators [START_REF] Song | Development of small sized actuator with compliant mechanism for optical image stabilization[END_REF] [START_REF] Abdalla | Design of a piezoelectric actuator and compliant mechanism combination for maximum energy efficiency[END_REF] [START_REF] Tantanawat | Application of compliant mechanisms to active vibration isolation systems[END_REF] [START_REF] Trease | Design of adaptive and controllable compliant systems with embedded actuators and sensors[END_REF] and sensors [START_REF] Trease | Design of adaptive and controllable compliant systems with embedded actuators and sensors[END_REF] [START_REF] Krishnan | Evaluation and design of displacement-amplifying compliant mechanisms for sensor applications[END_REF]. However, most of the mentioned studies above only employ straight beams as the elementary flexible members, and straight beams have been maturely studied in terms of spatial compliance synthesis of CMs [START_REF] Hao | A normalization-based approach to the mobility analysis of spatial compliant multi-beam modules[END_REF].

Initially curved beams (ICBs) have also demonstrated their potential advantages. Some decent applications integrating ICBs have been reported in the literature: the contributors of [START_REF] Kumar Rai | Synthesis of path generating compliant mechanisms using initially curved frame elements[END_REF] proposed an optimization-based systematic synthesis for path-generating CMs using ICBs, in which ICBs display diverse mechanical properties; ICBs are also a good alternative that can be integrated for designing bi-stable or multi-stable CMs [START_REF] Qiu | A curved-beam bistable mechanism[END_REF] [START_REF] Gerson | Large displacement low voltage multistable micro actuator[END_REF][25] [START_REF] Pham | A constant-force bistable mechanism for force regulation and overload protection[END_REF] [START_REF] Brian T Edwars | A pseudo-rigid-body model for functionally binary pinnedpinned segments used in compliant mechanisms[END_REF]; due to its relatively large deflection range and relatively small strain range, ICBs have been used as the elementary flexible members to design compliant kinematic joints and positioning stage for transferring displacements and forces [START_REF] Wang | Exploration of translational joint design using corrugated flexure units with bézier curve segments[END_REF][29] [START_REF] Parvari | Analytical compliance analysis and finite element verification of spherical flexure hinges for spatial compliant mechanisms[END_REF][31] [START_REF] Berselli | Comparative evaluation of straight and curved beam flexures for selectively compliant mechanisms[END_REF][33] [START_REF] John J Parise | Ortho-planar linear-motion springs[END_REF], and these properties are also desired in civil, aerospace and electronic engineering respectively [START_REF] Ghuku | Large deflection analysis of curved beam problem with varying curvature and moving boundaries[END_REF][36] [START_REF] Jafari | An exact three-dimensional beam element with nonuniform cross section[END_REF].

Although ICBs are commonly employed in CMs, the studies on characterizing and analyzing such beams are rather limited: Pseudo-rigid-body (PRB) assumptions are a popular option to analyze large deformation of curved beams [START_REF] Brian T Edwars | A pseudo-rigid-body model for functionally binary pinnedpinned segments used in compliant mechanisms[END_REF] [START_REF] Venkatasubramanian | Pseudo-rigid-body models for circular beams under combined tip loads[END_REF][39] [START_REF] Wang | Pseudo-rigid-body model for corrugated cantilever beam used in compliant mechanisms[END_REF]; [START_REF] Awtar | A generalized constraint model for two-dimensional beam flexures: Nonlinear strain energy formulation[END_REF] developed a generalized Beam Constraint Model (BCM) for modeling 2-D ICBs within intermediate deflection range, based on which [START_REF] Chen | Modeling large deflections of initially curved beams in compliant mechanisms using chained beam constraint model[END_REF] presented Chained Beam Constraint Model (CBCM) for modeling large deflection of curved beams; [START_REF] Jafari | An exact three-dimensional beam element with nonuniform cross section[END_REF] used a direct integration method to characterize stiffness matrices of general spatial/planar curved beams, serving as quite a universal method of obtaining compliance matrix of any type of curved beams; using the same method as [START_REF] Jafari | An exact three-dimensional beam element with nonuniform cross section[END_REF], [START_REF] Parvari | Analytical compliance analysis and finite element verification of spherical flexure hinges for spatial compliant mechanisms[END_REF][31] [START_REF] Berselli | Comparative evaluation of straight and curved beam flexures for selectively compliant mechanisms[END_REF] conducted spatial compliance analysis of circularly curved beams whereas they did not consider curvature-varying curved beams and cross-section-varying beams. The above mentioned methods have all presented their effectiveness in modeling ICBs but they also have limitations in terms of different modeling purposes: the superiority of PRB models is transforming compliant mechanisms into equivalent rigid-body mechanisms, which facilitates the use of the wealth of existing rigid-body mechanics knowledge for the solution of compliant mechanisms [START_REF] Ling | Kinetostatic and dynamic modeling of flexure-based compliant mechanisms: a survey[END_REF], whereas its limited accuracy in some cases comes from its 'pseudo' modeling nature. [START_REF] Brian T Edwars | A pseudo-rigid-body model for functionally binary pinnedpinned segments used in compliant mechanisms[END_REF][38] [START_REF] Venkatasubramanian | Pseudo-rigid-body models of initially-curved and straight beams for designing compliant mechanisms[END_REF][40] [START_REF] Awtar | A generalized constraint model for two-dimensional beam flexures: Nonlinear strain energy formulation[END_REF][42] focus on 2-D load-displacement relationship so that they are not able to capture out-of-plane deflection of curved beams; [START_REF] Awtar | A generalized constraint model for two-dimensional beam flexures: Nonlinear strain energy formulation[END_REF] [START_REF] Chen | Modeling large deflections of initially curved beams in compliant mechanisms using chained beam constraint model[END_REF] mainly concentrate on nonlinear or large-deflection modeling by numerical solutions, which is not suitable for linear compliance analysis through developing explicit analytical formulas. Although the authors of [START_REF] Jafari | An exact three-dimensional beam element with nonuniform cross section[END_REF] provide a method of conducting spatial linear compliance analysis of ICBs under integration scheme, in this paper we would like to propose a more easy-to-follow and efficient method of analyzing spatial compliance of general ICBs from an energy-based point of view (Maxwell-Mohr Method).

This paper is mainly composed of two parts: we first recalled the definition of general planar curves (in polar coordinate system) and spatial compliance matrix of flexible members, and then derived compliance matrix of general ICBs using Maxwell-Mohr Method under the combined framework of the polar coordinate system and Cartesian coordinate system, followed by FEA verification where three representative beams (a Archimedean-spiral curved beam with a constant square cross-section, a circular curved beam with a constant round cross-section and a circular curved beam with a uniformly varying rectangular cross-section) were studied. In terms of the second part of the paper, we conducted compliance synthesis and geometric optimization of ICB-based parallelogram and ICB-based Ortho-planar spring where based on position space concept [START_REF] Li | Position-space-based compliant mechanism reconfiguration approach and its application in the reduction of parasitic motion[END_REF] and weighted-sum method [START_REF] Kalyanmoy | Multi-objective optimization[END_REF], we improved the mechanical performance of the studied mechanisms, effectively dealing with multi-objectives and multi-variables, where a class of anti-buckling translational parallelograms with high load-bearing capacity and a type of compact 2R1T (2 rotational DOF and 1 translational DOF) compliant kinematic joints were obtained. The optimal results were also verified by FEA. For manufacturing feasibility and engineering purposes, planar ICBs are considered in this paper but the method is not limited to planar beams and can be applied to spatial ICBs as well.

Geometric Definition of General Initially Curved Beams

In this section, we aim to geometrically define general ICBs through introducing the polar coordinate system. As demonstrated in [START_REF] William | Calculus with analytic geometry[END_REF], it's a two-dimensional coordinate system where every point on the plane is determined by a distance from the pole O (radial coordinate ) and an angle from the polar axis ⃖⃖⃖⃖⃖ ⃗ (angular coordinate ) displayed in Fig. 1 defined by a function of in the polar coordinate system (Fig. 1):

= ( ), ∈ [0, ] (1) 
Therefore, (1) can be used to define the axis of a general ICB.

Compliance Matrix of General Initially Curved Beams

In this section, we mainly focus on deriving free-end spatial compliance matrices of general ICBs using Maxwell-Mohr Method under the combined framework of the polar coordinate system and Cartesian coordinate system.

Formation of Compliance Matrix

For an arbitrary ICB (Fig. 2),,,, , and stand for the actual loads exerted at the free-end center, resulting in translational and angular displacements. , and are the forces along X, Y and Z axes respectively of its local coordinate system. Similarly, , and denote the bending moments with respect to X, Y and Z axes of its local coordinate system respectively. , and are the translational displacements of the free-end center along X, Y and Z axes respectively. Similar to straight beams, the classic form of free-end spatial compliance matrix 
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which is essentially a Jacobian matrix explaining the force-displacement relationship in small deformations in Eq. 3:

= ( 3 
)
where ∈ ℝ 6×1 denotes the force vector exerted at the beam tip and ∈ ℝ 6×1 stands for the free-end displacement vector in Eq. 4:

= , = (4) 

Derivation of Compliance Matrix

Unlike the free-end compliance of straight beams [START_REF] Hao | A normalization-based approach to the mobility analysis of spatial compliant multi-beam modules[END_REF], ICBs display more diverse mechanical properties [START_REF] Kumar Rai | Synthesis of path generating compliant mechanisms using initially curved frame elements[END_REF], which is therefore more difficult to be spatially modeled. Maxwell-Mohr Method is introduced and recalled here to derive all elements in since it's a universal method for computing displacements at any point of any flexible member. Besides, Maxwell-Mohr method also allows calculating mutual displacements, whose general mathematical expression is written in Eq. 5:

Δ = ∑ ∫ 0 ⋅ ̄ d + ∑ ∫ 0 ⋅ ̄ d + ∑ ∫ 0 ⋅ ̄ d (5) 
which implies that displacements caused by any combination of loads can be expressed utilizing internal forces developed by given loads and unit load (which corresponds to required displacement). All symbols in (Eq. 5) are explained as follows: Δ denotes the displacement of a flexible member in the direction under condition ( -direction loading); , and are the internal forces (bending moment, force and torque) due to the given bending moment, axial force and torque respectively; ̄ , ̄ and ̄ are the internal bending moment, axial force and torque respectively of an arbitrary section of the given flexible member under a unit load; and denote the Young's modulus and the Shear modulus of the material respectively; is the cross-section area of the given flexible member;

and denote the second moment of the area of the cross section and polar moment of inertia of the cross section respectively.

Based on the recalling above, we would like to conduct spatial compliance analysis of general ICBs. The general loading conditions of a flexible curved member (the red curve: = ( ), ∈ [0, ]) for compliance analysis of X-Y plane are graphically displayed in Fig. 3 depending on the combined structure of the polar coordinate system and Cartesian coordinate system, which is utilized to assist in deriving its spatial compliance matrix . As demonstrated in Fig. 3,,,, , and denote the actual loads exerted at the free end of the curved beam; ̄ , ̄ , ̄ , ̄ , ̄ and ̄ are the internal forces due to the unit loads in the corresponding directions;

is the force arm of and ̄ with respect to d and similarly is the force arm of and ̄ with respect to d where and are functions of ( ) and developed in Cartesian coordinate system (Eq. 6): = 0 ( ) sin( ) -( ) sin( ) 0 = ( ) cos( ) -( ) cos( ) 0 0 (6) ̂ is the unit tangent vector at d pointing to the growth direction of the curve and ̂ is the inward-pointing unit normal vector at d (see Fig. 3 and Fig. 4) where ̂ and ̂ are functions of ( ) and developed in Cartesian coordinate system as well (Eq. 7): Therefore, we have:
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The above Eq. 9 to 14 define the 9 elements in the compliance matrix which represent the compliance of X-Y plane deformation where is the second moment of the area of the cross section with respect to Z axis (see Fig. 4). The following focuses on compliance of out-of-plane deformation displayed in Fig. 4: CM is constructed to be perpendicular to ⃖⃖⃖⃖⃖⃖ ⃗ BM (which is the tangent line to the curve at point B) intersecting at point M; is the normal force arm of and ̄ with respect to point B, and its direction is from point C to point M; is the tangent force arm of and ̄ with respect to point B, and its direction is from point M to point B; and are also functions of ( ) and developed in Cartesian coordinate system (Eq. 15): 
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Eq. 16 to Eq. 21 are used to define the 9 elements that denote the compliance of out-of-plane deformation where ̂ denotes the second moment of the area of the cross section with respect to its corresponding unit normal vector ̂ (see Fig. 4). The values of the rest elements using Eq. 5 are obtained in Eq. 22: 

Therefore, by employing Eq. 1 and Eq. 6 to 22, the free-end compliance matrix of any ICB can be obtained efficiently. In particular, straight beams can be regarded as a type of special ICBs with their curvature being 0 from its base to tip, the proposed method is logically applicable to straight beams as well.

Validation by Finite Element Analysis

In this section, we focus on verifying the proposed method in several different cases. In terms of the beam axis, Archimedean-spiral-curved beams and circular-curved beams are studied; regarding the shape of the cross-section, square, rectangular, round cross-sections and varying cross-section are analyzed in the following. In the end, the FEA results are presented to verify the analytical results.

Geometric Definition of an Archimedean-spiral curved beam and a circular curved beam

First, we need to geometrically define an Archimedean-spiral curved beam and a circular curved beam. The mathematical expression of Archimedean spirals in the polar coordinate system is written in Eq. 23:

( ) = + (23) 
where and are constant real numbers. defines the distance between the centerpoint of the spiral and the origin while controls the distance between loops and equivalently the growth rate of shown in Fig. 5a. An Archimedean spiral is displayed in Fig. 5a, and it can be transformed to a circular curve displayed in Fig. 5b (right) when = 0. The curvature of Archimedean spirals can be defined [START_REF] William | Calculus with analytic geometry[END_REF]:

( ) = | | | | | | | 2( d d ) 2 + 2 -d 2 d 2 ( 2 + ( d d ) 2 ) 3 2
where varies as changes. Logically, can be simplified to a constant when it comes to circular curves ( = 0): = 1

Therefore, an Archimedean-spiral curved beam (Fig. 6a) and a circular curved beam (Fig. 6c) are chosen to be studied as the representatives of varying-curvature curved beams and constant-curvature curved beams respectively.Their corresponding geometric expressions are noted in Eqs. Archimedean-spiral curved beam:

( ) = + , ∈ [0, ] (24) 
Circular curved beam:

( ) = , ∈ [0, ] (25) 
where the length unit and angular unit are m and rad respectively. The shape of the cross-section could be designed as the following three: square (with side length ), rectangular (with out-of-plane depth ℎ and in-plane width ) and round (with diameter ) shown in Fig. 6b. Apart from constant-cross-section beams like the ones in Fig. 6, the proposed method can also be used for analyzing varying-cross-section beams. As illustrated in Fig. 7, a circular varying-cross-section beam is defined: is the radius of the circle; ℎ * ( ) and * ( ) are the varying cross-section parameters, which are dependent on . For verification purposes, an Archimedean-spiral curved beam with a constant square cross-section, a circular curved beam with a constant round cross-section and a circular curved beam with a uniformly varying rectangular cross-section are 

The studied circular curved beam with a uniformly varying rectangular cross-section:
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It should be noticed that in (26) [START_REF] Wang | Exploration of translational joint design using corrugated flexure units with bézier curve segments[END_REF], the polar moment of inertia of the rectangular cross-section can be approximately described as Eq. 29 if ℎ ≥ [START_REF] Warren | Roark's formulas for stress and strain[END_REF][47]:

= ℎ 3 ( 1 3 -0.21 ℎ (1 - 4 12ℎ 4 
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Finite Element Analysis Compared with Analytical Results

To validate the analytical compliance matrices of three beams defined in ( 26), ( 27) and ( 28), three FEA models are built in COMSOL. Swept triangular meshes and swept mapped meshes are used with the maximum and minimal mesh sizes being 0.02 mm and 2 mm respectively shown in Fig. 8. The relative tolerance of the convergence error is set as 0.001 by default. The material used is isotropic structural steel with Young's modulus = 200 × 10 9 Pa and Poisson's ratio = 0.3. Logically, the shear modulus is calculated by = (2(1+ )) = 7.7 × 10 10 Pa. We compare the compliance results between the analytical models and the FEA models of the mentioned three curved beams with regard to reference point (the free end) where the boundary conditions set up in FEA are demonstrated in Fig. 8. As the studied compliance matrices only capture the properties of small deformation without considering material non-linearity and geometric non-linearity, the same conditions are set up in FEA as well. The results are displayed ). In terms of total computational cost between AM and FEA, the corresponding efficiencies of them dramatically improve (see the corresponding computational time in Table . 1, 2 and 3). That clearly implies the analytical method of deriving free-end compliance matrices for any ICB is feasible and much more efficient for further mechanism synthesis and optimization.

Compliance Analysis and Mobility Optimization of Generic Planar Parallelogram and Ortho-planar Spring Integrating Initially Curved Beams

In this section, we aim to conduct planar compliance analysis of the generic ICB-based parallelogram and spatial compliance analysis of Ortho-planar spring both employing screw theory as a linear modeling method and using a normalization-based method [START_REF] Hao | A normalization-based approach to the mobility analysis of spatial compliant multi-beam modules[END_REF] for comparison purposes, followed by mobility optimization of these mechanisms.

Recalling the concept of position-space-based reconfiguration method (PSR [START_REF] Li | Position-space-based compliant mechanism reconfiguration approach and its application in the reduction of parasitic motion[END_REF]), the layout of a compliant mechanism can be restructured via changing the positions of each independent compliant modules (ICMs [START_REF] Li | Position-space-based compliant mechanism reconfiguration approach and its application in the reduction of parasitic motion[END_REF]) within their permitted position ranges to design and optimize mobility, such as designing degrees of freedom (DOF) and degrees of constraints (DOC) or reducing their parasitic motions for more accurate translational and rotational movements. Essentially, by introducing positional parameters into compliance synthesis of CMs, the final compliance matrix of CMs can be expressed as functions of these introduced positional parameters, based on which the whole process can be transformed into an optimization problem. Apart from positional parameters, a representative geometric parameter of ICMs is included to be studied here, which is (defined in Fig. 1) of ICBs, providing more possibilities for mechanism performance.

Many decent studies about designing and optimizing the geometry of CMs tend to use enumeration graphing method to capture the trend of mechanism performance versus geometric parameters [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF][32] [START_REF] Li | Design and modelling of an anti-buckling compliant universal joint with a compact configuration[END_REF][49][50] [START_REF] Hao | Compliance synthesis of a class of planar compliant parallelogram mechanisms using the position space concept[END_REF] for engineering aiding design. However, this method would have some limitations in the following scenarios. Firstly and most importantly, the enumeration graphing method would not be able to efficiently deal with multi-variable optimization problems especially when above three variables are studied. Secondly, multi-objective optimization problems are tough in this case if the objectives are conflicting, and decisions are normally made by designers' intuition and experience from enumeration graphs. Thirdly, in terms of single-objective optimization problem, it would be hard to ensure the global optimized solution when the trend is not monotonic [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF][49] [START_REF] Hao | Compliance synthesis of a class of planar compliant parallelogram mechanisms using the position space concept[END_REF]. For example, points of inflection may be excluded from enumerated ranges; improper sampling density may ignore the existence of points of inflection, resulting in wrong judgment about the trend. Last, it tends to be computationally expensive when obtaining enumerated numerical solutions [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF]. To solve the mentioned problems, under the structure of Weighted-Sum Method [START_REF] Kalyanmoy | Multi-objective optimization[END_REF], we use generic algorithm (or any gradient-based optimization algorithm) instead to directly obtain the globally optimized geometric parameters under the given multi-objectives, which is more efficient and straightforward.

Using the concept of PSR (but not being limited to PSR structure) and our optimization strategy, we'll be able to find out the globally optimized solutions of ICB-based mechanism synthesis for the given design requirements. Practical constraints (such as mechanical interference or dimensional limit) are considered as well in this optimization process. In consideration of easier manufacturing process and the promotion of standard parts, circular curved beams are chosen to be studied for the following mechanism synthesis and optimization. ⎤ ⎥ ⎥ ⎦ According to the proposed method (Eq. 9 to 14), the general planar free-end compliance matrix of circular-curved beams is formulated in Eq. 30: It's worth noticing that the choice of signs in 21 , 12 , 31 and 13 depends on the direction of beam axis from the base to the tip. If it's anti-clockwise like the beam shown in Fig. 9a, the sign is positive. Otherwise, it's negative (Fig. 9b). In the following paper, the compliance matrix of anti-clockwise ones are denoted as , and so on whereas the clockwise ones are denoted by * or * , etc for simplicity. For more convenient compliance synthesis, circular-curved beams need to be considered as a compliant kinematic hinge with its compliance reference point set up at the center of the circle displayed in Fig. 9. Therefore, the transferred compliance matrices from the free-end ones are derived in Eq. 31:

= ⎡ ⎢ ⎢ ⎣
= ( ( ) -1 ) -1 * = ( * ( * ) -1 * ) -1 (31) 
where

= ⎡ ⎢ ⎢ ⎣ 1 0 -cos( -2 ) 0 1 sin( -2 ) 0 0 1 ⎤ ⎥ ⎥ ⎦ , * = ⎡ ⎢ ⎢ ⎣ 1 0 cos( -2 ) 0 1 sin( -2 ) 0 0 1 ⎤ ⎥ ⎥ ⎦
As displayed in Fig. 10, the rotational position space of the circular-curved beam can be demonstrated by a dash-line circle with its center also at the compliance reference point where the exact rotational position can be defined by two
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where

11 = ⎡ ⎢ ⎢ ⎣ cos(-) -sin(-) 0 sin(-) cos(-) 0 0 0 1 ⎤ ⎥ ⎥ ⎦ , 11 = ⎡ ⎢ ⎢ ⎣ 1 0 0 0 1 ∕2 0 0 1 ⎤ ⎥ ⎥ ⎦ , 11 = ⎡ ⎢ ⎢ ⎣ 1 0 1 ∕2 0 1 0 0 0 1 ⎤ ⎥ ⎥ ⎦ ; 12 = ⎡ ⎢ ⎢ ⎣ cos(-) -sin(-) 0 sin(-) cos(-) 0 0 0 1 ⎤ ⎥ ⎥ ⎦ , 12 = ⎡ ⎢ ⎢ ⎣ 1 0 0 0 1 -∕2 0 0 1 ⎤ ⎥ ⎥ ⎦ , 12 = ⎡ ⎢ ⎢ ⎣ 1 0 2 ∕2 0 1 0 0 0 1 ⎤ ⎥ ⎥ ⎦ ; ⎡ ⎢ ⎢ ⎣ cos( ) -sin( ) 0 sin( ) cos( ) 0 0 0 1 ⎤ ⎥ ⎥ ⎦ , 21 = ⎡ ⎢ ⎢ ⎣ 1 0 0 0 1 ∕2 0 0 1 ⎤ ⎥ ⎥ ⎦ , 21 = ⎡ ⎢ ⎢ ⎣ 1 0 -1 ∕2 0 1 0 0 0 1 ⎤ ⎥ ⎥ ⎦ ; 22 = ⎡ ⎢ ⎢ ⎣ cos( ) -sin( ) 0 sin( ) cos( ) 0 0 0 1 ⎤ ⎥ ⎥ ⎦ , 22 = ⎡ ⎢ ⎢ ⎣ 1 0 0 0 1 -∕2 0 0 1 ⎤ ⎥ ⎥ ⎦ , 22 = ⎡ ⎢ ⎢ ⎣ 1 0 -2 ∕2 0 1 0 0 0 1 ⎤ ⎥ ⎥ ⎦ .
In particular, the different choices of anti-clockwise beams and clockwise beam as the elementary flexible members in the mechanism synthesis result in four combinations/scenarios: * Scenario A 

⎤ ⎥ ⎥ ⎦ (33) 
Its normalized compliance matrix can be formulated (see details in [START_REF] Hao | A normalization-based approach to the mobility analysis of spatial compliant multi-beam modules[END_REF]) as follows for non-dimensional comparison (Eq. 34):

= ⎡ ⎢ ⎢ ⎣ 11 0 0 0 22 23 0 32 33 ⎤ ⎥ ⎥ ⎦ = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 11 3 0 0 0 22 3 23 2 0 32 2 33 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ (34)

Geometric Optimization Strategy

Since , , 1 and 2 that describe the position spaces of all compliant hinges and one geometric parameter of circular curved beams are the key parameters to be studied for further mechanism optimization, the rest geometric and material parameters are assigned in ( 35 Therefore, all elements in are the functions of the studied five parameters: , , 1 , 2 and , depending on which the process of improving the performance of the mechanism is logically deduced into a multi-variable ( , , 1 , 2 and ) and multi-objective (to maximize ) optimization problem.

22 stands for the compliance in Y direction (primary motion) whereas 11 and 33 stands for the compliance in X and Z directions (undesired motions);

23 and 32 are the compliance of parasitic motion regarding Y and Z directions. Therefore, the three objectives imply that by maximizing the ratio of primary-motion compliance to undesired-motion and parasitic compliance under given constraints, the optimal designs can be obtained accordingly. To deal with these multi objectives, Weighted-Sum Method [START_REF] Kalyanmoy | Multi-objective optimization[END_REF] is used, which scalarizes a set of objectives into a single objective by pre-multiplying each objective with a user-supplied weight: .

max ( , , 1 , 2 , ) = 1
.

-≤ ≤ -≤ ≤ 2 + < 1 ≤ 2 + < 2 ≤ ∕2 ≤ ≤ 3 ∕2
.

where 1 , 2 and 3 are the weights of each single-optimized target respectively satisfying 1 + 2 + 3 = 1; ( , , 1 , 2 , ) is the objective function; Taking their importance into account, 1 , 2 and 3 are assigned:

1 = 2 = 3 = 1∕3.
The built-in Genetic Algorithm in MATLAB is used to obtain the globally optimal results with the following key parameters assigned: the population size is set up as 50; the number of maximum stall generations is assigned to 100; the random numbers generated within the bounds of the mentioned five variables are chosen as the initial population.

Globally Optimal Results with FEA Verification

The globally optimal results of Scenarios A, B, C and D are listed in ( 36), ( 37), ( 38) and ( 39) respectively with the corresponding consequent normalized compliance information obtained from the analytical models and FEA verification displayed in Tables. 4 to 7 and their geometric shapes illustrated in Figs. 11a to 11d. The optimal design of Scenario A (Fig. 11a) has two inverted legs whereas that of Scenario B (Fig. 11b) has two non-inverted legs. The optimal designs of Scenario C (Fig. 11c) and D (Fig. 11d) present hybrid structures of the former two, both having two half-inverted legs in them. According to Tables. 4 to 7, the analytical results are verified by FEA results with maximum error being 2.73%. The values of reaches 0, indicating that the mechanism nearly has no X-axis parasitic motion when translationally moving in Y direction. It should be remarked that the conclusions above are only valid when deformation is small.

In the FEA, the boundary conditions were set up in the same manner of the analytical models where the compliance reference point of whole mechanism at O G (Fig. 10) was evaluated (Fig. 12): the motion stage and 2 thick links were set up as rigid bodies in COMSOL while the rest 4 compliant beams were set as deformable bodies (Fig. 12); swept mapped meshes were used with the maximum and minimal mesh sizes being 0.02 mm and 2 mm respectively; the relative tolerance of the convergence error was set as 0.001 by default; only small deformations were considered so geometric non-linearity function was not activated; the geometric and material parameters were chosen from ( 35), ( 36), ( 37), ( 38) and ( 39 

Table 4

Comparison between analytical results and FEA (without considering geometric non-linearity) results regarding the globally optimal design of Scenario A Scenarios A Results 

Table 7

Comparison between analytical results and FEA (without considering geometric non-linearity) results regarding the globally optimal design of Scenario D Scenarios A Results Similar to straight-beam-based parallelograms, load-bearing capacity is also one of the key performances of ICBbased parallelograms. Although the proposed optimal design from Scenario B (see Fig. 11b) does not experience mechanism buckling under heavy compression payloads, it still suffers from obvious stiffness reduction along payload direction (the negative X direction) illustrated in Fig. 13a where the relationship of X-axis stiffness against X-axis displacement was obtained from FEA with nonlinear geometry function activated and Y-axis displacement fixed to 0. It should be noticed that the X-axis stiffness gradually increases along the positive X axis, which implies the stiffness of the mechanism will increase if tension payloads are exerted. Due to the involvement of inverted legs in the optimal design from Scenario B (see Fig. 11a), a similar plot displaying an anti-symmetric relationship is illustrated in Fig. 13b. Inspired by their X-axis stiffness properties, a unique design that makes the most of the optimal designs of Scenario A (Fig. 11a) and Scenario B (Fig. 11b) was proposed (Fig. 14a), where no matter payloads in positive or negative X directions are exerted, there are always four circular-curved beams under tension and four under compression to compensate stiffness reduction in bidirections. In particular, and are introduced to define the horizontal distances of inverted legs and non-inverted legs respectively. Its relationship of X-axis stiffness against X-axis displacement obtained from FEA (where = 0.080 m and = 0.010 m with the rest geometric and material parameters and boundary conditions unchanged) is displayed Fig. 14b: the X-axis stiffness increases along both negative and positive X directions, which proves that the new design present bidirectional anti-buckling and high load-bearing capacity. Compared with the straight-beam-involved anti-buckling mechanism proposed in our previous work [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF], this ICB-based design doesn't does experience stiffness reduction under heavy payloads but the former does (see Fig. 16 in [START_REF] Wu | Design and nonlinear modeling of a novel planar compliant parallelogram mechanism with general tensuralcompresural beams[END_REF]), which presents better load-bearing ability. As a classic type of compliant linear motion mechanisms, Ortho-planar springs have many advantages [START_REF] John J Parise | Ortho-planar linear-motion springs[END_REF][55] [START_REF] Smal | Modelling, characterization and testing of an ortho-planar micro-valve[END_REF]: they're compact; they are located in a plane, but being able to provide non-rotating out-of-plane translational motion; they can be easily manufactured in a single piece of material; it has the potential for larger deflections than conventional planar springs. From a mechanical point of view, Ortho-planar springs are composed of a base, a central motion platform and several U-shaped legs (Fig. 15) where each leg is divided into two thin flexible beams [START_REF] John J Parise | Ortho-planar linear-motion springs[END_REF]. Orthoplanar springs are commonly used in many applications especially sophisticated and compact mechanisms: sensors [START_REF] Kristanto | Development of a 3-axis human fingertip tactile sensor with an ortho-planar spring[END_REF][58] [START_REF] Ataollahi | Novel force sensing approach employing prismatic-tip optical fiber inside an orthoplanar spring structure[END_REF]; one-way micro-valve that can be used in a micro-pump [START_REF] Smal | Modelling, characterization and testing of an ortho-planar micro-valve[END_REF]; microelectromechanical systems [START_REF] Craig | Ortho-planar mechanisms for microelectromechanical systems[END_REF]; In this section, we aim to conduct spatial compliance analysis of circular-beam-based ones, followed by geometric optimization via genetic algorithm. FEA validation is presented to verify the optimal analytical results.

Spatial Compliance Modeling

In this section, we aim to conduct spatial compliance analysis of circular-curved-beam-based Ortho-planar springs where the derivation of compliance matrix of a single circular curved beam is first presented via the proposed method (Eqs. 6 to 22 and Eq. 25) shown in Eq. 40: Similarly, we can obtain the spatial compliance matrix at on the motion stage of the Ortho-planar spring from every single flexible member (Fig. 16) shown in Eq. 41:

= ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣
= ( 3 (( 2 ( 2 ( 1 ( 1 2 1 ) -1 1 ) -1 2 ) -1 2 ) -1 + 4 3 1 3 4 ) -1 3 + 5 3 (( 2 ( 2 ( 1 ( 1 2 1 ) -1 1 ) -1 2 ) -1 2 ) -1 + 4 3 1 3 4 ) -1 3 5 + 6 3 (( 2 ( 2 ( 1 ( 1 2 1 ) -1 1 ) -1 2 ) -1 2 ) -1 + 4 3 1 3 4 ) -1 3 6 ) -1 (41) 
where

1 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ cos( -2 ) -sin( -2 ) 0 0 0 0 sin( -2 ) cos( -2 ) 0 0 0 0 0 0 1 0 0 0 0 0 0 cos( -2 ) -sin( -2 ) 0 0 0 0 sin( -2 ) cos( -2 ) 0 0 0 0 0 0 1 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 2 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ cos( ) -sin( ) 0 0 0 0 sin( ) cos( ) 0 0 0 0 0 0 1 0 0 0 0 0 0 cos( ) -sin( ) 0 0 0 0 sin( ) cos( ) 0 0 0 0 0 0 1 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 3 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 1 0 0 0 0 0 0 cos( ) -sin( ) 0 0 0 0 sin( ) cos( ) 0 0 0 0 0 0 1 0 0 0 0 0 0 cos( ) -sin( ) 0 0 0 0 sin( ) cos( ) ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 4 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ cos( 2 ) -sin( 2 ) 0 0 0 0 ( 2 ) cos( 2 ) 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 cos( 2 ) -sin( 2 ) 0 0 0 0 sin( 2 ) cos( 2 ) ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 5 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ cos(-2 3 ) -sin(-2 3 ) 0 0 0 0 (-2 3 ) cos(-2 3 ) 0 0 0 0 0 0 1 0 0 0 0 0 0 cos(-2 3 ) -sin(-2 3 ) 0 0 0 0 sin(-2 3 ) cos(-2 3 ) 0 0 0 0 0 0 1 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 6 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ cos(- 4 
3 ) -sin(-4 3 ) 0 0 0 0 (- 4 3 ) cos(-4 3 ) 0 0 0 0 0 0 1 0 0 0 0 0 0 cos(-4 3 ) -sin(-4 3 ) 0 0 0 0 sin(-4 3 ) cos(-4 3 ) 0 0 0 0 0 0 1

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 1 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣
1 0 0 0 0 -0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 2 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 1 0 0 0 0 -1 (-1 + cos( )) 0 1 0 0 0 -1 sin( ) 0 0 1 1 (-1 + cos( )) 1 sin( ) 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 3 = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 1 0 0 0 0 1 cos( ) 0 1 0 0 0 1 sin( ) 0 0 1 -1 cos( ) -1 sin( ) 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ ; 1 and 
2 , which can be derived according to Eq. 40,

stand for the compliance matrices of circular-curved beams 1# ( = 1 ) and 2# ( = 1 + ) shown in Fig. 16. 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ (42) 
where 11 ≡ 22 and 44 ≡ 55 . Similarly, its normalized compliance matrix can be formulated (see details in [START_REF] Hao | A normalization-based approach to the mobility analysis of spatial compliant multi-beam modules[END_REF]) as follows for non-dimensional comparison (Eq. 43):

= ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 11 0 0 0 0 0 0 22 0 0 0 0 0 0 33 0 0 0 0 0 0 44 0 0 0 0 0 0 55 0 0 0 0 0 0 66 ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ = ⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 11 (2 1 +2 ) 3 0 0 0 0 0 0 22 (2 1 +2 ) 3 0 0 0 0 0 0 33 (2 1 +2 ) 3 0 0 0 0 0 0 44 (2 1 +2 ) 0 0 0 0 0 0 55 (2 1 +2 ) 0 0 0 0 0 0 66 2( 1 +2 ) ⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ (43) 
where we logically have 11 ≡ 22 and 44 ≡ 55 and 2 1 + 2 is the characteristic length of the spring.

Geometric Optimization Strategy

As illustrated in Fig. 16, all the geometric parameters( 1 , , , ℎ and ), which can completely determine the geometric shape of the mechanism, are chosen to be studied for further mechanism optimization, in which position space concept is extended and not limited to positional parameters. The rest material properties are assigned in (44):

= 200 × 10 9 Pa = 0.3 (44) 
Logically, all elements in are the functions of the studied five parameters: 1 , , , ℎ and , depending on which the process of improving the performance of the mechanism is logically deduced into a multi-variable ( 1 , , , ℎ and ) and multi-objective (maximizing ( 1 , , , ℎ, ) is the objective function; Considering the importance of each objective, 1 , 2 , 3 and 4 are all set as 1∕4. The built-in Genetic Algorithm in MATLAB is used to obtain the globally optimal results with the following key parameters assigned: the population size is set up as 50; the number of maximum stall generations is assigned to 100; the random numbers generated within the bounds of the mentioned five variables are chosen as the initial population.

Globally Optimal Results with FEA Verification

The globally optimal result is listed in [START_REF] William | Calculus with analytic geometry[END_REF] with the corresponding consequent normalized compliance information obtained from the analytical models and FEA verification displayed in Table . 8 and the optimal geometric shape shown in Fig. 17a are up to around 200, 500, 1500 and 55 respectively, which implies that the optimal mechanism presents translational DOF in Z direction and rotational DOF around X and Y axes whereas it is translationally constrained in X and Y directions and rotationally constrained around Z axis. Therefore, the optimal circular-curved-beam-based Ortho-planar spring can serve as an ideal 2R1T compliant joint for many mechanical applications, such as continuum robots, rotational joints and springs. 

* Globally Optimal Result

In the FEA, the boundary conditions were set up in the same manner of the analytical model where the compliance reference point of whole mechanism at O G (Fig. 16) was evaluated (Fig. 17b): the motion stage and 3 links were set up as rigid bodies in COMSOL while the rest 6 compliant beams were set as deformable bodies (Fig. 17b); swept mapped meshes were used with the maximum and minimal mesh sizes being 0.02 mm and 2 mm respectively; the relative tolerance of the convergence error was set as 0.001 by default; only small deformations were considered so geometric non-linearity function was not activated; the geometric and material parameters were chosen from ( 44) and (45) respectively. 

Conclusions

ICBs are good alternatives for mechanism synthesis as they provide many more diverse properties than straight flexible members. To fast synthesize ICB-based compliant mechanisms using screw theory, this paper proposed an efficient spatial compliance analysis method of general ICBs, by which the spatial compliance analysis of different types of ICBs (such as varying-curvature beams and varying-cross-section beams) was conducted, followed by Finite Element Analysis (FEA) verification. Next, the modeling and optimization of two types of CMs including ICBbased parallelogram mechanisms and ICB-based Ortho-planar springs were carried out under the concept of position space and parameter normalization strategy where a class of anti-buckling translational parallelograms with high loadbearing capacity and a type of compact 2R1T (2 rotational DOF and 1 translational DOF) compliant kinematic joints were obtained. Our future work will first include experimental testing of these proposed mechanisms. Then, the analysis of ICB-based mechanism in large-deformation situations will be conducted as this is what ICBs can stand out among other elementary flexible members. Third, we will promote and improve the used optimization strategy in nonlinear numerical solutions. 
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 1 Figure 1: Polar coordinate system for defining points and curves
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 2 Figure 2: Spatial deformation of an initial curved beam
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 3 Figure 3: Loading conditions of an ICB for compliance analysis in X-Y plane

  ( ) are the Cartesian coordinates of point M.
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 4 Figure 4: Loading conditions of an ICB for out-of-plane compliance analysis
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 5 Figure 5: Selected curves
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 6 Figure 6: Geometric definition of curved beams

Figure 7 :

 7 Figure 7: Geometric definition of varying-cross-section circular beams
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 8 Figure 8: FEA boundary conditions
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 1 Planar Compliance Analysis and Geometric Optimization of Parallelogram Mechanisms 4.1.1. Planar Compliance Modeling Similar to the generic straight-beam-based parallelogram [41][51][52][53][54], the circular-curved-beam-based one is structured in a symmetric manner where the parallelogram is composed of a rigid base, a rigid motion stage and two legs in between the former two shown in Fig. 10. The legs are named as Leg 1 and Leg 2 where each leg comprises two compliant circular beams (labeled 11#, 12#, 21# and 22#) and one rigid link in between them.Logically, the general planar free-end compliance matrix of ICBs can be deduced from the spatial compliance matrix (defined in Eq. 2) into a 3-by-3 matrix:
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 9 Figure 9: Elementary flexible member: circular-curved beams

1 Figure 10 :

 110 Figure 10: Schematic diagram of circular-beam-based planar mechanism

22 =

 22 So far, we can obtain the final planar compliance matrix of the circular-beam-based parallelogram (Eq. 33):

  around 2000 and 700 respectively, which implies that the optimal mechanisms present DOF in Y direction and DOC in X direction and around Z axis. The ratio 23 22
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 1112 Figure 11: The optimal designs of circular-curved-beam-based parallelogram
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 13 Figure13: X-axis stiffness against X-axis displacement relationship of the optimal design from Scenario A and B

  The geometric shape of the proposed design that employs inverted and non-inverted legs stiffness (N/mm) (b) X-axis stiffness against X-axis displacement relationship of the proposed design
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 14 Figure 14: The proposed design with high load-bearing and anti-buckling capacity
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 15 Figure 15: Ortho-planar Springs

  cos( ) -cos( ))d ; 66 = .

Figure 16 :

 16 Figure 16: Detailed geometric information of curved-beam-based Ortho-planar springs

  Sum Method[START_REF] Kalyanmoy | Multi-objective optimization[END_REF], we aim to optimize the circular-beam-based Ortho-planar spring into a 2R1T (two rotational DOF and one translational DOF) compliant joint: 010 m ≤ 1 ≤ 0.020 m ∕3 ≤ ≤ 5 ∕9 0 m ≤ ≤ 0.020 m 0.0005 m ≤ ℎ≤ 0.001 m 0.001 m ≤ ≤ 0.003 m where 1 , 2 , 3 and 4 are the weights of each single-optimized target respectively satisfying 1 + 2 + 3 + 4 = 1;

  .004 m; ℎ = 0.0005 m; = 0.003 m

Figure 17 :

 17 Figure 17: The optimal circular-curved-beam-based Ortho-planar Spring

Table 1

 1 Comparison of free-end compliance of the beam defined in (26) between the analytical results (denoted by AM) and FEA results

	Results	11 (10 -6 m∕N)	21 = 12 (10 -5 m∕N)	61 = 16 (10 -4 m∕N)	22 (10 -5 m∕N)	62 = 26 (10 -4 m∕N)	66 (10 -3 m∕N)
	AM	7.4481	1.0101		2.0235	2.3722	3.3366	6.8114
	FEA	7.4083	1.0048		2.0142	2.3672	3.3306	6.7968
	ER	0.54%	0.53%		0.46%	0.21%	0.18%	0.21%
	Results	33 (10 -5 m∕N)	43 = 34 (10 -4 m∕N)	53 = 35 (10 -4 m∕N)	44 (10 -3 m∕N)	54 = 45 (10 -4 m∕N)	55 (10 -3 m∕N)
	AM	4.3370	-2.9877		-4.2257	8.6522	-2.0787	8.6383
	FEA	4.3197	-2.9751		-4.2132	8.6317	-2.0849	8.6132
	ER	0.40%	0.42%		0.42%	0.24%	0.24%	0.29%
		Total computational time	AM	0.21 s	FEA	62.65 s

Table 2

 2 Comparison of free-end compliance of the beam defined in (27) between the analytical results (denoted by AM) and FEA results

	Results	11 (10 -7 m∕N)	21 = 12 (10 -6 m∕N)	61 = 16 (10 -6 m∕N)	22 (10 -5 m∕N)	62 = 26 (10 -4 m∕N)	66 (10 -3 m∕N)
	AM	9.7578	-1.1098		5.1591	1.5631	2.9843	7.4074
	FEA	9.9000	-1.1155		5.0684	1.5703	2.9980	7.4426
	ER	0.14%	0.50%		1.97%	0.46%	0.46%	0.47%
	Results	33 (10 -5 m∕N)	43 = 34 (10 -5 m∕N)	53 = 35 (10 -4 m∕N)	44 (10 -3 m∕N)	54 = 45 (10 -4 m∕N)	55 (10 -3 m∕N)
	AM	1.9412	-3.8134		-3.4320	8.7543	2.3578	8.2827
	FEA	1.9555	-3.8134		-3.4545	8.8002	2.3147	8.3373
	ER	0.73%	0.00%		0.65%	0.52%	1.86%	0.65%
		Total computational time	AM	0.19 s	FEA	40.00 s

Table 3

 3 Comparison of free-end compliance of the beam defined in (28) between the analytical results (denoted by AM) and FEA results

	Results	11 (10 -5 m∕N)	21 = 12 (10 -5 m∕N)	61 = 16 (10 -4 m∕N)	22 (10 -5 m∕N)	62 = 26 (10 -3 m∕N)	66 (10 -2 m∕N)
	AM	1.0961	-1.6552	-5.0131	2.9169		1.0416	5.1846
	FEA	1.0913	-1.6489	-4.9971	2.9094		1.0388	5.1613
	ER	0.44%	0.38%	0.32%	0.25%		0.27%	0.45%
	Results	33 (10 -5 m∕N)	43 = 34 (10 -5 m∕N)	53 = 35 (10 -4 m∕N)	44 (10 -2 m∕N)	54 = 45 (10 -2 m∕N)	55 (10 -2 m∕N)
	AM	1.7651	-3.3269	-5.4880	3.6384		1.0930	2.5657
	FEA	1.7301	-3.2373	-5.3765	3.5511		1.0832	2.5304
	ER	2.02%	2.77%	2.07%	2.46%		0.90%	1.40%
		Total computational time	AM	0.23 s	FEA	15 s

in Table

.

1, 2 and 3 where the maximum error is below 3% (the error ER is defined as |FEA-AM| FEA × 100%

Table 5

 5 Comparison between analytical results and FEA (without considering geometric non-linearity) results regarding the globally optimal design of Scenario B

	Scenarios A	Results	11	22	33	22 11	22 33	23 22
	= -1 = 0.080 m 2 = 0.080 m 4 = -4 = 2	AM FEA ER	2.5839 × 10 -5 2.6256 × 10 -5 1.59%	4.9645 × 10 -2 4.9105 × 10 -2 1.10%	6.8843 × 10 -5 6.9937 × 10 -4 1.56%	1.9213 × 10 3 1.8702 × 10 3 2.73%	7.2113 × 10 2 7.0213 × 10 2 2.71%	≈ 0 ≈ 0 ≈ 0%

Table 6

 6 Comparison between analytical results and FEA (without considering geometric non-linearity) results regarding the globally optimal design of Scenario C

	Scenarios A	Results	11	22	33	22 11	22 33	23 22
	= -1 = 0.080 m 2 = 0.080 m 4 = -3 4 = 2	AM FEA ER	2.5839 × 10 -5 2.6256 × 10 -5 1.59%	4.9645 × 10 -2 4.9105 × 10 -2 1.10%	6.8843 × 10 -5 6.9937 × 10 -4 1.56%	1.9213 × 10 3 1.8702 × 10 3 2.73%	7.2113 × 10 2 7.0213 × 10 2 2.71%	≈ 0 ≈ 0 ≈ 0%

  . According to Table. 8, the analytical results are verified by FEA results with maximum error being 11.29%. The values of

	33	,	44	,	44	and	33
	22		66		22		66

Table 8

 8 Comparison between analytical results and FEA (without considering geometric non-linearity) results regarding the globally optimal Ortho-planar spring

	Results	11 =	22	33	44 =	55	66	33 22	44 66	44 22	33 66
	AM	3.4210 × 10 -3	6.4761 × 10 -1	5.4717 × 10 0	1.0973 × 10 -2	1.8930 × 10 2	4.9864 × 10 2	1.5994 × 10 3	5.9018 × 10 1
	FEA	3.6094 × 10 -3	6.1393 × 10 -1	5.3395 × 10 0	1.1661 × 10 -2	1.7009 × 10 2	4.5789 × 10 2	1.4793 × 10 3	5.3149 × 10 1
	ER	5.21%		5.48%	2.47%		5.90%	11.29%	8.90%	8.12%	11.04%

2 + ( + ) 2 [( + ) 2 + 2 ]

2

+ ≤ 0.020 m -≥ 0.001 m -ℎ≥ 0 m
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Highlights Efficient Spatial Compliance Analysis of General Initially Curved Beams for Mechanism Synthesis and Optimization

Ke Wu,Gang Zheng,Guangbo Hao • We proposed an efficient compliance analysis method of initially curved beams • We validated the method using Finite Element Analysis • We conducted compliance analysis and optimization of ICB-based mechanisms • We used weighted-sum method and genetic algorithm for the optimization process