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Abstract

The scope of this report is to study the optimal solution of a model for the problem of unilateral
contact between solid bodies with rolling friction, by means of an interior-point algorithm. The
model is based on the second-order cone programming (also SOCP) but with a conical constraint
given by the rolling friction cone that is not a standard cone in convex optimization as the Lorentz
cone, for instance. The difficulties are that the KKT system related to this model is not square
(the number of variables and equations are not equal) and the rolling friction cone is not symmet-
ric. That means it is necessary to find out the way that transforms the KKT system into a square
version, and as well as symmetrizes the conical constraint in order to be able to apply the solving
techniques for the standard SOCP. Some prerequisites will be firstly known in annex, then one of
the best possibility is proposed to solve the model in this report, along with difficulties and their
solutions. In the last section, more than 200 experiments are introduced to apply this proposed
approach and then present the results and observations of exceptional phenomena.

Keywords : optimization, Jordan algebra, SOCP, rolling friction contact, rolling friction cone,
Nesterov and Todd scaling.
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1P
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RHS
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Interior-point
Karush—Kuhn-Tucker
Nesterov-Todd
Right-hand-side

Strict complementarity
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Introduction

In [1]], Acary and Bourrier formulate and analyse a model for the problem of unilateral contact
between solid bodies with rolling friction. Accordingly, let us introduce the rolling friction cone,
as the cone of admissible reaction forces and torques, which is denoted by

K= {p=(rgrimg) € R® : |Ire| < pry, [mel] < pern} s (1)

where ¢ > 0 and pr > 0 are the friction and rolling friction coefficients. The vector r is the
reaction force at contact, with a normal component ry and the tangential components represented
by the vector r; € R2. The vector my; € R2 is the rolling friction reaction moment at contact.
Then, the dual cone K} = {y € R : ¥p € K,,y"p > 0} is given by [1, Lemma 3.1]

K= {y = (uxjur;wr) € R” s prllunll + ] < uy} (2)

where u = (uy; ur) is the velocity vector of the contact point, with normal and tangential compo-
nents, and wy, is the relative angular velocity.

The general friction contact problem with rolling resistance [1]] is formulated asﬂ

Muv+f—H'r = 0
Hv+w = vy
K'sy+®(y) L rek,

where M € R™*™ is symmetric and positive-definite, f € R™, H € R, w € R? and

O(y) = (NHUTHO‘f‘ MRHWRH) cRY
d—1

Noting that ®(y) = ®(y + ®(y)), the change of variable § = y + ®(y) allows to reformulate the
problem as
Mv+f—H'r = 0
Ho+w+d(H) = 3§ 3)
K>y 1L rek.

In [3]], a sequential solution of this system is proposed as follows. The second equation is written
as

Hot+w+¢(s) =y and s = pllugl| + pie[jr]

where ¢(s) = (s,0,0,0,0) . The idea is to solve the nonlinear system as a parametric system of
the form
Mv+f—H'r = 0
Hv+w+¢(s) = y “4)
K>y 1 rek,

!'To simplify, here we consider only one contact point.



ABBREVIATIONS AND SYMBOLS

where s is updated, either at the end of each iteration or after a convergence criterion is satisfied,
according to

s = pllurl] + ol lox.

The advantage of this formulation is that, for a fixed s, the parametric system is now the first order
optimality conditions of a convex optimization problem, which can be transformed into the class
of second order cone optimization problems. The rest of the report focuses on the numerical solu-
tion of the related optimization problem.

Let n € N be the number of contact points, d = 5 be the size of the unknown reaction and
torque vector at contact, and m € N be the number of degrees of freedom. In the relaxed formu-
lation of (@) where s is fixed and where we set w = w + ¢(s), the rolling friction contact problem
leads to a convex optimization problems of the form (see [2]])
%l,iyn 0T Mu+ fTo
st. Hv+w=y, (3)
y €K,

where M € R™*™ is symmetric and positive-definite, f € R™, H € R™*™ € R™ and
K = TI;_, Ki, each cone Kj is of the form (I)). We then have * =[], K. The dual problem
of (9) is then
min %vTMv —w'p
v,p
st. H'p—Mv=f, (6)
pe K.

The goal of this internship is to compute numerical solutions (v,%,p) € R™ x R™ x R™ of
optimization problems related to the primal-dual model (5)-(6), by means of an interior-point al-
gorithm.

The original interior-point method has been proposed by Karmarkar [9] for solving linear pro-
gramming. Then, Nesterov and Nemirovski [[12], Nesterov and Todd [11]] generalized efficient
primal-dual interior-point method for convex conical programming problems, only for self-scaled
cones [14, §3.5.1] (or symmetric cones. Unfortunately, the rolling friction cone K (T)) is not self-
dual,i.e., K # K*, so K is also not symmetric. Therefore, the main motivation for the intership is
to show how to symmetrize the rolling friction cone K in order to apply efficiently interior-point
method by using a Euclidean Jordan algebra.

In this report, we present in Chapter 1 the mathematical model for rolling friction problem as
well as the strategy by which we transform the rolling friction cone into product of two Lorentz
cones, which are symmetric cones [[7, §2], by means of a change of variables. We also show that
interior-point method efficiently works for a such strategy. At the same time, we describe a special
phenomenon concerning dual feasibility in solving the problem. In Chapter 2, many numerical
experiments are applied to our approach in order to demonstrate its efficiency and robustness by
several different schemes for interior-point method.



Chapter 1

Interior-point algorithm for the rolling
friction problem

In this chapter, we will present how to apply interior-point method for the rolling friction problem
which is more complicated than the standard SOCP because of its conical constraint that involves
non symmetric cones. As shown in introduction, the conical constraint of primal-dual model (3))-
(6) is asymmetric. Thus, the first thing to do is to symmetrize these cones in order to be able to
introduce an appropriate formulation for the rolling friction problem that enables the application
of interior-point method.

1.1 Conical constraint symmetrization

1.1.1 Mathematical model to study

Let us denote by 4; and puz ; fori € {1,... ,n} the friction coefficients related to a cone K. Let
i€ {1,...,n}, to eliminate these coefficients from (6], a change of variables is done:

U0 = Uin, Ui = piyr  and  U; = g ;w; g.

The matrix H and the vector w are left-multiplied by a block-diagonal matrix D with n blocks of
the form

diag(1, pti, i, frsiy Hr,i)-

We then have u = Dy and the linear constraint of (3) becomes D Hv + Dw = w. To simplify the
notation, we denote again by H and w the new matrix D H and the new vector Dw. In the same
way, we set r = D_lp, so that

- 1
Ti0 =Tin, Ti=—Tir and 7; = —myg.
i Hir

Let us now define the rolling friction cone
Fi = {ri = (rio;7;7) € R - max{||7|, |7:ll} < rio}-
Lemma 1.1.1. The dual cone of F; is given by
Fi= {ui = (uio; %) € R ¢ [|a]] + || < wip}.

Proof. To simplify, we will give a dual cone for only one contact point, i.e., n = 1. In this case,
the rolling friction cone and its dual are

F = {r=(@ropr7)eRx R2 x R?: max{||7]|, |||} < ro},
F* = {u=(up;u;0) € R x R* x R? : [|a|| + [|a] < uo}.

5



1.1. CONICAL CONSTRAINT SYMMETRIZATION

Note that the dual cone F* = {u € R% : w'r > Oforallr € F}. We now let u = (ug; @; i) €
R x R? x R? such that ug > ||| + ||@||. For all r € F, we get

u'r =wugrg+a' T+ a' 7 > ugre — ||al|||F] — a7

by Cauchy-Schwarz inequalities @' 7 > —||ul|||7|| and @' 7 > —||@||||7||. Since r € F, we then
obtain
ulr > roug — rol|al — rollall = ro(uo — |[ull — al)) >0

which implies u € F*. Conversely, let u € F* = {u € R? : w'r > Oforall7 € F} and let
0 = (0;0) € R? be the zero vector. We now define r = (1;7; ) such that

{”gl ifa#£0 {_g if i £ 0

T = and 7=

0 ifu=0 0 ifu=0
We acknowledge that » € F. Four cases are possible:

* 4 =17 =0thenr = (1;0;0) € R®. Since u'r > 0, we obtain ug > 0 = ||u|| + ||a].

*u = 0,0 # 0thenr = 1;0;—HZH € R>. Wehave 0 < u'r = g — || then
up > [|af| = |lall + fjall

*u # 0,0 = 0thenr = ( ;—r2:0) € R, We have 0 < u'r = ug — |u| then
uo > [|afl = |lall + [l

* 4 # 0,0 # 0thenr = (1;—L'— 4 ) We have 0 < u'r = ug — ||@|| — ||| then
up > [|al| + [lal]

Therefore, u always satisfies ug > ||u| + ||a|| for all uw € F*. The proof is done. O

We have

n n

F=][Fr ad F =][F
i=0 i=0

The primal-dual pair (3))-(6) becomes

min %’UTMU +flv

VU
st. Hv+w=u, (1.1)
u € F*,
and
min %UTMU-F’UJTT
v,T
st. HT'r—Mov=f, (1.2)
reF.
where
e v eR™,
s u= (u;...;u,) € R™and u; = (u;0;%;4;) € RY fori € {1,...,n} are the primal

variables,

or = (r1;...;rn) € R and r; = (rio;Ti;7i) € R? for i € {1,...,n} are the dual
variables.

Proposition 1.1.2. The optimization problems (I.1))-(1.2)) are the primal-dual pair of the problem.



CHAPTER 1. INTERIOR-POINT ALGORITHM FOR THE ROLLING FRICTION PROBLEM

Proof. The Lagrangian function associated to (I.T]) is

L(v,u,r) = %UTMU—F]FTU—FTT(U—HU—U))
= v Mo+ (f—H'r)Tlo+rTu—w'r,
for (v,u,r) € R™ x R™ x R, The dual function is then

T ek ' 13
(T) (’U,u)el]}%m « F* (’U, u, T) ( )

The Lagrangian is separable in v and u, so we have

inf L(v,u,r) = inf Li(v,r)+ inf 7' u
(v,u)ER™ X F* vER™ ucF*
where )
Li(v,r) = ivTMv +(f—H"r) .

Since L (v, r) is convex in v, its infimum is then achieved when V, L1 (v, r) = 0, i.e.,
Mv+f—H'r=0.

Besides, by the definition of the dual cone, we have

inf r'u=

ueF*

0 ifre F** = F
—o0 otherwise )

Hence, (1.3)) becomes

~WTMv—w'r fMv+f-H'r=0 and reF
d(r) = 2 . .
—00 otherwise

The dual problem follows. 0

Remark 1.1.3. Since M is positive definite, by Proposition (1.1.2)), we can formulate the reduced
form of the dual problem (1.2) as

min $r' HM'H r — (HM 7' f —w)'r,

s.t. rekF. (1.4)

Note that a vector € R is an optimal solution if and only if
F*sHM 'H'r —HM'f+w LreF.

However, we do not solve directly the reduced problem despite its apparent simplification. This
problem is not strictly convex because of the rank-deficiency of the matrix H. It means that
if rank(H) = nd then HM~'HT = 0; and if rank(H) < nd then HM~'H" is singular.
Thus, the solution is not unique. The Jacobian matrix of the KKT system related to (I.4)), in this
case, becomes singular and then causes numerical difficulties. Moreover, it is possible to lose the
structure of the problem since if H is a sparse matrix, which is usually the case, HM ~'H " is no
more sparse.

Assumption 1.1.4. (Slater’s condition) There exists a vector v € R™ satisfying Hv + w €
int(F*).

Theorem 1.1.5. (i) Let (v,u,r) € R™*27 be a solution of (I.3). Then (v, u) is an optimal
solution of (I.T)) and (v, r) is an optimal solution of (1.2).



1.1. CONICAL CONSTRAINT SYMMETRIZATION

(ii) Conversely, if the problem (I.1I) is feasible, then it has a unique optimal solution (v,u) €
R™*7d  In addition, if is strictly feasible (i.e., the Slater’s conditions are satisfied),
then there exists 7 € R such that (v, u, r) is a solution of (T.5). The primal-dual solution
of is characterized by

Ho4+w—u = 0,

Mv+f—H'r = 0,

u'r ! = 0 (15
(u,r) € F* x F.

Before going into the proof, we need the following lemma.

Lemma 1.1.6. (Weak duality)
Let (v,u,r) € R™ x F* x F be a feasible primal-dual triplet for the problems (I.1)-(1.2), i.e.,
Hv+w=wand Mv+ f — H'r =0, then

1 1
d(o,7) = =50 Mo —w'r < 0" Mo+ fTo = p(v).

Proof. Let (v,u,r) € R™ x F* x F, we have
0<u'r=Hv+w) r=v(Mv+fl+wr=v Mo+ flot+w'r
then —w ' r < v Muv + fTv. By this inequality, we obtain d(v,r) < p(v). O

We now go to the proof for Theorem (I.1.3). An elegant proof using arguments from convex
analysis can be found in [3]. We give here a proof using the classical weak and strong duality
properties of a convex optimization problem.

Proof. The statement () is a directy consequence of weak duality. To prove (i), suppose that
is feasible. Because the objective function of is strongly convex, and thus coercive, there
exists an optimal solution and it is unique. If we assume that the Slater’s conditions are satisfied,
then from the strong duality Theorem of convex programming [8, Theorem 11.15] (see also [I8}
Theorem 11.23]) there exists » € R such that p(v) = d(v, r) Since u'r = p(v) — d(v, ), the
KKT conditions (I.5]) are satisfied. O

1.1.2 Retrieve self-dual cones

One difficulty with the formulation (I.1]) and (I.2)) is that the cone F is not self-dual and thus not
symmetric. Therefore, it seems to be difficult to find out a Jordan product such that the comple-
mentarity condition of (I.3]) can be formulated as u o » = 0. Let us see now how to reformulate
these problems by means of Lorentz cones which are self-dual. We denote the Lorentz cone in R3
by

L={r=(v0;7) ERxR?: ||Z| < x0}.

The idea being to reformulate the inequality uy > ||@|| + |||l (which belongs to F) into two

equivalent inequalities presents in the following remark.

Remark 1.1.7. For a triplet (a, b, ¢) of real numbers, we have a > b+ ¢ if and only if there exists
t,t' € Rsuchthatt > b,t' > canda =1t +t.

By letting u; o = t; + t; forall i € {1,...,n}, the problem (1.1 can be reformulated as

min %UTMU +fo

VU g
(Pry) S.t. Hv+w = Juy, (1.6)
((tiswq), (tw)) € Lx Lyie{1,...,n},
where
'p(v) = optimal value of and d(v, r) = optimal value of (T.2).




CHAPTER 1. INTERIOR-POINT ALGORITHM FOR THE ROLLING FRICTION PROBLEM

J 1 1
e J= € R*6n  and  j = I € R5%6,
J L2
. _ . n(d+1) (g 4l d+1 -
uy = (Uitp;.-sUpey) € R and  w;ry = (ti; U, t;0;) € R foralli €
{1,...,n}.
So, we can see that an explicit formula of Ju, given by
t; + t;
Jugy = (Jurgws- -5 junge) and  juip = | w |,i€{l,...,n}
U

We have that (v, u) is an optimal solution of (I.1) if and only if there exists vectors ¢, ¢’ € R™ such
that (v, u; ) is an optimal solution of (I.6).
Proposition 1.1.8. The dual of (I.6) is as follows
min %UTMU +w'r
v,T
(D) st. HT'r—Mov=f, (1.7)
((’l“i,(); ’Fi), (Ti,O; fl)) € L x ﬁ,i S {1, - ,n}.

Proof. Leti € {1,...,n}. The Lagrangian function associated to (I.6)) is

L(v,upp,m) = Sv'Mv+ fTo+rT (Juy — Ho —w)
’ _ 1 Ty T ANT, T T (1.8)
= v Mv+ (f-—H'r) ' v+r Jup —w r,
for (v, uzy,7) € R™ x R4+ x R™, The dual function is then
d(r) = inf L(v,ug 7). (1.9)
vER™, ’
((ts515),(t550:))ELXL
Since
T Jugy = (rgt +7' @)+ (rg t' + 7' 4) = (ro;7) " (t;a) + (ro;7) " (¢ @),
where 79 = (r10;...;rn0), t = (t1;...5tn), t' = (th;...5t,), 7 = (F15...;7p) and 7 =
(F1;...;Ty), the Lagrangian is separable in v, (¢; @) and (¢;@). So, we have

L(v,upy,r) = inf Li(v,r)+ inf (ro;f)T(t;a)—F inf (ro;f)T(t';d)
vER™ (tizu)€L

inf
(v, (ts3t:), (t50:)) ERM X LX L (s eL

where !
Li(v,r) = §UTMU +(f—Hr)".

Since L, is convex in v, its infimum is then achieved when V, L;(v,7) = 0, i.e.,
Mv+f—H'r=0.

By the definition of the dual cone, we have

inf (ro;7)" (t;u) =

(ti;us)EL ’

0 if (7"1'70;?1') cLl
—oo otherwise

and

inf  (ro; f)T(t’; ) =

0 if (W,O% 7:7;) el
(thsu;)el

—oo otherwise
Hence, we obtain

d(?’) _ { —% TMU — wT'r if Mo =+ f — HTT =0 and ((7“1"0;?71'), (7"@0; 7:1)) S ﬁ X ﬁ
—00 otherwise

(1.10)

The dual problem follows. O



1.2. FORMULATION FOR KKT SYSTEM

1.2 Formulation for KKT system

1.2.1 Complementarity conditions

The following proposition will be useful to state the KKT conditions, see [4, Lemma 15].
Proposition 1.2.1. Assume that v € F* and r € F. The following assertions are equivalent:
(i) u'r=0.
(i) There exists ¢;,t, € R such that fori € {1,...,n},

(ti; fLZ) (e} (Ti,[];fi) =0 and (t/i; ﬂl) o (’1”7;7(); fl) =0. (111)

Proof. Welet u = (u1;...;u,) € R™, r = (r;...;7,) € R™ such that u; = (wi0; U Us) €
F; and r; = (r;0;7i;7) € Fi. There exists ¢;,t, € R such that u; o = t; + t; and (t;;w;),
(rio;73), (th;1;), (r50;7;) arein £ forall i € {1,...,n}. In particular, because the Lorentz cone

is self dual, the scalar product of any two pairs of these vectors is nonnegative, i.e.,
(ti; @) (rio;m) >0 and  (t;) " (ri0;7) > 0.
Therefore, forall < € {1,...,n}, we have
ulri = (w0 W) T (ri0; 755 i)
= (t; +thus0) " (rio; Tis i) (1.12)
= (tiyw) " (rio; i) + (8 @) T (rio; 7) > 0.

It follows that w7 = > u/7; = Oif and only if u, 7; = 0 forall i € {1,...,n}. By virtue of
[4, Lemma 15] and (T.12), u, 7; = 0 if and only if (T.TT) holds. O

1.2.2 KKT conditions

We can now formulate the first order optimality conditions of the primal-dual pair of the problem

(1.6) by using Theorem (I.1.5). Assume that (I.6) is strictly feasible solutions, then (v, u; ¢, 7) €
R™ x R™d+1) % R™@ i5 a primal-dual optimal solution for this problem if and only if

Mv+f—H'r =
Jugy — Hvo —w
(tis U)o (ri,0;7%)
(t3; @) o (ri0574)

)

0
0
0

, ie€{l,...n},

0, ie{l,...n}, (1.13)

t;, > HﬂZH, 1€ {1,...77,},
t; 2 ||al||7 (XS {17"'n}7
7i,0 > HEH, 1€ {1,...77,},
rio > |, ie{l,...n}.

1.2.3 Strict complementarity
Let us define strict complementarity (SC) for the primal-dual formulation:

Mv+f—H'r = 0
Hv+w = Jugy
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where L is the Lorentz cone. To simplify, we consider only one contact point n = 1, the gen-
eralization to several contact points is straightforward. Following [4, Definition 23], a solution
satisfies SC if and only if

(t;u) + (ro;7) € intL and (¢;@) + (ro;7) € intL.

For each pair, there are three possibilities:

(1) t>|ul and (ro;7) = Ops, (a) ¢ > ||u and (ro;7) = Ogs
(2) (t;u) =0gs and 1o > [|F], (b) (t';u) =0rs and 19> ||7|
3) t=|ul and 7o = |7, (c) t' =l and 7o = |7

Table 1.1: This must be read as ((1) or (2) or (3)) and ((a) or (b) or (c)).

Some possibilities are incompatible. Using the fact that ug = ¢ 4/, this leads to five possibilities,
which we list relatively to the original cones:

* u=0and ro > max{||7|], ||7] }.
* ug > |||l + ||| and r = 0.

* uy = ||al|, @ =0and rog = ||7]|, 70 > |7

« ug = ||all, @ = 0and ro = |7, 7o > ||7]-

* uo = [|lu] +lall, @ # 0, @ # O and ro = ||7[| = [7].

1.3 Perturbed formulation for KKT system

1.3.1 Perturbed KKT system

The system (1.13) is solved by means of an interior-point algorithm. To do that, a perturbation
of the complementarity equations is introduced. Let us consider the barrier problem associated to

(T.06):

(Pro) min T Mo+ fTo—p3 " Indet(t; a;) — pd i Indet(t}; @;) 0
it ! .
! s.t. Hv+w = Juyy,

where 1 > 0 is called the barrier parameter and det(-) is defined in Euclidean Jordan algebra, see

[Annex|

Lemma 1.3.1. Let e = (1,0,0)7 € R? be the unit vector related to the Jordan product. The
pertubed KKT optimality conditions for (1.14) are:

Mv+f—H'r = 0,
Jugy — Hv—w = 0,
(ti;wi) o (rio;7i) = 2ue, i€{l,...n},
(thsa;) o (rip;7) = 2pe, i€{l,...n}.

(1.15)

Proof. The Lagrangian function associated to (I.14) is
L(v,ugp,r)
1 n n
= ivTMv +fTu— uZlndet(ti; ;) — ,uZlndet(t;; ;) + 1" (Jugy — Ho — w),

i=1 i=1

11
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for (v, ugy,r) € R™ X R™d+1) 5 R The KKT optimality conditions are
VL(v,upp,7) =0, (1.16)
where
o VoL(v,upp,r) = Mo+ f — H'r,

* Vu, , L(v,upp,r) = JTr — 2,uu;t1,,
(ti;a1)~"
(ty:0)
where u;tl, = : and (t;; ;) "t (also (t);@;) 1) fori € {1,...,n} are defined
(tn;ﬂn)_l
(th; )~
in Euclidean Jordan algebra, see
o V. L(v,upy,r) = Jury — Hv — w.

From the condition V,, t,L(v, u,r) = 0in (I.I6), we have

-1
71,0 (tl >
1 Uy
Tl,O tll
T (01
: — 2 =0,
-1
T'n,0 tn
Tn Up,
Tn,0 t;L -1
Tn an

then
(rio; 7)) = 2u(ti;w) ™, i€ {1,...n},
(rio;7i) = 2u(th; @)Y, i€ {1,...n}.
We multiply accordingly from the right of (T.I7) by (¢;; w;) !, (t;; @;) ~*. Using the Jordan prod-
uct, we obtain

(1.17)

(ti;ug) o (rip;mi) = 2pe, i€{l,...n},
(@) o (rio;7s) = 2pe, i€{l,...n}.
The proof is done. 0

1.3.2 Linear system of the IP algorithm

The IP algorithm is to apply the Newton method for (I.13), while driving 4 to zero and maintaining
the iterates (t;;@;), (t; ;). (74,0;7;) and (75,0; 7;) in the interior of the Lorentz cones. The linear
system to solve at each iteration is of the form

M -H{ —-H" -HT Av Mv+f—H'r
—H 1 1 Arg t+t — Hov — wy
-H I AT u—Hv—w
-H I AF | i — Hv —

t a’ ro T At |~ | tro+a'F - 20pu
U tl r  rol At tr + rou
t a’ ro T At tro+a'F — 2ou
@ ' Forol) \Aa t'F + rol

(1.18)

12
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The linear system (I.18)) is represented for the case n = 1. The case n > 1 can be easily deduced
from this one by using a vector of unknows of the form

(AU; A’I"; A’U,t’t/),

where

Auyy = : , with Aw;yp = At’.l and Ar = : , with Ar; = | AF; |,
Aty g pr Aﬂi’ Ar, AT;

for all i € {1,...,n}. In IP algorithms, the barrier parameter is set to y = %, when the

complementarity condition is of the form x o z, where x and z are in the product of n Lorentz
cones, see [4, page 42]. For the system (I.15]), we could set the barrier parameter to

trace((¢;@) o (ro; 7)) + trace((t'; @) o (ro; 7)) (Jut,t/)—rr u'lr

#= 2n - n T Tn

The parameter o € (0, 1) is the centralization parameter. It is chosen according to different
strategies which are presented in the next sections.

1.3.3 Step-length computation

Once the linear sytem is solved, we have update the variables v, u, r and ¢ so that the next iteration
remains in the interior of the second order cones, i.e., the inequalities of must strictly hold.
Usually, a primal step-length o, € (0, 1] and a dual step-length ay, € (0, 1] are used. Howerver,
in the rolling friction case, we decide to choose the same step-lengths. The triple (v, us ¢, 7) is
updated to (v, u;},r*) by

v =v+alv, uf

S =wy +aluy, rH=r+adr

For the detailed calculations of «, see [16, §2.4]. In the next section, a characteristic phenomenon
associated to the dual infeasibility will be presented to clarify the fact that step-lengths should be
identical in our case.

1.3.4 A dual infeasibility phenomenon

Assuming that the system is solved exactly, i.e., Av, Au and Ar are exactly computed by (I.18)),
then, theoretically, primal and dual infeasibilities have to decrease monotonically along the itera-
tions. In fact, the primal infeasibility for the next iteration is given by

pinfeas™ = Hot 4+ w — Ju;t,
H(v + apAv) +w — J(ury + cpAuy )
(Hv+w— Jupy) + ao HAY — apJ Ay pr
pinfeas + (—appinfeas + appinfeas) + ap HAv — o Ay g
= (1 — ap)pinfeas + ap(pinfeas — (—HAv + JAu, p))
= (1 — op)pinfeas + ap&p,

(1.19)

where & = pinfeas — (—H Av + JAu, ) is the residual vector in solving primal feasibility equa-

tions in (I.I8). Since is exactly solved, then & = 0 and ||pinfeas™ || = (1 — a)||pinfeas||
which is monotonically decreasing. However, this is not totally the case for the dual residual since

dinfeas™ = (1 — ay)dinfeas + ap&p + (ap — ap) M Aw,

13
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which depends also on the term (o, — o) M Av. This means that if the steplengths oy, and o, are
identical at each iteration then the dual infeasibility behavior occurs normally. On the other hand,
its value could increase abruptly and abnormally, so the direction to update the variables v and r
is no longer the Newton direction. We call this phenomenon as a jump. This comes from the fact
that the vector v, which is initially a primal variable, appears in the dual problem. By experiments
presented in we will observe the jump phenomenon which leads to the slower convergence.
Therefore, we have to take ap = oy in the algorithm.

Remark 1.3.2. An additional remark on the linearization of a linear equation.

Consider a system of equations of the form F'(X) = 0, solved by means of the Newton method,
i.e., solve the linear equation F/(X)AX = —F(X), thenset X = X + aAX, where a € (0, 1]
is a step-length. Suppose that a part of the system is a linear equation of the form

Ax+ By =c,
where = and y are parts of the variable X. The linearization of the equation ' = 0 leads to
AAz + BAy = —(Az + By — ¢).
Suppose that different step-lengths are used to update the variables = and y, that is
zt=x+alAr and y" =y + BAY.
We then have

A(z +alz) + By + BAy) —c = (1—a)(Az+ By —c) + (8 — a)BAy,

= (1-p8)(Ax+ By —c¢) + (o — B)AAx.
If « = [, then we see that the residual of the linear equation is reduced by a factor (1 — «).
Moreover, if & = 8 = 1 then the residual is reduced to zero. But when o # 3, we see that even if

the residual is zero at the current iteration (i.e., Ax + By — ¢ = 0), at the next iteration the norm
of the residual is equal to | — B|||AAz|| = |o — B|||BAy]|, and thus does not vanish.

14
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1.3.5 Simple IP algorithm

We will now give a simple version of IP algorithm (Algorithm |1)) applied for the rolling friction

problem with the tools presented in the previous subsections.

Algorithm 1 Simple IP algorithm

1: Choose some tolerance € > 0,0 € (0, 1) and set the starting iteration number & = 0

2: Set a starting point (v, u?,,, 70) € R™ x R™Md+1) 5 Rnd

3: fork=0,1,2,... do

4:

Y e W

pinfeas® HJuf,t, — Ho* —w||p/(1+ ||lwl|2)
dinfeas® « || Mv* + f — Hrk|p/(1+ [ f]2)
pk = (Juf,t,)Trk/n
if max{pinfeas”, dinfeas®, ;/*} < e then

STOP
Solve to obtain
oy, < get_step_length
ap, < get_step_length((¢'*; @¥), ( At’k At
ag, < get_step_length (r’&,?k), (Aro,
g, + getstep_length((rf; 7), (Arf; A
Set av <— min{oy, , 0p,, 0y, Oty }

A k Auft/,ATk)
(th: @k, (AtF; AuF

PN

)
’“))
")
)

f
fk

Set (vF*1 ufjl, ) = (08, uf , rF) + (Ao, Augy,, Ark)

> See [16, page 191]

> STOP condition

> See section

15
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1.3.6 1P algorithm with Mehrotra scheme

In pratice, Mehrotra proposed an efficient primal-dual interior-point algorithm [10]] with the preditor-
corrector scheme. There are two linear systems to solve with the same coefficients matrix. The
first system is solved with o = 0, the second system is slightly different. Following the SDPT3
implementation in [[16, page 192] to define the optimal centering parameter o, we apply this for
the rolling friction case by Algorithm[2] Note that the modified RHS is used in the corrector

step to solve (I.18))

Mv+f—HTr
Jugy — Hv —w (1.20)
(t;a) o (ro;7) + (At; Au) o (Arg; A7) — 20 e '
(t';@) o (ro;7) + (At'; Aw) o (Arg; AF) — 20 e
Algorithm 2 IP algorithm with predictor-corrector scheme
1: Choose some tolerance € > 0 and set the starting iteration number & = 0
2: Set a starting point (v°, uf,, %) € R™ x R™Md+1) R
3: fork=0,1,2,... do
4: pinfeas”® « ||Juf’t, — HoF —w||p/(1 + ||w|2)
5 dinfeas® < || Mv* + f — H vk ||p/(1 + || f]l2)
6 k= (Jufyt,)Trk/n
7: if max{pinfeas”, dinfeas”, ¥} < ¢ then > STOP condition
8 STOP
9: - PREDICTOR Step -
10: ok 0

11: Solve (T.18) to obtain (Av*, u,’ft,, Ark)

12: ap,  get_step_length((tF; u* (Atk AaF ))

13: Qp, get,step,length((t’k,ﬂ ) (At'*; ATF))
((rg; ™ )

> See section m

14: g, + getstep_length((rf; ) (ArmAr )
15: g, < get_step_length((rk; 7%), (Ark; A7k))
16: Set ap <= min{ay, , ap, }, o +— min{oy, , ag, }
17: Set v <= 0.9 + 0.09 * min{a, ap}

18: - CORRECTOR Step -

19: g+ (Juey + apJ Aug ) T (r + apAr) /nd
20:  if ¥ < 107° then

21: e < max{1,3 *« min{ap, ap}}
22: else
23: e+ 1

24: o® « min{1, (ua/p*)¢}
25: Solve (1.I8) again with the modified RHS (I.20} -

26: ap, < v * get_step_length((t%; @), (AtF; Au*)) > Compute again the step-lengths
27: Qpy < v * get_step_length((¢'*; ~k) (AUF; At k))

28: Qg 4 7y * get_step length((r07 ), (Aro, ™))

29: g, < 7 * getstep_length((rf; 7%), (Ark; AFF))

30: Set a <— min{oy, , ap,, g, ad2}

31:  Set (ka,uﬁzl, PR = (08 ufy, rF) + (AR, Auyy,, ArF)

16
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1.3.7 First simple example.

Consider a sphere of mass m and radius R rolling on a plan. Let (z, y, z) be the coordinates of the
contact point, z being the vertical one. The matrix M is defined by M = diag(m, m,m, I, I, 1),
where [} = 5mR2 The global velocity vector is v = (Z; y; 2; 0; w qS) where 6, d) ¢ are respec-
tively the angular velocities arround x,y, z. The vector f is set to f = (0;0; g; My; My; M),
with, e.g., m = 1,9 = 10, M, = M, = M, = 1. The matrix H is defined by

0 01 00O
10 00 0O
H=|01 00 0 0
0 00100
0 00010

The vector w is set to zero in the constraint Hv + w = wu. The velocity vector is then u =
(2;2;9;0; ¢). The friction coefficients are set to u = 0.5 and pz = 0.01.

1.4 Symmetrization of linearized system

We see that the predictor-corrector algorithm [2| utilizes the solution of two linear systems being
identical along the iterations. Thus, an implementation that solves only once the linear system
by LDL factorization should be introduced, see [13, page 54-55]. However, the linear system is
not symmetrizable by means of standard transformation used in IP method, even the coefficient
matrix can be singular. This is due to the fact that the Jordan product is not commutative. Hence,
this section presents the scaling technique to retrieve a symmetric non-singular system. The main
reason comes from the fact that the solution of a symmetric system is cheaper than a nonsymmetric
one. Moreover, LDL factorization allows to control the inertia of a matrix, i.e., the number of
positive, negative and null eigenvalues of the factorized matrix, an important information that can
be used in an optimization process.

1.4.1 Nesterov-Todd scaling strategy

By left multiplying the last four equations of (T.18) by arw(¢; %) ! and arw(¢'; @) ~!, the matrix of
the linear system becomes
M -HT
“H J |, (1.21)
JT A

where
arw(t; u) " tarw(rg; 7)
A= arw(t'; @) " tarw(ro; 7))
; 0;7)

Suppose that the matrices arw(t; ) and arw(rp; 7) commute, and so do arw(t’; @) and arw(rg; 7).
In that case, the matrix A is symmetric, and so do the matrix (I.21)). In the general case, the matrix
A is not symmetric. This is why we have to introduce a scaling strategy (which is a local change
of variables) so that the arrow matrices commute and then the result system is symmetric, see
[4, page 42]. The transformation of the nonsymmetric (scaled) system (I.18)) to a symmetric one
remains exactly the same.

Let us now introduce two quadratic representation operators, see Qp, Q5 by which we
change locally the variables for the rolling friction case. Let p, p be the Nesterov and Todd (NT)

17
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directions given by
-1/2

p = {Q(t;ﬂ)1/2 [Q(t;a)1/2 (ro; 7)) /2 ) (1.22)
~ o -1/2 :
b= {Q(t’;ﬁ)l/Q[Q(t’;ﬁ)l/2 (10; 7)] 1/2} ’

we define .
t . t V() . o
(8) = o) (%) = o ()
' v 7 70
) = @) () -ea(?)
where

() - (e () - ()l exe

u

I () R 6 O 6 B

Uu (51

Remark 1.4.1. For the scaling technique, we can choose the directions p, p in different ways so

that (#;; ;) and (7 o; 7;) commute; also for the pair (# ;; 7). In the rolling friction case, we select

NT direction to get this. Indeed, we hav

a(0) - () = @) - ()

Hence, (D o @ - o (7) - <0
0 - o) - () - ()

In practice, IP method using NT direction is faster than the others directions for the second-order
cones. Computational results and explanations shown in [16, page 212] indicate this fact.

Using the fact that Q;-1Qp = I, Q;-1Q; = I, the definitions @), := (Qp Q*) and
P

t t
a L |u 4.
Uty = 4 = Qp 7 = Qp Ut ¢y
U U
70 70
T T 7 )
rn=J'r = = . = 7
J o Qp 7’6 QP I
7 T

since Qp(L x L) = L x L, see [4] theorem 9], the primal-dual problems (1.6) and (I.7) become

min v Mv+ fTo

VyUy g

S.t. Hv+w= Q;lamt/,

AWE eLxLiic{l }
ﬁi 3 ﬁz b yeees Ty,

18
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and
min v Mv+w' (KQp¥)
v,
st.  Mv+ f—HTKQp# =0, (1.24)
~. v/'
((’"E“) : <T0>> eLxLic{l,... n}
T T
where
k 1 0
K = eR™ and k= I € R>.
k I

Note that we take the matrix K such that K.J' = I. Thus, the new pertubed KKT system
associated to (1.6) - presents

—Hvo—w+Q, 't = 0,

<<Z> v <T;ZO>> = 2pe, ie{l,...,n} (125)
<<§) ) (Céo)) = 2pue, ie{l,....n}
((ti;ﬁi)a(tézﬂi)) € int(LxL), ie{l,....n}

The key lemma is following.

Lemma 1.4.2. Lete = (e1,...,e,) and e; = (1;0;0) € R3,i € {1,...,n}.
(Av, Ady, Aty) solves the linearized system of equations (1.23))

MAv — HTKQPAfJ = —(Mv+f— HTKpr'J)a
~HAV+ QA1 = ~(Q i~ Hy—w),
t AT At 7 h 7
<ﬁ)O<A£)+<Aﬁ>O<;> - _Ka)"(;)—?ue}, (1.26)
fl A7 Af’ 'FO B f’ 72/
() () (-0 - ~[(9-(5) -]

if and only if (Av, Au, Ar) solves

MAv—H"Ar = —(Mv+f—HTr),
—HAv+ JAu = —(Jupy — Ho—w),

v o)) v (35 - (2)) o (3)
) () e
o (0 ) () oo () (3

I @ () (o (7) ]

The proof is directly produced. We observe that only blocks of last 4 equations of (1.27) change
from the corresponding ones of (I.18]). Thus, we just consider these blocks of 4 equations when
the scaling technique is applied by means of a transform multiplied respectively by

()] -om(a ()
()] -am(a())
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Using the fact that

o (@) o (5)) () o (2) -

A?“o At . Tro tA !
(B)eor(d) - -()oma()

Eventually, the matrix of linear system (1.27)) becomes
M —-HT
—-H J |, (1.29)
T 2
J P

and the right-hand-side (RHS) shows

Mv+f—H'r
J'LLt,t/ — Hv—w

To { !
() w1 0
AN —1
To t/
(1) ()

1.4.2 Scaling technique algorithm for IP method

The algorithm 3 now presents for (1.3T))

Ar Jugy — Hv —w

M —H' A o 0
—-H J Al =~ <F>2M0QP (ﬁ) . (1.31)

JT Q2

~

At To 5/ -
2) ()l
Note that the modified RHS (1.32)) is used in the corrector step to solve (1.31)

Mv+f—H'r
Jugy — Hv —w

(5) (o (3) (5 () -
() (0(2)- (o () -

20

S >

-1
) . (1.32)
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Algorithm 3 IP algorithm with predictor-corrector scheme and scaling technique

1: Choose some tolerance € > 0 and set the starting iteration number k£ = 0
2: Set the matrix J

3: Set a starting point (v°, u?,,70) € R™ x R™Md+1) x Rnd

4 fork=0,1,2,...do

5: pinfeas® « Huﬁt, — Ho* —w||p/(1+ ||lwl2)

6:  dinfeas® « | MvF + f — Hr¥||p/(1+ | f]|2)

7: pk = (uﬁt,)Trk/n

8: if max{pinfeas”, dinfeas®, ;/*} < e then > STOP condition
9: STOP

10: pr < NT((t*; k), (rk; fk)) > Compute NT directions
i pF e NT((¢%; ab), (rf; 7))

12: Qpr quad_repr(p") > Compute quadratic representations
13: Qpr quad_repr(p")

14: - PREDICTOR Step -

150 of 0

16: Solve (1.31)

> See section

17: ap, < get_step_length((t*; a®), (Atk; Auk))
18: ap, < get_step_length((t'*; a¥), (At'*; Ag k))
19: g, get,step,length((rg,fk) (Arf; AFFY)
20: g, < get_step_length((r5; 7%), (Ark: A7¥))

21: Set ap — min{ay,,, 0p, }, o < min{oy,, ag, }
22: Set v < 0.9 + 0.09 * min{a, ap}
23 - CORRECTOR Step ]

24: fa — (upy + apAug )T (1 + apAr)/nd
25:  if uF < 107° then

26: e < max{1,3 x« min{ap, ap}}
27: else
28: e+ 1

29: o < min{1, (pa/p"*)¢}
30: Solve (1.31) again with the modified RHS (1.32} -
31 ap, < v * get_step_length((t*; a¥), (At*; Au¥)

) > Compute again the step-lengths
32: Qp, < 7 * get_step_length((+'*; ~"3) (AUF; AuF))

)

)

33: Qg 4 7y * get_step length((ro, ), Aro, 7*)

34: g, < 7 * get_step_length((rf; 7%), (Ark; A7F)

35: Set v <— min{oy, , ap,, 4y, Oy }

36: Set (vF*1, uf},l, rk1y = (vF, uﬁt/, r8) + a(Av*, Auﬁt/, Ark)
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1.4.3 An alternative scaling operator

As proposed by Cai, Zhi and Toh, Kim-Chuan in [5, §2], in stead of using the scaling opera-
tor ), we can introduce the NT scaling technique using a block diagonal scaling matrix F' =
diag(F1, ..., Fy,) such that Fo = F~'z for variables x = (x1;...;2,),2 = (21;...;2,) € R™
(i, zi € R i € {1,...,n}) belonging to the second-order cones. The elements F; for all
i €{1,...,n} are given by

(f0 fi
Fl_wz(fi I+1+§‘¢,ofif:)’ (139

where

o= (s gi= (50) 1 (sp Fme).
et(;) i \/2( det(z7) det(z) + 2] z) \ @2t~ @il

Note that det(f;) = 1. In addition, Tsuchiya presents in [15, Proposition 2.1] an explicit formula
for the inverse of F' given by

AT
1 1 [ fio —fi
Jos L (R L (1.34)
Wi (_fi I+ 1_1,_1]“2-’0 fifi )

Tsuchiya also shown in [15, Proposition 7.6] that this such matrix F' is the unique symmetric
positive definite matrix for the NT scaling technique, i.e., F' = (),,. Hence, we can apply these
scaling operators for the NT scaling technique instead of quadratic representation operators @, Q05
as introduced in the previous section. Numerically computation in practice by Python shows that
this approach is faster than the predecessor. See section for the summary.
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Chapter 2

Numerical experiments

In this chapter, we will test the algorithms on a data set consisting of 201 experiments of the
problem of unilateral contact between solid bodies with rolling friction. Each experiment will
include a different number of contact points n and degrees of freedom m. We also analyse and
evaluate the results delivered by each algorithm in order to demonstrate their efficiency. Finally,
we present a special phenomenon turning out for dual infeasibility as mentioned before.

2.1 Experiments

The following four algorithms will be tested in turn.

2.1.1 Simple IP algorithm

We follow directly the algorithm (I]). In brief, we need to solve the following linear system at each
iterations with centralization parameter o = 0.6

M -Hf -HT -HT Av

g 7 Ar Mv+f—H'r
' arl ro 7T At Jugy — Ho—w
o ——| tro+u'F-20
i tI Foorol Aa |~ roruT —Lop
" ot I AV (t;a) o (r(;7) — 20ue
07 (t';@) o (ro;7) — 20ue
i 1 Forol) \Ad ’ 03 H

(2.1)
In practice, o € (0, 1) will be chosen so that we can reach the optimality as quickly as possible. If
the Newton steps toward the optimal point is so slow, o should be increased. If the algorithm fails
in that the Newton steps tend to go beyond the cones, o should be decreased. Intermediate values
of o € (0,1) would be priority choice, see [13], page 398].

For each algorithm, we present the results for 4 experiments with the number of contact points
n respectively: 2, 4, 100 and 351. In each experiment, 4 graphs are displayed correspondingly
to 4 error values are Primal infeasibility, Dual infeasibility, Complementarity 1 and Comple-
mentarity 2 along iterations. These complementarity values are corresponding complementarity
conditions stated in (I.15). Obviously we expect the error values to decrease through iterations
until the tolerance we want is reached. In the scope of this topic, we take the tolerance as 10~ 2.
Figure [2.1| shows the evolution of error values. We especially interest in the robust decrease of
Primal-Dual infeasibilities after only the first few iterations.
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2.1. EXPERIMENTS

@n=2 (b)n=4

(¢c) n =100 (d)n =351

Figure 2.1: Error values for Simple Interior-point algorithm (T).

From these experiments solved by the simplest version of IP algorithm, we have achieved initial
success in solving rolling friction problem with the proposed strategy.
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CHAPTER 2. NUMERICAL EXPERIMENTS

2.1.2 1P algorithm with predictor-corrector scheme

By using the practical predictor-corrector algorithm proposed by Mehrotra, the optimal solution
should be expeditiously reached. Following the algorithm (2)), we firstly solve (2.1) with o = 0
in order to get the prediction for a better Newton step at the next iteration. Then, we resolve (2.1)
with the chosen o. Since we solve twice the linear system with the same coefficient matrix, an
LU factorization for this matrix is applied to accelerate the algorithm. Figure [2.2] gives us the
demonstration for acceleration.

(c) n =100 (d)n =351

Figure 2.2: Error values for Interior-point algorithm with Mehrotra scheme.

We can see that the optimal solutions are obtained after a number of iterations only half of simple
IP algorithm. Despite the possibility of non-convergence [13, page 411], Mehrotra’s practical
algorithm still works efficiently for the rolling friction case.
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2.1. EXPERIMENTS

2.1.3 IP algorithm with predictor-corrector scheme and NT scaling technique

As mentioned in algorithm (3]), we need to solve the following linear system along the iterations

Av Mv+f—H'r
Y _HT Ar JUt,t' — Hv—w
At To tA -1
—H I e | == [ (0] = 20005 ( . 2.2)
T 2
J o Q .

At 7 AN
2\t

Some results are shown in Figure 2.3]

@n=2 (b)yn=4

() n =100 (d)n =351

Figure 2.3: Error values for Interior-point algorithm with Mehrotra scheme and scaling Q.
Through these figures, NT scaling technique works adequately for the rolling friction problem
despite its slightly longer execution time. It is straightforward that the calculations for matrix @,

in which quadratic representation operators ()5, Q5 and NT directions p, p satisfy (I1.22) are so
complex.
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CHAPTER 2. NUMERICAL EXPERIMENTS

2.1.4 1P algorithm with predictor-corrector scheme and NT scaling technique us-
ing matrix F

To accelerate Mehrotra algorithm with NT scaling technique, we replace the operator ), by F'
characterized by (I.33). Theoretically, ), and F' are totally identical form the analytical point
of view. However, explicit formulas of F' help us compute less than its predecessor. Figure [2.4
shows the results in pairs whereby we can produce a comparison between error values obtained by
two scaling operators (), and F'. The figures on the left correspond to (), the figures on the right
correspond to the other.

(a) n = 2, NT scaling using matrix Q,,

(¢) n = 351, NT scaling using matrix Q, (d) n = 351, NT scaling using matrix F'
Figure 2.4: Error values for Interior-point algorithm with Mehrotra scheme and scaling F.
Taking a closer look at these figures, we hardly notice the obvious differences between the graphs.

We also show a bit more detail about error values associated to the experiment n = 351 through
iterations in order to illustrate the differences in the following table.

. Q F

tte comp 1 comp 2 ’ pinfeas dinfeas comp 1 comp 2 pinfeas dinfeas
0 | 537e-02 2.69¢e-02 3.00e+00 1.15e+00 | 5.37e-02 2.69¢-02 3.00e+00 1.15e+00
1 | 2.23e-02 9091e-03 9.22e-01  3.53e-01 | 2.23e-02 9.91e-03 9.22e-01  3.53e-01
2 | 441e-03 2.27e-03 1.52e-01 5.82e-02 | 4.41e-03 2.27e-03 1.52e-01  5.82e-02
3 | 1.84e-03 1.19e-03 7.92e-02  3.03e-02 | 1.84e-03 1.19e-03 7.92e-02  3.03e-02
4 | 426e-04 3.50e-04 1.73e-02  6.63e-03 | 4.26e-04 3.50e-04 1.73e-02  6.63e-03

25 | 8.32e-13  8.19e-13  2.78e-17 6.93e-20 | 8.32e-13 8.19e-13  5.55e-17 1.22e-19
26 | 6.0le-13  5.71le-13 2.78e-17 1.89e-19 | 6.0le-13 5.71e-13  2.78e-17  2.16e-19
27 | 3.77e-13  3.73e-13  5.55e-17 1.49e-19 | 3.72e-13 3.68e-13  5.55e-17  6.76e-20
28 | 2.06e-13  1.99e-13 2.78e-17 1.22e-19 | 2.05e-13 1.97e-13  5.55e-17 1.74e-19
29 | 1.06e-13  1.05e-13 5.55e-17 1.91e-19 | 1.05e-13 1.04e-13  5.55e-17  6.76e-20
Execution time: 17.825270 Execution time: 14.445220

Table 2.1: Comparison of results obtained by NT scaling technique using operators @, and F'.
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2.1. EXPERIMENTS

For convenience, we only specify the five first and five last iterations. For the first iterations, we
observe that all error values are absolutely identical for both operators, meanwhile they become
slightly different for the last ones. These distinctions come from errors in the calculations such
as inverse, square root, etc since the formulas of (), and F' are different. The distinction will be
more pronounced when the matrix size is larger, and when it has gone through many iterations
after which the accuracy is extremely remarkable. Moreover, the operator F' accelerate the NT
scaling technique in comparison with the operator (),,. We will take a closer look at this through
performance profile in the next section. Besides, we applied an LU factorization to solve all the
linear systems and we did not take the advantage of the symmetry of the matrix in (2.2). Indeed,
(2.2) should be solved by means of an LDL factorization which would improve the numerical
results related to the NT scaling strategy. The next stage after this intership will accomplish this
thing.
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CHAPTER 2. NUMERICAL EXPERIMENTS

2.2 Performance profiles

We now take a glance at an overall evalution for 4 algorithms with the tolerance 10~!? in the
following table.

sip | MEHROTRA | MEHROTRA | MEHROTRA

scaling @, scaling F’
8358 3808 4801 4795 Total iterations
8.086672 5.853297 8.902764 7.034623 Average execution time

Table 2.2: Summary specification for 4 algorithms.

To be able to get the benchmarking optimization solvers, Dolan and Moré [6] introduced the
performance profile by which we can evaluate our algorithms with the best features on a large
dataset. Assume that we possess a set P of n, problems which will be solved by a set S of n,
solvers. For each problem p, each solver s and a required precision tol, we define a performance
criterion by

tp,s = computing time required to solve problem p by solver s at precision tol.

To compare the performance on problem p by solver s with the others solvers, we define a perfor-
mance ratio by

t
P:5 > 1.

o=
p,S . . i}
mint,s:s €S

A cumulative distribution function ps for the performance ratio for a solver s is defined by

1
ps(T) = n—size{p €P:rps <71} <1,
P

for each 7 > 1. The parameter p,(7) is the probability for solver s whose performance ratio ry, s
is within a factor 7 of the best solver. In other words, the higher ps(7) is, the better the algorithm
is. We now present the performance profiles for 201 experiments with some different tolerances
10712,107, 10716, 10717 in the following Figures.

Number of iterations CPU time
1F T T T = 1
0.8 | 8 0.8 | 8
06 5 0.6 f 5
E
z
0.4 | 8 0.4 8
0.2 8 0.2 8
O | | | 0 . | | | | |
0 0.5 1 1.5 2 0 02 04 06 08 1 12 14
T
— SIP12 — MEHI2 MEHQI12 — MEHFI12

Figure 2.5: Performance profile for tol = 1072,
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Number of iterations

1F T
0.8} 8
06} 8
&
<
0.4} 8
0.2} 8
0 0 | | | | | | |
0 0.5 1 1.5 2 0 02 04 06 08 1 12 14
T T
— SIP14 — MEH14 — MEHQI4 — MEHF14
Figure 2.6: Performance profile for tol = 10714,
Number of iterations CPU time
1F T T = 1 ‘r(,,- T I
0.8} 8 0.8 | 8
06 8 0.6 |
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3
0.4} 8 0.4 |
0.2 | 021
0 | | | 0 | | | | | | |
0 0.5 1 1.5 2 0 02 04 06 08 1 12 14
T T
— SIP1I6 — MEH16 — MEHQI6 — MEHF16
Figure 2.7: Performance profile for tol = 1071,
Number of iterations CPU time
1F T T T = 1F T T T =
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Figure 2.8: Performance profile for tol = 1077,
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With these performance profiles, we observe that the original algorithm of Mehrotra (without
scaling) has the highest performance. We also see that Mehrotra algorithm applying NT scaling
technique reduces the speed of algorithms because of its computational complexity, the total num-
ber of iterations to reach the optimal solution is about 25% more than the one without scaling. In
addition, using the operator F' for the NT scaling technique provides a 25% faster speedup than
using the operator Q).

31



2.3. JUMP PHENOMENON

2.3 Jump phenomenon

As mentioned in (1.3.4)), we can see the jump phenomenon for the dual infeasibility. In Figure
[2.9] with the number of contact points n = 2, the jump phenomenon has not appeared clearly
(actually it appears only a little in the case of Mehrotra algorithm). As described in section[1.3.4]
it is simply understandable that the number of contact points is insignificant, the step-lengths
obtained from the calculation are all equal to 1 through iterations for almost algorithms. Thus, the

term (o, — ) M Aw disappears in the dual residual

dinfeas™ = (1 — oy )dinfeas + apép + (o — ap) M Avw,

algorithms work smoothly as usual.

(a)n=2 SIP

(¢) n = 2, MEHROTRA scaling Q,,

We observe that the jump appears in 2.9{(b), only for the original Mehrotra’s algorithm. It is
explained that in the last iterations, Mehrotra’s algorithm produced some different step-lengths o,

Figure 2.9: jump appears faint.

(d) n = 2, MEHROTRA scaling F

and ap. We also show detailed information in the following table.

ite | comp 1 comp?2 | pinfeas | dinfeas Qp ap

11 | 2.54e-10 | 1.14e-10 | 1.36e-17 | 2.16e-19 | 1.00e+00 | 1.00e+00
12 | 3.31e-11 | 1.25e-11 | 1.91e-17 | 2.16e-19 | 1.00e+00 | 1.00e+00
13 | 2.19e-12 | 1.05e-12 | 1.41e-17 | 2.16e-19 | 1.00e+00 | 1.00e+00
14 | 2.99¢-14 | 1.12e-14 | 1.08e-17 | 5.73e-11 | 9.94e-01 | 1.00e+00
15 | 3.15e-16 | 1.13e-16 | 1.99e-17 | 5.92e-13 | 9.90e-01 | 9.91e-01

Table 2.3: jump occurs when o, and o, are different at the two last iterations.

However, when the number of contact points n inscrease, step-lengths are frequently distinct. The

Execution time: 0.103712

Jump appears as in figure [2.10|and even occurs densely as in figure [2.11]
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(a)n =4, SIP (b) n = 4, MEHROTRA without scaling

Jues - MEHROTRA with seaing F

(¢) n = 4, MEHROTRA scaling Q,, (d) n = 4, MEHROTRA scaling F

Figure 2.10: jump occurs clearly.

Error values - MEHROTRA

—— Dual infeasibility
—— Primal infeasibility
—— Complementarity 1
—— Complementarity 2

Figure 2.11: n = 100, MEHROTRA - jump occurs with a dense frequency.

Jumps appear more as the number of contact points increases. The following table corresponding
to n = 100 by original Mehrotra’s algorithm shows that the number of step-lengths varies greatly.
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2.3. JUMP PHENOMENON

ite | compl | comp2 | pinfeas | dinfeas Qp Qp

5 | 6.19e-06 | 3.77e-06 | 3.33e-16 | 1.25e-18 | 1.00e+00 | 1.00e+00
6 | 9.06e-07 | 6.03e-07 | 1.36e-16 | 1.55e-05 | 9.91e-01 | 9.68e-01
7 | 2.11e-07 | 1.80e-07 | 8.48e-17 | 2.16e-19 | 1.00e+00 | 1.00e+00
8 | 4.78e-08 | 4.51e-08 | 1.84e-16 | 2.46e-07 | 1.00e+00 | 9.98e-01
9 | 1.14e-08 | 1.12e-08 | 1.77e-16 | 2.19¢e-19 | 1.00e+00 | 1.00e+00
10 | 3.39e-09 | 3.74e-09 | 6.72e-17 | 9.89e-07
11 | 8.16e-10 | 8.05e-10 | 7.08e-17 | 2.84e-19 | 1.00e+00 | 1.00e+00
12 | 1.28e-10 | 1.24e-10 | 5.55e-17 | 4.32e-19 | 1.00e+00 | 1.00e+00
13 | 2.39e-11 | 2.25e-11 | 6.68e-17 | 8.91e-09 | 9.94e-01 | 1.00e+00
14 | 1.53e-11 | 8.63e-12 | 5.55e-17 | 7.03e-08 | 7.19¢-01 | 9.40e-01
15 | 6.03e-12 | 3.85e-12 | 7.56e-17 | 2.05e-08 | 8.58e-01 | 1.00e+00
16 | 1.58e-12 | 1.58e-12 | 7.01e-17 | 2.53e-19 | 1.00e+00 | 1.00e+00
17 | 1.18e-12 | 5.44e-13 | 5.05e-17 | 5.81e-09 | 7.16e-01 | 1.00e+00
18 | 7.61e-13 | 2.81e-13 | 1.43e-16 | 4.26e-09 | 6.25e-01 | 1.00e+00
19 | 4.64e-13 | 1.61e-13 | 6.28e-17 | 2.68e-09 | 6.11e-01 | 1.00e+00
20 | 2.79e-13 | 9.41e-14 | 6.53e-17 | 1.65e-09 | 6.08e-01 | 1.00e+00
21 | 1.68e-13 | 5.51e-14 | 6.06e-17 | 1.07e-09 | 6.07e-01 | 1.00e+00
22 | 3.15e-14 | 3.14e-14 | 1.72e-16 | 4.32e-19 | 1.00e+00 | 1.00e+00
Execution time: 2.861987

Table 2.4: ap and ay, are different many times.

We observe that the jump not only slows down the convergence but as well causes the algorithm
to fail because the points go directly to outside the cones after 16 iterations as in figure a), or
almost instantaneously from the begining as in figure [2.12)(b).

(a) n = 100, MEHROTRA scaling @), (b) n = 140, MEHROTRA scaling @,

Figure 2.12: Failure from jump.
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Conclusion

In the scope of this report, we have successfully solved the rolling friction problem related to
the primal-dual model (3))-(6) (a simplified formulation) by means of interior-point algorithms, as
well as effectively applied the NT scaling technique to improve the performance for the optimal
solutions. We have also ironed out the most difficulty of this problem in which the cones are not
self-dual by the change of variables introduced in remark (I.1.7). Moreover, we can generalize
this approach to the case of a cone F' of the form

p p
F:{:r:(xo;xl;...;xp)ERme><~~><R”P:Z|]xiH§:c0 and ZniZd—l}.
i=1 i=1

For the next stage of development after this topic,

1. we plan to implement the algorithms in C with a solution of the linear system by means of
an LDL symmetric factorization,

2. and we will deal with the general rolling friction problem (3] in which the optimization
problem is no more convex.

35



Annex

This section is mainly following [4, §4]. We will take a glance at the Euclidean Jordan algebra
which is a well-known framework associated with SOCP. For simplicity, we consider all vectors
consisting of a single block, i.e. z = (z0;Z) € R x R"~!. For each such vector z € R", we
define an arrow — shaped matrix Arw(x) given by

(™o x
arw(z) = (@T l“o-’) :
Note that 7 € £ = {v = (vo;0) € R x R*"! : ||5]| < v} (known as Lorentz cone) if and only

if Arw(x) is positive definite. In SOCP, it is useful to introduce the identity vector e = (1;0) €
R x R™"! the reflection matrix

1 0 0
0 -1 0

R = e R™",
o 0 ... -1

and the direct sum @ for two matrices A and B
A 0
wop-(20).
Jordan product Let us now define Jordan product of two vectors x, y:
z'y

Toy1 + Yox1

zoy = = ( z'y > = arw(z)y = arw(z)arw(y)e.

oY + YoT
ZoYn—1 + YoTn—1
It is useful to know some relations involving the operation o.
1. Commmutative property x oy = y o x.
2. Unique identity element z o e = .
3. Let 22 = 2 o 2. o does not possess the assosiative property, i.e. z o (yoz) # (zoy) oz,

but the power assosiative property P79 = 2P o 29 for all p, ¢ € N.

Spectral decomposition Every element in Jordan algebra can be factorized as spectral decom-
position given by
Tr = /\101 + /\QCQ,

where

* A\ =x0 +||Z||, A2 = 2o — ||T|| are eigenvalues,

1 1 .
>, C2 == < z > are eigenvectors.

36

061:

DN | =
7N
E‘H\ —



CHAPTER 2. NUMERICAL EXPERIMENTS

Bacsic properties in Euclidean Jordan algebra We also need the following definitions in the
application of Jordan algebra.

L. tr(z) = A1 + A2 = 2z,
2. det(z) = Mo = 23 — ||Z)?,

3. a7t = A e+ Ay ey = g if det(z) # 0,

4. 212 = /\}/261 + )\;/262 forz € L,
5. Vi Indet(z) = 2271

Quadratic representation Let us now introduce another vital linear transformation known as

quadratic — representation associated to x given by
l|lz||? 220T |

_ 2\ N 9T
Q. = 2arw”(z) — arw(z”) (2%@ det(m)[+2§:§:T> 2zx ' — det(x)R.

For x € R" non-singular, y € R™ and ¢ € Z, we have the following properties
1. Quy=2x0(xvoy)—a?oy=2(x"y)r — det(x)Ry,
2. Qp = Q5
3. (Quy)t = Queyt if x,y commute,
4. QQuo = QyQaQy.

Multi-blocks vector We leti € {1,...,n}. If vectors x, y consists of many blocks, i.e. x =
(15...52,) €ER™, z; e R%and y = (y1;...;9n) € R™, 3 € R?, then

Lozoy=(z10y1;...;Zn O Yn),
2. a7 b = (a7l e,

3. arw(z) = arw(x1) @ - - - D arw(xy,),

4. Qx:er@"'@an~
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