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Abstract. We study the homogenization of a diffusion-type problem, for
sign-changing conductivities with extreme contrasts. The weak limit, which is
proved to be the same as in the elliptic case of positive conductivities, has an

explicit dependence on the conductivities.
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1 Introduction

Our aim in this note is to study a homogenization problem of diffusion-type,
stated in a classical periodic domain occupied by two materials periodically
distributed in all directions with period e, where € is a small real positive pa-
rameter. There are two important features of the diffusion coefficients (that
we classically call conductivities) of the two materials. Firstly, the conductiv-
ities are described by real constants of different signs. Materials with negative
properties are encountered in practice in the frame of metamaterials, which
are composite structures displaying unusual properties (see, e.g., [14, 13]). In
particular, electromagnetic metamaterials can exhibit, over some frequency

range, negative dielectric permittivity and magnetic permeability, and hence



a negative index of refraction. Secondly, the orders of magnitude of the con-
ductivities are 1 and 2. Such small conductivities appear in “double-porosity”
models used to describe single phase flows in fractured porous media (see [3],
[1]), as well as in optics in the framework of epsilon-near-zero (ENZ) photon-
ics (see [15] and the references therein). By using T-coercivity arguments (see
[4, 10, 9, 5]) adapted to periodic problems (see [7], [8]), we prove that, for
€ small enough, the initial problem is well-posed. The main difference with
respect to the results obtained in [7] and [8] is that here the initial problem
is well-posed for all the values (but zero) of the coefficients a; and ag. This
is due to the different order of magnitude of the conductivities, the contrast
a1/(e%az) being large (in modulus) when ¢ is small enough. Then, by using
the a priori estimates and the two-scale convergence method (see [12], [1]),
we pass to the limit in the variational formulation of the initial problem and
get the homogenization result, stated in Theorem 3.2. We point out that the
weak L2 limit of the solution of the initial problem writes as the sum of two
terms, the first one involving the solution of a classical homogenization prob-
lem stated in the whole domain €2, with homogenized coefficients depending
on one material only, and the second term involving the solution of a local
problem stated in the second material. This is a characteristic result of the
“double-porosity” models. Since the conductivities are constants, we obtain
moreover an explicit expression of the limit function depending on the two
conductivities.

Let Q be an open, simply connected and bounded subset of R%, d = 2,3,
with Lipschitz-continuous boundary 9€). We consider two materials period-
ically distributed in €2, with period €Y, where ¢ is a small parameter and
Y = (0,1)? is the unit cell. We assume that Y is composed of two materials

occupying the two complementary open sets Y7 and Yo:

e a negative material, described by a negative constant ase? < 0, and
occupying a connected subset Yo C Y with Lipschitz boundary 9Y; and
such that Yo C Y;

e a dielectric material, described by a positive constant a; > 0, and filling
the region Y; := Y \ Ya.

Let us emphasize that the assumption Y5 C Y, which implies that the meta-
material inclusions are disconnected from one cell to another, is crucial for our

analysis. It would be interesting, but out of the scope of this paper, to investi-
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Figure 1: The composite periodic material and the corresponding reference

cell Y (d =2).

gate the (three dimensional) case of connected inclusions. Another interesting

case to consider would be the one where Y7 is not connected, like for instance

the composite laminates.

For every ¢ > 0 and every integer vector k € Z%, we define the shifted and

scaled sets:

Ty = {zeRY(z—k)/e eV},
5k = {x e RY| (z — k)/e € Ya},
Vi = {zeR¥(x—k)/ceY]}.

In the macroscopic domain 2, the metamaterial fills the region

Q5= U Y5, | Y CQf
kezd

while the classical material fills the domain

05 =0\ 5.

We define the macroscopic function a® on €2 such that for all x € Q:

. 9 a1 >0, for x € O
a®(z) = a1 lgs (z) + e%az Los (v) = )
€“as < 0, for z € Q5.

(1.1)

(1.2)

Given f € L%(Q), our goal is to analyze the asymptotic behavior, as ¢ tends



to 0, of u® € HE(Q), solution of the following problem:

—div(a®*Vu®) = f, in ,
(V) = )
u® =0, on 0f).

Note that since the sign of a® is not constant, the well-posedness (i.e. existence,
uniqueness and continuous dependence on the data) of the above problem is
not obvious.

The weak formulation of the above problem reads as follows:

Find v® € H}(Q) such that for all v € H(Q):
(u®,v) / flx (1.4)

where
A (u,v) = /Qaa(:v)Vu(x)-VU(x) dz

(1.5)
= a Vu(z) - Vou(z) de + aze? | Vu(z) - Vo(z) dz.
05 05

2 Well-posedness and uniform energy estimates

The goal of this section is to obtain, using the T-coercivity method (see Defi-
nition 2.1), a well-posedness result and a uniform energy estimate for problem
(1.3).

2.1 Uniform T-coercivity

We first recall the definition of T-coercivity.

DEFINITION 2.1 (T-coercivity). Let V be a Hilbert space endowed with the
norm || - || and let T € L(V) be a bounded linear operator on V. A bilinear
form a(-,+) defined on V' xV is called T-coercive if there exists v > 0 such that

a(u,Tu) > 7llul?,  VueV.

The next useful result, proved in [8] (see Theorem 3.2 therein), shows that
uniform T-coercivity yields well-posedness and uniform estimates for varia-

tional problems involving a parameter.

THEOREM 2.2. Let V be a Hilbert space equipped with the norm | - || and

let A%(-,-) be a bilinear form on V satisfying the following conditions:



1. A%(-,-) is symmetric: A®(u,v) = A%(v,u), for all u,v € V.
2. A%(-,-) is uniformly continuous: there exists M > 0 such that

A (u,0) < Mlfulllloll, — Vu,veV. (2.1)

3. There exists a family (T¢)z>0 of uniformly bounded linear operators on
V and v > 0 such that

AS(u, T0) = Allul?, YueV. (2.2)

Then, given a family (£¢)eso in V', the space of linear forms on V, the varia-

tional problem.:
Find u® € V such that: A*(u®,v) ={(v), YveV (2.3)

admits a unique solution u® € V for all € > 0 and there exists C > 0 indepen-
dent of € such that
[u®]] < Cll €]y (2.4)

2.2 Well-posedness

We denote by P the harmonic extension operator from Y; to Ys. More pre-
cisely, given u € HY (Y1), Pu € H'(Y) is such that Pu = u in Y7, while in Y3,
Pu € H'(Y3) is the unique solution of the Dirichlet boundary value problem

—APu) = 0 in Yo,
Pu = u on 0Y5.

Since we assumed that in the reference cell the boundary 0Y> does not intersect
dY, according to [7, Lemma 2.2] (see also [11, Lemma 2.9]), there exists Ky > 0
such that

IV(Pw) 723y < kyl[VullZeny),  Yue H'(Y1). (2.5)

Set
Hp p0/(925) :={u € H'(Q);ujp9q = 0}

We recall now the following classical result from homogenization theory (see,
e.g., [11, Theorem 2.10]) concerning extension operators from Q5 to Q. As
pointed out in [7, Proposition 2.4.], the (uniform) continuity constant for these
extension operators is precisely Ky, the continuity constant in the reference

cell.



PROPOSITION 2.3. There exists a family (P®)eso of linear bounded ex-

tension operators from 25 to Q such that

1. Pee L(L*(Q5), L2())NnL (H(}’aQ(Qﬁ),H&(Q)) and the family of oper-

ators (P¢) is uniformly bounded in these spaces.
2. For allu € HoljaQ(Qﬁ): (Pfu)(x) = u(x), Vo e Q.
3. If ky is the constant defined in (2.5), one has for all u € H&aﬂ(Qi):

IV P ) |72(e) < Ry I VulZags)- (2.6)
For k = 1,2, let u; be the restriction to €}, of a function u defined on .

We have the following result.

PROPOSITION 2.4. Foru € H'(Q), set:

Uy in Qf,
T u = (2.7)
—ug + 2P%uy in Q5.

Then, (T¢)eso is a family of uniformly boundedly invertible linear operators
of L (H(Q)). Moreover, there exist eg and v > 0 such that the bilinear form
AC(+,+) defined by (1.5) satisfies for all € € (0,e0) and all u € H}():

A (u, Tu) = / a®(x)Vu(x) - V(T u)(x) dz
Q
> 7 {IVurFa) + leVualfag | - (2.8)

Proof. The first assertion follows by noting the fact that (T¢)? is the identity
operator. Let us prove the second assertion. For all u € HE(2), we obtain

by using successively Cauchy-Schwarz’s inequality, Young’s inequality and the



estimate (2.6) that

A (u, Tu) = /ae(a:)Vu(:c)-V(TEu)(x) dz
Q
_ al/ |Vu1|2dw+|a2|/ IV (cus) 2 de
i Q5

+2€a2/ V(eug) - V (Puy) dz
Q5

WV

a1[|Vur|[72(qe) + lazll|V (eu2) 172 (qg)

—2¢|az|[|V (eu2)| 2(a5) IV (P 1) L2 (as)

WV

a1[[Vurll oz + lazl |V (u2) 172 o)

~elaz| {11V (eua) [F2ag) + IV (<) 7200 }

WV

ar[|Vur [[F2iqc) + lazll|V (cu2) 720z
2 2
—elaa| {1V (cu2) 2205, + v | Ve |32 }

= (a1 — erylaz]) [[Vul[fzqe) + (1 = €) laz]| V(eu2) 172 qg)-
Let g9 be chosen small enough such that

2I<;y|a2|€0 < e —
al 260
Then, for all € € (0,¢p), there holds

a a
a1 — eky|ag| >31 and (1—¢)|asg] >|22‘.
Consequently, we have proved that
A2 (u, T2u) > 3 { [Vl ge) + 1V (w2205 | -

1
with v = 3 min(ay, |azl).

COROLLARY 2.5. There exists €g such that problem (1.3) admits a unique
solution u® € HZ(Q) for all ¢ € (0,e0). Moreover, we have the a priori energy
estimate:

1uF 172 () + VUi Z20z) + IV (€u5) 17 2(g) < C, (2.9)

for some positive constant C independent of ¢.



Proof. The well-posedness of problem (1.3) for fixed ¢ € (0, ¢) follows imme-
diately from Theorem 2.2 and Proposition 2.4. The uniform energy estimates

(2.9) can be obtained from the T-coercivity property (2.8) by noting that:

HVUﬂ’%?(Qg)‘FHgVUEH%?(Qg) <y A (uf, TEu)

= 'y_l/Qf(x)Taug(x)d:U

N

Y I ez 1T | 20

N

Cllfllz2 @y lullzz),

where we have used for the last inequality the fact that the family (T¢), as
bounded operators from L?(Q) onto itself, is uniformly bounded (just like
P?). To conclude, we need a Poincaré-type inequality to bound the L? norm
of the solution appearing in the right hand side. In f, the classical Poincaré

inequality applies (since u® vanishes on 9):
[uillz2s) < CllVuillrz(os).-
In 5, as in [2, Lemma 4.3], one can prove that
65115205y < © {lus s, + 190 2oy }

Combining these two inequalities, we obtain the Poincaré-type inequality (given
in [1, Remark 4.2]):

16 20y < C {11V [l z2(0g) + 1V (205) L2 Il } -

3 Two-scale convergence

Our goal in this section is to pass to the limit € — 0 in the variational formu-
lation (1.4) of the problem (1.3). To this end, we make use of the two-scale
convergence method (see [1, 12]). Let us emphasize that this procedure (and
the obtained two-scale limit) is the same as in the elliptic case (a2 > 0). The

only difference comes from the derivation of the uniform a priori estimates.

Let us introduce the following functional spaces:



e CZ(Y) the space of infinitely differentiable functions in R¢ which are
periodic of period Y,

o H%&(Y) the completion of C3°(Y') for the norm of HY(Y),
o H} 4 (Y2) the subspace of H#(Y) of functions vanishing on 0Y5.
We recall the definition of the weak two-scale convergence from [1, 12]:

DEFINITION 3.1. A sequence of functions u® in L?() two-scale con-
verges to u € L*(Q x Y) (and we denote this by uf 278, u) if, for every
Y € CP (1 CE(Y)), one has

lim Qu€($)1/1 <a:,:§> dz = /Qxyu(x,y)w(a:,y) dz dy.

e—0

Our main result is the following theorem.

THEOREM 3.2. The sequence of solutions u® of (1.3) two-scale converges
to u(x) + 1y, (y)v(z,y), where

e u € HY(Q) is given by

and v is the unique solution of the homogenized problem

—div(af oy = in
{ div(af Vv uH) £, in Q, 652)

v = 0, on 09,

in which the entries of the symmetric, positive definite, constant d x d

H

matriz a” are given by:

aff = | Vi(wily) + ) -V (wily) +y) g, 1<ij<d,
1

and w;, 1 < i < d, are the solutions of the cell problems ({e;, 1 < i < d}

denotes the canonical basis of R?):
—divy (Vwi(y) +e;) = 0, inYy,

(Vwi(y) +e)-n = 0, on dYs, (3.3)
w;(y) is Y — periodic.



e vE LQ(Q;H&#(YQ)) is given by

1
where C is the unique solution of the following problem:

{ Ay = 1, in Yy,

3.5
¢ = 0, on JYs. (3:5)

Proof. From the a priori estimates (2.9), arguing as in [1, Lemma 4.7], it fol-
lows that there exist u(x) € H(Q), v(x,y) € L*(; Hé#(Yg)), and ui(x,y) €
L2(9; H}}#(YI)/R) such that, up to passing to a subsequence, we have

u® 2% u(z) + Iy, (y)v(@, y),
Ly, (¢/e) Vs 25 1y, () (Vu(z) + Vyui(z, y)), (3.6)
ely, (/) Vuf 25 1y, (y) Vyo(a, y).

Here, H# (Y1) /R denotes the quotient space of functions defined in H#(Yl) up
to an additive real constant.

Now, in order to obtain the limit problem, following [1], let us take in the
variational formulation of problem (1.3) an admissible test function of the form
v=0(x)+eli(x,x/e) + ¥(z,2/e), where ®(z) € D(Q), ®1(z,y), ¥(z,y) €
D(Q;C;EO(Y)), with ¥(z,y) = 0 for y € Y;. Then, passing to the two-scale

limit with the aid of convergences (3.6), we are led to

/| 40 [Vu(@) + Vyn(a,9)] - [V() + V1 (2,9)] dwdy

+ a(y)Vyv(z,y) - Vy¥(z,y) dedy (3.7)
QXYQ

— [ @@ + 1) y) dody.
QXY

By usual density arguments, (3.7) holds true for any (®,®;,¥) € H}(Q) x
L2(; Hy, (Y1) /R) x L*(; Hy,(Y2)). Let us first choose ¥ = 0 in (3.7). Then,

by a standard procedure and by using the factorization

-(z)wi(y), (3.8)

where w;, with 1 < < d, are the unique solutions of the cell problems (3.3),

the two-scale limit problem can be decoupled and classical results from the

10



theory of homogenization then imply that we arrive at (3.2). Choosing now
® =0and ®; =0in (3.7), we are led to (3.4) and (3.5). O

REMARK 3.3. Let us notice that Theorem 3.2 implies that the sequence of

solutions u® weakly converges in L?(Q) to the function

Lty + L ( 0 dy) f(x). (3.9)
Yo

a a2

The functions ufl and ¢, solutions of problems (3.2) and (3.5), respectively, are
independent of the coefficients a1 and as and they only depend on the geometry
of the domains 2, Y1, Yo, and on the given function f. We thus obtain an
explicit dependence of the weak L? limit of the sequence u® with respect to the
conductivities a1 and ay. It is worth noticing that in [7, 6], where a similar
problem was considered for a contrast supposed to be independent of €, the

dependence of the weak limit on the contrasts was not explicit.

REMARK 3.4. Given o > 0, the problem

(3.10)

—div(a*Vu®) + au® = f, in 2,
u® =0, on 0X,

seems more difficult to analyze than the case o« = 0 considered in this note.
For fized ¢, one can easily prove that problem (3.10) fits in the framework of
Fredholm theory (more precisely, the associated bilinear form is of the form
T-coercive+compact). Hence, it is well-posed for all values of «, except for
a countable set of critical values. These forbidden values depend on € and

studying their asymptotic behavior as € — 0 seems to be not obvious.
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