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Sylvester's Eigenvalue Expansion Formula for M*

Assume M is a real n x n matrix that has n known distinct eigenvalues
Wi, W, ..., Wp. Then

MK = Ajwk + Aywk + Agwk + ..+ Awk
where k =0,1,2,... and Ay, As, ..., A, are constant n X n coefficient
matrices called spectral projectors (Meyer) or Frobenius covariants.
M¥(i,j) = Ar(i, wt + Az (i, j)ws + As(i, j)ws + ... + An(i, f)ws
where 0 <i,j<n—1fors=1,23, ....n.
Note: As is the matrix outer product, K’SES, wher_(? R’; and Es are right &

left eigenvectors of matrix M and where Ls and Rs are scaled so that their
dot product Ls - Rs = 1.

v
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Example 1: General 2 x 2 Stochastic Matrix

Consider the following transition diagram and P matrix:

1—
il P
q q q
where 0 < p,g <1

Matrix P has eigenvalues wy =1 and wp =1—p—gq. Then

Pk = Alw{‘ + Azwé

q p PP
|pta pta| iy p+a  p+al,
p+q p+gq p+q p+gq
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Sylvester's Eigenvalue Expansion for et

Assume M is a real n x n matrix that has n known distinct eigenvalues

w1, Wy, ...,w,. Then

eM = Aje*'t + Are?t + Aze3t + ...+ A, et
where k =0,1,2,... and Ay, A, ..., A, are constant n x n coefficient

matrices called spectral projectors (Meyer) or Frobenius covariants.

eMe(i, ) = Ar(i, ))et + An(i,j)e2" + Aa(i ))e + ..+ An(i, j)esrt

where 0 < j,j <n—1fors=1,2,3,...,nand 0 < t is continuous time.

v
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Example 2: General 2 x 2 Exponential Matrix

Consider the following rate transition diagram and @ matrix:

. A A
(1) o= 2
I
where A\, 4 >0

Matrix Q has eigenvalues w; = 0 and wp = —(A + u). Then

th — Alewlt—l—Age“‘Qt

p A A A

_ At At et L | ATH At p| o=t
_H A Y e
A+pu A+p Adp A4+p
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Probability of Paths in a Strip

Consider the transition diagram as follows:

r r r r r
p p p p p
P
V\_/
q q q q q

where p, r, q are probabilities such that 0 < p,g <1, p4+r+g=1.

r

o O

p

=

o Q

0
p

~ T O o

0
0
0
0

q
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Pk =51 | Agwk

s=1

ws = r+2,/pqcos(sm/(n+1))

i=j
2

As(inJ) = st (3)7sn () s (“350)
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Example 3 Probability of All Paths from 2 to 5 in 15 Steps?

1 1 1 1 1 1 1 1
6 6 6 6 6 6 6 6
1 1 1 1 1 1 1
3 3 3 3 3 3 3
1 1 1 1 1 1 1

yz 2 2 2 2 2 2

N W s 0O N

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

A sample path going from i =1 to j = 2 in 15 steps staying within the strip

Q
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Solution to Example 3

0 15

O O O O O O N~ o
O O O O O NF o= Wke
O O O N o w= O O

O O O O NR o W

O O NRF O W~ O O O
O N o= W+~ O O O O
N o= W= O O O O O
o= W= O O O O O o

The solution is
-3
P5(2,5) = 3%, |2 (3)7sin (322) sin (o2° ( —|—2\/7cos g) ~0.0298
P'3(2,5)
> io P1(2,))
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Ballot Box Problem

Suppose that in an election, candidate A receives a votes and candidate
B receives b votes, where a > b. Compute the probability that A never
falls behind B throughout the counting of the ballots.

| A\

Example 4 Ballot Box Problem

Suppose candidate A receives 3 votes and candidate B receives 2 votes.
Calculate the probability of going from state / = 0 to state j = 1 in
n = 5 steps without going below the x-axis.

.

1/6 1/6 1/6 1/6 1/6 1/6
1/3 1/3 1/3 1/3 1/3 1/3 1/3
— ™
>~
1/2 1/2 1/2 1/2 1/2 1/2 1/2

We will solve Example 3 in two different ways.
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Example 4 Ballot Box Problem

Good and Bad Lattice Paths

A good lattice path from j to j in n steps never goes below the x-axis.
A bad lattice path from i to j in n steps goes below the x-axis somewhere
along the way.

Examples of good lattice paths Example of a bad lattice path
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Good Paths

Birth-death state transition diagram

o 1 2 3
of £ L 0o o0 ]

=12 s 3 O
210 3 &5 3
3| o o &t %

1-step transition probability matrix for good paths
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Matrix-Power Method to Solve Example 4

The probability of all paths starting at i = 0, ending at j = 1, in 5 steps J

& never going outside the boundaries of the solution strip is G(fl = 5’;%.

1 1 5
5 3 0 0
1 1 1
: 2 § 3 O
=1y 1 1 1
2 6 3
1 1
0 0 5 5
421 (305 ) 25 7
7776 3888 486 243
305 1021 473 25

2592 7776 3888 486

= | 25 473 1021 305
216 2592 7776 3888

7 25 305 219
72 216 2502 4045
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The probability of starting at state / = 0, ending at state j = 1 in 5 steps

with no restrictions is A3 ; =

445

O O O O N o=

421
7776

305
2592

25
216

Air
144
96

32

o (e») O NIk Ol Wi

O O N o w+ O

305
3888

1021
7776

509
2592

65
432
36

96

O NI= o= Wk O O

25
486
509
3888
1201
7776
545
2592
65
432
A7
144

545
——— as shown below.
3888
5
0 0
0 0
So

0 0

1

3 0

1 1

6 3

1 1

2 6
A7 5 1
486 736 26
65 10 5
972 243 286
545 65 17
3888 972 86
1201 509 25
7776 3888 86
509 1021 305
2592 7776 3888
25 305 421
216 2502 7776
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201 T (35

g®(01) _ (5

3888
— 305
~ b45

~ 0.560
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Ballot Box Path Strips

The preceding ballot box transition diagrams can be generalized to

p p p p
V\_/
q q q q q

n,L€Z,wheren>1and 3—n< L <0 and p, r, g are probabilities such
that 0 < p,g<land p+r+qg=1.

r

r p 0 0 0]
g r p O 00 Pk =", Awk
0 r 00
p— 7 P ws = r+2,/pqcos(smt/(n+1))
0 0 g r 00
: : .o As(isj) = n42r1 (%)Tsm((iiéaﬁlz))“)g”(“iﬁiﬁhs)
10 0 0 0 ... g rf
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Using the Sylvester Eigenvalue Expansion Formula to Solve Example 4

() = St (2] sin (A sin (L5229 + 2 pacos(25) |

Forgoodpathswithizo,jzl,k=5,n=4,q=%apz

[N
I
o=
I\
Il
o

o100 = St (i 2 P ()

~ 179 ~ 305
~ 2531 + 12727 + 1188665 + 12301 3888

For all paths with i =0, =1, k=5, n=6,qg=

NI
oS
Il
W=
~
Il
o=
'\
Il
|
N

AS(0,1) =30, 7(%) s'“(sgs)s'n(hs)( ey écos(;))ﬁ

—109 —23 112 . 545
279 + 17615 + 32809 +0+ 111265 + 8471 ~ 3888

22

So fé,((gi)) = E?ﬁ;‘g = gg—g ~ 0.560, which agrees with our previous solution.
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Example: The Dual Matrix of a Birth-Death Matrix

0.7 0.6 0.3
0.7 0.3 0 0.3 0.2
Suppose P — |02 06 02
0 07 03 0.2 0.7
1 0 0 0 . o5 0 .
. 03 05 02 0 0.2 0.7
“lo 02 01 07
0 0 0 1 0.3 0.2
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Example: The Dual Matrix of a Birth-Death Matrix

0 0.7 0.6 0.3
07 03 070 0.3 0.2
Suppose P |02 06 02/ 0
0 07 03|0 0.2 0.7
0 0 0 1
1o 0o 1 0.5 0.1 1
. 03 05 02 0 0.2 0.7
1o 02 01 07
0 0 0 1 0.3 0.2
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Further Explanation for How to Create the Dual Matrix

0 0 0 0
07 03 07 0 B o o o
p_l02 06 02| 0 pe_ |03 05 02 0
0 07 03] 0 0 02 01 07
0 0 0 1 o 0 0 1
0 0 0 0
0.7 0.3 0 0 1 0 0
p_|02 06 02| 0 pe_ |03 05 02 0
0 0.7 0.3 0 0o 0.2 01 0.7
0 0 0o 1 0 0 0 1
o 0 0 o
07 03 07 0 1 0 0 0
p_l02 06 02 0 pe_ |08 05 02 0
0 0.7 03| 0 0 02 01 07
0 0 0 1 0 0o 0 1
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Formal Definition of the Dual Matrix

Assume P= [P; j] for i,j going from 0,1, ..., Hisa (H+1) x (H+1)
stochastic matrix. Suppose that the (H + 2) x (H + 2) matrix P* = [P;"J]
where:

H
Pii= Y [Pirs— Pidl
s=i+1

is also a stochastic matrix under the following conventions:
o P 1,=0if-1<s<H
x
° PH,H =1

* H—-1 px
° Pi,H:]'*Zs:O P',s

Then P* is called the dual matrix of P. Note that P* may not exist as a
stochastic matrix. P and P* have the same set of eigenvalues, see [7].
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Further Explanation for How to Create the Dual Matrix

0 0 0 o

07 03 070 -
p_l02 06 02]0 pro | T T T

0 07 03[0

0 0 0 1 - T T

(=)o)

@ Applying the previously mentioned algorithm, we find the first 3
columns and rows of the dual matrix as
sum of entries - sum of entries = -

@ Using a property of stochastic matrices, we find the entries of the last
column by subtracting the sum of the row from 1,

@ The last row is found by the same property with Py, ,, =1
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Duality Theorem

Suppose P is a stochastic (H + 1) x (H + 1) matrix and its dual matrix P*
exists, then

H
#(n) _ (n) (n) P
P,.J = Z |:Pj+1,s — PLS} fori,j=-1,0,1,.... H

H
ﬁ?:}jkﬁ”—ﬁﬂg for i,j =0,1,2,....,H

hold for n =1,2,3, ... with the conventions:
o P =0if-1<s<H
o PIM =1
o PR =1-yH 1P
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Birth-Death Chain with Catastrophes

r4+-q-+-c p r+p

r+q+c p 0 0 0< pqc <1
0
P = g+ r P p+qg+r+c=1
c r p
0<r«1
c 0 q r+p
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Birth-Death Chain

When ¢ = 0, the birth-death chain with catastrophes become the following
birth-death chain:

r+q p r r+p
q q q

r+gq p 0 0 0< pgq <1
0 r p 0<r«1
0 0 q r+p
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Finding the Dual

0 0 0 0 0 - -
riqic  p 0o 07 o0 u - N N N
q+c T p 0 0 N B B N N
P= c q r P 0 pr=| - N - -
c 0 q r+p| 0 N B N N N
0 0 0o o0 1 - - - - -

(=]
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Dual of the Birth-Death Chain with Catastrophes

1 0 0 O 0

p r g 0 c 0< pgc<l1
P*=| o p r q c ptg+tr+c=1

0 p r g+c 0<r«1

0 0 0 1
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) where i and j = 0,1,2

Solving for P;; +(k

1 0 0 0 0

*(k *(k *(k
_ P; ,(o ) Po,(1 ) Po,(z ) .

*(k) _ *(k *(k *(k
P - - ’Dl,(O) ’Dl,(l) ’Dl,(2) -

*(k *(k *(k
’D2 ,(O ) 'D2 ,(1 ) 'D2 ,(2 )

0 0 0 0

ni1<z>ugv5i"<nfl> ( )(r“‘ﬁws( +1>>k]

Foru=1i+1 v:jfl switch pforq n =3
*(k) =i [,,%1 (g)%]sin (%) sin <M) (r—|—2\/_qcos (nH))k]

where i,j =0,1,2 and k € N and n in general is the dimension of the
green matrix.

n

M*(u,v) = Z

s=1
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Solving for P,*g(l) where i =0,1,2

1 0 0 0 0
*(k *(k *(k *(k *(k
Po,(—)l Po,(o) Po,(l) Po,(z) 'Do,(3)
*(k) _ *(k *(k *(k *(k *(k
P - Pl,(fi Pl,(O) P1,(1) P1,(2) Pl,(3)

*(k *(k *(k *(k *(k
Pz,(—)1 Pz,(o) Pz,(1) Pz,(z) Pz,(3)
0 0 0 0 1

We can find the probability going from state / to state —1 labelled by the
highlighted column by using the formula given:

k—1
P8 =p > PISY where i =0,1,2

a=i

Substituting P;kgk) from the previous slide and after some algebra we
obtain:
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Solving for P;igk) where i =0,1,2

1 0 0 0 0
O N I S O I
S I B L L S
O B A LS T L

0 0 0 0 1

We can then calculate the probability going from state i to 3, where
i =0,1,2 represented by the blue column, by using the stochastic property

of the matrix P:%k) =1— 25271 P:(sk)
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Solving P

Once we solve the P* we can use the duality theorem to calculated each
element of our P matrix

H
P = 3 [Pl - R
s=i+1

H
k *(k *(k
PI(,J) Z [Pj,g ) Pj (1)5}
s=i
for n > 0 and for all states i,j =0, 1,2, ..., H with the conventions:
°PIS‘I)_ Z?Olplg)
o PW. =0ifs> -1
° PH(/,(_,) =
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Generalized Catastrophe Matrix

0 1 2 3
0 r+qg+c p+aca (e} (&)
p— 1 g+ r+c p+o c3
2 Co qg+a r+c p+c3
3 [} a qg+ac r+p+c

pt+r+q+cotcit+catcs =1, 0<p,q,co,c1,C2,63 <1, 0<r<1
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Finding the Dual Matrix

0 0 0 0 0 H
r+q+co p+er co c3 0
q+co r+cp P+ c3 0
P= Pr=| - - - -
cp q+a T+ ca p+es 0
co cy qtca rT+ptes 0
0 0 0 0 1

S
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Dual of the Generalized

[ 1 o 0 0 o |
pta+a+c r q 0 0
Pt — Q+c 14 r q <o
c3 0 p r t+a
0 0 0 0 1
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) where i and j = 0,1,2

Solving for P;; +(k

- [ R AP AP -
POl | gl ptd prt |
e e aw ] -
0 0 0 0 1

M*(u,v) = ; n~2|—1 (Z)u;vsm <nuj—sl> " < s ) (r+2ﬁcos( Il>>

Foru=1i+1 v:j—fl switch pforq n =3
P = 1 [ (5)sin (Ce2) s (552) (- + 2uBacos (257) )]

where /,j =0,1,2 and k € N and n in general is the dimension of the
green matrix.
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Solving for P,*g(l) where i =0,1,2

Where P i i =0,1,2 can be calculated by formula from slide 16 We
can do a similar approach with what we have in slide 17 to solve for the

highlighted column

1 0 0 0 0
RO [ Ry RO AP AY
*(k) _ *(k *(k x(k x(k *(k
P - Pl,(fi Pl,(O) P1,(1) P1,(2) P1,(3)
*(k *(k *(k *(k *(k
P2,(—)1 Pz,(o) P2,(1) P2,(2) Pz,(z;)
0 0 0 0 1
. k—1 k—1
P&(f)l =(p+a+o+a) Z Pg(o (c2+c3) + (c3) Z Pg,(za
a=0 a=1 =
similar approach can be used to solve P; (k) P;(f)l
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Solving for P;igk) where i =0,1,2

1 0 0 0 0
O N I S O I
S I B L L S
O B A LS T L

0 0 0 0 1

We can then calculate the probability going from state i to 3, where
i =0,1,2 represented by the blue column, by using the stochastic property

of the matrix P:%k) =1— 25271 P:(sk)
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Solving P

Once we solve the P* we can use the duality theorem to calculated each
element of our P matrix

H
P = 3 [Pl - R
s=i+1

H
k *(k *(k
PI(,J) Z [Pj,g ) Pj (1)5}
s=i
for n > 0 and for all states i,j =0, 1,2, ..., H with the conventions:
°PIS‘I)_ Z?Olplg)
o PW. =0ifs> -1
° PH(/,(_,) =
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Sylvester's Formula for Tridiagonal Toeplitz Matrices

For s =1,2,...,n, the eigenvalues of P are known to be
ws = r+ 2 /pqcos (sw/(n+ 1))
For tridiagonal Toeplitz matrices, the spectral projectors As are these

i) - ni : <Z)i2j5i” <(i:-+1)17rs> .in <(j;r+1)17rs)

where i and j range from 0 to n — 1. Knowing the eigenvalues and spectral
projectors of P, we can write the entries of the kth power of P, k € N, as

Pk(i,j) =", ,H2_1< > sm<(' zz'n’:'lz))szin<(_i-;{-:ff)2)m)<r—1—2ﬁcos(n+l>>k

Note: As is the matrix outer product, ﬁsljs, where ﬁs and Es are right &

left eigenvectors of matrix P and where Es and I?s are scaled so that their
dot product Ls; - Rs = 1.
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) where i and j = 0,1,2

Solving for P;; +(k

- [ R AP AP -
POl | gl ptd prt |
e e aw ] -
0 0 0 0 1

M*(u,v) = ; n~2|—1 (Z)u;vsm <nuj—sl> " < s ) (r+2ﬁcos( Il>>

Foru=1i+1 v:j—fl switch pforq n =3
P = 1 [ (5)sin (Ce2) s (552) (- + 2uBacos (257) )]

where /,j =0,1,2 and k € N and n in general is the dimension of the
green matrix.
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Birth-Death Chain with Catastrophes

24

24 1 0 0
30 5 382 1461 1159 9
19 1 1 0 519 7391 22333 625
p—|% 6 > 2087 983 188 129
3 1 1 1 p5 _| 2877 5001 3279 6233
10 3 6 5 = 1315 476 269 224
3 0 1 11 1863 2441 4032 6907
10 3 30 550 841 270 185
799 2359 3569 72977
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Dual of the Birth-Death Chain with Catastrophes

1 1
19
30
 ~~
~_ |
1
5
1 0O 0 O 0
1 1 1 3
5 |15 3 0| 1
* = 1 1 1 3
P 01 5 5 3 | 10
010 § §] %
0 0O 0 O 1
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To find the probability of moving from state i = 2 to j = -1 in 5 step,

i=i
2

3T i—j ) )
«(k) 2(p\e. ((i+Lms\ . ((+Drs ( (ﬂ))k
Pi’j = sz:; 2 <q> sin <4 sin 1 r 4+ 2,/pgcos 2
1 1 1 3
n:39 p:g7 q:§7 rzga C:TO
s 2 /3% /@ /1 °
#(k ) TS\ . (TS ST
P2’(0) = ; 2 <5>25|n ( 2 ) sin (T) (1/6 +2 15 s (4)) ~ .0063
_ we could also verified
1 0 0 0 0 by looking at the 4,2
157 [ sz sa 17 ] s | entryof P*O)
5195 5366 7205 972 799
p*®) =| 179 142 260 84 245
2700 1201 12739 4295 278 17
9 17 142 57 489 —— =~ .0063
625 12101 5366 511 2000
0 0 0 0 1
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To find the probability of moving from state i = 2 to j = 0 in 5 step,

3.7 i ; k—1
prk) _ ps 2 (p\?_ ((i+1)7s) _ s \ As(1 —AH)
Pi-1= °’—1§::1 n+1(q I Ll WVl R

3 1 1 1 c 3
n = = — = — e — —
) p 57 q 37 67 10
3T 2 4
*(5) - 2 /3\2 . [3ws\ . /ms\ As(1—A2)
2,—1 PO,*]_ SZ_; Z (5> sSin T Sin (7)177&
Py =2 (.1568 — 0.0600 — 0.0248) ~ 0.0144
_ we could also verified
1 0 0 0 0 by looking at the 4,1
137 57 84 17 550 entry of p*(5)
5195 5366 4205 972 799
p®) =| 179 142 269 84 245 9
2700 1201 12739 2205 278 — ~ .0144
9 17 142 57 489 625
625 2700 12101 5366 511
0 0 0 0 1
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Duality Theorem

Py =3 (R0 - P9L) = (0 A1)

s=i s=1

*(5 * * *(5 *(5 *(5
Pl = (Pz,(l) ‘|’P2,(2) +P2,(3) - P1(1) - Pl,(z) - P17(3)> ~ .057335

)

we could also verified by looking at

382 1461 1159 9 +(5)
519 7391 22333 625 | the 2,3 entry of P
2087 983 129
2877 5001 3279 6233

5 _ 188

P> =11315 476 269 224 —— =~ .057335
1863 2441 7032 6907 3279
550 841 270 185
799 4359 3569 2977
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Birth-Death Chain

r+q r r r+p
q q q

r+q p 0 0 0< pgq <1

p— q r P 0 pt+qg+r=1
0 r P 0<r«1
0 q r+p
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Find the dual

0 0 0 0 0 - -
r4q  p o ©0]o u - N N N
q r P 0 0 N B B N N
r= 0 q r P 0 pr=| - N - -
0 0 q r+p|l 0 B - B B B
0 0 o0 1 - - - - -

(=]
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Dual of the Birth-Death Chain

1 r r r 1
q q q
——
~— |
P P p

1 0 0 O 0

p r g 0 0 0< p,g <1
PP= o | p r g0 pra+r=1

0 0 0 1
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Dual of the Birth-Death Chain with Catastrophes

1 0 0 0 0
P r q 0 c
p—| 0 p r q c
0 0 P r qg+c
0 0 0 0 1

(r+q+c p 0 0] o0

qg+c r p 0 0

P=
c q r p 0
c 0 qg r+p| O
0 0 0 0 1
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Duality Theorem

If PI.(,?) and PZJ(.") are the n-step transient probabilities of the Markov
Chains corresponding to the previous two slides, then

PO = [P Pl

for n > 0 and for all states r,s = 0,1,2, ..., H with the convention
P —0if k> —1

Explicit expressions for M* and exp(Mt) January 7, 2021 41/41



Counting Bad Lattice Paths

The Reflection Principle

There is a bijection between bad lattice paths from state / to state j in
n-steps and lattice paths from —/ — 2 to j in n-steps.

In our example, the bad paths from i = 0 to j = 1 correspond to the paths
from k = —2 to j = 1. Therefore, the number of bad paths is (3) = 5.
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Combinatorial Solution of Example 1

U-D=j—i=1 . U
U+D=n=5 D

Combinatorial Solution

|G| |A| —|B| _ all lattice paths — bad lattice paths
Al A all lattice paths

3
2
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Vandermonde Matrix & Inverse

From Cayley-Hamilton/Linear Recurrence Relation Approach, we want to
solve the following systems of linear equations for A's.

M v A
I=Ap+A1+--- +Ap [ 1 7 [ 1 1 ... 11T A7
1
MY = Aoho+Ai g+ + A1 A1 M Ao A1 Apal | A
M2 | — | a2 A2 ...)2 A
M2 = AgAZ AN+ s A g2 = A M AL | 7
vt ST AT A

M = AT LA NI A A
M=VA, then A=V M

To solve for A’s, we have to find the inverse of V, a Vandermonde Matrix.
Each entry of the V™! can be computed explicitly.
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Example 1: General 2 x 2 Stochastic Matrix

Consider the following diagram which represents a birth-death chain:

where 0 < p,g <1

Eigenvalues

M=1—p—qg and X =1
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Example 1: General 2 x 2 Stochastic Matrix

Cayley-Hamilton/Linear Recurrence Relation Approach for k € N

PX = AoAS + A

P p a P
k_ | Pta pP+q Nk p+g ptgq
PP g g |Ampmar & g T,

p+q p+gq p+q p+gq
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Circulant Matrices

Consider the vector ¢ = < o Chne1 -+ C >
(&)] Cn—1 (&) a1
1 Co Ch—1 %]
An n x n matrix C takes the form: : c Co
Ch—2 e Cn—1
|Ch—1 Cp—2 - (4] C |
Eigenvalues
1 .
)\j:co+c,,_1wj+c,,_zwj?Jr---—i—clef’ , j=01,...,.n—-1

2ir)i
where w; = exp (ﬂ) are the n-th roots of unity and i is the
n

imaginary unit.
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Cayley-Hamilton Form: General 3 by 3 Circulant Matrix

Consider the following Circular Markov Chain:

b ¢ a
P=1|a b c

c a b
P is a 3 x 3 circulant matrix. >\2=—§+b—§+i(%—%)
a,c>0,b>0, a+b+c=1 =1
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Example 4A

Consider the following Circular Markov Chain:

1/6

5§ 3 3 Eigenvalues given by Davis [8]
p—|1 1 1
i3 1Ty 2T T
P is a 3 x 3 circulant matrix .
=1
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Pk = ALY + A)s + Ao

Using Dave's Python program, we have :

™M
o o
I

o T
—o —l©o
! 1

™M +

x

=N = o

=l —Hlo N

O =N M
e — |

1
M o A

M —Hon Ao

e = Ao

™M

—|©O —|©
! 1
e o
L o |
O 1__6
'
To Go
e i
o —jlo
! 1
1 1

41/41

January 7, 2021
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Proposition: Consider the 4x4 stochastic matrix P below where a, b, ¢ are fixed
probabilities with 0 < a+b+c¢ < 1 then:

b+c+aq
c+aqi

qi
qi

atq—aq1 —Cc+q3—Qq2

b+g—qi a—c+qz—q

ct+q—q1 b—ct+g—q
q2—q1 qs—q2

l—a—b—qs
l—a—b—qs
1-b—qs
1-gs

has the same set of eigenvalues for different probabilities g1, g2, g3 satisfying

g<q@<qg<l-a-bandc<qg—q.

The eigenvalues are {1, b, b++/2ac, b—+/2ac}. The Eigenvalues of the following

matrices are: {1,0.3,0.5,0.1}.

(SR RN NN

1
3
2
0

0
1
3
2

o w NN

NN N

1
3
2
0
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Non Birth-death Chain with Known Eigenvalues
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Dual of the Birth-Death Chain with Catastrophes

1 0 0 O 0

p r g 0 c 0< p,g,c <1
P*=| o p r gq c pt+g+r+c=1

0 0 p r g+c 0<r«1

0 0 0 1
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Conclusions

@ The Cayley-Hamilton Recurrence method has been programmed in
Python to calculate transition probabilities and transition probability
functions in various cases.

e With Vandermonde matrix, the inverse problem can be solved.
o Constant matrices need to be computed only once for a given system.

@ For circulant, birth-death matrices exact expressions for P* are in
terms of complex numbers. Results scale up for large n.

e The probability of going from i to j in n-steps without going around
the circle is calculated.

@ Eigenvalue results can be generalized to a family of non birth-death
Markov chains.
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Sub Birth-Death Chain |

by by by by by

by by

a b & 0 e e .0 0 O d=aic=ac
at+tbh+co=1
+bi+a=1

0<a,a,ca,a<l
o 0 . .. . .00 O

His even |

0 ai b2 C2

0 0 0 0 a» b1
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Eigenvalues of P

Suppose P satisfies the preceding conditions.
Case 1 The eigenvalues of Ay of P are:

(A) H=2m where H e N

. — 2 2 2
L
_ — 2 2 2
M =< (b1 + b2) + /(b1 2b2) + 16d< cos 0"7 k=m,....2m—11
b17 k=H
%7 k:O,l,...,m—l
H—_i_z’ :m’m—{—l,...,Zm—l

v
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Eigenvalues of P

(B) H=2m—1where me N

_ NV 2 el
(bl -|—b2) \/(bl 2b2) + 16d“ cos Qk, K — 0" — 1
) (b b1 — by)? + 16d2 cos2 f
(1+b2)+\/(1 22)+ 6d* cos k’ k=m. ... .H
%, —0,1,...,m—1
where 0, = (k++1—m)7r
-~ k= 1,....H
H+2 b m7m+7 )
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n Nguyen's Thesis

o r mn r3 ry TH-2 TH-1 T
A S
q1 q2 q3 q4 qs qH-2 qH-1 qu

=
-~
Po p1 P2 p3 P4 PH-2  PH-1

(n)

Duality Theorem If P(” and P; “0) are the n-step transient probabilities of the birth-

death chains corresponding to Figure 3 and 4 respectively, then

H
P = YR R and 7):5[’)(” A (1.6)

for n > 0 and for all states r,s = 0,1,2,3, ..., H with the convention PE'?J{ =0ifk>—1.
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Concluding Remarks

© The preceding ballot box example can be generalized to

b b b b b
7 ™
.
c c c c c c

where a, b, ¢ are probabilities such that a+ b+ c=1

with answers:
Gl5,2 = 605\8 =+ Elj\i + 525\3 + 535\% + 545\2

= E(@)S N \/j

(—v/3ac)®

V3 V3
o = vac, = —y/ac, X = v 3ac, \3 = — 3ac, X =
& =0, & =0, 52:%, 5 = -V & =0
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Concluding Remarks

™
Ao = b+ 2v/ac cos (7) 3cha+4chy +6cho — (2)(c — ac — ¢*) + Tcy/ac

Vac(Ths + 14X, 4+ 210 — 42(1 — a — ¢) + 28+/ac)

) =

A1 = b — 2v/ac cos (;)

= -

2w

A2 = b+ 2+v/accos 2 6¢cho +4chy — fc)\o (c—ac—c2)—7c\/ac

Vac(— 21A2—14A4+7A0+28(1—a—c)+28\ﬁ)

Q=

21

A3 = b — 2+/ac cos -

As = b+2/accos | — Vac(—21h + 7ha + 14X — 28,/ac)

3w

As = b — 2+/ac cos -

( )
(7) -
(377) —6c/\4—|— 2cha +4cho + 3(c —ac — ¢®) — Tey/ac
(7)
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Concluding Remarks

Rewriting the following expression from slide 26, we get:

6t = Y2 (V3ac) - (- Vaacy

And calculating Ai2 with the values given on the previous slide gives:
Afz = oA + aA] + A3+ A3 + ) + A2, So again,

G>, %(\/3%)5 — %(—\/3ac)5

1,2

A5, A+ a4 oA+ aA] + a)l + Al
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Concluding Remarks

@ The Cayley-Hamilton Linear Recurrence Eigenvalue approach can be
used to solve the generalized ballot box problem for the model given in
remark 1, for any natural number n since the formulas for eigenvalues
scale up. In fact, eigenvalues are know for alternating diagram state.

by by by by by
a an a a» ai az
—~ ™=
V\_/
c1 (&) (&} @ (o] (o]
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Concluding Remarks

© An advantage of the Cayley-Hamilton Linear Recurrence Eigenvalue

approach is that it solves related problems.

G,

=~ ~ 0.75 is
A,

the probability of going from i =1 to j = 2 in 9-steps and never
leaving the strip 0 to 4, assuming we are restricted to the -1 to 4

For example, suppose n = 9, then in Example 1

strip.
G9

And suppose n = 9, then in Example 2 ﬁ ~ 0.8 is the
1,2

probability of going from i = 1 to j = 2 in 9-steps and never leav-
ing the strip 0 to 4, assuming we are restricted to the -1 to 4 strip.

This is no longer the ballot box problem because the strip would need
to be adjusted.

@ The eigenvalue approach is promising for families of matrices having
distinct, known, eigenvalues whose expressions scale up e.g. circulant

matrices.
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