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Hybrid high-order methods for elliptic PDEs on
curved and complicated domains

Zhaonan Dong and Zuodong Wang

Abstract We introduce a hybrid high-order method employing Nitsche’s boundary
penalty techniques for the Poisson problem on the curved and complicated domain.
There are two key ideas in this work: Firstly, the methods employ the Nitsche-type
boundary penalty technique to weakly enforce the boundary conditions, which avoids
the computation of the parameterized mapping for the curved boundary. Secondly,
an optimal L? error estimate for the Poisson problem with mixed Dirichlet and
Neumann boundary conditions is derived. Moreover, the stability and optimal error
estimate for the proposed HHO methods are independent of the number and measure
of faces on the domain boundary. Finally, a numerical experiment is presented in
this chapter to confirm the theoretical results.

1 Introduction

Hybrid high-order (HHO) methods were introduced for solving the linear diffusion
in [9] and for locking-free linear elasticity in [8]. In the HHO method, the discrete
unknowns are attached to the mesh cells, and the mesh faces. The two key ingre-
dients for HHO methods are local reconstruction operators and local stabilization
operators in each mesh cell. HHO methods offer various attractive features, such as
the support of polytopal meshes, optimal error estimates, local conservation proper-
ties, and computational efficiency due to compact stencils and local elimination of
the cell unknowns by static condensation. We refer to two monographs [5, 6] for a
comprehensive review.
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The present work aims to analyze and test a variant of the HHO method employing
Nitsche’s techniques for solving the Poisson problem with mixed boundary condi-
tions on curved and complicated domains. Using Nitsche’s techniques for weakly
enforcing the boundary conditions or the interface conditions for HHO methods has
been applied for second-order, and fourth-order elliptic PDEs on polygonal and poly-
hedral meshes cells [2, 1, 4, 10, 11]. The HHO methods mentioned above can deal
with the curved interface or curved domain boundary. However, to the best of the
authors’” knowledge, no HHO method in the literature can solve the Poisson problem
on a complicated domain containing a lot of small faces on Neumann boundary
without being influenced by the number of faces.

There are two main novelties of the HHO methods in this work: Firstly, the
proposed HHO methods do not contain any face unknowns on the Dirichlet and
Neumann boundary faces. There is no need to compute the parameterized mapping
to satisfy the boundary condition on the curved domain. Moreover, the size of
the linear system is independent of the number of faces on the domain boundary,
which is essential for solving PDEs on a complicated domain with a lot of tiny
faces. Secondly, a new L2-norm error estimate for the Poisson problem with mixed
boundary conditions is proven to be independent of the number and measure of
faces on the domain boundary. Finally, we present one numerical example to test the
proposed method.

2 Model and discrete setting

We follow the standard notations in Sobolev space, || - || means standard L? norm
and | - | -1 means standard H'*! seminorm, and we simplify the notation of L? inner
product as (-, -), if there is no special statement.

2.1 Model problem

Let Q be an open Lipschitz domain in Re.d e {2,3},I' =I'p UI'N, where I'p is the
closed Dirichlet boundary satisfying |[I'p| > 0 and I'y is the Neumann boundary. We
consider the solution u € H'(Q) of the following elliptic boundary problem:

-Au=f in Q, ey
u=¢gp on FD, Vu‘ngng on FN

with f € L? (Q),gp € H? (I'p), gn € LZ(FN) and ng to be the unit outward normal
vector of domain Q.
The weak form of the above problem is defined as: Find u € H'(Q), satisfying

ulFD = &D»
a(u,v) =€(v), VYve Hll-D(Q),
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with a(u,v) = (Vu, Vv)q and €(v) := (f,v)q + (gN, v)ry, Where H}D(Q) ={ve
H'(Q)lv=00nTp}.

2.2 Polytopal and curved meshes

Let {75, }n>0 be a mesh family such that each mesh 7;, covers Q exactly. A generic
mesh cell is denoted by T € 7y, its diameter by A7, and its unit outward normal
vector by nr. We partition the boundary AT of any mesh cell 7 € 7, by means of
the two subsets 8T := AT N Q, AT := T N HQ. Similarly, we partition the mesh as
Tn = T, UT,2, where 7,” is the collection of all the mesh cells 7 such that dT® has
positive measure. Moreover, we further split 37 into two nonoverlapping subsets
ATP := TP N T'p and TN := TP N I'y. The mesh faces are collected in the set
Fn» which is split as 7, = | U F,2, where F! is the collection of the interior faces
(shared by two distinct mesh cells) and ﬁb the collection of the boundary faces. For
all F € Fy,, we orient F' by means of the fixed unit normal vector ny whose direction
is arbitrary for all F € T}: and ng :=ng forall F € j"‘;lb. For any mesh cell T € 7y,
the mesh faces composing its boundary 07 are collected in the set F4r, which is
partitioned as Far = Fari U Farp U Forn with obvious notation.

Assumption (1). Any interior mesh 7' € 7, is a polytope with planar faces, and the
sequence of interior meshes 7;: is shape-regular in the sense of [8].

(2). For any boundary mesh cell 7 € 7;°, all the faces in ;i are planar with
diameter uniformly equivalent to 47 . Moreover, for each dT°, T can be decomposed
into a finite union of nonoverlapping subsets, {T7b , }me(1,..., Ry o) such that
Tyro y, is star-shaped with respect to an interior ball of radius ry , satisfying phr <
r1.m, With the mesh-regularity parameter p > 0. We refere to Figure 1 for an
illustration with ny g7 = 1 (left) and ny g7 = 3 (right). O

Fig. 1 Examples for the mesh assumptions
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Remark 1 (Mesh assumptions) The above mesh assumptions on the mesh sequence
are pretty general. The assumption (1) ensures that the interior faces of the mesh
are planar is essential for the HHO methods, which employ the discrete unknowns
attached to the interior faces. On the other hand, using a Nitsche-like penalty method
avoids introducing discrete unknowns on the boundary faces. Therefore, the face on
the domain boundary can be curved or complicated. The star-shapedness assumption
(2) on the mesh boundary cells is introduced to invoke a Poincaré-type inequality,
discrete trace inequality and trace inequality to hold in such cells.

2.3 Analysis tools

Let us briefly review the main analysis tools used in this report. We only state the
results. In what follows, we always consider a shape-regular mesh sequence satisfying
Assumptions. Moreover, in various bounds, we use a < b to denote a < Cb with C to
be any generic constant (its value can change at each occurrence) that is independent
of mesh size 4 > 0, but may depend on the shape-regularity of the mesh sequence
and the polynomial degree for all T € 7j,. Let k € N be the polynomial degree and
Px.q(T) to be the polynomial space of order at most & in any cell T € 7j,.
Lemma 1 (Discrete trace inequalities)

Forany T € Ty, satisfying the mesh assumptions, the following relation holds for
allv e Pk,d(T).‘

_1
lollor < hy* llvllT 2

Lemma 2 (Multiplicative trace inequality)
Let element T € Ty,. Then, the following statement holds true for allv € H' (Q):

_1 1 1
lollor < (A llvllz + llollz 1Voll7). 3)

Lemma 3 (Polynomial approximation)

Let k > 0 be the polynomial degree, and there is a real numbert € [0,k + 1], all
me{0,...,|t]}, andv € H*(T),

o = TI§ () [ 1mry < " ol () “)
where T1%. denoted the L*-orthognal projection onto Py 4(T).

The following approximation result holds by using (4) combined with the multiplica-
tive trace inequality (3): Let k > 0 be the polynomial degree, the following estimates
holds for all v € H'*(T),

1
llo =T @) ll7+h7 1l = TE (@) llor + Az 1V (0 = TF () I

3
+hi V(o =T )llor < A ol g ®)
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Remark 2 The proofs of the above lemmas on mesh cells having flat faces can be
foundin[7, Sec. 1.4.3] and [14, 12]. More general results on general shaped polygonal
and curved meshes have been developed recently; we refer to [2, 3].

3 HHO discretization

In this section, we will introduce the mixed-order HHO method employing Nitsche’s
boundary penalty techniques. We first start to introduce the HHO space. Let £ > 0 be
the polynomial degree. We consider a pair 05 := (05!, 0% ), where v5*! is defined

T >7aTi
on T and ngi is defined on the inner faces (facewise) F € F5ri composing the

boundary dT" of T. We define the local HHO space
VE = Prar,a(T) X Pr.a1(Fori),

noticing the above local HHO space does not contain face unknowns on the domain
boundary.

Next, the construction of the HHO methods are as follows: We start with the
reconstruction of the gradient operator and then add the stabilization operator. The
reconstruction operator is defined as: R; : \A/%‘ — Pr41.4(T) s.t. for every pair
ﬁ; = (v%”, UgTi) € VX, the function R; (07) is s.t. for all g € Pyy1,4(T),

(VR (05), Vo)1 = = (Vo Vg)r — (f! = 05 . 0u@)ri — (0F . 8nq)aro

=~ AQ)r + (V1. On@)ari + (05, 0nq) rn (6)

and together with (R%.(05) — v&*!, 1)7 := 0. To alleviate the notation, let §, denote
the outward normal derivative on d7. In addition, we define the lifting operator
L;i” : L2(8TP) — Piy1.a(T) for all T € T, such that, for all g € L?(4TP) and all
q € Pri1,a(T),

(VLA (¢p), Vo)1 = (8D 0nq) 1D,

together with the condition (L;Jr1 (gp), 1)1 := 0. Noticing that L%“ (gp) := 0 for all
interior cell T € ’7;;.

Next, we consider the stabilization operators. For the interior faces F' € Fri, the
LS stabilization operators are defined as

ik ok okl ok
Sy (o) =T (vr" = Vgpi)-

where HgTi denotes the L?-orthogonal projection onto the broken polynomial space

Pr,a-1(Fori)-
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For the Dirichlet face F € F4rp, we employ the Nitsche’s boundary penalty
techniques, i.e., S?(f);i) = v?“ lo7D-
Then, the local bilinear form dr in each cell T is defined as follow:
ar (ay, 07) = (VRE(dF), VRY (87 )1

+ hy! (S5 (@5), S (05 ) ars + by (st o5 ) aro.

Next, we define the global bilinear forms ay, s, , and linear form ¢, as follows:

an(ag,of) = Y ar(af., o),
T €Ty,

G(3f) = > (FofDr + (eno v ar = (8, nRY (85) = hr'vk™)aro
TeTr,

sn(ig,08) = > (g (S} (@5), i () + by (™ of ) gpo)

TeT,
(N
Finally, the discrete problem can be defined as follows:
Find &} € V such that
A oak Ak MKy sk - Ok (8)
ap(dy,, 0,) = tp(0y,), Y0, €V,

Remark 3 We mention that there is another version for HHO method with Nitsche’s
boundary penalty techniques which does not contain the lifting operator, see section
2 in [4]. Without the lifting operator, the stability of the method in [4] is achieved by
choosing the penalty parameter large enough. On the contrary, the proposed HHO
methods does not suffer from it.

4 Main results
4.1 Stability and well-posedness

The stability and approximation results presented in this section follows the same
technique in [13, Chapter 39]. For simplification of the presentation, the details are
not presented in this work. Furthermore, we assume in the this work that that the
global regularity is higher or equal to local regularity, i.e., t > k + 1.

For all T € 7; and all ﬁ; € V#, we define the local seminorm and the global
norm:

k

Ak 2. k+12 -1 k+12
|UT|VT"' = ||VUT+ ”T +hT ”UaTi _UT+ Il

=1, k+1112
oTi +hy ||UT+ ”aTD'

Lemma 4 (Stability and well-posedness)
Let all T € Ty, satisfy the mesh assumptions. Then, the local stability holds
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Ak (2 A onk Ak ~k |2
|UT|Vk < aT(UTJ)T < |UT|Vk'
T T

We equip the space ﬁﬁ with the norm || ﬁZ ”%/hk = Yreq;, 107 |%/Tk The discrete bilinear
A . . "k .
form @y, is coercive on V'
Ak 12 k (ak sk
”Uh”th P aT(Uh’ Uh)‘

Invoking the Lax—Milgram lemma the (8) is well-posed.

4.2 Approximation and H! error estimate

For any T € 7y, we define the local reduction operator [X : H'(T) — Py.1,4(T), for
allu € HY(T),

I} (v) = (I (0), 1T (0) € V.

We then define the energy projection operator Er : H'(T) — Piy1.4(T) such that
Er (v) := RL (1% (v) + LX (v), Yo € H\(T).
Similarly, the global energy projection is defined E(v)|r = Er (v), forall T € Tp,.
Lemma 5 (Energy projection)
Let & be the energy projection. Then, the following relation holds,
(V(Er (0) = 0), Vg)r = (7" (0) = 0, )y, ©)
and the condition (Er (v), 1) = (v, ) for all ¢ € Piy1.4(T) for all v € H'(T).

Remark 4 By noticing the term (Hi“(v) —0,0nq)srN depends on the Neumann
boundary, the Er (v) will be the elliptic projection for the cells do not contains any
face on the Neumann boundary.

We start with the approximation properties of operators.

Lemma 6 (Approximation results)
Forallve H*(Q),t > % and v|y € H**(T) for all T € Ty, we have

1

IV(Er (0) = V)l + i IV (Er (0) = V)llapivar> < 5t ol ey, (10)
I -1 .

he? 1S5 (B ) lori + B (1SP (B (0) = vlllgro < BF ol grary. (A1)

Lemma 7 (Consistency and boundedness)

For all f)i € V}’f, we define the consistency error as Dh(ﬁz) =2req, (er (ﬁ;ﬁ) -
as. (f% (u),f)%)). Assume that u € H* (Q) with t > % and uly € H*(T) for all
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T € 95,. Then we have

A 2 2 4\1 Ak
1Dn @) < (3 Ner I +lerlizr)? x o lly.
TeT,

where
lgr 127 = IV (u = E@N)1F + hr IV (u = E@)I 351,570+
Iér 3 = bt llu = T ()12 + bt llu = T ()1

Tt arP-

Lemma 8 (Broken H' error estimate)

Forallve H*Y(Q),t > % and v|y € H***(T) for all T € Ty, let ﬁfl € ‘7;1‘ be the
HHO solution and we define the discrete error as éy, := (eq;, ef;;) = f,’j (u) - 12]]; €
\7;!‘. Then we have

A [ A 2(k+1
lenll?, + > IV = Ry-(af) - L5 @oDllf < ( ) "l g ). (12)
h TeT, TeT,

4.3 L? error estimate

In order to derive the L? error estimate, we assume our mesh is quasi-uniform and
the domain is convex. Let’s define the following dual problem

-Al, = eq, in Q, (13)

with £, = 0onIp, d,¢, = 0 onI'y. We assume the elliptic regularity property holds,
such that [|{e | g2 q) < lle;, llo-

Theorem 1 (Discrete L2 error estimate)

Let u be the exact solution and ﬁ;‘l be the HHO solution. Let u € H***(Q), k > 0
and the above elliptic regularity property holds. The following bound holds,

lleg; lla < thrz|M|Hk+2(gz)-

Proof Using the fact £, is the solution of (13) and integration by parts, we have

”e’ﬁ,”é = Z ((VeT’ V{e)T + (eaTi —er, an(e)aTi + (—er, ange)aTD)-
TeT,

where we have used the fact that egy: is single valued on the interior face. Let
n = e — E(Le), then, using the definition of the energy projection, we have
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”67;,”?2 = Z ((V3T7 V{e)T + (eaTi —er, an{e)é)Ti + (_eT’ange)aTD)
TeT;,

= > ((Ver,Vmr + (Ver, VRE (I (¢)))r + (eari = €1, Oude)ars + (—er, Onde)arv)
TeT,

= > ((Ver,Var + (VR (ér), VRE (I (Le))r + (egrs = e, 0am) or
T e,

- (eT’ 67177)6TD) =L+,

where we used n = £, — (L), the definition of the energy projection and the
definition of the reconstruction operator (6) for ér in the third line, with

I = Z ((Ver,Vn)r + (egri — er, 0nn)gri — (e, 0un)grn)s
TeT,

L= ) (VR (ér), VRE(f (L))t -
TeT,

We firstly derive the bound for 7;. The Cauchy-schwarz inequality gives

5 ) (VAT ) = ur)lir 1 9nllr
TeT,

-1 1 -1 1
+ hy* llears = erllari X hill0unllar: + hy? ller llgro X bz l|0unllaro)

Using H;“ (u) —ur = (l'[?rl (1) — u) + (u — ur), the the elliptic regularity for dual
problem, approximation result (4) in Lemma 3 and (12) in Lemma 8, the relation
IValla < hllelu2 ) < hlles; llo holds. So we have 1) < h**2|u| i (g lle; lla-

Let us now turn to estimate Z,. Using the definition of bilinear form in (7), the
definition of é; and the HHO solution iy, we have

I = =sn(@n. I (£0)) = tu (I} (L)) + an(F (w). I (£0)).
Then, invoking the weak form of the problem (f, {.)o = (Vu, Vie)a — (8N, {e)ry
and (Vu, VZ)r = (Vu, V(Ze = T (L)) + (Vu, VI (L,))r, we have

B==su@n () = D ((FIE L) = Lor + (en T (20) = Lo

TeT,
+ (hF' 5 () = 0 R (TX (L)), 8D)oro + (Vu, V(L = TIEH (£)r
+ (Vu, VI ()7 ) + a (BF (u), T ().

Since u solves the model problem, we have

(Vu, V(L - H?—l((e)))T = (-Au, L - H?‘l((e))T + (Ontt, {o — Hécfl(é’e))ﬁT
= (fs e =T T + Buut, e = TF (€)) arivars + (gns Lo = T3 (L)) ar-
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Next, we use the definition of the reconstruction operator R:., adding and subtracting
2T e (VL?“(gD), VR; (f’g({e)))r in 1, using once more the definition of the
reconstruction operator R; for — Yreg, (VL;Jr1 (gp), VR; (I }'; (Ze)))r and noticing
that for any g € Py 4(T), we have (¢,115 Le)ori = (¢, &e)ori- With the above
results, the term 7, can be split into 4 parts,

I = —sp(en, I (L)),

L== " (80, hp T (L)) aro) + sn (K (), T (20)),
TeT,

Is = - Z (((9,,14, Le — H?—l(é’e))aTDuaTi
TeT,
= (On(RE- (I () + L§* (8D)). e = TIF* (£e))
+ (B (RY (I () + L5 (80)). TIF (Ze)) 7o)

Ts == ) (V= Ry (If () = L™ (g0)), VI (£0))r-
T €T,

Using (12) of Lemma 8, (11) of Lemma 6 and the elliptic regularity property of the
dual problem, 73 and 4 can be bounded by 7**2|u| i (g lle, lla-

Noticing that Ze = 0 on I'p, I5 = = X7 e, (3 (u — Ry (5. (w) — LE (gp)), o -
H;i“ (£e))srvusri- Then, using the Cauchy-Schwarz inequality, the elliptic regularity
property of the dual problem, the discrete trace inequality (2), (10), (11) of Lemma
6, we have

L _1
L5 5 () h2NIV(=E@)larovar) X hy* lze =T () larvuers
TeT;,

< W ul g ) X hlles; lla-

Finally, invoke 9,,{, = 0 on I'y into J; and use the energy projection property (9) of
Lemma 5 for £, shows Zs = — Y.y e (l'[?rl (1) —u, oy (H?l({e) —&e))orN- Similar
to the bound 75, we have

T 5 () I () = wllgri) IVATE (o) = Zodllarn < B2l e llo.
T

Summing up the above bounds, we derive the final error bound.

Corollary 2 (L? error estimate for the reconstruction operator)

Let u be the exact solution of model problem (1) and R; (ﬁﬁ) be the reconstructed
HHO solution (8). Letu € H**?(Q), k > 0 and the elliptic regularity property holds.
Then, the following bound holds,

N k k
D0 Ml = Ry () = L (go)llr < 72l ppeon .
T <7,
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Proof The same argument as in [5, chapter 2 ] gives the proof. O

5 Numeral experiment

Fig. 2 Complicated domain

G T G
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-2
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=
; g
8 5}
5} 7
o 10° 40
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108
-©-k=0 rate 1.9644 106 ~©~k=0 rate 0.9763
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k=2 rate 4.044 k=2 rate 3.0128
1010 —%—k=3 rate 5.0274 ] —+—k=3 rate 3.9863
50 100 150 200 50 100 150 200
vDoF's vDoFs

Fig. 3 Convergence rates in the L2-norm and energy seminorm for k = 0, 1,2, 3

Let domain € be a polygon with 5175 small edges inscribed in the unit circle cen-
tered at (0, 0) and remove a circular hole centered at (0.25, 0.25) with radius 0.4, see
Figure 2. The HHO method is tested with the exact solution u = exp(sinx) exp(sin y),
with Dirichlet boundary condition imposed on the boundary edges allocated on
x < 0.5, and Neumann boundary condition on the remaining boundary. We con-
sider a quasi-uniform sequence of meshes composed of 437, 527, 2266, and 9411
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triangular cells. All meshes fit the domain € exactly, and for every mesh in the
sequence, each interior cell has only straight edges, whereas each boundary cell has
a lot of small edges that exactly fit the boundary of Q. The convergence result is
given in Figure 3. The key observation is that the convergence rates are O (h**?)
to the O(h**!) for the L? error and the energy error, respectively. We emphasize
that the total number of global coupled unknowns for the proposed HHO methods
is independent of the number of edges on the domain boundary.
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