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Quantum error correction with biased-noise qubits can drastically reduce the hardware overhead for
universal and fault-tolerant quantum computation. Cat qubits are a promising realization of biased-noise
qubits as they feature an exponential error bias inherited from their nonlocal encoding in the phase space
of a quantum harmonic oscillator. To confine the state of an oscillator to the cat-qubit manifold, two main
approaches have been considered so far: a Kerr-based Hamiltonian confinement with high gate perfor-
mances, and a dissipative confinement with robust protection against a broad range of noise mechanisms.
We introduce a new combined dissipative and Hamiltonian confinement scheme based on two-photon
dissipation together with a two-photon exchange (TPE) Hamiltonian. The TPE Hamiltonian is similar to
Kerr nonlinearity, but unlike the Kerr it induces only a bounded distinction between even- and odd-photon
eigenstates, a highly beneficial feature for protecting the cat qubits with dissipative mechanisms. Using this
combined confinement scheme, we demonstrate fast and bias-preserving gates with drastically improved
performance compared to dissipative or Hamiltonian schemes. In addition, this combined scheme can be
implemented experimentally with only minor modifications of existing dissipative cat-qubit experiments.

DOI: 10.1103/PRXQuantum.3.020339

I. INTRODUCTION

Superconducting qubits are promising candidates for
realizing the first practical quantum computer. From the
first Cooper-pair box [1] to the acclaimed transmon [2],
and more recently with qubits such as the fluxonium [3]
or the 0-π qubit [4], superconducting circuits have been
steadily improving over the last 20 years. Nevertheless,
there are still orders of magnitude in error mitigation until
the first fault-tolerant computers can be attained. Using
quantum error correction (QEC), it is possible to engineer
high-quality logical qubits by delocalizing quantum infor-
mation in arrays of lower-quality physical qubits, provided
that the latter feature low enough error rates to reach fault-
tolerance thresholds [5–7]. Engineering physical qubits
with low error rates, both when idling and during quantum
gates, is thus an essential task that needs to be overcome if
we hope to reach fault tolerance.

Recently, error-biased qubits have been actively inves-
tigated for their promise of hardware-efficient and
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fault-tolerant universal quantum computation [8–14]. In
particular, the bosonic cat-qubit encoding [15] is showing
potential thanks to its exponential error bias [16] inher-
ited from a nonlocal encoding in the phase space of a
harmonic oscillator. In the context of QEC, such a qubit
with exponential error bias can drastically reduce hardware
overheads by encoding information in elongated surface
codes [17], in XZZX surface codes [18], or more sim-
ply in one-dimensional repetition codes [19,20]. The latter
situation can be viewed as an effective Bacon-Shor-type
concatenated code [21,22], but where the cat qubit con-
denses the inner code into a single physical element, with
inner-code distance corresponding to the harmonic oscil-
lator mean number of photons. The inner-code correction
circuit, in this viewpoint, must be replaced by a mechanism
confining the state of the quantum harmonic oscillator to
the two-dimensional manifold hosting the cat qubit.

In recent years, two approaches have been proposed in
order to achieve this confinement. The first approach is
based on engineered two-photon dissipation, which attracts
any initial state towards the cat-qubit manifold [15,16,23].
The second approach is a Hamiltonian confinement based
on two-photon driving and Kerr nonlinearity [24,25]. The
manifold associated to the cat-qubit states corresponds to a
degenerate eigenspace of the engineered Hamiltonian sep-
arated from the rest of the spectrum with a gap proportional
to the strength of the Kerr nonlinearity.
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The first confinement approach benefits from the advan-
tage that the states in the cat-qubit manifold correspond
to the only steady states of the dissipative mechanism,
which therefore counteracts any potential leakage outside
the codespace. Thus any undesired perturbation to the ideal
dynamics, such as the usual decoherence effects, lead only
to bit-flip and/or phase-flip errors in the codespace. Fur-
thermore, as discussed in Ref. [26] and experimentally
demonstrated in Ref. [16], the associated bit-flip errors are
exponentially suppressed with the oscillator mean num-
ber of photons. This bit-flip suppression can replace the
inner code of a Bacon-Shor-type concatenated code, as
mentioned above, paving the way towards a hardware-
efficient scaling for fault tolerance [17,19,20]. The main
inconvenience of this approach is currently the limited per-
formance of the logical gates. As detailed in Ref. [15,19],
various bias-preserving gates such as single-qubit rota-
tions Zθ , two-qubit CNOT, and three-qubit CCNOT gates can
be performed through adiabatic processes. More impor-
tantly, the bit-flip errors remain exponentially suppressed
throughout these processes [17,19,27]. However, these
processes do lead to significant phase-flip errors, caus-
ing an additional burden for their suppression through
a repetition code. In practice, this leads to challenging
requirements for the ratio between the engineered two-
photon dissipation rate and the undesired relaxation and
decoherence rates to reach the fault-tolerance threshold of
the outer repetition code.

On the other hand, in the Kerr-based confinement
approach, gate performance can be improved through the
application of superadiabatic pulse designs [28], which
take advantage of the purely Hamiltonian evolution to sup-
press gate-induced leakage out of the codespace. However,
in the absence of dissipative stabilization of the cat-qubit
manifold, leakage induced by perturbations different from
quasi-static Hamiltonians such as thermal excitation or
photon dephasing, is not countered. As shown in Ref. [29]
and further argued in this paper, this leakage can in turn
lead to significant bit-flip errors that suppress the noise bias
and therefore block the way towards hardware-efficient
fault tolerance. Recently, the authors of Ref. [29] have pro-
posed a promising approach to remedy this problem and to
ensure the suppression of bit flips. This approach consists
in the addition of a colored relaxation to compensate for the
leakage out of the cat manifold. Through this addition, the
bit-flip suppression would be re-established for the Kerr
cat, but to reach the same level of performance as in the
case of the two-photon dissipation, one would need a care-
ful hardware engineering of the bath beyond the Purcell
filters that are routinely used in superconducting devices.

It is tempting to think that by combining the two mech-
anisms of two-photon dissipation and Kerr Hamiltonian
confinement, we might benefit from the best of both
worlds. This idea is valid but it comes with some impor-
tant limitations. First, the realization of the bias-preserving

operations would require the combination of the engi-
neered Hamiltonians and dissipators as laid out in Refs.
[19] and [30]. This is a daunting experimental task,
which could lead to unanticipated roadblocks. Second, as
becomes clear in the analysis of this paper, in order to re-
establish a similar level of bit-flip suppression to the purely
dissipative mechanism, the Kerr strength cannot surpass
the two-photon decay rate. This significantly reduces the
interest of the Kerr confinement in performing fast and
high-fidelity gates.

To overcome this difficulty, a main contribution of the
present paper is to introduce an alternative cat-qubit con-
finement Hamiltonian that does not suffer from the limita-
tions of the Kerr confinement, and which can be combined
with a dissipative protection mechanism. Note that while
this paper focuses on bosonic cat qubits, the idea is rather
general. Indeed, the protection of quantum information
generally relies on either a Hamiltonian gap, where the
information is encoded in a degenerate eigenspace of an
engineered Hamiltonian, or a dissipative mechanism, usu-
ally based on reservoir engineering or feedback control.
Our paper shows that the combination of these two tech-
niques is not straightforward. More precisely, for such
combinations one cannot simply rely on the energy gap
but it is also needed to carefully engineer the spectrum
of excited energy levels. We therefore hope that similar
methods could be replicated on other quantum-information
devices.

The purpose of the present paper is thus to propose
a highly efficient scheme for combined Hamiltonian and
dissipative cat-qubit confinement, and to analyze its per-
formance compared to other schemes. Section II first
investigates the exponential suppression of bit-flip errors
for two existing confinement schemes: two-photon dissi-
pation and Kerr confinement. While the former features
a reliable exponential error bias, the latter is susceptible
to both thermal and dephasing noise, which cause leakage
out of the cat-qubit codespace and in turn considerable bit-
flip errors. To address this difficulty, the combined Kerr
and two-photon dissipation confinement is studied. The
Kerr spectrum, beyond the degenerate ground states span-
ning the cat qubit, features diverging energy-level spacing
between consecutive eigenstates. We show how this limits
the advantages of this combined confinement.

Section III introduces the two-photon exchange (TPE)
Hamiltonian, a nonlinear coupling between a resonator
and a two-level buffer system. The TPE Hamiltonian pro-
vides a similar confinement to the Kerr Hamiltonian, but its
spectrum features uniformly bounded energy-level spac-
ing between consecutive eigenstates. This essential feature
enables an efficient combination with two-photon dissi-
pation for protecting the cat-qubit manifold from noise-
induced leakage. In addition, such a combined TPE and
two-photon dissipation scheme is readily implementable
experimentally with only minor modifications of the setup
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implemented in Ref. [16]. A quantitative analysis further
yields working points for the ratio of Hamiltonian to dissi-
pative rates, both for Kerr and TPE combined confinement
schemes, to retain a desired exponential suppression of
bit-flip errors.

In Sec. IV, the performance of a single-qubit Z gate
for the combined TPE confinement is evaluated at the
identified working point and compared with existing bias-
preserving schemes. Using the combined TPE scheme,
gate times can be drastically reduced and gate fidelities
improved by a factor of up to 400 compared to fully
dissipative gate implementations, and so without compro-
mising bit-flip errors. Indeed, the combined confinement
scheme maintains the protection against broadband noise
both when idling and during gates unlike fully Hamiltonian
schemes. In Sec. V, the performance of two-qubit CNOT
gates is investigated. Similarly, important improvements
in gate speeds and gate fidelities are shown compared to
existing bias-preserving schemes. Here, the CNOT design
that we study finds its roots in Ref. [31] and benefits from
a simpler implementation than Refs. [19] and [30].

Finally, Sec. VI presents a proposal for the experimental
realization of a combined TPE and two-photon dissipation
confinement scheme. This proposal is based on the dissipa-
tive cat-qubit implementation of Ref. [16] and makes use
of a so-called ATS, an asymmetrically threaded supercon-
ducting quantum interference device (SQUID). We also
investigate the influence of various experimental imperfec-
tions on the scheme’s performance. Overall, the combined
TPE and dissipative scheme offers the same noise protec-
tion as with purely dissipative schemes, but with important
improvements in cat-qubit gate speeds as well as additional
protection from spurious Hamiltonians with only minimal
hardware overhead.

II. CAT CONFINEMENT AND BIT-FLIP
SUPPRESSION

Cat qubits are error-biased qubits encoded in quan-
tum harmonic oscillators as the two-dimensional sub-
space spanned by two-component Schrödinger cat states
[15,32,33]. The cat-qubit logical basis is defined as

|0L〉 = 1√
2

(|C+
α 〉 + |C−

α 〉) = |α〉 + O(e−2|α|2),

|1L〉 = 1√
2

(|C+
α 〉 − |C−

α 〉) = |−α〉 + O(e−2|α|2),
(1)

where |C±
α 〉 = (|α〉 ± |−α〉)/N± are the even and odd par-

ity cat states, and N± normalization constants. A typical
Bloch-sphere representation of a cat qubit is shown in Fig.
1(a). The error bias of cat qubits is inherited from their non-
local encoding in phase space. It is shown that their typical
bit-flip error rate is exponentially suppressed in the cat-
qubit mean number of photons, with only a linear increase

in phase error rates [16,26]. We refer to Appendices A
and B for further details on the cat-qubit definition and the
estimation of bit-flip and phase-flip error rates.

Let us consider a quantum harmonic oscillator under
some cat-qubit confinement scheme and typical decoher-
ence effects. The master equation governing the evolution
of the oscillator is given by

dρ̂

dt
= gLconfρ̂ + κ−D[â]ρ̂ + κ+D[â†]ρ̂ + κφD[â†â]ρ̂.

(2)

Here D[L̂]ρ̂ = L̂ρ̂L̂† − {L̂†L̂, ρ̂}/2 is the dissipation super-
operator associated to channel L̂, applied with pure
dephasing rate κφ , single-photon relaxation and excita-
tion rates κ− = κ1(1 + nth) and κ+ = κ1nth, with nth the
average number of thermal photons. The superoperator
Lconf denotes a confinement scheme, i.e., a superoperator
with a two-dimensional steady-state manifold equal to the
cat-qubit codespace.

For dissipative cat qubits, the confinement scheme takes
the form of a two-photon driven dissipation Lconf = D[L̂2]
with L̂2 = â2 − α2 and where the bare confinement rate is
the two-photon dissipation rate g ≡ κ2 [15]. This confine-
ment scheme is also an asymptotic stabilization scheme
in the sense of dynamical systems theory, meaning that
any initial state will asymptotically converge to the cat-
qubit manifold. The stabilization is furthermore exponen-
tial since any initial state in a close neighborhood of the
cat-qubit manifold will converge exponentially fast to a
steady state in this manifold. In the limit κ2 � κ1, the typ-
ical time scale of this convergence is given by a rescaled
confinement rate κconf = 4|α|2κ2 [34].

For Kerr cat qubits, the confinement scheme is
instead an energy-conserving superoperator Lconf =
i[ĤKerr, ·] where the Kerr Hamiltonian reads ĤKerr =
(â†2 − α∗2)(â2 − α2) and with confinement rate given by
the Kerr nonlinearity g ≡ K [24]. This Hamiltonian fea-
tures an exactly degenerate ground eigenspace given by
the cat-qubit manifold, which is gapped from other eigen-
states with an energy approximately given by 4|α|2K in
the limit of large α, as shown in Fig. 1(a). This energy
gap protects the qubit from spurious weak and slowly vary-
ing Hamiltonian perturbations, as the perturbed eigenspace
will remain very close to the cat-qubit manifold. However,
when the state leaks out, no process ensures its asymptotic
convergence back to the cat-qubit manifold, and we there-
fore favor the terminology of “confinement” rather than
“stabilization.” The excited eigenstates of the Kerr Hamil-
tonian can be separated into two branches of even and odd
photon-number parities, which asymptotically converge
towards |C+

α 〉 and |C−
α 〉, respectively, under two-photon dis-

sipation. Since modifying the phase between even and odd
cat states corresponds to bit flips, we would ideally want
these two excited branches to be degenerate like the cat
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(a) (b) (c)

(g
)

FIG. 1. (a) Bloch-sphere representation of a cat qubit. (b) Energy spectrum of the Kerr Hamiltonian separated in two branches of
even and odd parity eigenstates. The ground eigenspace is the cat-qubit manifold (codespace), gapped from excited eigenstates by an
energy |e±

1 − e0| ≈ 4|α|2K . Leakage out of the codespace at rate κl = κ1nth + |α|2κφ readily brings the system towards a superposition
of all excited states |φ±

n 〉, where even and odd excited eigenstates dephase at rate δn = |e−
n − e+

n |. (c) Bit-flip error rate of an idle cat
qubit confined with a Kerr Hamiltonian (gray, g ≡ K) or with two-photon dissipation (green, g ≡ κ2), in units of g. The cat qubit
is subject to single-photon loss with rate κ1 = 10−3g (crosses, solid lines), with additional thermal noise κ1nth = 10−5g (diamonds,
dashed lines) or pure dephasing κφ = 10−5g (circles, dotted lines). Markers indicate numerical data, lines indicate analytical fits.

states. However, the Kerr Hamiltonian excited eigenstates
are all nondegenerate, with energy-level spacing between
consecutive energy levels increasing with the excitation
number, as shown on Fig. 1(b). Although each spacing can
be suppressed exponentially with the mean number of pho-
tons |α|2, this suppression only kicks in at |α|2 � 4n for the
nth pair of excited states [24,29]. As discussed in Ref. [29]
and further argued in this paper, this fact has major con-
sequences on the effective bit-flip suppression for such a
confinement.

In Fig. 1(c), the bit-flip error rates of idling dissipative
cat qubits and idling Kerr cat qubits are presented in the
presence of various noise processes. While markers show
simulation data at large idling times, lines show analytical
predictions as detailed in Appendix B. For κφ = nth = 0,
both schemes feature an exponential bit-flip error suppres-
sion, proportional to κ1|α|2 exp(−4|α|2). In the presence of
thermal or dephasing noise, dissipative cat qubits retain an
exponential error bias with exponential suppression pro-
portional to κl exp(−2|α|2) where κl = κ1nth + |α|2κφ is
the leakage rate out of the cat-qubit manifold. Kerr cat
qubits on the other hand feature an approximately constant
bit-flip error rate given by the leakage rate κl. The predic-
tions fit simulation data very closely, and we now detail the
physical process of Kerr-induced bit-flip errors behind the
models used here.

The process is the following. Thermal and dephas-
ing noise induce leakage out of the codespace at a rate
denoted by κl, which is a priori small compared to the
Kerr nonlinearity, κl � K . This leakage is slow but, in the
absence of any mechanism attracting it back to the cat-
qubit manifold, over a time t it deforms a state initially
in the cat-qubit manifold into a new state that is about κlt
removed from the steady-state manifold. This new state

has a finite overlap with all excited eigenstates of the Kerr
Hamiltonian (denoted as |φ±

n 〉), which form an orthogonal
basis of the Hilbert space. Let us consider the nth pair of
Kerr eigenstates. These two eigenstates dephase at a rate
given by their energy-level spacing δn = e−

n − e+
n . Since

they are by definition eigenstates of even and odd parities,
some dephasing of phase angle π will result in an effec-
tive bit-flip error. With respect to the above discussion,
single-photon loss is in fact a confinement mechanism
attracting the leaked state back to the cat-qubit manifold
at the rate κ1. However, as κ1 � K , the system will poten-
tially undergo bit-flip errors before this reconvergence to
the codespace. In Appendix B, this model is detailed and,
over a time t short compared to rate of leakage, κlt � 1,
and short compared to the rate of reconvergence, κ1t � 1,
it yields the following bit-flip error probability:

pX (t) = κlt
∑

n>0

λn

[
1 − sin(δnt)

δnt

]
. (3)

Here λn = ∑
± | 〈φ±

n |α, 1〉 |2/2 where |α, 1〉 is the first dis-
placed Fock state D̂(α) |n̂ = 1〉, i.e., the state obtained at
first order under thermal excitation or photon dephasing
when starting at |α〉 in the cat-qubit codespace. In this
sense, κlλn represents the rate at which each pair of Kerr
excited eigenstates is populated by codespace leakage. In
addition, the right-hand-side bracket of Eq. (3) represents
how the dephasing of the even and odd parity eigen-
states, accumulated over time t before getting back to the
codespace, translates to bit-flip errors. This bracket van-
ishes for small time or energy-level spacing δnt � 1 and
equals 1 for large time or energy-level spacing δnt � 1, as
expected.
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FIG. 2. (a) Energy-level spacing between even and odd par-
ity eigenstates of the Kerr Hamiltonian δn = |e−

n − e+
n | in units

of K . Dashed lines represent the threshold δn = κconf at differ-
ent values of K/κ2. Only eigenstates below this threshold benefit
from the additional two-photon dissipation scheme, meaning that
δn/κconf � 1 in Eq. (4). (b) Relative overlap between the nth pair
of excited Kerr eigenstates and a cat-qubit state deformed by
thermal or dephasing noise (cf. Appendix B). Dashed lines rep-
resent the threshold κlλn = κl exp(−c|α|2), which one may want
to impose with certain values of c in order to achieve exponential
suppression of bit-flip errors. All eigenstates above the threshold
are susceptible to contribute to a bit-flip rate larger than the target
rate via Eq. (4). (c) Individual terms of the sum of Eq. (3) with
respect to time. The solid black line represents the sum of all
terms. The dashed black line represents pX (t)/κlt extracted from
a numerical simulation of Kerr confinement with single-photon
loss κ1 = 10−3K and thermal noise nth = 10−2.

With this we can put some numbers on bit-flip error
probabilities under Kerr confinement by looking at Fig.
2 in which (a) and (b) show, respectively, δn and λn with
respect to |α|2 for the first pairs of Kerr eigenstates, while
(c) shows each term of Eq. (3) with respect to time for
|α|2 = 4, 8, and 12. Discard the black dashed lines on
(a) and (b) for the moment. Together, these figures show
how the various eigenstates contribute to bit-flip errors via
Eq. (3) for each mean number of photons and each time.
Note thus that according to Fig. 2(b), a distribution over
all Kerr eigenstates is induced by a single thermal pho-
ton or dephasing perturbation. In turn, the associated δn
increases with n and features two regimes as a function of
α (constant, then exponentially suppressed) as shown on
Fig. 2(a); a log-scale version of the latter is also shown in
the Appendix for better readability. The overall bit-flip rate
results from the combination of these two effects.

For instance, at |α|2 = 12 and considering a typical time
t ∼ 10/K , Fig. 2(c) shows that the n = 3 pair of excited

Kerr eigenstates contributes the most to the sum of Eq.
(3). Indeed, we find that δ3t ≈ 5.2, thus contributing to
a bit-flip error dominated by κltλ3 with λ3 ≈ 1.7 × 10−3.
In comparison, the dissipative cat-qubit error probability
is also proportional to κlt but with an exponential prefac-
tor exp(−2|α|2) ≈ 4 × 10−11. Terms with lower n indices
contribute less to Kerr-induced bit-flip errors because the
δn are well inside the exponentially suppressed regime,
e.g., for the second pair of excited states, 1 − sinc(δ2t) ≈
2.5 × 10−4. On the other hand, terms with larger n indices
contribute with 1 − sinc(δnt) ≈ 1 even at shorter time
scales, but with smaller effect since λn decreases expo-
nentially with n [29]. The study of Ref. [29] shows that
at very large values of |α|2 (well above the average pho-
ton numbers considered here) one can hope to retrieve
an approximate exponential suppression given by pX ∝
exp(−0.94|α|2), which is still less significant than the pref-
actor exp(−2|α|2) achieved for dissipative cat qubits and
with all values of |α|2. Note furthermore that, working
at very large values of |α|2 induces significant phase-
flip errors and can lead to several other unanticipated
difficulties [17].

In order to better protect a Kerr cat qubit against thermal
and dephasing noise while still benefiting from its excel-
lent performance for gate engineering [28], it is interesting
to consider combining it with a dissipative confinement
scheme. In this paper, we only consider using a two-photon
dissipation scheme, but our conclusions hold also for other
schemes such as the colored dissipation introduced in
Ref. [29].

In order to recover the exponential suppression of bit-
flip errors, the dissipative stabilization rate should be larger
than any significant Kerr-induced dephasing between odd
and even photon-number subspaces. If this is verified, then
leakage out of the cat-qubit manifold will reconverge faster
towards its initial state thanks to dissipation than it will
dephase towards the other side of phase space due to Kerr
effects. To make this argument clearer, let us assume a tar-
get exponential suppression of bit flips given by 
bit flip ∝
exp(−|α|2). Then all eigenstates with λn above the cor-
responding dashed line on Fig. 2(b) could contribute to
more bit-flip errors than the targeted exponential. To avoid
these contributions, those eigenstates should dephase at
a rate δn smaller than the dissipative confinement rate
used to reconverge the state. For instance, at |α|2 = 12,
the n ≤ 5 eigenstates are above the line exp(−|α|2), and
their largest degeneracy is δ5 ≈ 20K . Therefore, the dis-
sipative confinement rate should be κconf = 4|α|2κ2 �
20K , or equivalently, κ2 � 0.42K . This reasoning holds
for any value of α and any target exponential rate. One
should however bear in mind that two-photon dissipation
will induce bit-flip errors proportional to κl exp(−2|α|2)
on its own, such that lower error targets cannot be
achieved. This explains how to set a lower bound on the
ratio κ2/K .
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Conversely, we may start with an upper bound on
κ2/K , e.g., from the motivation of sufficiently maintaining
the advantages of Kerr Hamiltonian confinement towards
implementing gates. Consider for instance that we limit
ourselves to κ2 ≤ 0.1K . Then Kerr-induced dephasing will
be avoided only for the eigenstates below the dashed
line K/κ2 = 10 on Fig. 2(a). At |α|2 = 12, these states
read n ≤ 3. Eigenstates with n > 3 will each contribute
to bit-flip errors with a rate κlλn. Figure 2(b) indicates
that λ4 ≈ 2 × 10−4, so we have to expect a bit-flip rate

bit flip � 2 × 10−4κl.

Figure 3 shows the actual bit-flip rate when combin-
ing Kerr and dissipative confinement schemes. In these
simulations, the cat qubit is idling and the amplitude of
the Kerr Hamiltonian is varied. The resonator is subject
to single-photon loss at rate κ1 = 10−3κ2 with either ther-
mal excitations at rate κ1nth = 10−5κ2 (diamonds) or pure
dephasing at rate κφ = 10−5κ2 (circles). The noise rates
considered here and in the rest of this work are within
one order of magnitude of already achieved noise rates,
both for Kerr [25] and dissipative cat qubits [27], and are
expected to be in a feasible range for the next generation of
cat-qubit experiments. In this figure, each plot shows a dif-
ferent number of photons |α|2 = 4, 6, 8. In the K/κ2 � 1
regime, the dissipative cat-qubit regime is retrieved with a
clear exponential suppression at rate exp(−2|α|2). In the
opposite regime of K/κ2 � 1, the Kerr cat-qubit regime is
retrieved. Between these two regimes, a smooth transition
occurs. The analytical predictions represented with dashed
and dotted lines in this figure follow directly from Eq. (3)
evaluated at the Kerr excited-level characteristic lifetime
t = 1/κconf, giving


bit flip = κ1|α|2 exp
(−4|α|2)

+ κl exp
(−2|α|2)

+ κl

∑

n>0

λn

[
1 − sin(δn/κconf)

δn/κconf

]
. (4)

The first two terms are the contribution of two-photon
dissipation, whose induced bit-flip errors are exponen-
tially suppressed in |α|2, while the third term is inherited
from the trade-off between Kerr dephasing and dissipative
confinement.

The purely dissipative stabilization scheme is ideal for
an idling qubit under Markovian noise, as shown here,
but Hamiltonian confinement will show its benefits as we
add gates or small Hamiltonian perturbations. From this
perspective, an ideal working point for the combined con-
finement scheme would be the largest value of K for which
the dissipative exponential suppression remains intact. For
the |α|2 values shown here and as further argued in the fol-
lowing section, this corresponds approximately to K/κ2 =
0.3. Unfortunately, at this working point the Kerr nonlin-
earity turns out to be too small to provide any practical

( ) ( )

(
)

( )

FIG. 3. Bit-flip error rate of an idle cat qubit confined by a
combined Kerr and two-photon dissipation for increasing cat
sizes. Both axes are graduated in units of κ2. The cat qubit is
subject to single-photon loss of amplitude κ1 = 10−3κ2, with
additional thermal excitation κ1nth = 10−5κ2 (diamonds, dashed
lines) or pure dephasing κφ = 10−5κ2 (circles, dotted lines). At
low enough K , the exponential bit-flip suppression is restored.
Markers indicate numerical simulation data, lines represent Eq.
(4).

advantage over a purely dissipative scheme. As we try to
explain, the deterioration of bit-flip protection for larger
K values is partly inherited from the increasing energy-
level spacing δn between even and odd photon-number
eigenstates of the Kerr Hamiltonian. Indeed, to avoid bit
flips, the dissipative stabilization scheme has to counter the
increasing dephasing rates associated to δn, for any eigen-
state n having significant overlap with a slightly deformed
or displaced cat state.

In the following section, we introduce a new cat-qubit
confinement Hamiltonian that is Kerr-like, but that fea-
tures bounded energy-level spacing between even and odd
photon-number eigenstates. We observe that this new con-
finement scheme is indeed much more compatible with
a dissipative stabilization. It is furthermore very similar
in experimental implementation to two-photon dissipa-
tion, thus opening the door to a natural combination of
Hamiltonian and dissipative cat qubit confinement.

III. TWO-PHOTON EXCHANGE HAMILTONIAN
CONFINEMENT

Two-photon dissipation can be engineered by coupling
the cat-qubit resonator with a two-photon exchange Hamil-
tonian g2(â2b̂† + h.c.) to a low-Q buffer mode, that is a res-
onator b̂ undergoing strong single-photon loss [15,16,23].
When single-photon relaxation κb of the buffer mode is
large compared to the two-photon exchange rate, the buffer
mode can be adiabatically eliminated thus resulting in
two-photon dissipation κ2D[â2] on the cat-qubit mode,
with rate κ2 = 4g2

2/κb [15,35]. To engineer the additional
−α2 term of the two-photon dissipator L̂2, one can drive
the buffer mode at its resonance leading effectively to a
two-photon drive on the cat-qubit mode.
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Instead of coupling the cat-qubit resonator to a low-Q
buffer mode, it is interesting to consider what would hap-
pen using a high-Q and highly anharmonic buffer mode.
Considering only the two lowest energy levels of the buffer
mode, the TPE Hamiltonian resulting from such a setup
reads

ĤTPE = (â2 − α2)σ̂++h.c., (5)

where σ̂± are the lowering and raising operators of the
two-level buffer system. The TPE Hamiltonian features an
exactly degenerate zero-energy eigenspace given by the
cat-qubit codespace with the buffer in its ground state,
span{|�+

0 〉 = |C+
α 〉 |g〉 , |�−

0 〉 = |C−
α 〉 |g〉}. It also preserves

the photon-number parity in the cat-qubit resonator, such
that its eigenspectrum can be separated in two branches
of even and odd parities. Solving the eigenvalue equation
ĤTPE |�±

n 〉 = E±
n |�±

n 〉, the other eigenstates of the TPE
Hamiltonian are found to be

|�±
n 〉 = 1√

2

(|φ±
n 〉 |g〉 + |φ̃±

n 〉 |e〉) , E±
n =

√
e±

n ,

|�±
−n〉 = 1√

2

(|φ±
n 〉 |g〉 − |φ̃±

n 〉 |e〉) , E±
−n = −

√
e±

n ,
(6)

where {|φ±
n 〉}∞n=0 are excited eigenstates of the Kerr

Hamiltonian ĤKerr = (â†2 − α∗2)(â2 − α2) associated to
eigenvalues e±

n , thus ĤKerr |φ±
n 〉 = e±

n |φ±
n 〉. Furthermore,

{|φ̃±
n 〉}∞n=1 are eigenstates of the reversed Kerr Hamilto-

nian H̃Kerr = (â2 − α2)(â†2 − α∗2) such that H̃Kerr |φ̃±
n 〉 =

e±
n |φ̃±

n 〉, with the same eigenvalues. Eigenstates of these
two Hamiltonians are linked by the relation |φ̃±

n 〉 = (â2 −
α2) |φ±

n 〉 /
√

e±
n . The spectrum of the TPE Hamiltonian,

depicted on Fig. 4(a) for |α|2 = 8, is thus closely related
to the Kerr spectrum through Eq. (6).

First and foremost, the TPE Hamiltonian thus inher-
its an energy gap of approximately 2|α| between the cat
space and the rest of the spectrum. As such, it can thus be
used for Hamiltonian cat confinement. In the notations of
Eq. (2), the TPE confinement superoperator reads Lconf =
−i[ĤTPE, ·] with confinement rate g := g2. While in our
analysis and simulations we consider the buffer mode to be
a two-level system, in practice, it can be realized using a
sufficiently anharmonic mode. As shown in Sec. VI, this
anharmonicity should be large enough compared to the
TPE Hamiltonian gap to avoid the appearance of spurious
eigenstates inside the gap.

Second, like for the Kerr Hamiltonian, excited eigen-
states of even and odd photon-number parity have different
energies, with each spacing closing exponentially at suf-
ficiently large |α|. This contributes to bit-flip errors via
the same mechanism as the Kerr Hamiltonian, i.e., with
an expression similar to Eq. (3). However, unlike the Kerr
Hamiltonian, the associated energy gaps 
n =

√
e−

n −

(a) (b)

Two-photon
exchanger

Nonlinear
high-Q
buffer

Low-Q
buffer

Cat-qubit
resonator

Dissipative
stabilization

Hamiltonian
confinement

FIG. 4. (a) Energy spectrum of the TPE Hamiltonian separated
in two branches of even (left) and odd (right) parity eigenstates.
The zero-energy eigenspace is the cat-qubit manifold, gapped
from the rest of the spectrum by an energy |E±

1 − E0| ≈ 2|α|g2.
The spectrum is symmetric with respect to the zero-energy point.
(b) Schematic of a combined TPE and two-photon dissipation
confinement scheme. The cat-qubit resonator (blue) is coupled
to both a low-Q buffer mode (green) and an anharmonic high-Q
buffer mode (magenta) through an element that exchanges pairs
of photons of the cat-qubit mode with single photons from either
buffer mode.

√
e+

n for the TPE Hamiltonian remain uniformly bounded,
as shown on Fig. 5(a). This can be understood as a direct
consequence of the square root: denoting e±

n = ēn ± δn/2
and considering ēn � δn to expand the square root, we get

n ≈ δn/2

√
ēn; thus δn increasing more slowly than

√
ēn is

sufficient to keep 
n bounded. Figure 5(b) shows the asso-
ciated relative overlap between a cat-qubit state deformed
by leakage and the nth pair of TPE eigenstates.

The boundedness of 
n has major consequences when
considering the combination of Hamiltonian confinement
with two-photon dissipative confinement, allowing us to
fully benefit from the advantages of both schemes. Indeed,
consider the bit-flip rate estimation


bit flip = κ1|α|2 exp
(−4|α|2)

+ κl exp
(−2|α|2)

+ κl

∑

n�=0

�n

[
1 − sin(
n/κconf)


n/κconf

]
, (7)

which is the equivalent of Eq. (4) for TPE confinement.
Similarly, κl�n is the rate at which pairs of TPE eigen-
states are populated by codespace leakage, where �n =∑

± | 〈�±
n |α, 1〉 |2/2 = λn/2. Indeed, these overlaps are

exactly half of their Kerr equivalents but they are twice
as many due to the symmetry of the TPE energy spectrum
(see Appendix B).

Contrarily to the Kerr case, the last bracket can now be
made small uniformly for all n by taking κconf � g2. This
criterion recasts into g2/κ2 � 4|α|2. Concretely, whereas
we argue that an exponential suppression of bit-flip errors
at a rate exp(−|α|2) and for |α|2 = 12 requires κ2 �
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FIG. 5. (a) Energy-level spacing between even and odd par-
ity eigenstates of the TPE Hamiltonian 
n = E−

n − E+
n in units

of g2. Dashed lines represent the threshold 
n = κconf at differ-
ent values of g2/κ2. Only eigenstates below this threshold benefit
from the additional two-photon dissipation scheme, meaning that

n/κconf � 1 in Eq. (7). (b) Relative overlap between the nth
pair of excited TPE eigenstates and a cat-qubit state deformed
by thermal or dephasing noise-induced leakage (cf. Appendix
B). Dashed lines represent the threshold κl�n = κl exp(−c|α|2),
which one may want to impose with certain values of c in order to
achieve exponential suppression of bit-flip errors. All eigenstates
above the threshold are susceptible to contribute to a bit-flip rate
larger than the target rate via Eq. (7). (c) Individual terms of the
sum of Eq. (7) with respect to time. The solid black line rep-
resents the sum of all terms. The dashed black line represents
pX (t)/κlt extracted from a numerical simulation of TPE con-
finement with single-photon loss κ1 = 10−3g2 and thermal noise
nth = 10−2.

0.42K for a Kerr confinement, the same kind of compu-
tation leads to a requirement of κ2 � .014g2 in the case of
TPE confinement.

These arguments are validated by numerical simula-
tions. Figure 6 shows the bit-flip rate associated to the
combined TPE and two-photon dissipation confinement
schemes. Similarly to the combined Kerr scheme shown
in Fig. 3, the cat qubit is idling and the amplitude of the
TPE confinement is varied. The same noise parameters
and number of photons are used. The markers indicate
numerical simulation data, the analytical predictions repre-
sented with dashed and dotted lines correspond to Eq. (7),
which appear to match quite well. Qualitatively, the plots
resemble Fig. 3 of the Kerr Hamiltonian. For g2/κ2 � 1,
the purely dissipative cat-qubit regime is retrieved with a
clear exponential suppression at rate exp(−2|α|2). In the
opposite regime of g2/κ2 � 1, the TPE cat-qubit regime is
retrieved. Between these two regimes, a smooth transition

)(

)
(

)( )(

FIG. 6. Bit-flip error rate of an idle cat qubit confined by a
combined TPE Hamiltonian and two-photon dissipation scheme
for increasing cat sizes. Both axes are graduated in units of κ2.
The cat qubit is subject to single-photon loss of amplitude κ1 =
10−3κ2, with additional thermal excitations κ1nth = 10−5κ2 (dia-
monds, dashed lines) or pure dephasing κφ = 10−5κ2 (circles,
dotted lines). The exponential bit-flip suppression is restored at
low enough g2, an order of magnitude earlier than for the Kerr
Hamiltonian. Markers indicate numerical simulation data, lines
represent Eq. (7).

occurs. Quantitatively however, the transitions occur at
much larger g2/κ2 values, as the horizontal scale on Fig. 6
is shifted to the left by more than one order of magnitude.

Another way to look at the data is presented in Fig. 7.
The vertical axis represents the exponential suppression
factor γ such that 
bit flip ∝ exp(−γ |α|2), for an exponen-
tial fit over the range 2 ≤ |α|2 ≤ 12; see Appendix C for
details and plots about this fit. This exponential suppres-
sion factor is evaluated as a function of g2/κ2 and K/κ2,
respectively, for the TPE and Kerr Hamiltonian confine-
ments. Both cases are thus simulated in combination of
dissipative confinement, and with the same error chan-
nels as on the previous figures. For both combined Kerr
and combined TPE confinement, a smooth transition is
observed from the γ ≥ 2 regime (purely dissipative con-
finement) to the γ → 0 regime [bit flip of order κl induced
by strong Hamiltonian contribution in Eqs. (4) or (7)].
Working points, which maximize the Hamiltonian con-
finement without compromising the bit-flip protection, can
be identified just before this transition starts, respectively,
at g2/κ2 ≈ 10 and K/κ2 ≈ 0.3. As already discussed, the
Kerr Hamiltonian working point is significantly lower than
the TPE one due to the worse scaling of its energy-level
spacing.

Note that the Hamiltonian gaps of the Kerr and TPE
Hamiltonian scale as 4|α|2 and 2|α|, respectively. At the
working points computed here, this implies that the TPE
Hamiltonian gap is still 5 to 10 times larger than the
Kerr one for a mean number of photons 2 ≤ |α|2 ≤ 12.
This should enable us to truly benefit from the combina-
tion of both confinement strategies, namely retaining the
exponential bit-flip suppression induced by the dissipative
stabilization, with a TPE Hamiltonian strong enough to
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)(

FIG. 7. Exponential suppression factor of bit-flip errors γ ,
such that 
bit flip ∝ exp(−γ |α|2), for an idle cat qubit confined
with a combined dissipative and Hamiltonian scheme, for either
a TPE Hamiltonian (purple) or a Kerr Hamiltonian (gray), in
units of κ2. The γ value is computed from an exponential fit
over the range 2 ≤ |α|2 ≤ 12. The cat qubit is subject to single-
photon loss of amplitude κ1 = 10−3κ2, in addition with thermal
excitations κ1nth = 10−5κ2 (diamonds) or pure dephasing κφ =
10−5κ2 (circles). Dashed lines show the approximate boundary
of the γ ≥ 2 exponential suppression regime, at g2/κ2 = 10 and
K/κ2 = 0.3, respectively.

drastically improve the speed of quantum gates. Simula-
tions in the following sections further indicate that gate
performances put K and g2 on an equal footing instead
of the Hamiltonian gaps, thus further favoring the TPE
confinement scheme.

Before ending this section, we must say a few words
about the experimental implementation of the TPE con-
finement. The TPE Hamiltonian is also interesting in this
respect. Its similarity to the two-photon dissipation indi-
cates that they can be engineered simultaneously and
through simple modifications of the dissipative setup [16].
Figure 4(b) shows a schematic of a cat qubit with both
types of confinement schemes. The resonator that encodes
the cat qubit (blue) is coupled to a low-Q buffer (green)
and to a nonlinear high-Q buffer (magenta) through a two
photon exchanger. A single element can be used to engi-
neer the two TPE couplings, with the low-Q and high-Q
buffers, thus inducing a combined dissipative-conservative
confinement which has the benefit of protecting against
leakage from the codespace due to thermal and dephasing
noise, but also against spurious Hamiltonians with energy
scales small compared to the TPE energy gap.

In the following sections, bias-preserving single-qubit Z
gates and two-qubit CNOT gates with combined confine-
ment schemes are investigated at the working points iden-
tified on Fig. 7. The Hamiltonian confinements will then
show their benefits in rejecting the nonideal terms present
in the gate Hamiltonians, while the dissipative confine-
ment maintains protection against perturbation channels
like κ1 and κφ . Note that the addition of a buffer mode
into the system leads to additional noise sources for TPE
Hamiltonian confinement. The effect of these sources is

thoroughly investigated in Appendix E, confirming that
our conclusions should still hold under realistic conditions.

IV. Z GATE WITH COMBINED CONFINEMENT
SCHEMES

In quantum-computing architectures with biased-noise
qubits, it is essential that the error bias is conserved
throughout the operation of the device. A quantum gate
with cat qubits should therefore preserve the exponen-
tial suppression of bit-flip errors. In this paper, we focus
on the bias-preserving realization of single-qubit Z gates
and two-qubit CNOT gates [19,30]. Similarly to Ref. [19],
the proposed CNOT gate can be extended to a three-qubit
CCNOT (Toffoli) gate, which together with appropriate state
preparation and measurements provide the building blocks
of a hardware-efficient fault-tolerant universal quantum
computer based on repetition cat qubits [17,19]. Single-
qubit X gates of angle π are also required for universality
but are trivial to implement either in software, by commut-
ing the Pauli gate with the circuit, or in hardware, with a
half-period delay on the oscillator.

In this section, we focus on the case of single-qubit Z
gate with a combined dissipative and Hamiltonian con-
finement. Section V introduces a new design for the CNOT
gate under such combined confinement. The addition of a
Kerr or TPE confinement compared to fully dissipative cat
qubits offers the perspective of improved gate speed, while
the two-photon dissipation stabilizes the code manifold
and protects it from leakage-induced bit-flip errors.

Similarly to Refs. [15,24] and the experimental realiza-
tions of Ref. [25,27], a rotation around the Z axis of the
cat qubit can be performed via the application of a reso-
nant drive on the cat-qubit resonator. Indeed, taken alone
this would displace the cat in phase space, but adding it to a
confinement process essentially induces a phase accumula-
tion between the different regions of phase space where the
state remains confined, thus essentially between |α〉 ≈ |0L〉
and |−α〉 ≈ |1L〉. In an appropriate rotating frame, the sys-
tem is therefore subject to the following master equation
during the gate:

dρ̂

dt
= −i

[
εZ(t)â† + h.c., ρ̂

] − ig
[
Ĥconf, ρ̂

]
+ κ2D[L̂2]ρ̂,

(8)

where gĤconf ≡ −KĤKerr or gĤconf ≡ g2ĤTPE for com-
bined Kerr and combined TPE confinements, respectively.
Furthermore, εZ(t) denotes the complex amplitude of the
resonant drive that can be slowly varying in time, turning
on and off the logical Z rotation.

A fully dissipative gate is retrieved at g = 0. This sit-
uation can be analyzed with Zeno dynamics at various
orders of the small parameter |εZ/κ2|. The state always
remains |εZ/κ2| close to the cat-qubit subspace and, as
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argued in Ref. [19], the bit-flip errors remain exponen-
tially suppressed during the gate. At first order, the εZ drive
induces an effective Zeno dynamics that rotates the state of
the qubit around its Z axis of the Bloch sphere at a speed
given by 4�(α∗εZ(t)) [15], thus performing the gate. At the
second order, it leads to effective phase decoherence D[Z],
in other words phase-flip errors. These so-called nonadi-
abatic errors thus scale as Tgateε

2
Z/κ2 ∝ 1/(Tgateκ2) since

εZ ∝ 1/Tgate where Tgate is the gate time. However, typi-
cal decoherence channels on the cat-qubit resonator, like
the dissipation channels with κ1 and nth described in the
simulations of Secs. II and III, induce direct phase errors,
which scale linearly with the gate time as Tgate. The trade-
off between these two effects yields an optimal gate time at
which gate fidelity is maximal [17,19].

A fully Hamiltonian gate is instead retrieved at κ2 =
0. This situation can be analyzed from the viewpoint of
an adiabatically varying Hamiltonian. Taking advantage
of the Hamiltonian gap, the adiabatic theorem ensures
that transitions outside the cat-qubit subspace can be sup-
pressed exponentially in the gate time [36], if the Hamilto-
nian varies smoothly enough. Since the evolution is purely
Hamiltonian, this implies that gate-induced errors can be
suppressed exponentially in Tgate. The prefactors of these
errors can be further improved drastically by using supera-
diabatic pulse designs as proposed in Ref. [28]. It thus
seems that gates can be performed orders of magnitudes
faster with Hamiltonian confinement than with a fully
dissipative confinement scheme, for which nonadiabatic
errors scale linearly in 1/Tgate. However, as we have shown
in the previous sections, a fully Hamiltonian confinement
does not preserve the error bias of cat qubits under typical
dissipation channels, and is therefore irrelevant on its own.

With a combined dissipative and Hamiltonian con-
finement, the phase-flip performance of Z gates can be
improved without compromising bit-flip errors. From a
general viewpoint, the phase-flip error probability of a Z
gate can be modeled as

pZ = κ1|α|2Tgate + pNA
Z , (9)

where the first term is identical to the idling qubit and
represents errors due to the dominant dissipation channel,
namely single-photon loss in the resonator mode, while
pNA

Z corresponds to “nonadiabatic” phase errors induced
by the gate operation. For a Z gate with combined Kerr and
two-photon dissipation, the gate-induced phase-flip error
probability is derived in Appendix D, assuming a constant
Hamiltonian drive throughout the gate and neglecting fast
transients when switching it on and off. The gate-induced
phase-flip error is then given by

pNA
Z = 1

1 + 4K2

κ2
2

θ2

16|α|4κ2Tgate
, (10)

where θ is the angle of the Z gate. This expression contains
the dominant error, which is closer to the fully dissipative
case than to the purely Hamiltonian case, with a linear
scaling in 1/Tgate. Compared to the model of Ref. [17]
for fully dissipative gates, this equation features an addi-
tional prefactor that is tunable through the ratio between
Kerr nonlinearity and dissipative confinement rate. Conse-
quently, nonadiabatic phase errors are suppressed quadrat-
ically with the addition of a Kerr confinement Hamiltonian
compared to the fully dissipative design. One should bear
in mind though that this additional confinement, in the
presence of noise mechanisms such as thermal excitation
and photon dephasing, induces additional bit-flip errors as
discussed in previous sections, which are kept in check up
to the working point provided in Fig. 7. For larger Hamil-
tonian confinement rates than this working point, phase
errors can be further reduced at the cost of an increase in
bit-flip errors. In this case, an optimization could be per-
formed at the level of the logical quantum error correcting
code to find an optimal working point.

For the combined TPE and two-photon dissipation con-
finement, the gate-induced phase-flip error probabilities
are numerically fitted with

pNA
Z = 1

1 + 4g2
2

κ2
2

θ2

16|α|4κ2Tgate
+ θ2

32|α|4g2
2T2

gate
. (11)

The first term is similar to the combined Kerr gate, with
a quadratic suppression of nonadiabatic phase errors in
the ratio between Hamiltonian and dissipative confine-
ment rates. The second term appears to be specific to the
TPE confinement and decreases quadratically in g2Tgate
independently of κ2, as long as g2 � κ2.

In Fig. 8(a), these gate-induced phase errors are rep-
resented for three confinement schemes: a two-photon
dissipation scheme (in green), a combined Kerr and two-
photon dissipation scheme at the working point K/κ2 =
0.3 (in gray) and a combined TPE and two-photon dissipa-
tion scheme at the working point g2/κ2 = 10 (in magenta).
We remind that, as shown in Fig. 7, these working points
correspond to maximal Hamiltonian confinement strengths
at which the bit-flip errors remain suppressed with a rate of
order exp(−2|α|2) for 2 ≤ |α|2 ≤ 12. The mean number of
photons is fixed at |α|2 = 8 and the gate time varies along
the horizontal axis. Markers show numerical data, while
lines show analytical fits as given by Eqs. (10) and (11).

For the gate with a fully dissipative confinement, we find
similar results as in the literature [17,19,28] with nona-
diabatic errors suppressed linearly in the gate time. For
the combined Kerr and dissipative confinement, almost no
gain in performance is found compared to the dissipative
one because of the low Kerr working point at K/κ2 = 0.3.
The model of Eq. (10) predicts a reduction by a factor of
about 1.36 on nonadiabatic errors. On the other hand, the
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FIG. 8. (a) Gate-induced phase errors for a Z gate at |α|2 =
8 with different confinement schemes: two-photon dissipation
(green), combined Kerr and two-photon dissipation at K/κ2 =
0.3 (gray), and combined TPE and two-photon dissipation at
g2/κ2 = 10 (magenta). (b) Total phase errors for the same Z
gates, assuming single-photon loss at rate κ1 = 10−3κ2, thermal
noise nth = 10−2, and pure dephasing κφ = 10−5κ2. The com-
bination of TPE and dissipative confinement allows us to win
almost one order of magnitude on the phase error, and operates
optimally almost one order of magnitude faster. For both plots, a
constant Hamiltonian drive εZ is used and gate times are in units
of 1/κ2. Markers indicate numerical data, dashed lines indicate
analytical fits.

combined TPE and dissipative confinement shows a sig-
nificant gain in performance with a factor of about 400
compared to the fully dissipative confinement, in the limit
of large gate times.

Figure 8(b) shows the complete phase-flip error prob-
ability in the presence of the other noise sources on the
cat-qubit resonator, and in particular with single-photon
losses at rate κ1 = 10−3κ2. In this case, the optimal phase-
flip error probability for Z gate drops from p∗

Z ≈ 2% in
the fully dissipative scheme to p∗

Z ≈ 0.3% in the combined
TPE and dissipative scheme. The optimal gate time T∗

gate
that minimizes phase errors is also much smaller with the
combined TPE scheme than with the fully dissipative one,
hence leading to faster gate designs. For lower values of
κ1/κ2, the performance gain compared to fully dissipa-
tive gates is expected to increase, up to the factor of 400
characterizing the nonadiabaticity error.

In Fig. 9, we further explore different working points for
the combined TPE and dissipative confinement, at increas-
ing g2/κ2 values. Plot (a) shows nonadiabatic phase-flip
errors while plot (b) shows the corresponding bit-flip
errors, with the same noise sources as in Fig. 8(b). As
expected, nonadiabatic phase-flip errors are suppressed
quadratically with g2/κ2, while the exponential suppres-
sion of bit-flip errors is continuously degraded from γ ≥ 2
as g2/κ2 increases above the working point. The dotted
lines on plot (b) follow the values of γ shown in Fig. 7.
To find the optimal error rate on the logical level, an opti-
mization on the level of the quantum error correcting code
should be performed.

.
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FIG. 9. (a) Gate-induced phase errors for a Z gate at |α|2 = 8
for a combined TPE and two-photon dissipation confinement, at
varying confinement ratios of g2/κ2. Diamonds indicate a con-
stant gate Hamiltonian drive, while circles indicate a Gaussian-
type gate Hamiltonian drive with first-order superadiabatic cor-
rection, as in Ref. [28]. Lines indicate the analytical fit Eq. (11)
in the constant drive regime. Gate times are in units of 1/κ2.
(b) Total bit-flip errors for a Z gate under the same confinement
schemes, with single-photon loss at rate κ1 = 10−3κ2, thermal
noise nth = 10−2, and pure dephasing κφ = 10−5κ2. Markers
indicate numerical data, and dotted lines indicate exponential fits
for 2 ≤ |α|2 ≤ 12; the corresponding exponential suppression
factors are the values γ represented on Fig. 7.

Figure 9(a) also shows Z-gate simulations with a supera-
diabatic pulse design (carved out circles). The applied
drive amplitude is an adaptation of Ref. [28] to the
TPE Hamiltonian confinement and reads εZ(t) ∝ �G(t) +
�̈G(t)/E2

1 , where �G is a second-order Gaussian pulse and
E1 is the TPE Hamiltonian gap. The simulations show that
such drive designs can further improve the performance of
Z gates, but their benefits especially show up beyond the
working point g2/κ2 = 10. In other words, the presence of
the necessary dissipative confinement in order to counter
bit flips induced by κ1, nth, and κφ processes, appears to
limit the benefits of superadiabatic drives in this setting.
Whether the compatibility of combined confinement with
superadiabatic drives can be improved, remains a question
for future research.

V. CNOT GATE WITH COMBINED CONFINEMENT
SCHEMES

The two-qubit CNOT gate is one of the most elementary
entangling gates and holds a major role in the operation
of a quantum computer. In error correcting codes, it is
used to map the error syndromes on ancilla qubits that
are subsequently measured. The success of an error cor-
rection process is therefore mainly limited by the infidelity
of CNOT gates. Indeed, the effective logical error proba-
bility is more sensitive to physical CNOT fidelity than to
any other component of the error correcting code, such as
ancilla preparation or measurement [6]. It is therefore cru-
cial to engineer CNOT gates that can reach fidelities well
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above the error correction threshold. In this section, we
first review the proposals on the design of CNOT gates
for confined cat qubits. We then provide a new pro-
posal that can achieve fast gate speeds, with drastically
improved phase fidelity compared to dissipative schemes,
and without compromising the bit-flip protection like fully
Hamiltonian schemes.

For dissipative cat qubits [17,19,20], CNOT gates can
be engineered through a slow variation of the dissipa-
tive confinement parameters, such that the target cat-qubit
manifold experiences a slow rotation in the harmonic oscil-
lator phase space conditionally on the state of the control
cat qubit. Once the conditional rotation reaches an angle
π , the rotated and original cat-qubit manifolds are again
superimposed, but with a logical X gate between the states
that they encode. More concretely, this process is effec-
tively described by the time-dependent Lindblad operators

L̂(co)

2 = â2
co − α2, (12a)

L̂(ta)
2 (t) = â2

ta − α2 + α

2
(e2iϕ(t) − 1)(âco − α), (12b)

where âco/ta are the annihilation operators of the con-
trol and target cat-qubit resonators, ϕ(t) = π t/Tgate is the
rotation angle of the target cat-qubit codespace in the
harmonic oscillator phase space, and Tgate is the gate
time. Indeed, at fixed t, the steady state of these dis-
sipators is a four-dimensional subspace spanned by the
coherent states |α〉co ⊗ |±α〉ta and |−α〉co ⊗ |±αeiϕ(t)〉ta.
Assuming that the state of the system follows exactly
the steady-state subspace throughout the gate, a state
|α〉co ⊗ |±α〉ta ≈ |0L〉co ⊗ |0/1L〉ta would thus not move,
while a state |−α〉co ⊗ |±α〉ta ≈ |1L〉co ⊗ |0/1L〉ta would
have moved after time Tgate to |−α〉co ⊗ |∓α〉ta ≈ |1L〉co ⊗
|1/0L〉ta, effectively achieving a CNOT gate. However, such
an assumption is only fulfilled in the limit of infinitely
slow gates. In realistic conditions, the state of the harmonic
oscillator lags behind the stabilized manifold, inducing
errors.

To effectively reduce these errors, a so-called feed-
forward Hamiltonian can be added throughout the gate.
This approach, which can be seen as a shortcut to adia-
baticity for open quantum systems [37], drives the oscil-
lator state in such a way as to maintain it within the
time-dependent dissipators’ steady-state manifold, hence
suppressing nonadiabatic errors. In its ideal form, a feed-
forward Hamiltonian for the cat-qubit CNOT gate would
read

ĤCX,ideal = ϕ̇ |1L〉〈1L|co ⊗ â†
taâta + Ĥs, (13)

where the first term makes the target qubit rotate condition-
ally on the control being in the |1L〉co logical state, and Ĥs

with Ĥs |1L〉co = Ĥs |0L〉co = 0 allows an arbitrary Hamil-
tonian when the control qubit is outside the codespace
[17,19]. To approach such ideal feedforward Hamilto-
nian with realistic Hamiltonians, an approximate version
is proposed [19,30]

ĤCX = −εCX(âco + â†
co − 2Re(α))(â†

taâta − |α|2). (14)

where εCX = ϕ̇/4Re(α). Indeed, at least for large α, the
left-hand-side bracket approximately evaluates to 0 if the
control qubit is in the |α〉co state, and to −4Re(α) if the
control qubit is in the |−α〉co state (to see this, consider,
e.g., the mean value of the quadrature operator âco + â†

co).
This Hamiltonian can further be engineered through a four-
wave mixing element coupled to cat-qubit resonators as
demonstrated in Ref. [38]. The similarity of the Hamilto-
nian acting on the control qubit with the Z-gate Hamil-
tonian is no coincidence. Indeed, in a dual viewpoint the
CNOT gate corresponds to a Z rotation of the control qubit,
conditioned on the logical phase of the target qubit. Since
logical phase here corresponds to photon-number parity of
the cat qubit, this dual viewpoint is clearly visible in ĤCX.

For Kerr cat qubits [30], the CNOT gate can be realized
through the slowly varying Hamiltonian

Ĥ = −K
(

L̂(co)

2

)†
L̂(co)

2 − K
(

L̂(ta)
2 (t)

)†
L̂(ta)

2 (t) + ĤCX.

(15)

The first two terms feature a time-dependent four-
dimensional subspace of ground states following the same
evolution as for the dissipatively confined gate, and the
third term is the feedforward Hamiltonian designed to
drive the oscillator state along with this time-dependent
steady-state manifold. In this case, the adiabaticity con-
dition ensuring accurate gate operation reads ϕ̇ � 4|α|2K
where the right-hand side is the Kerr Hamiltonian gap
[30]. For a fully Hamiltonian-based gate with sufficiently
smooth variation of εCX, this should ensure exponential
suppression of gate-induced errors as a function of Tgate,
like for the Z gate. Its scaling can be further improved
by using superadiabatic pulse designs as proposed in
Ref. [28], adding a feedforward Hamiltonian term Ĥ (sa)

CX ∝
ε̇CX i(âc − â†

c)(â
†
t ât − |α|2). The exponential suppression

of nonadiabatic errors in the gate time is a drastic improve-
ment from the linear scalings observed both for purely
dissipative gates, and for Kerr-based CNOT gates with dis-
continuous on or off operation of εCX. Fully Hamiltonian
gates are however limited by the same effects as discussed
in previous sections, i.e., the important rate of bit-flip
errors induced by thermal and dephasing noise.

Like for the Z gate, engineering CNOT gates with a
combined Hamiltonian and two-photon dissipation con-
finement thus arises as a promising approach to combine
the best of both worlds. However, at first glance, such a
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scheme appears experimentally very challenging due to the
large number of Hamiltonians and dissipators that need to
be engineered. For a combined Kerr and two-photon dis-
sipation CNOT gate for instance, control and target qubit
should be coupled through various mixing terms that engi-
neer the target qubit Kerr confinement as a function of
the control qubit, and also to a common buffer mode to
engineer the target qubit two-photon dissipation term as
depending on the control qubit. With the additional feed-
forward Hamiltonian, Kerr nonlinearities on each mode,
and various single- and two-photon drives that appear in
Hamiltonian (15), this leads to a daunting experimental
task.

To avoid the above complexities in engineering var-
ious Hamiltonians and dissipators, we consider a much
simpler scheme where the confinement is turned off on
the target cat qubit during the operation of the CNOT gate
[31]. This is motivated by the fact that the feedforward
Hamiltonian approximately preserves the coherent states
composing the target cat qubit, by making them rotate in
phase space by an angle that depends on the rather well-
defined quadrature value of the control qubit, and it also
rigorously preserves the phase of the target qubit (as it
preserves photon number). During a fast gate, the main
gate-induced imperfections thus take place on the control
qubit, where the feedforward drive takes a similar form as
for the Z gate. Leaving the target qubit unprotected only
for the short gate time is therefore not too detrimental.
Indeed, local leakage will be corrected as soon as the gate
ends and confinement is turned back on, well before signif-
icant bit flips can be induced. Regarding performance, it is
not even clear how much could be gained by leaving on a
coupled combined confinement scheme. In the absence of
an efficient design for TPE-type Hamiltonian confinement,
with the typical parameters of the present work, gate per-
formances are in fact improved when switching off κ2 on
the target qubit.

For a combined TPE and dissipative confinement
scheme, the master equation describing the evolution of
the system during the CNOT gate with our proposal is thus
given by

dρ̂

dt
= −i

[
ĤCX, ρ̂

]
− i

[
Ĥ (co)

TPE, ρ̂
]

+ κ2D[L̂(co)

2 ]ρ̂, (16)

where Ĥ (co)
TPE = g2(â2

co − α2)σ̂+ + h.c. A schematic of such
a CNOT implementation is shown in Fig. 10. This pro-
posal should greatly simplify the experimental design of
CNOT gates as the only coupling term that remains between
control and target qubits is the feedforward Hamilto-
nian, experimentally demonstrated in Ref. [38]. We next
quantify the associated bit-flip and phase-flip errors.

In Fig. 11, we plot the performance of CNOT gates with
three different confinement schemes. The first one is the
fully dissipative scheme with both a control dissipator and

(a)

(b)
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FIG. 10. (a) Circuit schematic of a cat-qubit CNOT gate using
a combined two-photon dissipation and TPE Hamiltonian con-
finement scheme on both qubits. The control cat-qubit resonator
is connected to the target cat-qubit resonator through a nonlin-
ear coupler that engineers the feedforward Hamiltonian of Eq.
(14). During the CNOT gate, both Hamiltonian and dissipative
confinements are turned off on the target qubit by turning off the
pump of the TPE element. (b) Amplitudes of the different dissi-
pation and Hamiltonian terms during the CNOT gate. A constant
feedforward Hamiltonian amplitude with first-order correction is
assumed in full lines. Vertical dashed lines identify gate start
and end times, while dashed curves show alternative approaches.
More precisely, while the TPE confinement of the control cat
qubit is essential during the operation of the gate to ensure a gate
acceleration, it can be turned off during the idling time. Keeping
it on can however be useful for compensating spurious Hamil-
tonian perturbations. Concerning the feedforward Hamiltonian,
while simulations are performed with a constant amplitude, it is
possible to benefit from superadiabatic pulse designs to further
accelerate gates, similarly as in Ref. [28].

a time-dependent target dissipator as proposed in Ref. [19]
(green), the second one is the combined Kerr Hamiltonian
and two-photon dissipation acting on both control and tar-
get qubits as proposed in Ref. [30] but at the working point
K/κ2 = 0.3 (gray), and the third one is the combined TPE
and two-photon dissipation scheme as described by Eq.
(16) at the working point g2/κ2 = 10 (magenta).

Similarly to the Z gate, Fig. 11(a) first compares the
“nonadiabatic” phase errors, induced by the gate operation
itself in absence of any perturbations on the two qubits.
As explained above, the gate affects only the phase of
the control qubit. We recall that the operating points have
been selected in Sec. III to anticipate reasonable protection
against typical error sources. Like for the Z gate, the com-
bined TPE scheme clearly outperforms the other two, up
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FIG. 11. (a) Nonadiabatic phase errors of a CNOT gate at
|α|2 = 4, with different confinement schemes: two-photon dis-
sipation (green), combined Kerr and two-photon dissipation at
K/κ2 = 0.3 (gray), and combined TPE and two-photon dissi-
pation at g2/κ2 = 10 (magenta). For this last scheme, the con-
finement is turned off on the target cat qubit during the gate. (b)
Phase errors of a CNOT gate for the same confinement schemes,
with single-photon loss at rate κ1 = 10−3κ2, thermal noise nth =
10−2, and pure dephasing κφ = 10−5κ2 on both control and target
qubits. Full markers show total phase error, empty markers show
the breakdown of phase errors for the combined TPE scheme.
Gate times are in units of 1/κ2. (c) Total bit-flip errors of a CNOT
gate for the same confinement schemes, with noise rates as in
plot (b), and at gate time Tgate = 1/κ2. For all plots, a constant
gate Hamiltonian drive is used, and markers indicate numerical
data. Dashed lines indicate analytical fits, and solid lines indicate
numerical fits of exponential suppression.

to a factor about 100. For the three confinement schemes,
nonadiabatic errors are fitted by the following formulas:

(Two-photon dissipation confinement)

pNA
Z = π2

64|α|2κ2Tgate
. (17)

(Combined Kerr and two-photon dissipation confinement)

pNA
Z = 1

1 + 4K2

κ2
2

π2

64|α|2κ2Tgate
. (18)

(Combined TPE and two-photon dissipation confinement)

pNA
Z = 1

1 + 4g2
2

κ2
2

π2

16|α|2κ2Tgate
+ π2

32|α|2g2
2T2

gate
. (19)

The first two formulas can be derived following the shifted
Fock basis approach introduced in Ref. [17], similarly to

the case of Z gates (Appendix D), while the third one is
numerically fitted and valid as long as g2 � κ2. Its analyt-
ical derivation is left for future work. All three equations
scale as |α|−2 while their Z gate equivalents scale as |α|−4.
This comes from the fact that the feedforward Hamilto-
nian (âco + â†

co) acting on the control qubit like for the Z
gate, is here multiplied by an amplitude that scales with
the variance of the photon number in the target qubit state.
It can be explicitly computed in the shifted Fock basis as
explained in Ref. [17]. Furthermore, the constant prefac-
tor in the first term of Eq. (19) involves 1/16 instead of
1/64 as in Eqs. (17), (18), and Ref. [17]. This is an indi-
rect effect of turning off the target two-photon dissipation,
which lets ĤCX induce more entanglement of the control
qubit phase information with target qubit leakage. At first
glance, keeping two-photon dissipation on the target qubit
may thus seem beneficial to gain this prefactor. However,
keeping this dissipation would also introduce additional
channels for control qubit phase dissipation, reducing the
benefits of its Hamiltonian confinement towards perform-
ing fast gates. As such, compared to the purely dissipative
scheme, the quadratic prefactor in g2/κ2 largely compen-
sates the constant prefactor with the settings and working
point of our proposal.

In Fig. 11(b), the total phase-flip error probability of
CNOT gates with the same three confinement schemes are
shown in the presence of typical noise sources. Similarly
to Ref. [19], the latter induces phase-flip errors not only
on the control qubit, but also on the target qubit, and cor-
related between control and target qubit. The figure hence
shows the breakdown of those errors. Solely the control
qubit undergoes nonadiabatic errors and the formulas are
the same as in Ref. [19] for purely dissipative confinement:

pZc = κ1|α|2Tgate + pNA
Z ,

pZt = pZcZt = 1
2
κ1|α|2Tgate,

(20)

up to the expression of pNA
Z . The optimal phase-flip error

probability pZc remains independent of α when using Eq.
(19) instead of Eq. (17). For a realistic single-photon loss
rate of κ1 = 10−3κ2, this optimum is about p∗

Zc
≈ 0.8% for

our scheme, to be compared with p∗
Zc

≈ 5% in the dissipa-
tive scheme. Like in the Z-gate simulations, this optimal
gate fidelity is furthermore obtained at a typical gate time
about 5 times faster for the combined TPE scheme. The
working point selection for the combined Kerr and dissi-
pative confinement, appears to make it barely better than
purely dissipative confinement in terms of reducing nona-
diabatic and hence total phase-flip error. Once again, for
lower values of κ1/κ2, further performance gains can be
expected compared to fully dissipative gates, up to the fac-
tor of about 100 gained on the nonadiabaticity error at large
gate times.
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In Fig. 11(c), total bit-flip error probabilities for the
same three confinement schemes are shown in the presence
of the same noise sources as in plot (b). As expected from
the working point selection, all three CNOT designs are
bias preserving with an exponential error suppression fac-
tor greater than 2. In particular, as the gate is fast enough,
turning off the confinement of the target cat qubit during
the operation does not have a significant impact on the
bit-flip suppression. Dotted lines show exponential numer-
ical fits of these bit-flip error probabilities. The exponential
suppression factors are given by γ ≈ 2.17 (fully dissipa-
tive scheme), γ ≈ 2.05 (combined Kerr), and γ ≈ 2.03
(combined TPE).

VI. TOWARDS EXPERIMENTAL REALIZATION

The exponential suppression of bit flips in dissipative cat
qubits was experimentally demonstrated in Ref. [16] using
superconducting circuits as a physical platform. In this
experiment the cat-qubit resonator was coupled to a low-
Q buffer mode with a two-photon exchange Hamiltonian,
resulting in an effective two-photon dissipation on the cat-
qubit resonator. The two-photon exchange Hamiltonian
was engineered with an ATS, a nonlinear coupling ele-
ment made up of two (ideally) identical junctions shunted
by a large inductance. Threading both loops of the ATS
at normalized dc flux biases of 0 and π magnetic flux
quanta, respectively, allows one to keep only the odd par-
ity mixing terms of the participating modes. Then flux
pumping the ATS at frequency 2ωa − ωb, where ωa/b are,
respectively, the cat-qubit and buffer resonator frequen-
cies, creates the required two-photon exchange coupling.
Finally, in Ref. [16], not only did the ATS implement the
two-photon exchange coupling but it also hosted the low-Q
buffer mode.

The combined TPE and dissipative confinement scheme
proposed in this paper can be implemented with minor
modifications of this experimental setup. A superconduct-
ing circuits scheme of a setup implementing the confine-
ment is represented in Fig. 12. Similarly to Ref. [16], the
cat-qubit resonator (in blue) is capacitively coupled to the
ATS (in black and magenta), which is dc biased at the
same working point of 0 and π . The ATS is further cou-
pled to a linear resonator (in green), which will serve as the
low-Q buffer for two-photon dissipation engineering. This
leaves the self-mode of the ATS open for other purposes
and we use it as the high-Q buffer mode of the device.
Thus, instead of having a qubit as the high-Q buffer, this
implementation proposes to use a sufficiently anharmonic
oscillator mode. In simulations shown later in this section,
we observe that performance degradation remains moder-
ate even with a fully harmonic mode as high-Q buffer, but
this option would require further analysis if it were to be

Low-Q
   buffer

ATS
(high-Q)

FIG. 12. Superconducting circuit schematic of a combined
TPE and two-photon dissipation confinement. The cat-qubit res-
onator (blue) is capacitively coupled to an ATS (black) that
mediates two-photon exchanges both with its self high-Q mode
(magenta) and with a low-Q buffer mode (green). The ATS is dc
biased at the normalized flux (0,π ) working point and pumped at
frequencies 2ωa − ωh and 2ωa − ωl, where ωa, ωh, and ωl are the
resonant frequencies of the cat-qubit resonator, high-Q buffer and
low-Q buffer, respectively. To ensure the anharmonicity of the
ATS mode (magenta), the ATS junctions are designed to admit
slightly different Josephson energies. In addition, both buffers
are resonantly driven to control the cat-qubit mean number of
photons.

considered. Note also that other circuit QED implementa-
tions of the TPE Hamiltonian at α = 0 were proposed in
Refs. [39,40].

To make the high-Q buffer mode anharmonic in this
implementation scheme, it is sufficient that the ATS junc-
tion energies are designed to be not identical. Note that
even in Ref. [16] these junctions were not perfectly iden-
tical and the amount of asymmetry in that setup might
be sufficient to ensure the buffer mode to be anharmonic
enough for the design of the present paper. The circuit
Hamiltonian engineered with such a setup reads

Ĥ = ωaâ†â + ωhb̂†
hb̂h + ωlb̂

†
l b̂l

− 2EJ
[
ε(t) sin(ϕ̂) + ηc̃os(ϕ̂)

]
, (21)

where â, b̂h, and b̂l are the hybridized modes correspond-
ing to the cat-qubit resonator, high-Q and low-Q buffers,
respectively, with ωa, ωh, and ωl their corresponding res-
onance frequencies, and where c̃os(ϕ̂) = cos(ϕ̂) + ϕ̂2/2.
The total phase across the ATS dipole element reads
ϕ̂ = ϕa(â + â†) + ϕh(b̂h + b̂†

h) + ϕl(b̂l + b̂†
l ). The energy

EJ is the average of the two junction energies, EJ =
(EJ ,1 + EJ ,2)/2, and η is the asymmetry of the junctions,
η = (EJ ,1 − EJ ,2)/(EJ ,1 + EJ ,2). Finally, ε(t) is a rf flux
pumped at two frequencies 2ωa − ωh and 2ωa − ωl with
respective amplitudes εh and εl.
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In Appendix E, we show that this Hamiltonian, after a
rotating wave approximation (RWA) and adding resonant
drives on both buffer modes, reduces to

Ĥ = g2,l(â2 − α2)b̂†
l + h.c.

+ g2,h(â2 − α2)b̂†
h + h.c.

− χhhb̂†2
h b̂2

h − χllb̂
†2
l b̂2

l − χaaâ†2â2

− χahâ†âb̂†
hb̂h − χalâ†âb̂†

l b̂l − χlhb̂†
l b̂lb̂

†
hb̂h, (22)

where TPE amplitudes are given by g2,x = EJ ϕ
2
aϕxεx/2,

and where self-Kerr and cross-Kerr terms are given by
χxx = ηEJ ϕ

4
x /2 and χxy = ηEJ ϕ

2
x ϕ

2
y with x, y = a, h, or

l. The parameters can be chosen in such a way that χhh
strongly dominates all the other coupling terms and that
|g2,l| and |g2,h| strongly dominate all the remaining terms.
In this manner, the dominant Hamiltonian to be considered
is

Ĥ0 = g2,l(â2 − α2)b̂†
l + h.c.

+ g2,h(â2 − α2)b̂†
h + h.c.

− χhhb̂†2
h b̂2

h (23)

and all other self-Kerr and cross-Kerr terms can be consid-
ered as perturbations to this dynamics. All these perturba-
tion terms are parity preserving but they could in principle
induce bit-flip errors on the cat qubit. However, thanks to
the combined Hamiltonian and dissipative confinement, it
is sufficient to have the amplitude of these terms small
compared to the confinement rate to exponentially sup-
press their effects. This suppression is facilitated for all the
coupling terms, because both buffer modes would nomi-
nally be in their ground state for an idling qubit with no
further noise.

The fast decay of the low-Q buffer mode at a rate κb,l,
together with the first term of Eq. (23) yields effectively
the two-photon dissipation κ2D[â2 − α2] on the cat-qubit
resonator. The effective rate κ2 is given by 4g2

2,l/κb,l in the
limit of g2,l/κb,l � 1. The second term is the TPE Hamil-
tonian term. Note that the ratio of TPE to two-photon
dissipation confinement rates can actively be tuned through
the rf flux amplitudes εh and εl. Finally, the third term of
Eq. (23) is the Kerr nonlinearity on the buffer mode that
is essential to make it anharmonic. This Kerr nonlinear-
ity should be large compared to the TPE Hamiltonian gap,
to ensure that terms associated to higher excitations of
the high-Q buffer would rotate at a much faster rate than
the TPE Hamiltonian contribution, and thus be rejected
through RWA.

In summary, the typical orders of magnitude necessary
for the design are given by

χah, χaa, χal � g2,h, g2,l � χhh, (24)

which, by noting that ϕa, ϕl < ϕh, implies

ηϕ2
hϕ

2
a � εhϕhϕ

2
a , εlϕlϕ

2
a � ηϕ4

h . (25)

By design one can choose ϕh sufficiently large with respect
to ϕl and ϕa, and next tune the junction asymmetry η

to fulfill the above requirements. An example of a set
of experimental parameters that can fulfill these require-
ments is given by ϕh = 0.2, ϕa = 0.04, ϕl = 0.08, η = 1%,
εh = 0.02, εl = 0.05. With these parameters, the condi-
tion of Eq. (25) reads 6.4 × 10−7 � 64 × 10−7 � 160 ×
10−7. Further assuming an average Josephson energy of
EJ /2π = 80 GHz would yield two-photon exchange rates
at g2,l/2π = g2,h/2π = 250 kHz.

In the rest of this section, we attempt to numerically
characterize the impact of spurious Hamiltonian and Lind-
blad terms related to the high-Q buffer in the TPE con-
finement. In particular, in Fig. 13, we investigate a Z gate
where we estimate the probability of phase-flip errors at a
fixed mean number of photons |α|2 = 8 (top) and bit-flip
errors at a fixed gate time Tgate = 1/κ2 (bottom).

The first effect investigated in Fig. 13(a) is the impact
of having an oscillator mode of finite anharmonicity as a
buffer, instead of a strict two-level system. Considering
a Kerr-type nonlinearity for this buffer mode, thus with
Hamiltonian −χhhb̂†2b̂2

h, we vary the Kerr strength χhh
to make the mode more or less anharmonic. This Kerr
strength should be large compared to all other frequen-
cies in the system, in order to prevent transitions to higher
excited states of the buffer mode. This is demonstrated in
(a) since only large enough Kerr strengths compared to g2
yield phase errors as good as the reference simulation in
solid black lines (where the buffer mode is assumed to be
a qubit). Note however that reasonable phase-flip perfor-
mances are obtained even with perfectly harmonic buffer
modes and that the bit-flip error probability is unaffected,
thanks to two-photon dissipation. The option of a harmonic
buffer mode would require more careful analysis though,
since the corresponding confinement Hamiltonian appears
to have a high-dimensional 0-energy eigenspace.

The second effect, investigated in Fig. 13(b), is high-Q
buffer relaxation, i.e., finite lifetime of the qubit. This is
taken into account in simulations with an additional Lind-
blad term κb,hD[σ̂−]. For large single-photon loss rates
κb,h � g2,h, the high-Q mode in fact becomes low-Q and
induces a new two-photon dissipation channel just like
b̂l, leading to an additional two photon dissipation rate
κ̃2 = 4g2

2,h/κb,h. For κb,h � g2,h, we can expect the buffer
to combine high-Q and low-Q effects. This only shows up
as an increase of phase-flip error probabilities during the
gate, yet still much better than the performance reached
for the fully dissipative gate. In the associated figure, we
find that κb,h/g2,h ≤ 0.1 is enough to obtain performances
similar to the reference one.
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FIG. 13. Characterization of the spurious contributions induced by the high-Q buffer mode for a Z gate. Nonadiabatic phase-flip
error probability for |α|2 = 8 (top) and bit-flip error probability at Tgate = 1/κ2 (bottom) are shown. In all plots, reference Z gate
simulations for two confinement schemes are shown: the fully dissipative confinement scheme (dashed black lines) and the combined
TPE and dissipative confinement scheme at the working point g2,h/κ2 = 10. Other simulations are the same as for the combined
confinement reference simulation, with additional terms as typically resulting from an experimental realization. (a) The buffer mode
is modeled as an anharmonic oscillator, with Hamiltonian ωb,hb̂†

hb̂h − χhhb̂†2
h b̂2

h and finite χhh. (b) Assuming a perfect two-level buffer,
relaxation is considered as a Lindblad term κb,hD[σ̂−]. (c) Thermal excitation is added to the situation of plot (b), thus relaxation is
now modeled by the Lindbladian κb,h(1 + nth,h)D[σ̂−] + κb,hnth,hD[σ̂+], for a fixed relaxation rate κb,h/g2,h = 10−2. (d) Pure dephasing
relaxation is added to the situation of plot (b), modeled by a Lindbladian κb,hD[σ̂−] + κφ,hD[σ̂z], with a fixed single-photon relaxation
rate κb,h/g2,h = 10−2. Gate times are in units of 1/κ2.

The third effect investigated, in Fig. 13(c) is relaxation
of the buffer mode in a nonzero temperature environment,
corresponding to a Lindbladian κb,h(1 + nth,h)D[σ̂−] +
κb,hnth,hD[σ̂+]. Thermal excitation induces jumps from |g〉
to |e〉, which translate to the cat-qubit resonator as exci-
tation of the form (â2 − α2)†. Such an excitation has a
similar effect as direct thermal excitation of the cat-qubit
mode already considered in the main text. As far as g2,h
is fixed below the working point shown in Fig. 7, the
induced leakage is compensated by the two-photon dis-
sipation. Therefore, the exponential bit-flip suppression is
maintained even though the error probability is increased
by a constant factor. This is shown in the bottom plot of
Fig. 13(c). There remains only an indirect effect on phase
flips due to larger leakage during the gate operation.

Finally, the fourth effect, investigated in Fig. 13(d), is
pure dephasing of the buffer mode, corresponding to a
Lindbladian κb,hD[σ̂−] + κφ,hD[σ̂z]. For the values inves-
tigated in this figure, i.e. up to κφ,h/g2,h = 0.01, pure
dephasing on the buffer mode has no impact on either
phase-flip or bit-flip errors during Z gates.

VII. CONCLUSIONS

Bosonic encoding and biased-noise qubits have been
gaining a lot of attention for their promise of hardware-
efficient fault tolerance. Along these lines, the cat qubits
have been investigated with a particular interest and fol-
lowing two confinement approaches: first, a two-photon
driven dissipative stabilization scheme and second a two-
photon driven Kerr Hamiltonian confinement. In this
paper, we have proposed a new confinement design
that benefits from the advantages of both dissipative
and Hamiltonian approaches. This design, combining
the previously known driven dissipative scheme with a
Hamiltonian confinement using a two-photon exchange
Hamiltonian, provides a robust exponential suppression of
bit-flip errors with the cat size together with enhanced gate
performances, both in speed and fidelity.

Furthermore, this proposal is implementable with only
minor modifications of known experimental designs of
dissipative cat qubits. We expect that this approach can
further reduce the hardware overhead for fault tolerance
with cat qubits. Additional mathematical analysis of these
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combined confinement schemes and numerical studies of
three-qubit Toffoli gates, which are essential for univer-
sal quantum computation with repetition cat qubits, will
be subject of forthcoming research work.
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APPENDIX A: ENCODING A CAT QUBIT IN AN
OSCILLATOR

The codespace of a cat qubit is a two-dimensional sub-
space spanned by two-component Schrödinger cat states
[15,32,33]. In this paper, the cat-qubit logical basis is
defined within this codespace as

|0L〉 = 1√
2

(|C+
α 〉 + |C−

α 〉) = |α〉 + O(e−2|α|2),

|1L〉 = 1√
2

(|C+
α 〉 − |C−

α 〉) = |−α〉 + O(e−2|α|2),
(A1)

where |C±
α 〉 = (|α〉 ± |−α〉)/N± are the even and odd

parity cat states, N± =
√

2(1 ± e−2|α|2) are normalization
constants. As such, the cat-qubit codespace is a subspace
of the infinite dimensional Hilbert space of a quantum har-
monic oscillator. Various noise mechanisms could there-
fore lead to a leakage out of the codespace, even though
the two-photon dissipation mechanism tends to steer the
state back to the codespace.

One way to take into account this leakage in the calcu-
lations of the qubit properties (e.g., bit-flip and phase-flip
errors) is to specify the qubit state through observables of
the quantum harmonic oscillator. Therefore, whole sub-
spaces of the harmonic oscillator state space are associated
to a logical qubit value in a way that makes sense compared
to the typical measurement process, see later and Ref. [19].
In other words, the logical qubit value is uniquely defined
from Pauli expectation values 〈σ̂i〉 = Tr[Ĵiρ̂] with i = x, y,
z, where Ĵi are observables to be defined, and where ρ̂ is the
density matrix representing the state of the harmonic oscil-
lator system. A natural choice for these observables are the
invariants of the two-photon driven dissipative mechanism
as defined in Ref. [15]. Indeed, we can define Ĵx as the
photon-number parity operator, whose eigenstates are thus
associated to the |+〉 and |−〉 logical states, in other words

the even or odd parity cats and associated subspaces,

Ĵx ≡ Ĵ++ − Ĵ−−, (A2)

where

Ĵ++ =
∑

n=0

|2n〉〈2n| , (A3a)

Ĵ−− =
∑

n=0

|2n + 1〉〈2n + 1| . (A3b)

This observable can be used to compute the phase-flip
probabilities of various operations. In a similar manner, the
Jz observable can be defined as the invariant

Ĵz = Ĵ+− + Ĵ †
+−, (A4)

where (α ∈ R for simplicity)

Ĵ+− =
√

2α2

sinh(2α2)

∞∑

q=−∞

(−1)q

2q + 1
Iq(α

2)Ĵ (q)
+− (A5)

and Iq is the modified Bessel function of the first kind, and
where

Ĵ (q)
+− =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(â†â − 1)!!
(â†â + 2q)!!

Ĵ++â2q+1 q ≥ 0

Ĵ++â†(2|q|−1) (â†â)!!
(â†â + 2|q| − 1)!!

q < 0

, (A6)

with n!! = (n − 2)!! n the double factorial. As shown in
Ref. [15], for real α, this observable Ĵz is a very good
approximation of sign(â + â†), which signifies if the state
has its support in the right or left half plane in the phase
space of the harmonic oscillator, thus associated to logical
|0〉 or |1〉. It is thus a natural observable to evaluate the
probability of bit flips after various operations. Note that
Ĵz swaps the parity, much like a σz operator swaps the |+〉
and |−〉 logical states.

APPENDIX B: ESTIMATION OF BIT-FLIP
ERRORS FOR IDLING CAT QUBITS

In this section, we consider an idling cat qubit subject
to one of the confinement schemes discussed in the main
paper, and derive simplified models for the estimation of
bit-flip errors.
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1. General framework

Let us consider a quantum harmonic oscillator initial-
ized in the pure state

ρ̂(t = 0) = |0L〉〈0L|
= |α〉〈α| + O(e−2|α|2). (B1)

Following the definition of Appendix A, the bit-flip error
probability after an idling time t is given by

pX (t) = 1
2

(
1 − Tr[Ĵzρ̂(t)]

)
. (B2)

Computing a bit-flip error probability is therefore equiv-
alent to computing ρ̂(t) at all times, and then reinserting
it in the above formula. In order to simplify the ana-
lytical derivation of ρ̂(t), let us neglect the exponential
corrections of Eq. (B1) and assume that the initial state
is coherent. Any resulting bit-flip estimation will thus be
correct up to this exponential correction. Note that initializ-
ing the system in the |1L〉 logical state instead would yield
identical results, by symmetry. The bit-flip probability sim-
ulations of this paper have all been performed using this
definition. In the remainder of this section, we provide the
analytical derivation that has been used as a theoretical fit
to such bit-flip simulations.

As in Sec. II, the system is subject to a cat-qubit con-
finement scheme and to usual decoherence effects such
as single-photon relaxation, thermal excitation and pure
dephasing,

dρ̂

dt
= gLconfρ̂ + κ−D[â]ρ̂ + κ+D[â†]ρ̂ + κφD[â†â]ρ̂,

(B3)

where Lconf is a confinement superoperator with confine-
ment rate g, while κ− = κ1(1 + nth) and κ+ = κ1nth are the
single-photon relaxation rates, nth the average number of
thermal photons at the resonator frequency and κφ is the
pure dephasing noise rate. At all times, the density matrix
may be separated in two parts as

ρ̂(t) = (1 − ε(t)) |α〉〈α| + ρ̂l(t), (B4)

where ρ̂l represents the part of the density matrix that
has leaked out of the coherent subspace |α〉〈α|, such
that Tr[ρ̂l(t)] = ε(t). Suppose decoherence rates are small
compared to the confinement amplitude, κ+, κ−, κφ � g,
and the time of evolution is short compared to the time
scale of population leakage out of the coherent state, κlt �
1 where κl = κ+ + |α|2κφ is the leakage rate. In this limit,
leakage is small and |ε(t)| � 1. We first differentiate Eq.
(B4) with respect to time, and second reinsert Eq. (B4) in

Eq. (B3), to obtain the two following equations:

dρ̂

dt
= −ε̇ |α〉〈α| + dρ̂l

dt
(B5)

and

dρ̂

dt
= gLconfρ̂l

+ κ−D[â] |α〉〈α| + κ+D[â†] |α〉〈α|
+ κφD[â†â] |α〉〈α| + O(ε2)

= gLconfρ̂l + κl(|α, 1〉〈α, 1| − |α〉〈α|)
− α

2
(κ1 + κφ) (|α, 1〉〈α| + |α〉〈α, 1|)

− |α|2κφ (|α, 2〉〈α| + |α〉〈α, 2|) + O(ε2), (B6)

where |α, n〉 = D(α)(â†)n |0〉 is the nth displaced Fock
state, and where we use that Lconf |α〉〈α| = 0 by definition.
At this point, we project Eqs. (B5) and (B6) inside the
|α〉〈α| subspace, which yields

−ε̇ = g 〈α|Lconfρ̂l |α〉 − κl. (B7)

For a purely Hamiltonian confinement scheme,

〈α|Lconfρ̂l |α〉 = −i 〈α| (Ĥconfρ̂l − ρ̂lĤconf) |α〉 = 0 (B8)

since Ĥconf |±α〉 = 0 by definition, and thus Eq. (B7)
simplifies to ε(t) = κlt. In other words, for a purely Hamil-
tonian cat-qubit confinement scheme, all leakage out of
the codespace due to dissipative noise builds up and never
reconverges back to the codespace. Projecting outside of
the |α〉〈α| subspace further yields the master equation
on the remainder of the density matrix. For Hamiltonian
confinement it just reduces to

dρ̂l

dt
= −ig[Ĥconf, ρ̂l] + κl |α, 1〉〈α, 1|

− α

2
(κ1 + κφ) (|α, 1〉〈α| + |α〉〈α, 1|)

− |α|2κφ (|α, 2〉〈α| + |α〉〈α, 2|) . (B9)

2. Kerr confinement

We now consider a Kerr Hamiltonian confinement such
that Ĥconf = −ĤKerr, and assume the dynamics of Eq. (B9).
To investigate the associated evolution of ρ̂l, we expand
quantum operators into the Kerr Hamiltonian eigenbasis
with eigenstates {|φ±

n 〉}∞n=0 of energies {e±
n }∞n=0. This eigen-

basis has a degenerate ground eigenspace of energy e±
0 = 0

such that |φ±
0 〉 = |C±

α 〉 are the cat-qubit basis states. All
other eigenstates are separated in two branches of even
and odd parities with 0 < e−

n − e+
n � e±

n+1 − e±
n , even
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though e−
n − e+

n grows unbounded in n. These energy-level
spacings δn = |e−

n − e+
n | are represented in vertical axis

logarithmic scale on Fig. 14. The expansion thus yields

|α〉 = (N+ |φ+
0 〉 + N− |φ−

0 〉)/2, (B10a)

|α, 1〉 =
∑

n>0

(
λ+

n |φ+
n 〉 + λ−

n |φ−
n 〉) , (B10b)

ρ̂l(t) =
∑

n,m

∑

s,r=±
τ sr

nm(t) |φs
n〉〈φr

m| , (B10c)

where N± =
√

2(1 ± e−2|α|2) and the τ sr
nm are the variables

to be investigated. The λ±
n are defined by Eq. (B10b) and

they are real for α real. Reinjecting in Eq. (B9) and pro-
jecting onto the |φs

n〉〈φr
m| density-matrix element yields (for

n + m > 0)

d
dtτ

sr
nm = −iτ sr

nm(es
n − er

m) + κsr
nm, (B11)

where κsr
nm is the rate at which the corresponding density-

matrix coefficient is populated, and given by κsr
nn = κlλ

s
nλ

r
n

for terms with n = m. We can solve each equation individ-
ually for null initial conditions, yielding

τ ss
nn(t) = (λs

n)
2 κl t, (B12a)

τ sr
nm(t) = iκsr

nm
e−i(es

n−er
m)t − 1

es
n − er

m
. (B12b)

In this Kerr eigenbasis expansion of ρ̂l, the dominating
terms are the diagonal terms τ ss

nn and the terms τ ss̄
nn where

s̄ = −s. All other terms are much smaller due to their
1/(es

n − er
m) dependence and we therefore neglect them.

The density matrix ρ̂l is thus almost block diagonal in the
Kerr eigenbasis, with blocks of the form

[
τ++

nn (t) τ+−
nn (t)

τ−+
nn (t) τ−−

nn (t)

]
= κlt

[
(λ+

n )2 λ+
n λ−

n
eiδnt−1

iδnt

λ−
n λ+

n
e−iδnt−1

−iδnt (λ−
n )2

]

,

(B13)

where δn = e−
n − e+

n > 0. After idling time T ∼ 1/δn,
coherences of this diagonal block have flipped sign thus
inducing bit flip. The bit-flip error is then given by

pX (t) = 1
2

(
1 − Tr[Ĵzρ̂]

)

= 1
2

(
1 − (1 − κlt) Tr[Ĵz |α〉〈α|] − Tr[Ĵzρ̂l]

)

≈ 1
2

(
κlt − Tr[Ĵzρ̂l]

)

≈ 1
2
κlt − 1

2

∑

n>0

(
τ−+

nn (t) 〈φ+
n | Ĵ+− |φ−

n 〉 + h.c.
)

(
)

FIG. 14. Energy-level spacing between even and odd parity
eigenstates of the Kerr Hamiltonian δn = |e−

n − e+
n | in units of

K . Similar plot as in Fig. 2(a) but with a logarithmic scale on the
vertical axis.

≈ 1
2
κlt − 1

2

∑

n>0

(
τ+−

nn (t) + h.c.
)

≈ 1
2
κlt

∑

n>0

(
(λ+

n )2 + (λ−
n )2 − 2λ+

n λ−
n

sin(δnt)
δnt

)

≈ κlt
∑

n>0

λn

(
1 − sin(δnt)

δnt

)
, (B14)

where λn = [
(λ+

n )2 + (λ−
n )2

]
/2 is the value used and

shown in the main text. In this derivation, three different
assumptions were made. The first is that Tr[Ĵx |α〉〈α|] = 1,
which is valid up to corrections of order exp(−2|α|2). The
other two are that 〈φ−

n | Ĵ−+ |φ+
n 〉 = 1 and that (λ+

n )2 +
(λ−

n )2 = 2λ+
n λ−

n . These two assumptions are true in the
limit of large α, and would result only in an additional pref-
actor in front of the sine term, which does not change the
overall estimation.

3. Two-photon exchange confinement

The case of a TPE confinement is similar to the one of
Kerr confinement. Bit-flip errors are caused by dephasing
of the even and odd parity branches of excited eigenstates
with respect to each other, which occurs in a time scale
given by the eigenstates’ energy-level spacing. A similar
formula for bit-flip error probability can thus be derived
by going into the TPE eigenbasis instead of the Kerr one.
Those bases are directly related, as explained in the main
text. Similar computations then yield

pX (t) = κlt
∑

n�=0

�n

[
1 − sin(
nt)


nt

]
, (B15)

where �n = [
(�+

n )2 + (�−
n )2

]
/2, and where �±

n =
〈�±

n |α, 1〉. From the relation between the two eigenbases,
it is not hard to check that �n = λn/2.
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4. Combined Hamiltonian and dissipative confinement

We now consider a harmonic oscillator with a combined
Kerr and two-photon dissipation confinement. The master
equation that governs the evolution of the system is

dρ̂

dt
= iK

[
ĤKerr, ρ̂

]
+ κ2D[â2 − α2](ρ̂)

+ κ−D[â](ρ̂) + κ+D[â†](ρ̂) + κφD[â†â](ρ̂),
(B16)

where κ2 is the engineered two-photon dissipation rate
and K the engineered Kerr nonlinearity. For such a com-
bined scheme, the Kerr confinement induces bit flip due
to the dephasing of even and odd parity eigenstates with
respect to each other at a rate given by δn. The dissipa-
tive confinement on the other hand steers back the state
towards the cat-qubit manifold at a local rate given by
κconf = 4|α|2κ2, which yields an effective reconvergence
time scale given by t ∼ 1/κconf. Inserting this time scale
in Eq. (B14) yields an estimation of the bit-flip rate. Since
two-photon dissipation also induces bit-flip errors in the
reconvergence process, an additional bit-flip error rate pro-
portional to exp(−2|α|2) must be taken into account, and
the total bit-flip error rate is estimated as


bit flip = κl exp(−2|α|2)

+ κl

∑

n>0

λn

[
1 − sin(δn/κconf)

δn/κconf

]
. (B17)

For a combined TPE and dissipative confinement scheme,
similarly, the total bit-flip error rate is estimated as


bit flip = κl exp(−2|α|2)

+ κl

∑

n�=0

�n

[
1 − sin(
n/κconf)


n/κconf

]
. (B18)

APPENDIX C: STEADY STATE OF BIT-FLIP
ERRORS AND EXPONENTIAL SUPPRESSION

In the paper, bit-flip error rates are computed by fitting
an exponential curve pX (t) ∝ 1 − e−
bit flipt onto numer-
ical simulations of the master equation at large idling
times. In the presence of two-photon dissipation, the typ-
ical dissipative time scale is t ∼ (κconf)

−1 = (4|α|2κ2)
−1,

and the bit-flip error rate is extracted from simulations
at Tidle � (κconf)

−1. For purely Hamiltonian simulations,
this time scale should in theory be infinite. However,
single-photon dissipation also induces reconvergence to
the codespace in a typical time scale given by t ∼ (κ1)

−1.
In this case, numerical simulations are performed for idling
times Tidle � (κ1)

−1.
Figure 15 shows bit-flip error probabilities as a func-

tion of time for idling cat qubits, under a combination of

FIG. 15. Bit-flip error probabilities of idling cat qubits con-
fined by combined Kerr (top) and TPE (bottom) schemes at
working points K/κ2 = 3 and g2/κ2 = 20. The cat qubit is sub-
ject to single-photon loss at rate κ1/κ2 = 10−3, as well as pure
dephasing at rate κφ/κ2 = 10−5 (solid lines) or thermal excita-
tions at rate κ1nth/κ2 = 10−5 (dashed lines). The idling time on
the horizontal axis is given in units of 1/κconf to show a clear
transition to the single exponential behavior of the dynamics at
around Tidle × κconf � 5.

dissipative confinement, respectively, with Kerr (top) and
TPE (bottom) Hamiltonians. In both plots, a clear expo-
nential behavior of the dynamics is attained after typical
idling time Tidle � 5(κconf)

−1, as can be deduced from the
linear scaling of bit-flip error probability in the log scale.
The slope directly gives 
bit flip for the corresponding value
of α and of K/κ2 or g2/κ2.

In Sec. III and Fig. 7 of the main text, we investigate
the exponential reduction of the bit-flip rate as a func-
tion of mean photon number in the cat state, by writing

bit flip ∝ exp(−γ |α|2). In the limit of a large dissipative to
Hamiltonian confinement rate, we observe that γ is indeed
independent of α and slightly larger than 2. In the oppo-
site limit of a small dissipative to Hamiltonian confinement
rate, it is expected from Eqs. (B17) and (B18) that γ = 0 at
|α| = 0, and that it increases towards an asymptotic limit
γ∞ < 2 as |α| → ∞ [29]. In other words, in the limit of
a small dissipative to Hamiltonian confinement rate, the
exponential dependence of 
bit flip on |α|2 does not hold as
such.

We want to estimate the transition from the dissipation-
dominated regime, i.e., 
bit flip ∝ exp(−γ |α|2) with γ ≥
2, to the Hamiltonian-dominated regime, i.e., 
bit flip ∝
exp(−f (α) × |α|2) with 0 ≤ f (α) < 2. Figure 7 shows
the value of γ giving the least-squares numerical error
between the fitting function h(|α|2) = −γ |α|2 + c0 and
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(
)

(
)

FIG. 16. Bit-flip error rate of an idling cat qubit with a com-
bined Kerr (top) or TPE (bottom) and two-photon dissipation
confinement. for increasing values of K/κ2 and g2/κ2. Both sim-
ulation data points (markers) and exponential fits of these data
points (lines) are shown. The exponential suppression factor γ

plotted in Fig. 7 is extracted from such exponential fits. The cat
qubit is subject to single-photon loss at rate κ1/κ2 = 10−3 and
either thermal excitations at rate κ1nth/κ2 = 10−5 (diamonds) or
pure dephasing at rate κφ/κ2 = 10−5 (circles). Bit-flip error rates
are plotted with respect to the leakage rate κl = κ1nth + |α|2κφ .

the actual function ln(
bit flip) = −f (α)|α|2 + c1, in the
range of values 2 ≤ |α|2 ≤ 12. Here c0 and c1 are just
optimized proportionality constants. Although the precise
values of γ depend on this methodology, the transition
point between dissipation-dominated and Hamiltonian-
dominated regimes would not change with other method-
ologies.

In Fig. 16, several of these numerical fits are shown.
In all plots, the bit-flip error rate is plotted against |α|2
with markers showing numerical data, and lines show-
ing the exponential fits with least-squares estimate of γ .
The top plots show the combination of dissipative con-
finement and Kerr Hamiltonian confinement at increasing
values of K/κ2, and the bottom plots the combination with
TPE Hamiltonian instead. For the smallest values of K/κ2
and g2/κ2 shown, a clear exponential suppression in |α|2
with γ ≥ 2 is found. For the largest values of K/κ2 and
of g2/κ2 instead, the data deviates from this exponential
dependence, but the linear fit for ln(
bit-flip) still provides
a good representation of the bit-flip errors in the range of
parameters considered.

APPENDIX D: ESTIMATION OF GATE-INDUCED
PHASE ERRORS FOR Z GATES

In this section, we estimate the phase-flip error prob-
ability caused by the operation of a Z gate under com-
bined Hamiltonian and dissipative confinement, and in the
absence of other noise sources. These are also commonly
called nonadiabaticity errors. More precisely, we calculate
first-order phase errors in the combined Kerr scheme. The
calculation for the combined TPE scheme appear to be
more complex and require higher-order derivations. In this
case, we provide only the formula that has been used to
analytically fit the numerical results of the main text.

The master equation that describes the Z gate opera-
tion proposed in the main text, with a combined Kerr and
dissipative confinement scheme, is

dρ̂

dt
= iK

[
(â2 − α2)†(â2 − α2), ρ̂

]

− iεZ(t)
[
â + â†, ρ̂

] + κ2D[â2 − α2]ρ̂. (D1)

For the purpose of the following analysis, we apply the
shifted Fock basis (SFB) method, which splits the cat-qubit
mode into a two-dimensional qubit mode coupled to a har-
monic oscillator gauge mode [17]. While various details on
this method can be found in Ref. [17], here we need only to
use that the annihilation operator of the cat-qubit mode â is
well approximated by the operator σ̃z ⊗ (ã + α), where σ̃z
is the Pauli Z operator of the logical qubit described by the
cat and ã is the photon annihilation operator of the gauge
mode. The master equation therefore becomes

dρ̃

dt
= iK[ã†2ã2 + 2α∗ã†ã2 + 2αã†2ã + 4|α|2ã†ã, ρ̃]

− iεZ(t)
[
σ̃z ⊗ (ã + ã† + 2Re(α)), ρ̃

]

+ κ2D[ã2 + 2αã]ρ̃. (D2)

Like in Ref. [17], in the limit of large |α|, we can keep
only the terms of order |α|2 and neglect all terms of order
α or 1. This leading-order approximation is found to be
valid for the estimation of phase-flip errors, which are the
dominating errors for cat-qubit Z gates. Furthermore, we
move into the rotating frame with the ideal Z gate Hamil-
tonian HZ,ideal = 2Re(α)εZ σ̃z. The master equation, thus
describing the remaining error, is then given by

dρ̃

dt
= iωK [ã†ã, ρ̃] + κcD[ã]ρ̃

− iεZ(t)
[
σ̃z ⊗ (ã + ã†), ρ̃

]
, (D3)

where ωK = 4|α|2K and κc = 4|α|2κ2. From this simpli-
fied model, several approaches can be followed to compute
the dominant phase errors. More generic and mathemati-
cally grounded approaches, such as adiabatic elimination
[35] would lead to the same results.
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Here, we write the Langevin equations in the Heisenberg
picture for Eq. (D3). For the logical qubit part, we need
only dσ̃z/dt = 0, while for the gauge mode it reads

dã
dt

= −iεZ(t)̃σz + iωK ã − 1
2
κcã. (D4)

The solution to this equation is given by

ã(t) = ã(0)e−( 1
2 κc−iωK )t

− ĩσz

∫ t

0
e−( 1

2 κc−iωK )(t−t′)εZ(t′)dt′. (D5)

The first term vanishes at a rate κc before the drive
is applied. If εZ(t) varies sufficiently slowly or jumps
between constant values on which it stays sufficiently long
compared to κc, then the gauge mode follows the dynam-
ics of the drive up to negligible transients. In this case, Eq.
(D5) simplifies to

ã(t) = iεZ(t)
iωK − κc/2

σ̃z (D6)

and the gauge mode dissipation of Eq. (D3) results in
equivalent σ̃z dissipation, i.e.,

κcD[ã(t)] = κc
εZ(t)2

ω2
K + κ2

c /4
D[̃σz]. (D7)

From a more physical viewpoint, any displacement out of
the code subspace will result in equivalent dephasing of the
qubit due to two-photon dissipation bringing the state back
in the cat-qubit manifold with a phase error. This effect is
mitigated with the additional Kerr Hamiltonian as it limits
the displacement amplitude of the gauge mode.

We have thus derived an instantaneous dephasing term
on the qubit mode. The total phase-flip error probability
on the qubit after a phase gate is thus simply given by the
integral of the dephasing rate over the gate time, and reads

pNA
Z = 1

1 + 4K2/κ2
2

ε2
ZT

|α|2κ2
, (D8)

where ε2
Z = 1/T

∫ T
0 εZ(t)2dt is average squared amplitude

of the drive over gate time T. This is the same result as
in Ref [17], with the additional prefactor involving K/κ2,
which can be used to reduce nonadiabatic phase errors
thanks to the Kerr confinement.

Taking into account the single-photon loss of the cat-
qubit resonator with rate κ1, and assuming a constant
drive εZ(t) = θ/4Re(α)T during the gate, thus discarding
the short transients in Eq. (D6) when switching the gate

Hamiltonian on and off, the total phase error for the Z gate
with angle θ is given by

pZ = κ1|α|2T + 1
1 + 4K2/κ2

2

θ2

16|α|4Tκ2
. (D9)

In the case of the combined TPE confinement, the phase-
flip error probability is well fitted with the formula

pZ = κ1|α|2T + 1
1 + 4g2

2/κ
2
2

θ2

16|α|4Tκ2
+ θ2

32|α|4T2g2
2

.

(D10)

In this formula, the first contribution due to photon loss
is the same gate-independent contribution as for all other
confinement schemes. The second contribution is simi-
lar to the term found for the combined Kerr confinement.
The third contribution is however new and specific to the
TPE Hamiltonian, where the Z-gate Hamiltonian induces
hybridization of the codespace with a high-Q buffer state.
We leave the derivation of this fitting formula for future
work.

APPENDIX E: CIRCUIT HAMILTONIAN
DERIVATION

In this section, we derive the Hamiltonian for the super-
conducting circuit implementation proposed in Sec. VI of
the main paper. Its equivalent circuit is shown in Fig. 17
with an ATS acting as a high-Q buffer, capacitively cou-
pled to the cat-qubit resonator, and to the buffer resonator.
The full Hamiltonian of this circuit reads

Ĥ = ωa,0â†â + ωh,0b̂†
hb̂h + ωl,0b̂†

l b̂l

− EJ ,1 cos(ϕ̂ + ϕext,1) − EJ ,2 cos(ϕ̂ − ϕext,2) (E1)

where â, b̂h, and b̂l are slightly hybridized modes corre-
sponding to the cat qubit, high-Q buffer, and low-Q buffer
modes, respectively, with corresponding mode frequen-
cies ωa,0, ωh,0, and ωl,0. EJ ,1 and EJ ,2 denote the junction
energies of the ATS, and ϕext,1 and ϕext,2 are the tunable
flux biases in each ATS loop as shown in Fig. 17. The
total phase ϕ̂ across the ATS inductance is given by ϕ̂ =
ϕa(â† + â) + ϕh(b̂

†
h + b̂h) + ϕl(b̂

†
l + b̂l) where ϕa, ϕh, and

ϕl are the participation ratios of the three modes, deduced
from Kirchhoff’s laws and the modes’ hybridization. The
corresponding Hamiltonian can be rewritten as

Ĥ = ωa,0â†â + ωh,0b̂†
hb̂h + ωl,0b̂†

l b̂l

− 2EJ
[

cos(ϕ�) cos(ϕ̂ + ϕ
)

+ η sin(ϕ�) sin(ϕ̂ + ϕ
)
]
, (E2)

where ϕ� = (ϕext,1 + ϕext,2)/2 and ϕ
 = (ϕext,1 − ϕext,2)/2
are the average and difference of the two flux biases,
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EJ = (EJ ,1 + EJ ,2)/2 is the average junction energy, and
η = (EJ ,1 − EJ ,2)/(EJ ,1 + EJ ,2) is the junction asymmetry.
Our working point considers the ATS to be dc biased at the
flux bias point defined by

ϕ� = π

2
+ ε(t), ϕ
 = π

2
, (E3)

with two additional rf fluxes applied on ϕ� such that
ε(t) = ε1 cos(ωp ,1t) + ε2 cos(ωp ,2t). This bias point is cho-
sen such that only odd powers of ϕ̂ are turned on for η = 0.
The Hamiltonian now reads

Ĥ = ωa,0â†â + ωh,0b̂†
hb̂h + ωl,0b̂†

l b̂l

− 2EJ
[
ε(t) sin(ϕ̂) + η cos(ϕ̂)

]
, (E4)

where we assume |ε(t)| � 1. By expanding the cosine and
sine terms up to fourth order and absorbing the quadratic
terms of the cosine in the mode frequencies, the Hamilto-
nian becomes

Ĥ = ωaâ†â + ωhb̂†
hb̂h + ωlb̂

†
l b̂l

− 2EJ
[
ε(t)ϕ̂ − ε(t)

ϕ̂3

6
+ η

ϕ̂4

24
]
. (E5)

We can move to a displaced frame for the three modes
to absorb the linear term −2EJ ε(t)ϕ̂ in the above Hamilto-
nian. Assuming single-photon decay rates κa, κb,h, and κb,l,
the displacements are given by

ξx =
∑

k=1,2

−iEJ ϕxεk

i(ωx − ωp ,k) + κx/2
e−iωp ,kt, x = a, h, l. (E6)

The Hamiltonian in the displaced frame is given by

H̃ = ωaâ†â + ωhb̂†
hb̂h + ωlb̂

†
l b̂l + EJ

[
ε(t)

ϕ̃3

3
− η

ϕ̃4

12

]
.

(E7)

Here,

ϕ̃ = ϕa(â† + â) + ϕh(b̂
†
h + b̂h) + ϕl(b̂

†
l + b̂l)

+ s1e−iωp ,1t + s∗
1eiωp ,1t + s2e−iωp ,2t + s∗

2eiωp ,2t (E8)

with

sk =
∑

x=a,h,l

iEJ εkϕ
2
x

i(ωx − ωp ,k) + κx/2
, k = 1, 2. (E9)

Finally, we consider the addition of resonant microwave
drives on the buffer modes with amplitudes ζh(t) =

FIG. 17. Equivalent circuit diagram of the experimental
proposition of Fig. 12. The cat-qubit LC resonator (blue) is
capacitively coupled to the ATS circuit element (magenta), itself
capacitively coupled to the low-Q buffer LC resonator (green).
The high-Q buffer is the self-mode of the ATS, made of two
Josephson junctions (nonlinear inductance represented by a cross
and associated capacitor) and an inductance in parallel, and
threaded with two flux biases ϕext, 1 and ϕext, 2. Not shown here,
the low-Q buffer resonator is capacitively coupled to a dissipative
bath.

ζhe−iωht and ζl(t) = ζle−iωlt. The Hamiltonian becomes

H̃ = ωaâ†â + ωhb̂†
hb̂h + ωlb̂

†
l b̂l

+ [ζh(t)b̂
†
h + h.c.] + [ζl(t)b̂

†
l + h.c.]

+ EJ
[
ε(t)

ϕ̃3

3
− η

ϕ̃4

12
]
. (E10)

We set the pumping frequencies at ωp ,1 = 2ω̃a − ω̃h and
ωp ,2 = 2ω̃a − ω̃l where ω̃x are ac stark shifted frequen-
cies, i.e., including the effects of powers of ϕ̃ on the actual
mode frequencies. By going to the rotating frame of each
mode, and performing a RWA, we obtain the effective
Hamiltonian

H̃ = g2,h(â2 − α2)b̂†
h + h.c.

+ g2,l(â2 − α2)b̂†
l + h.c.

− χhh(b̂
†
h)

2b̂2
h − χll(b̂

†
l )

2b̂2
l − χaa(â†)2â2

− χahâ†âb̂†
hb̂h − χalâ†âb̂†

l b̂l − χlhb̂†
l b̂lb̂

†
hb̂h, (E11)

where the resonant drive amplitudes were set as ζh =
−α2g2,h and ζl = −α2g2,l. The various coupling strengths
in this Hamiltonian are given by

g2,h = EJ ϕ
2
aϕh (ε1/2 − ηs1) ,

g2,l = EJ ϕ
2
aϕl (ε2/2 − ηs2) ,

χxx = ηEJ ϕ
4
x /2,

χxy = ηEJ ϕ
2
x ϕ

2
y ,

(E12)

with x, y = a, h, l, and x �= y.
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FIG. 18. Bit-flip error probability of an idling qubit for a com-
bined TPE and dissipative confinement with single-photon loss
κ1 = 10−3 and thermal noise nth = 10−2. The left panel shows
numerical simulations without the TPE Hamiltonian and with a
single low-Q buffer mode, while the right panel shows numerical
simulations with the TPE Hamiltonian and two buffer modes. In
both panels, colored lines show different values of g2,l and κb,l
but at fixed effective two-photon dissipation, κ2,eff = 4g2

2,l/κb,l,
computed using the adiabatic elimination formula valid at small
g2,l/κb,l. Black diamonds show reference simulations with the
low-Q buffer mode completely eliminated according to this adi-
abatic elimination formula, thus actually corresponding to two-
photon dissipation κ2D[a2 − α2]. The black line is a numerical
fit of the black diamonds with exponential ratio exp(−2|α|2).

Assuming the Hamiltonian of Eq. (E11) with a strong
single-photon dissipation on the low-Q buffer mode,
κb,lD[b̂l], it is possible to adiabatically eliminate the
buffer mode to obtain an effective two-photon dissipation
of amplitude κ2,eff = 4g2

2,l/κb,l in the limit of κb,l � g2,l.
Figure 18 showcases a numerical simulation to validate
this adiabatic elimination. On the left panel, the usual dissi-
pative cat-qubit situation [16,27] with a single buffer mode
is shown. On the right panel, a dissipative cat qubit with
the additional TPE confinement at g2,h/κ2 = 10, and thus
with two buffer modes, is shown. In both panels, a refer-
ence simulation is shown in black where the Hamiltonian
coupling to the low-Q buffer mode is replaced by the dissi-
pation with κ2,eff resulting from the adiabatic elimination
formula. Colored lines then show the results of the full
system, including the low-Q buffer mode, for increasing
values of κb,l/g2,l at a fixed effective two-photon dissipa-
tion rate κ2,eff. As can be seen, in both cases the bit-flip
error is efficiently suppressed, with a rate tending towards
the adiabatic elimination formula once κb,l/g2,l reaches
values about 20 to 40.
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