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The stability and contraction properties of positive integral semigroups
on Polish spaces are investigated. Our novel analysis is based on the extension
of V-norm contraction methods, associated to functionally weighted Banach
spaces for Markov semigroups, to positive semigroups. This methodology
is applied to a general class of positive and possibly time-inhomogeneous
bounded integral semigroups and their normalised versions. The spectral
theorems that we develop are an extension of Perron-Frobenius and Krein-
Rutman theorems for positive operators to a class of time-varying positive
semigroups. In the context of time-homogeneous models, the regularity con-
ditions discussed in the present article appear to be necessary and sufficient
condition for the existence of leading eigenvalues. We review and illustrate
the impact of these results in the context of positive semigroups arising in
transport theory, physics, mathematical biology and signal processing.

1. Introduction. Positive semigroups arise in a variety of areas of applied mathematics,

including nonlinear filtering, rare event analysis, branching processes, physics and molecular
chemistry. In this article we will study the possibly time-inhomogeneous linear semigroup
Qs,+ and its normalisation ®,;, where 0 < s <t refers to a discrete or a continuous time
parameter, which are formally introduced in section 1.1. Their interpretation depends upon
the application model area as we now describe.

1.

In signal processing, the normalised semigroup ®,; depends on a random observation
process and describes the solution to the nonlinear filtering equations, the semigroup Q) ;
represents the evolution of the unnormalised filters. In this context, the stability of the
semigroup @, ; ensures that the optimal filter forgets its initial condition.

. In the context of killed absorption processes, ®,; represents the evolution of the distri-

bution of a given process conditioned on non-absorption (a.k.a. the @)-process). In this
context, the fixed point probability measure 7., = (7o) of time homogeneous semi-
groups ®; := &, ;1 is sometimes called the Yaglom or quasi-invariant measure.

. The conditional Markov processes discussed above also arise in risk analysis and rare

event simulation. In this context, these semigroups represent the evolution of a conditional
Markov process evolving in a rare event regime.

. In quantum physics and molecular chemistry the top of the spectrum of positive integral

semigroups is related to ground state and free energy computations of Schrodinger opera-
tors and Feynman-Kac semigroups (see for instance [85, 81]).
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5. In the dynamic population literature, the semigroups (), ; represent the evolution of the
first moment of a spatial branching process. In this context, theses many-to-one formulae
are expressed in terms of Feynman-Kac semigroups connecting the free evolution of a
single individual with the killing and the branching rates potential functions.

The details of these application areas are considered in [73, 77, 90] and the relevant references
therein. The spectral objects discussed above are naturally related to the analysis of quasi-
compact operators and Fredholm integral equations, see for instance [12, 103, 119, 131, 167],
as well as in large deviations principles associated with the occupation measures and related
additive functional of Markov processes [92, 99, 105, 201].

1.1. Description of the models. Let B(E) be the algebra of locally bounded measurable
functions on a Polish space E (that is separable completely metrizable topological space).
We denote by By(E) C B(F) the sub-algebra of bounded measurable functions. With a slight
abuse of notation, we denote by 0 and 1 the null and unit scalars as well as the null and unit
function on E. We denote by M,,(E) the set of bounded signed measures on E. Also let
Cp(F) C By(E) be the sub-algebra of continuous and bounded functions, and by P(E) C
M, (E) be the subset of probability measures on E.

Let 7 =Ry :=[0,00[ or T = N be the continuous or discrete time space, respec-
tively. Consider a collection of positive integral operators Qg : f +— Qs(f) from By(E)
into B,(FE), indexed by parameters s,t € 7 with s < ¢, and satisfying for any s,u,t € T,
s < u < t, the semigroup property

(11) Qs,uQu,t = Qs,t with Qs,s =1.

The right action Qs : f — Qs ¢(f) and dual left action pM;(E) — pQs: € My(E) of and
integral operator (), ; are defined in classical measure theoretic notation in (2.1). Assume that
Qs,(1) >0 forany s <t.

For any measure 1, € P(E) we let O (1) € P(E) be the normalised distribution defined
for any f € By(E) by the formula

(1.2) @t (15)(f) = 15Qst () /15Qst(1).

The mapping ®, ; is a well defined nonlinear map from P(E) into P(E) satisfying for any
s,u,t € T with s <wu <t the semigroup property

Qg1 =Py0Ps, with O (1) = p

Unless otherwise stated, all the semigroups discussed in this article are indexed by conformal
indices s <t in the set 7. To avoid repetition, we often write @), ; and @, ; without specifying
the order s <t of the indices s,¢ € 7. For time homogeneous models we use the notation

(®4,Q1) := ((I)O,taQO,t)-

In contrast with conventional Hilbert space approaches to the stability of reversible
Markov semigroups (cf. for instance [29, 94, 95, 150]), the analysis of time varying models
of the form (1.1) and (1.2) does not rely on a particular reversible measure. The framework of
weighted spaces and V -norms considered in the article is a natural but non-unique framework
to analyse time-varying positive semigroups.

1.2. Literature review. In order to guide the reader through the vast array of stability
analysis results developed in these different disciplines, we give a brief overview of the liter-
ature in these fields. We also provide some precise reference points to aide with the navigation
between applications.
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A unifying point of interest in the above applications is the study of the stability of
the afore-mentioned semigroups. In the context of dynamic populations, the long time be-
havior of branching processes certainly goes back to the end of the 1940s with the pi-
oneering work of Yaglom [203] on Galton-Watson processes. The stability analysis of
time homogenous birth-and-death processes with absorption on finite or countable spaces
dates back to the 1950s-1960s with the pioneering works [140, 181] and the later develop-
ments [45, 68, 69, 117, 190]. Sufficient conditions ensuring the existence of a quasi-invariant
measure are also developed in [107, 152]. Powerful spectral and h-process techniques are
also developed in [43, 44, 65, 81, 116, 129, 175]. Non-asymptotic spectral techniques that
apply to possibly transient and unstable mutation linear diffusions that do not necessarily
have a gradient form and with a quadratic absorption rate are discussed in the more recent
work [81].

One of the first well-founded results on the long time behavior of the nonlinear filter-
ing equation is the seminal article by Ocone and Pardoux in the mid-1990s [170]. In this
work the authors show that the optimal filter forgets the initial condition without giving a
non-asymptotic rate. This latter analysis is critical in the study of, for instance, numerical
algorithms such as the particle filter. The stability of the nonlinear filtering equation is also
related to the Lyapunov spectrum and the asymptotic properties of products of random posi-
tive matrices [27, 28, 112, 125, 130, 139, 181]. In contrast with positive semigroups arising
in physics and biology, the stability analysis of the nonlinear filtering equation involves the
study of sophisticated stochastic semigroups that depend on partial and noisy observations.

The systematic, non-asymptotic stability analysis of non-homogeneous sub-Markovian
and Feynman-Kac semigroups on general state spaces has also been considered at the end
of the 1990s, mainly in nonlinear filtering theory and rare event analysis. Several techniques
have been adopted. Hilbert metric and robustification techniques, based on the seminal ar-
ticle by Birkhoff [21] was used in [11, 31, 67, 144, 153, 154, 158, 163, 171, 172]. On
the other hand, Dobrushin’s ergodic coefficients, based on the pioneering articles by Do-
brushin [97], were used in [73, 77, 79, 80, 155, 156, 158, 163]. We also mention bounded
Lipschitz distance techniques [155, 156] and relative entropy-like criteria [60, 73, 89, 157].
Local Doeblin minorisation conditions applying to non-compact spaces, including Foster-
Lyapunov approaches and coupling, that apply to ergodic signal-observation filtering prob-
lems, including stable Gaussian-linear filtering models, are also discussed in the series of
articles [100, 101, 114, 136, 137, 197, 199]. We also refer the reader to [192] for re-
lated Lipschitz norm techniques as well as the more recent articles [15, 18, 50, 110, 124]
in the context of positivity preserving operators arising in particle absorption models and
quasi-invariant measure literature. Functional inequalities, including Poincaré inequalities
and Bakry-Emery criteria approaches are discussed in [169], quasi-compactness Lyapunov
criteria are also discussed in the recent article [18]. Spectral techniques, drift conditions
and Wasserstein norm approaches for time-homogenous models are also discussed respec-
tively in [81, 83, 85, 145, 198]. Further, two-sided minorisation conditions are discussed in
[57, 58, 73, 74, 77], and truncation techniques are presented in [66, 110, 128, 197].

General asymptotic stability results are also provided in [193]. Stabilising changes of
Feynman-Kac measures and related importance-sampling and h-process techniques that
apply to possibly unstable killed processes on unbounded domains are also discussed
in [15, 110, 179], see also [81] and well as section B.1 in [22] and in section 7.1 in [82]
in the context of discrete time models. The stability of the nonlinear filtering equations with
deterministic hyperbolic signals is also developed in the recent article [171].

Despite the numerous references given in the introduction, a complete literature review is
not possible. For a more detailed discussion on this subject, we refer the reader to [32, 59] for
areview on the asymptotic stability of nonlinear filters, to the bibliographies and reviews [64,
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162, 174, 191] on the theory of quasi-stationary distributions, the articles [77, 110] as well as
the bibliography in [81] in quantum physics, and the books [73, 74] for a detailed discussion
on the long time stability of Feynman-Kac semigroups.

The stability analysis of positive semigroups is also crucial in the convergence analy-
sis of numerical approximations of Feynman-Kac semigroups, including the computation
of the principal eigen-function and the leading eigenvalues in the context of time homo-
geneous models (cf. for instance [85] as well as Theorem 2.11 and Theorem 3.27 in [77]
in the context of time varying semigroups). Despite their importance, the numerical im-
plications are not covered in the present article. However, to guide the reader, we end this
section with some references to the literature on mean-field particle methodologies cur-
rently used in this context. Mean field and genetic particle methodologies are discussed in
the series of articles on Feynman-Kac semigroups arising in physics and nonlinear filter-
ing [5, 10, 61, 73, 74, 75, 76, 78, 79, 179, 200], as well as in [34, 35] in the context of
Dirichlet Laplacian and in [7, 8, 10, 54, 62, 63, 107, 138, 195] in the context of quasistation-
ary measures.

Several pioneering articles from the mid-1950s by Rosenbluth and Rosenbluth [178] on
sampling self-avoiding walks and another from the mid-1980s by Hetherington [132] on re-
configuration Monte-Carlo methods are relevant to our work. These interacting Monte Carlo
methodologies were further extended by Caffarel and his co-authors in the series of arti-
cles [36, 37, 38]. See also Buonaura-Sorella [33], as well as the pedagogical introduction
to quantum Monte Carlo by Caffarel-Assaraf [39]. Similar heuristic boostrapping metho-
dologies were also used in the mid-1990s in nonlinear filtering [118, 142, 143] and to simu-
late long chain molecules [120, 121]. See also the go-with-the-winner methodology discussed
in [2, 122] and the Fleming-Viot techniques presented in [35].

In the context of discrete generation positive semigroups arising in nonlinear filtering and
genetic algorithms, we refer the reader to the first well-founded article [72]. To the best
of our knowledge the first articles discussing time-uniform propagation of chaos estimates
seem to be the articles [79, 80], followed by [77, 84, 85] and the book [73]. From a purely
mathematical perspective, all of the genetic Monte Carlo methods discussed above can be
seen as mean field particle interpretations of Feynman-Kac semigroups. In path space set-
tings, the genealogical tree associated with these branching Monte Carlo methods allows one
to compute Feynman-Kac path integrals and provide an unbiased estimate of unnormalised
semigroups.

Whilst all the Monte Carlo methods discussed above belong to the same class of genetic
mutation-selection methodology to estimate Feynman-Kac semigroups, they are known un-
der a variety of different names in the applied literature such as Sequential Monte Carlo
methods, Feynman-Kac particle interpretations, Particle Filters, Cloning and Pruning as well
as Bootstrapping techniques, Diffusion Monte Carlo, Population-Monte Carlo, Reconfigu-
ration Monte Carlo, Moran and Fleming-Viot particle models, to name a few. Related re-
inforcement and self-interacting Markov chain methodologies and stochastic approximation
techniques are presented in [87, 88] and more recently in [17, 24, 160].

Most of the terminology encountered in the literature arises from the application domains
as well as with the branching/genetic evolution of the Monte Carlo methodology. As under-
lined in [78], from a mathematical viewpoint, only the terminologies “Fleming-Viot” and
”Moran” are misleading. The reasons are two-fold: firstly, the Moran particle model is a fi-
nite population model that converges as the number of particles tends to infinity towards a
stochastic Fleming Viot superprocess [70, 111] and secondly, the genetic noise arising in the
limit requires a Moran finite population process with symmetric-selection jump rates. In our
context, the selection/killing-jump rates are far from being symmetric, the empirical mea-
sures of the finite population model are biased and the limiting Feynman-Kac semigroup, as
the number of particles tends to infinity, is purely deterministic.
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1.3. Statement of some main results. The main objective of this article is to review and
further develop the stability analysis of positive semigroups for a general and abstract class of
time inhomogeneous models, which, in general, are much more difficult to handle than their
time homogeneous counterparts; this is because the operators may drastically change during
the semigroup evolution. We will also tackle the problem of non-compact state spaces.

We begin with an exposition of discrete time and time homogeneous models. Consider
a positive integral operator @) and let (), 11 = @, Q = QQ,, be the associated discrete time
semigroup indexed by n € N. In this context we have

(1.3) @)= [ @xw)g) with g:=Q(1).

0<k<n

When E is compact, the Schauder fixed-point theorem ensures the existence of an invariant
measure

Moo = Pp(Neo) EP(E) and 1ee@Qn =€" 1 with  p:=1ogn(Q(1)).

Note that the right-hand side assertion in the above display is a direct consequence of the
fixed point equation and the product formula (1.3). For not necessarily compact spaces, we
also quote the following abstract theorem for discrete time Feller semigroups, which is of
interest in its own right.

THEOREM 1.1. Consider a positive integral operator Q such that Q(Cy(E)) C Cp(E)
and let Q,, be the associated discrete time Feller semigroup indexed by n € N. The nor-
malised semigroup ®,, has at least one invariant probability measure 1o = ®p,(100) if and
only if there exists some probability measure 1 such that the sequence of probability measures
®,,(n) indexed by n € N is tight and we have

(1.4) Bn(n) = (I)n<77)(g) 6]07 1] —n—oo 600(77) >0,
with the function g defined in (1.3). In addition, whenever these conditions are met we have
Boo (1) = 1Moo (9)-

The proof of Theorem 1.1 is provided in section 6.1. Related equivalent conditions for
the existence of invariant measures on locally compact spaces F are discussed in [152],
for models preserving continuous functions that tend to 0 at oo, see also [107]. Under the
assumptions of Theorem 1.1, using (1.3) we check the product series formulae

(1.5) Png1 () := e~ TP Q1 (1)(2)
=e?Qha)(x) = [] 1+ (@r(5:)(@) — Pk(10)(3)))
0<k<n

with the normalisation g := e~"g = g/ (g) of the function g defined in (1.3). The above
rather elementary formulae connect the convergence properties of the functions h,, as n — oo
with the stability properties of the normalized measures @, ().

Recall that (see for instance chapter 7 in [147]) the product in the above display is abso-
lutely convergent if and only if we have

(1.6) D 12k(02)(3) — Pr(1100) (3)] < 0.
k>0

In this situation, the collection of functions h,(x) converges pointwise as n — oo to the
measurable function defined by the product series

(1.7) h(z):= ] 1+ (@n(5:)(@) — Pn(n0)(@))) -

n>0
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At this level of generality we cannot ensure that h is a right eigenvalue of Q). To apply
the dominated convergence theorem, we need to ensure that the sequence of functions h,,
is uniformly bounded. This property requires to calibrate with some precision the stability
properties of the normalized semigroup ®,,.

This brief discussion already motivates the importance of the stability analysis of the nor-
malised semigroups. Several classes of semigroups with an increasing level of regularity are
presented in section 3. All of these different models are all expressed in terms of the tri-
angular array of semigroups defined in section 3.1. The first class of semigroups, termed
R-semigroups, is discussed in section 3.2 and it relies on the contraction properties these
semigroups with respect to the total variation distance (cf. for instance condition (3.6)). Sec-
tion 4.1 provides several uniform exponential contraction theorems for this class of models
with respect to the total variation norm. The second class of semigroups, termed stable V-
positive semigroups, is discussed in section 3.4. These models rely on an regularity property
with respect to some Lyapunov function V' discussed in section 3.3.

Section 4.2 provides several uniform exponential contraction theorems for this class of
models with respect to V'-norms. Section 4.3 illustrates the impact of these results in the con-
text of time homogeneous semigroups. We shall see that (); is a stable V' -positive semigroup
if and only if there exists some leading eigenvalues and the semigroup of the process evolving
in the ground state is a stable positive semigroup.

These different classes of positive semigroups are not based on any type of absolute conti-
nuity condition, but on different types of regularity properties of integral operator regularity
and local contraction properties of the pivotal triangular array of semigroups defined in sec-
tion 3.1.

In this section, to avoid the details of abstract regularity conditions we have chosen to re-
view and state some of our main results in the context absolute continuity with an increasing
level of regularity. We also illustrate these regularity conditions with some elementary exam-
ples. We recall that a semigroup of positive integral operators (1.1) is said to be absolutely
continuous as soon as for some 7 > 0 and any ¢ € 7 we have

(1.8) Qi t4r(x,dy) = G+ (x,y) vr(dy)

for some density function g ;- on E? with respect to a Radon positive measure v, on E.

1.3.1. Total variation stability theorems. Consider the following condition:
(A) There exists some T > 0 such that density q; 1~ is uniformly positive for some param-
eter T > 0; that is, we have that

(1.9) 0 < (1) :==1nf gt 4+ (7,y) <07 (7) :=8up Gt 4 (2, y) < 00

where the infimum and the supremum are taken over all space-time indices ((x,y),t) € (E? x
T). For continuous time models, we assume that for any u € P(E) we have

(1.10) inf (1(Qre4e(1)) >0 and 7 :=sup||Qei4e(1)]] < o0

where the infimum is taken over all continuous time indices t > 0 and any € € [0, 7.

In the context of discrete time semigroups, there is no loss of generality to assume that
7 =1 (cf. section 2.2). For continuous time sub-Markovian semigroups, the right-hand side
condition in (1.10) is automatically met with 7, < 1. Whenever Q:(1) > Q,,(1) for any
u > t, the left-hand side condition in (1.9) ensures that inf ji(Q¢ +1.(1)) > ¢~ (7) > 0; and
for time homogenous models the right-hand side condition in (1.9) is met as soon as ¢, is
bounded.

For continuous time models, condition (1.9) is automatically satisfied for time homoge-
neous jump elliptic diffusions on compact manifolds S with a bounded jump rate, see for
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instance the pioneering work of Aronson [9], Nash [165] and Varopoulos [194] on Gaussian
estimates for heat kernels on manifolds. It is also met for uniformly elliptic diffusions on the
compact closure E = D of some bounded open domain D in R™ with an oblique reflection
on some smooth boundary 0D, see for instance [42]. Condition (1.9) is also preserved by
conditioning any of the stochastic processes discussed above by the non-absorption event, as
soon as the killing rate is bounded on the state space F/, see for instance [86] for a more thor-
ough discussion on this class of sub-Markovian semigroups on compact manifolds. Further
references on uniformly positive discrete time semigroups can be found in [79, 83, 86] and
the books [73, 74, 77].

The next theorem is a direct consequence of the uniform estimates (3.9) and a rather well
known uniform contraction theorem, Theorem 4.1, which is valid for not necessarily abso-
lutely continuous semigroups under weaker conditions on the triangular array of semigroups
discussed above [77, 79, 80].

THEOREM 1.2. Let Qs+ be an absolutely continuous semigroup (1.8) satisfying condi-
tion (A) for some parameter T > 0. In this situation, There exist constants a < oo and b > 0
such that for any s <t and any 1, p2 € P(E) we have the uniform stability estimate

(1.11) @1 (101) — Pt (1) ||eo < @ e P,

with the total variation norm |||+, on My(E) defined in (2.5). In addition, there exists a
constant c(1) and c(u2) < 0o such that for any s <t we have the local Lipschitz estimate

1950 (11) = @se () oo < (epr) Aelpz)) e |1 = piz o

Observe that positive semigroups Q,; with continuous time indices s < ¢ € R can be
turned into discrete time models by setting @, , = Qprnr for any p <n € N and some
parameter 7 > 0. The condition (1.10) is a technical condition only made for continuous
time semigroups to ensures that the Lipschitz estimates stated in Theorem 1.2 holds for all
continuous time indices.

Returning to the discrete and time homogeneous semigroup () = Q¢ ;41 discussed in (1.5)
the uniform estimate (1.11) ensures that

3" sup [0(62)(9) — B (00) (3)] < 0.

n>0 zeFE

In this scenario, the collection of functions h,, defined in (1.5) is uniformly bounded and
hy, converges pointwise as n — oo to the function h € By(E) defined in (1.7). Applying the
dominated convergence theorem, for any n € N we conclude that

Qn(h) = e h.

Similar infinite series representations of the ground state function for discrete time models
are discussed in Section 3.3 in the article [19].

Following the above comments in the context of discrete or continuous time homogeneous
semigroups, we present in Section 4.1 a variety of results that follow almost immediately
from the estimates obtained in Theorem 1.2.

These results include the existence of an unique leading eigen-triple (p, 70, h) € (R X
P(E) x By(E)) of the positive semigroup; that is, for any ¢t > 0 we have

(1.12) Qi(h) =€’ h and 1,,Q;=e" Ns With 1o (h) = 1.
The leading eigen-function h is sometimes called the ground state of the semigroup. Defining
the finite rank (and hence compact) operator

(1.13) T : feBy(E)—~T(f):=

iy M) €B(E),

we also have the following extended and refined version of the Krein-Rutman theorem.
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COROLLARY 1. Foranyt € T, we have the operator norm exponential decays
(1.14) e Qe — T||| <2 a e (||hll/nse(h) + clns)?),

with the same parameters (a,b,c(nx)) as in (4.2).

The details, including a proof, of the above results can be found in section 4.1. As shown
at the end of section 4.1, the estimate (1.14) ensures the uniqueness of the eigenfunction A
(up to some constant) and that the essential spectral radius of @; is strictly smaller than its
spectral radius r(Q)) = e”. Thus, the operator Q; is quasi-compact and by a variant of the
Krein-Rutman theorem (cf. for instance Theorem 1.1 in [103, 167]), we recover the fact the
existence of non-null eigenfunction /. A brief review of quasi-compact operators is provided
in section 2.4. The quasi-compactness property of (); is often based on compact localisation
arguments and applying Arzela-Ascoli theorem when the semigroups have a continuous den-
sity. The above corollary does not rely on these arguments and it also offers an exponential
convergence rate that only depends on the stability properties of the semigroup ®;.

Unfortunately, (1.9) is rarely satisfied for non-compact state spaces. Some cases where it
does hold are for reflected diffusions on smooth boundaries as well as for some particular
classes of operators on non-compact spaces (including for ad-hoc truncated drift Gaussian
transitions or Laplace transitions on non-compact spaces - see [77, section 5] and [73, Exer-
cise 3.5.2]).

1.3.2. V-norm stability theorems. Our starting point is to localise (1.9) using a some
locally bounded V' > 1 with compact level sets K, = {V <r} C E. In this notation, the
V-localised version of (1.9) is defined as follows:

(A)y : There exists some parameters 0 < T € T and r1 > 1 such that for any r > r1 we
have v (K;) > 0 as well as
(1.15) 0 < inf inf g 14+ < SUPSUP Gt 447 < OO.

teT K teT K2
For continuous time semigroups, we assume that for any r > ry there exists some 7 > r such
that
(1.16) 7 (K,7):=inf inf Q11:(1x.)(x) >0 and 7, :=sup|Qss+e(1)| < o0

zeK,

where the infimum is taken over all continuous time indices t > 0 and any € € [0, 7].

For any r > r; observe that

(1.17) (1.16) = 7, (K,) = infi}ngnHE(l) >0

where the infimum is taken over all continuous time indices ¢t > 0 and any ¢ € [0, 7].
By (1.15) for any r > r¢ and 7 > r we have the uniform estimate

infinf Qti+r(1)>0

Thus, for discrete time semigroups, condition (1.16) is automatically met. Recalling that
positive semigroups Q, ; with continuous time indices s < ¢ € R can be turned into discrete
time models by setting @, ,, = Qpr nr for any p <n € N, the condition (1.16) is a technical
condition only made for continuous time semigroups to ensures that the Lipschitz estimates
discussed in this section holds for all continuous time indices.

The condition (1.15) is rather flexible as we will now explain. For time homogeneous mod-
els on some open connected domain ' C R? (with respect to the trace v, (dy) of the Lebesgue
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measure dy on E) condition (1.15) is clearly met as soon as ¢ is a bounded continuous posi-
tive function on E?2. To check condition v ({V < r}) > 0, simply notice that any closed ball
in E (which has clearly positive Lebesgue measure) is included in some r;-sub-level set of
V, thus also included in all upper r-sub-level sets, with r > ry.

Absolutely continuous integral operators arise in a natural way in discrete time set-
tings [73, 77, 101, 197] and in the analysis of continuous time elliptic diffusion absorption
models [9, 108, 109, 186]. In connection to this, two-sided estimates for stable-like processes
are provided in [26, 148, 184, 196]. Two sided Gaussian estimates can also be obtained for
some classes of degenerate diffusion processes of rank 2, that is when the Poisson brackets
of the first order span the whole space [149]. This class of diffusions includes frictionless
Hamiltonian kinetic models. Diffusion density estimates can be extended to sub-Markovian
semigroups using the multiplicative functional methodology developed in [86].

Whenever the trajectories of these diffusion flows, say ¢ — X;(z), where x € E is the
initial position, are absorbed on the smooth boundary OF of a open connected domain FE,
for any 7 > 0 the densities ¢, (z,y) of the sub-Markovian semigroup @), (with respect to the
trace of the Lebesgue measure on E') associated with the non absorption event are null at the
boundary. Nevertheless, whenever these densities are positive and continuous on the open set
E? for some 7 > 0, they are uniformly positive and bounded on any compact subsets of F;
thus condition (1.15) is satisfied. In addition, whenever T'(x) stands for first exit time from
E and T, (x) the first exit time from the compact level set K, C F starting from x € K, for
any ¢ € [0, 7] and 7 >  we have the estimate

Q:(1k.)(2) =E (Ix.)er, lr(@)>e) = P (Tr(x) > €) > P(Tr(z) > 7)

In this context, condition (1.16) is met as soon as inf,c g, P (T7(z) > 7) > 0.

To state our next main result, we need to introduce some additional terminology. Let
C(FE) C B(E) the sub-algebra of continuous functions. Let By (E) C B(E) be the Banach
space of measurable functions f on F with ||f/V|| < oo; and Cy (E) C By (E) be the sub-
space of continuous functions.

We also let Py (E) be the convex set of probability measures j; € P(FE) such that p; (V) <
oo with ¢ = 1, 2 equipped with the operator V-norm

llr = plly == sup{|(ua — p2) ()] = [ Fllv <1}

More generally, we denote by ||-||;, the operator norm defined in (2.4). When E is a o-
compact Polish space, we also denote by By(E) C By(F) the sub-algebra of locally lower
bounded that vanish at infinity and by Co(F) := By (E) NC(E) the sub-algebra of continuous
functions. We also let B (E) C B(E) be the subalgebra of locally bounded and uniformly
positive functions V' that grow at infinity. We shall consider the subspaces

Bow(E):={f €B(E) : |f|/VeBo(E)} and Coy(E):=Boy(E)NC(E).

We refer to section 2.1.2 for more precise definitions.
The next theorem is a direct consequence of Theorem 4.3 which is valid for not necessarily
absolutely continuous semigroups under weaker conditions.

THEOREM 1.3. Assume condition (A)y is met for some 7 > 0 and some V € B (E).
In addition, there exists some function O, € By(FE) such that for any s < t and any positive
function f € By (E) we have

(1.18) Qst(f)€Bov(E) and Qss+-(V)/V <O,.

For continuous time semigroups, we also assume that

(1.19) 72 (V) = 5up | Quis= (V) V] < o0
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where the supremum is taken over all continuous time indices t > 0 and any € € [0, 7|. In this
situation, for any 1, o € Py (E) there exists a parameter b > 0 and some finite constant
c(p1, n2) < 0o such that for any s <t we have the local Lipschitz estimate

(1.20) 15,6 (11) = el < el piz) € Yl = pally -

A more precise description of the parameters (b, c(p1,p2)) is provided in Theorem 4.3.
To the best of our knowledge, Theorem 1.3 and its extended version, Theorem 4.3, have not
been established elsewhere in the literature.

It should be noted that the left-hand side condition in (1.18) ensures that Qs .(V)/V €
By(E), for any s < t. Thus, the condition on the right-hand side in (1.18) provides uniform
control of the functions Qs s;-(V)/V with respect to the time parameter s > 0. We also
mention that left-hand side condition in (1.18) is met as soon as Qs (V') /V € By(E) and Qs
is a strong Feller semigroup, in the sense that for any s < ¢t we have Q, +(By (E)) C Cy (E).
In this situation, for any positive function f € By (E) and s < t the function Qs+(f) is
positive and continuous; and thus locally lower bounded. In this situation, whenever || f ||y, <
1, for any s < t we have the comparison property

Qst(f)/V <Qst(V)/V € Bo(E) = Qst(f)/V € Bo(E) <= Qs(f) € Cov (E).

For time homogeneous models Q; := Qs s+, the right-hand side condition in (1.18) becomes
the Lyapunov condition

(1.21) Q-(V)/V <O, € By(E).

In the context of time homogeneous models, the strong Feller condition also ensure that the
ground state eigen-function is continuous (cf. (4.28)).

When Q,: = Ps; is a Markovian semigroup Ps; on By (E), the semigroup @ (1) =
pPs ¢ is linear, and the right-hand side Lyapunov condition in (1.18) ensures that p P (V) is
uniformly bounded with respect to the time parameters s < ¢ (cf. Lemma 3.2 or the Lyapunov
condition (A.4) applied to the unit function H = 1). In this context, the constant ¢ = (1, p2)
in (1.20) does not depend on the pair of measures (p1, u2), and the estimate (1.20) reduces
to the V-norm contraction of time varying Markov semigroups

i1 Pe i = paPally < e e g — pa] -

For a direct proof of the above estimate based on V' -norm contraction properties of Markov
semigroups we refer to section 2.3.

For some measure ;o € Py (E) and some positive function H € By (E), we define the
finite rank (and hence compact) operator

H Qs (H
(1.22) fEeBv(E) =TS (f) = Qeall) p(f) € By (E)
’ MSQs,t(l)

with the flow of measures 1, = @, (/1) starting at some fi9 = . In this notation, we have
the following time inhomogenous version of the Krein-Rutman theorem.

COROLLARY 2. For any s <t we have the operator norm exponential decay
Qs,t o H

H Mst,t(U st

for some finite constant cy () that depends on (u, H) and with the same constant b > 0 as
in (1.20).

< cy (H) e—b(t—s)

v
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A precise description of the parameters (b, cgr(p)) is provided in Corollary 7 (applied to
Mo = 1, see also Lemma 3.2). To the best of our knowledge, the above corollary is the first
result of this type for time varying positive semigroups.

We emphasize that for locally compact Polish spaces, our methodology also applies to
Feller V-positive semigroups, that is Qs (Cyv(E)) C Cy(E) and Q,+(V)/V € Co(E) for
any s < t, as soon as the Lyapunov function V' can be continuous (also choosing a func-
tion H € Cy v (FE) in the definition of the class of non necessarily absolutely continuous
V -positive semigroups introduced in Definition 3.4). As shown in (4.29), for time homoge-
neous semigroups, in this context the continuity of the ground function is granted by compact
convergence arguments.

Now, choosing V' € Coo (E) := Boo(E) NC(E), Theorem 1.3 is also valid when we replace
the left-hand side condition in (1.18) by the Feller property ta (Co(E)) CCp(E) with s <t
of the conjugate semigroup Q;/?t( ) =Qs+(fV)/V and the V-positiveness property by the
condition Qgt( f) € Co(E) for any positive function f € Cp(E). In this context, the right-hand
side condition in (1.18) and (1.19) become

voirr(1) SO, €By(B) and 7 (V) := up 107 142 (L] < 0.
€|0,7

For normed finite spaces (E, || - ||), the right-hand side Lyapunov condition in (1.18) only
relies on the design of a function z € E +— O,(z) that tends to 0 as ||z|| — oco. For sub-
Markovian semigroups with hard obstacles, the right-hand side Lyapunov condition in (1.18)
allows one to consider diffusion processes conditional to non absorption on the boundaries of
some open connected domains. For instance, for a time homogeneous semigroup Q¢(z, dy) =
qt(x,y) dy with a bounded density g; on some bounded domain (open connected) £ C R™
with Lipschitz boundary OF, for any 0 < 6 < 1 we have

V(z):=1/d(z,0E)'=° with d(z,0F):=inf{||z —y| : y € OE}

= Q,(V)/V <O, :=¢c;/VeByE) withc, :=|Q-(V)] < 0.

For a more concrete example, we also mention that Brownian motion conditioned to non
absorption on E :=]0, 1] has a Dirichlet heat kernel g;(,y) > 0 on the open cell E? =0, 1[?
that satisfies the conditions of Theorem 1.3 with the Lyapunov function V(z) = 1/y/x +
1/4/1 — z. For a more detailed discussion on the design of Lyapunov functions V', we refer
to the articles [6, 101, 110, 197]

For time homogeneous models, the r.h.s. condition in (1.18) takes the form Q,(V)/V <
O, € By(E). In terms of the compact sets K. := {©, > ¢} this condition ensures that for
any € > 0 we have the Foster-Lyapunov inequality

(1.23) Q:(V)(z)<eV(x)+ 1k (x)c. with ¢ :=sup(VO,) < oo.
Ke

We can also slightly relax the above by assuming that for any n > 1 we have
(1.24) Qr(V)(z) <en V(x) + 1k, (2) e,

where K., C E stands for some increasing sequence of compacts sets and c., some finite
constants, indexed by a decreasing sequence of parameters €, € [0, 1] such that €, —,
0. Assuming that Q. (V)/V is locally lower bounded and lower semicontinuous, condition
(1.24) ensures that Q- (V) /V € By(E). Indeed, for any § > 0, there exists some n > 1 such
that £, < 6 and we have

{Q-(V)/V =26} c{Q-(V)/V >en} CK,
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Since {Q-(V)/V > 4} is a closed subset of a compact set it is also compact. More generally,
whenever (1.24) holds for some exhausting sequence of compact sets K., in the sense that
for any compact subset K C E there exists some n > 1 such that K’ C K, _, we have

inf Q-(V)/V > inf Q-(V)/V > e,
This condition ensures that the function Q- (V')/V is locally lower bounded. In this situation,
we have Q. (V)/V € By(F) as soon as Q-(V)/V is lower semicontinuous.

For time varying semigroups, working with conditions of the form (1.24) we also need to
ensure that the same sequence of compacts can be used at every time horizon. Last, but not
least, sub-Markov semigroup associated with hard-obstacles may be defined on some domain
with a complex topological structure. In this context, the design of the Lyapunov function and
the compact subsequence (1.24) depends on the stability properties of the free evolution as
well as on the topological structure of the domain.

We remark that our methodology also applies to non necessarily absolutely continuous
semigroups. These models, termed stable V -positive semigroups, are defined in section 3.4.
They relies on the contraction properties of the triangular array of Markov operators dis-
cussed above on the compact level sets of the function V' (cf. for instance condition (3.15)).
In lemma 3.2 (mainly due to N. Whiteley in [197, Proposition 1 & Lemma 10]) we shall
see that the semigroups considered in Theorem 1.3 are particular classes of stable V' -positive
semigroups.

In section 4 we present a new unifying methodology that combines Dobrushin ergodic
coefficient techniques developed in [73, 74, 77, 79, 86] with the powerful Foster-Lyapunov
methodologies developed in the articles [15, 101, 110, 151, 197] in the context of Feynman-
Kac semigroups and nonlinear filtering. Our approach relies on the contraction analysis of
a class of triangular arrays of Markov semigroups introduced in [77, 79, 86] in terms of
the V-norm contraction ergodic theory for Markov operators presented in [126] and further
developed in a systematic way in the book [90]. A brief review on this subject is provided
in section 2.3. For a more thorough discussion on these V' -contraction coefficient principles,
we refer to [90, Section 8.2.5].

1.3.3. Time homogeneous semigroups. As one might expect, for time homogeneous
semigroups, a variety of results that follow almost immediately from the estimates obtained
in Theorem 1.3. These results are described in section 4.3 and they include the existence of
an unique leading eigen-triple

(1.25) (P Mooy h) € (R x Py (E) x Boy(E)) satisfying (1.12).

Choosing (u, H) = (10, h) in (1.22), the operator Tg‘;"’h simplifies to the operator 7" intro-
duced in (1.13); that is, for any f € By (F) we have

TN (f) = %Oh(h) neo(f) = T(f) € Boy ().

In addition to the fact that the ground state function & discussed above is generally unknown,
whenever its existence is assured, the stability of a non necessarily absolutely continuous pos-
itive semigroup (); is reduced to the one of a more conventional Markov semigroup defined
by the h-transform of (); given by

(1.26) f€Byn(E)— PM(f):=Qi(fh)/Q:(h) € Byn(E) with V":=V/h.

The condition Q,(V)/V € By(E) ensures that V" € B, (F) and there exists some 0 < ¢ < 1
and some constant ¢ > 0 such that

(1.27) PV <evhte



STABILITY OF POSITIVE SEMIGROUPS 13

A proof of the above assertion is provided in Lemma 6.2. We now introduce another condi-
tion.

(H") There exists some ro > 0 and some « : r € [rg, 0o[— a(r) €]0,1] such that for any
r > 19 we have

(1.28) sup
Vi(z)vVh(y)<r

6, Pl — 6, Pl

<1—afr).
tv

Using the Lyapunov inequality (1.27) and the local contraction estimate (1.28) the stabil-
ity properties of P/ follows the conventional V-norm contraction methodology for Markov
semigroups developed in Section 2.3.

For the rest of the section, we assume that (); is a (non necessarily absolutely continuous)
time homogeneous V -positive semigroup in the sense that Q;(By (E)) C By v (E), for any
t > 0. In addition, there exists and leading eigen-triple (1.25) with h(z) > 0 for any z € F,
and the Doob’s h-transform satisfies condition (#"). In this situation, the finite rank operator
T defined in (1.13) maps By (E) into By v (E). As shown in Section 4.3 these conditions are
met under our regularity conditions (cf. (4.30), (4.31) and Corollary 9).

The next theorem is a synthesis of Theorem 4.5 and its corollaries, Corollary 11 and Corol-
lary 12, adapting the arguments of (4.15) to V' -norms. To the best of our knowledge, the next
theorem does not exist in the literature.

THEOREM 1.4. The Markov semigroup P}' has a single invariant measure n", €
Pyn(E) and Qy is a quasi-compact operator on By (E). In addition, there exists some a < 00
and b > 0, such that for any p,n € Pyn(E) and t € T we have the contraction estimate

(1.29)  ||uPl —nPlM|yr < ae™® || —nyve and ‘He*pt Qt—T‘HVSae*bt.

The conjugate measure 1o (dx) := 1/h(x) n (dz)/nh (1/h) € Py (E) is the unique in-
variant measure of the semigroup ®y. For any 1, p2 € Py (E) there also exists some finite
constant c(ju1, p2) < oo such that for any t € T we have

19 (1) = e(p2)llly < e, p2) € flps = 2y

1.4. On the design of Lyapunov functions. Condition (1.24) is often presented in the lit-
erature as an initial Lyapunov condition to analyze the stability property of time homogenous
sub-Markov semigroups (see for instance [110, 124], as well as section 17.5 in [90] in the
context of Markov semigroups and the references therein). In this context, the Lyapunov con-
dition in the right-hand side of (1.21) provides a practical way to design Lyapunov functions
satisfying (1.24). This section provides some elementary principles to design these Lyapunov
functions.

Assume that ), 51, is dominated by some auxiliary positive integral operators Q; s, in
the sense that

(1.30) Qs s+7(x,dy) < ¢ Qs s4+(z,dy) for some finite constant ¢, < co.
Then, we readily check that
Qss+r(V)/V <O, € By(E) = Qs,54+(V)/V <0, € By(E).

Given a time homogeneous semigroup Q;, and some pair of functions V' € By (F), and
H € By (E) suchthat VH :=V/H € B, (F) and Q,(V)/V € By(FE) we have the conjugate
principle

Qs,s+7(x,dy) < ¢ Qr(x,dy)H(y)/H(x) forsome ¢, < oo

(1.31)
= Qustr (V) VI <O 1=, Q-(V)/V € By(E).
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For instance, a sub-Markovian semigroup (J); associated with a linear hypoelliptic diffu-
sion on E/ :=R" evolving in an absorbing potential that grows at least quadratically is dom-
inated by the sub-Markovian semigroup Q; of a coupled harmonic oscillator. The latter of
which has an explicit solution with an exponential decay total mass Q. (1)(x) —|z||-so0 0
with also well known leading triplet and Lyapunov functions, such as the functions V' (z) =
1+ ||z||"™, for any given n > 1. In this context the ground state function h € Cy(E) is the cen-
tered Gaussian density with a covariance matrix satisfying an algebraic Riccati equation, and
the corresponding h-process is an Ornstein-Ulhenbeck diffusion. In this scenario, we recall
that Q; and the semigroup P} of the h-process diffusion flow are connected by the formula
Qi(f) =eth Pl (f/h), for some p < 0. We refer to [81] for a detailed discussion on coupled
harmonic oscillators.

Whenever the domination property (1.30) is met for some time homogeneous semigroup
Qr 1= Qg 51+, such that Q- (1) € By(E), for any V € B (E) have

cr:=|P-(V)/V| <oo with the Markov operator P-(f) := Q-(f)/9-(1)

= Q5,51+ (V)/V <O, :=¢; O (1) € By(E).
If ¢ :=||P;(V)|| < oo and Q,(1)/V € By(FE) we also have
Qs,s+r(V)/V <07 =} Q- (1)/V € Bo(E).

For instance, when Q; is the semigroup associated with the half-harmonic oscillator on F =
10, 0o[, choosing the function V' (x) = 2™ 4 1/z for any given n > 1, we have || Q,(V)]| < oo,
for any 7 > 0.

The semigroup @; of a non absorbed Ornstein-Ulenbeck diffusion flow on E =]0, 00|
killed at the origin can be seen as the h-transform of a solvable sub-Markov semigroup as-
sociated with a one dimensional linear diffusion evolving in a quadratic potential well and
killed at the origin. In this context, the ground state function £ is a centered Gaussian density
and we can choose the Lyapunov function V*(x) = (2" + 1/x)/h(x), for any given n > 1.
The stability properties of this class of non absorbed one dimensional Ornstein-Ulenbeck
diffusions are also discussed in [159] and more recently in [169] in terms of the tangent of
the h-process.

Next, we illustrate (1.31) with a one-dimensional Langevin diffusion killed at the origin.
Let X;(x) be the stochastic flow with generator L defined by

L(f) =5 0 (e Vo)

for some non negative function W. We denote by ); the sub-Markovian semigroup associ-
ated with the flow X (x) starting at = € E' =|0, oo] killed at the boundary OF = {0}; that is,
we have that

Qi(f)(z) :=E(f(X¢(2)) 1TOXE(x)>t) with Tg.%(x) =inf{t >0 : X(z) € OF}.
Consider the sub-Markovian semigroup Q; associated with a Brownian flow B;(z) on E =
10, oo killed at the origin and at rate
1
2

When W (z) = ¢ 2?/2, we have U :=¢ (¢ 22 — 1) /2 and the semigroup Q; coincides with
the semigroup of an half-harmonic oscillator for which we know that

U:= ((8W)2—82W):H_%62H with H:=e V.

V(z):=x+1/z = c;:=||Q-(V)] < 0.
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This implies that V# € B, (E) and by a change of probability measure we have
Q-(VI) VI = Q. (V)/V <, )V € By(E).
More generally, assume that 1/ is chosen so that
U(x) > +¢1 x2/2 for some parameters ¢y € R and ¢; > 0.

In this situation Q; is now dominated by the semigroup of an half-harmonic oscillator. The
special case OW (z) = 1/(2x) — a = + b 23 with a,b > 0 yields the logistic diffusion on the
half-line discussed in [43] using spectral arguments.

When the dominating operator Q; = P; is a Markov integral operator, the literature is
also abounds with the design of Lyapunov functions for Markov operators P, which can
be used without further work to check the right-hand side condition in (1.18) as soon as
Qs,s++ 1s dominated by a Markov operator P;. For instance, when Q; = P; is the Markov
semigroup associated with a Riccati matrix-valued diffusion X (x) evolving in the space E of
positive definite matrices with real entries, under appropriate controllability and observability
conditions, for any ¢ > 0 we have ||P:(V)|| < oo with V(x) := Tr(x) + Tr(z~!), where
Tr(x) stands for the trace of a positive definite matrix = € E. A proof of the above assertion
is provided in [23]. The same Riccati-type analysis applies to the logistic birth and death
processes and the competitive and multivariate Lotka-Volterra birth and death process on
E :=N" — {0} discussed in Theorem 1.1 in [52], with the Lyapunov function defined for
any r = (7;)1<i<n by V(2) = Z1gz‘§n Ly

For more discussion on the design of Lyapunov functions V' on not necessarily bounded
domains, we refer to the articles [6, 101, 110, 197] for more illustrations, as well as to sec-
tion 2.1.2.

1.5. Organisation of the article. The article is structured as follows: In section 2 we in-
troduce the notation that will be used throughout and state our main results. Section 3 is
dedicated to the detailed description of the different classes of semigroups considered in the
article. The main stability and contraction theorems of the article are described in section 4. In
particular, in section 4.2, we present the main results for time-inhomogeneous models, with
a more refined analysis of time homogeneous models being given in section 4.3. In section
5, we illustrate the impact of our results with some selected illustrations on nonlinear con-
ditional processes, sub-Markov models and related Feynman-Kac measures on path spaces.
Some comparisons between our regularity conditions and the ones used in existing litera-
ture are discussed in section 5.4. Section 6 is dedicated to the proofs of the main theorems
presented in this article. The appendix houses most of our technical proofs.

2. Preliminary results.
2.1. Some basic notation.

2.1.1. Measure theoretic notation. We equip the set M (E) of bounded signed measures
w on E with the total variation norm ||pl|s, := |u|(E)/2, where |u| := p4 + p— stands for
the total variation measure associated with a Hahn-Jordan decomposition pt = p — p— of
the measure.

We define the duality map, as well as the right and dual left action of a bounded integral
operator () using the classical measure theoretic notation, as follows:

(1. f) € (My(E) x By(E) > u(f) €R  with  p(f) = / f(@)u(de)
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Q1) feBE) = Q) EBE) with Q)= / Q. dy) ()

HE MUE) > Qe My(E)  with  uQ(dy)i= [ n(do) Q. dy).

Given a pair of integral operators (Q1,Q2), we denote by (Q1Q2 the integral composition
operator defined by

(Q1Qs)(xd2) = / Qi (,dy) Qa(y, d).

For any n € N we also write Q™ = Q"' @ with the convention Q¥ = I the identity operator.
We denote by I the identity integral operator. We say that () is positive if Q(f) > 0 whenever
f>0. Whenever Q(1) <1 we say that @) is sub-Markovian, and @ is said to be Markovian
when Q(1) = 1. The Boltzmann-Gibbs transformation ¥j, associated with some bounded
positive function h > 0 and defined by

. h(x) pu(dx
22 Vo peP(E)—Uu(p) e P(E) with W (u)(dr) = (/1(/2() .
We recall the Lipschitz estimate
|17
U () — 0 o< — W ol
H h(lu’l) h(/j’Q)Ht Hl(h) \/,U,Q(h) Hﬂl MQHt

For a detailed proof of the above assertion we refer to [135, lemma 9.5], or [93, appendix B],
see also [79] as well as [157, proposition 3.1] and [74, proposition 12.1.7].

When f = 14 is the indicator function of some measurable subset A C F, we will some-
times slightly abuse notation and write ;1(A) instead of p(14). We also set a A b = min(a, b)
and a V b =max(a,b), for a,b € R and we use the conventions

(2@:];[) =(0,1) and <s%p,i%f> — (00, +00).

2.1.2. Functional analysis notation. When E is a o-compact Polish space, we let
Bs(E) C B(E) the subalgebra of locally bounded and uniformly positive functions V'
that grow at infinity; that is, supyi V < oo for any compact set K C F, and for any
r > V,:=infgV > 0 the r-sub-level set {V < r} C E is a non empty compact subset.
For instance the function V(z) := x + 1/x when E =|0, co[ belongs to B (F). Note that
the compactness level set condition ensures that V' is necessarily lower-semicontinuous (ab-
breviated l.s.c.) and its infimum on every compact set is attained.

We check that B, (E) is an algebra by recalling that the product V' = V; V5 of non negative
L.s.c functions Vi, V5 € By (F) is also Ls.c. so that the r-sub-level set {V < r} is closed. In
addition, it is included in the union of the compact /r-sub-level sets of the functions V; and
V5; that is

{Vrtc{i<svriu{la<vrh
Observe that for any locally bounded l.s.c. function V; we have
Vi> Vo€ Boo(E) = V1 € Bo(E).

Since V is locally bounded, any compact set K C E is included in some sub-level set of V.
Indeed, choosing 7k :=supg V we have

(2.3) K c{V<rg}
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Thus, for any pair of functions Vi, Vs € Boo(E) and for any 1 > V; , there exists some
parameters 3 > V5 , and 73 > V7, such that

Vi<m}c{Va<ra} C{Vi <r3}.

Let By(E) C By(E) the subalgebra of bounded positive functions / locally lower bounded
that vanish at infinity; that is, infx h > 0 for any compact set K C F and for any 0 < € <
||| < oo the e-super-level set {h >} C E is a non empty compact subset. Observe that

VeB(E) <= 1/VeBy(E).
In addition, for any locally lower bounded u.s.c. function h; we have
h1 <hg e Bo(E) —h; € BQ(E).

Also notice that e-super-level set of a non necessarily u.s.c. hy < hy € By(F) is included in
the compact set {ha > c}.

Finally note that the sub-algebras B, (E) and By (F) have no unit unless F is compact and
the null function 0 & By (E), nevertheless the unit function 1 € Cy v (E) for any V' € B (E).

REMARK 2.1. When E is a locally compact space, its topology coincides with the weak
topology induced by Co(E) := Bo(E) N Cy(E), and inversely (cf. Proposition 2.1 in [3]). In
this context a continuous function h vanishes at infinity if and only if its extension to the one
point compactification (a.k.a. Alexandroff compactification) E~, := E U {0} (obtained by
setting h(oco) = 0) is continuous. For locally compact spaces, we recall that the one point
extension F, is compact.

REMARK 2.2. When (E,| - ||) is a finite dimensional normed space, by (2.3) for any
positive locally lower bounded u.s.c. function h on F, and any € > 0 there exists some v > 0
such that

B(r):={z€FE : ||z|<r}c{h>e} sothat heBy(E)<= lim h(z)=0.

In this context, we have

0<h; <hy€By(E)=Ve>0 Ir>0 st VYrgB(r) hi(z) <e.

We let C(FE) C B(E) the sub-algebra of continuous functions. For a given V € B (E), we
let By (E) C B(FE) be the Banach space of functions f € B(E) with || f|lv := | f/V| < oo;
and by Cy (E) C By (E) be the subset of continuous functions. We also denote by || Q|| the
operator norm of a bounded linear operator Q : f € By (E) — Q(f) € By (F); that is

(2.4) QI == sup{l|Q()lv : f €Bv(E) suchthat ||f[ly <1}

We also denote by M (E) the set of signed Radon measures on E and by My (E) C M(E)
the subset of measures € M(E) such that |u|(V') < oo.
For a given function V' > 1/2, the V-oscillation of a function f € B(E) is given by

@) - )
osev () =S e TV )

and with a slight abuse of notation, the V-norm on M(E) is given by

llllly = sup{lu(HI = ([ fllv <1} =sup{|u(f)] = oscy (f) <1} = [ul(V).

For a detailed proof of the equivalent formulations in the latter definition, we refer to Proposi-
tion 8.2.16 in [90]. The choice of condition V' > 1/2 in the above two definitions is imposed

<Ifllv
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only to recover the conventional total variation dual distance between probability measures
when choosing V' = 1/2 in the dual norms.

When V' = 1/2 we recover the conventional total variation norm, that is for any p1, 2 €
P(E) we have

(2.5) e = w2l j2 = lln = pollew
we recall that

(2.6) |1 — p2llw <l—e<= (I eP(E) : ppy>ev and pz>cv).

REMARK 2.3.  Whenever the Polish space E is locally compact metric space the integral
map (u, f)— u(f) gives the isometry

MV(E) ~ Co7v(E)/.

In this context, the set of Radon measures reduces to the set of locally finite Borel regular
measures. The above assertion is a direct consequence of [ 188, Theorem 3.1] applied to the
Nachbin family V := {V,, = a/V : « > 0}. See also [187, Theorem 3.26] as well as [30,
Theorem 2.1].

Finally, we present a technical lemma regarding the V' —norm estimates of the Boltzmann-
Gibbs operators; the proof is given in appendix A.3.

LEMMA 2.1. Forany V € Boo(E) and 0 < h € By v (E) and any p, ji2 € Py (E) we
have the estimate

1 Mz(V/h)>
2.7 v - < 1 — .
(2.7 %1 (1) = W1 (p2) ]|, < (L) < + (L) llrer = pealllyn
In addition, for any p1, o € Py (E) we have
1 MQ(V)>
2.8 v - <——1 — .
@8 IG) ~ Bl < s (14 2200 ) = ally

2.2. Discrete and continuous time models. For a given s € T and 7 € T with 7 > 0, we
consider the time mesh

[s,t]:=={s+nT€[s,t] : neN} and [s,00[;:={s+nT€[s,00] : n€N}.

We define [s, t[, |s,t]- and |s, t[- by replacing respectively in the above display [s, t] by [s, t],
]s,t] and ]s, t[. For continuous time indices 7 = R, we shall denote by |¢/7| the integer
part of ¢/7 and by {¢/7} the fractional part so that t = |¢/7 |7 + {t/7} . For discrete time
indices 7 = N, choosing 7 = 1 we have [0, co[,= N.

We have assumed that Q;;4-(1) > 0 for any 7 > 0 and any ¢t € 7. This irreducibil-
ity condition ensures that QQ; ¢1-(f) > 0 for any f > 0. For sub-Markovian time homoge-
neous semigroups Q¢ 4~ = Qo - this condition can be relaxed by considering the Borel set
{Qo,-(1) =0} as a part of an absorbing set. In this context, to analyse the behavior of a non
absorbed particle there is no loss of generality in assuming that Qo (1) > 0.

In the discrete time setting, this condition can also be relaxed up to a time-rescaling or up
to some modification of the state space; see for instance the construction in [73, section 4.4],
as well as the one dimensional neutron transport model discussed in [73, Example 4.4.3] and
the soft and hard obstacle models discussed in [75, 83].

Nevertheless, we emphasise that the analysis of continuous time models is sometimes
based on a discrete time approach based on regularity conditions that depend on some pa-
rameter 7 chosen by the user. In this context, the analysis is performed at the level of the
T-discretised model and the estimation constants presented in our results may depend on the
parameter 7. These estimation constants are defined and discussed in some details below.
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DEFINITION 2.1. For a given a function W > 0 and some probability measure n
on E and some parameter T > 0 we shall denote by r_y,(n),\;(n) € [0,+0c[ and
kew (1), Ar(n) € [0,+00] the parameters

Ky (n) =inf @4 (n)(W) < Krw(n) = sup @5 (n)(W)
(2.9) Ar () ==inf @sy(N)(Qrt42(1)) < Ar(n) = sup s () (Qre+2(1)).

In the above display, the infinum and the supremum are taken over all time indices
s €T and t € [s,00[, and € = 1. With a slight abuse of notation, we also denote by
Ky (1), A7 (1), kw (n), M(n), the parameters defined as above by taking the infimum and the
supremum are taken over all time indices s € T and s <t €T and e € T N[0, 7].

For discrete time models, we have assumed that 7 = 1 so that (£ yy, krw) = (K, Ew)
and (A7 (1), A+(n)) = (A" (n), A(n). For continuous time models, the next lemma provides
conditions under which the infimum and the supremum are taken over all continuous time
time indices s > 0 and ¢ > s.

LEMMA 2.2.  For continuous time models, assume r_ (1) > 0 and kv (@) < oo, and
condition (1.16) are met for some 7 > 0, 1 € Py (E), V € Boo(E) and some locally lower
bounded positive function H on E. In this situation, we have ry; (1) > 0 and kv (p) < oo as
well as

(2.10) 0< A () <Au)<oo and sup [QeeveMI _

D1 (1) Qrp4e(1)

where the infimum and the supremum are taken over all continuous time indices s € T and
t>sande T N[0,7].

The proof of the above technical lemma is provided in the appendix on page 51. We end
this section with a brief discussion on unnormalised and the normalised semigroups ), ; and
@, ;. These linear and nonlinear semigroups are connected for any € P(E), f € By(E) and
s€ T and t € [s,00], by the formula

2.11) pQst(£) =Pss()(f) [ Poulir)(Quaui-(1)).
u€[s,tl,

The above formula coincides with the product formula relating the unnormalised operators
Q5.+ with the normalised semigroup @, ; discussed in [77, section 1.3.2], see also [73, propo-
sition 2.3.1] and [74, section 12.2.1]. For time homogeneous models, the product formula
(2.11) applied to f =1 reduces for any ¢ € T to

(2.12) Q1) =@ ysrir (1) (Queyry-(1) [ Par()(Q-(1)).
0<n<|t/T]
Rewritten in a slightly different form, we have

1
HQUD) = g OSEW B (1)(Q-(1):
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2.3. V-Dobrushin coefficient. Letus fix 0 < s <t and let Vg, V; denote a couple of mea-
surable functions such that Vs, V; > 1. The V-Dobrushin coefficient of a Markov integral
operator Ps; (non necessary a semigroup) from By, (E) into By, (E) is the norm operator
defined by

(2.13) Bv.vi(Pst) = sup  |[(u—=n)Pstlly. /e —nlly,
wn€Pv, (E)

We also have the equivalent formulation

By, vi(Ps ) = sup {oscy, (Pst(f)) : oscy,(f) <1}

(2.14) = sup [0 Pt — 0y Psllly, /(Vs(x) + Vi(y)).
(z,y)eE?

When Vy; =V, =V, we write Sy (P ) instead of By, (Ps ;). For a more thorough discussion
on these contraction coefficients, we refer the reader to sections 8.2.5 - 8.2.7 in [90]. If in ad-
dition V' = 1/2 we write 3(Ps ) instead of 3, /o(Ps ), to denote the conventional Dobrushin
ergodic coefficient with respect to the total variation distance

ﬁ(Ps,t) = sup H(Sxps,t - 5yPs,thv~
(zy)ek?

By (2.6) the contraction condition 8(Ps ) < (1 — «) is satisfied for some parameter o €]0, 1]
if and only if the following minorisation condition holds

Y(r,y) € E* W eP(E) : ,Ps;>av and 6,Ps;>av.

The next lemma provides some contraction conditions in terms of a Foster-Lyapunov in-
equality and a local minorisation condition on compact level sets. The proof is in appendix
A4

LEMMA 2.3.  Assume that there exist locally bounded functions Vs, Vy > 1 with compact
level sets, € € [0, 1] as well as a function o : 1 € [rg, 00— a(r) €0, 1], for some o > 1 such
that for any r > rg we have

(2.15) Py (Vi) <eVi+1 and sup 102 Ps t — 0y Ps t|lto <1 —a(r).
Vi (@)VVs(y)<r

Then, for any 0 < § < 1 we have the contraction coefficient estimate

(2.16) Byzs yes(Psg) <1 —ag(e) with  as(e) == a(re(0))(1 —6/2) €]0,1].
In the above display, V; O withu € {s,t} stands for the functions defined by

6 € 6
2.17) Vi =1/2+pe(8) Vu and e () ::1+ga2(:((5)))

with the level set parameter r.(0) defined by

rg(<5>::7“o\/1i8 <1+1i8 <3+6<(15—1>>>.

Under the assumptions of lemma 2.3, using (2.13) for any i, 7 € Py, (E) we readily check
the contraction estimate

(2.18) l14Pst — nPs||

yes < (L= as(2)) lla=llyss-

with the parameter «s5(¢) defined in (2.16).
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REMARK 2.4. Observe that

ro(d) :=roV4 (2 +3 <<15 - 1)) > 1and po(6) := 27‘(?(6) a(ro(d)) —s—0 0.

Thus, whenever the estimates (2.15) are met with the unit function Vs =V, = rg = 1, choosing
e =0in(2.15) we have, for any r > 1,

li 05 1,08 (Psy)=0B(Psy) <1— .
61_%5\/,,‘4 ( ,t) B( ,t) a(r)

Whenever P ; is a Markov semigroup the Foster-Lyapunov inequality, on the left-hand
side of (2.15), applied to some time homogeneous function V; = V ensures that for any initial
probability measure ;o € Py (E), the distribution flow yi; := Py + indexed by ¢ € [0, o[, for
some 7 > 0 is tight. To check this claim, notice that

(2.19) (2.15) = (V) < e/Tu(V)+ (1 —e) ' <pu(V)+ (1 —e)~ L.
By the Markov inequality, for any € €]0, 1] this implies that
(2.20) Ke={z€E:eV(@)<uV)+(1—-e)'} = sup wm(F—-K:)<E.

te[0,00[~
For continuous time models, for any 7 > 0 we assume that
(2.21) (V) :=sup sup [[Pss15(V)/V| <oo = supuPo(V)<oc.
5>0 5€[0,7[ >0

We check the right-hand side assertion in the above display using for any ¢ = [0, 7| the esti-
mate

MPO,TLT—H(V) = ,U'PO,nT(Pm-,nT—l-tv) < WT(V) ,UPO,nT(V)-

We further assume P ; is a continuous time semigroup and (2.15) is met for any s > 0
and ¢ = s + 7, for some parameter ¢ € [0, 1], some function « : r € [rg,c0[— «a(r) €]0,1],
and some function V' = V; =V} that may depends on some given parameter 7 > 0. In this
situation, iterating (2.18) for any n > 0 and any p,n € Py (E) we have

(222) ”|,UPs,s+nT - nPs,s—JrnTH Ve, < (1 - a5(6>))n ”|:u - 77”

with the function

VE,S

Ve =1/2+ p.(8) V.
Observe that for any s > 0 and ¢ = [0, 7] we have

ves SV (V) [ =nl(VE0) = (1V (V) I —nll
with the parameter 7 (V') defined in (2.21). This yields the estimate

ves SAV (V) (1 —asENY ™ lu—n]

For time homogeneous semigroups P; := Ps ¢ the above estimate ensures the existence
of a single invariant probability measure jioo = fooP; € Py (F). The analysis discussed
above combines the ergodic theory for Markov operators presented in [126] with the V-
Dobrushin contraction methodology developed in [90]. Alternative contraction approaches
mainly based on [126] are discussed in [15, 51, 161, 164].

H|MPS,s+t - 77PS,s+tH Ve.s

|||MPs,s+t - 77Ps,s+t” Ves-



22 DEL MORAL ET AL.

2.4. Quasi-compact operators. Next, we recall some standard definitions and compact-
ness principles from time homogeneous positive semigroup theory. Let (Q:):>0 be a time
homogenous positive semigroup from By (£) into By (E). Then (@ is said to be irreducible
(a.k.a. ideal irreducible) if there exists no closed @;-invariant ideals distinct from {0} and
By (E) (cf. [173, Definition 4.2.1]). It is also well known (e.g. [102, Proposition 2.1] or [113,
Proposition 4.1]) that this condition is met if and only if for any non zero function f > 0
on By (E) and any non zero positive measure 4 on E, there exists some ¢ € 7 such that

pQq(f) > 0.
The spectral radius of (Q¢)¢>0 is defined as
. 1 . 1 . 1
(2.23) rv(Q) = Jim |QuI/" = Jim @Vl = inf [Qu(V) /"

The semigroup @); is said to be quasi-compact if its essential spectral radius
Fv(Q) = lim (inf {[|Q¢ ~ Tl : T compact} )/
—00

satisfies 7y (Q) < ry(Q). Recalling that the product of positive operators Q1Q)2 is compact
as soon as the () is compact (cf. [176, Theorem VI.12]), the quasi-compactness property
of the operator (); (for sufficiently large t) is clearly met as soon (), is a compact operator
for some 7 € 7. Such one-parameter semigroups are sometimes called eventually compact
semigroups (see [104, Section 3]).

Now assume there exists some 7 € 7 such that the discrete generation semigroup Q¢
indexed by ¢ € [0, 0o[; is irreducible and quasi-compact on By (E). By a variant of the Krein-
Rutman theorem (cf. for instance Theorem 1.1 in [103, 167]), 7y (Q) > 0 is an eigenvalue
corresponding to a non null eigenfunction h € By (E). More precisely, there exists some a
non null function h € By (E) such that

vt € [0, 00[; Qi(h) =€’ h with p:=logry(Q).
Note that since @), is irreducible, for any = € E there exists some ¢ € [0, co[, such that
Q¢(h)(z) = e h(x) > 0.

Whenever Q- (By (E)) C Co,v(E), the function h belongs to Co v (E).

Sufficient conditions in terms of the Lyapunov functions V' > 1 ensuring the compactness
of @y for some ¢t € T are discussed in [110, 177]. For instance, we have the following lemma,
the proof of which is housed in the appendix on page 59..

LEMMA 2.4.  Assume that Q-(V)/V € Byo(E) for some T > 0. In addition, assume that
for any compact set K C E the operator QX (f) := 1k Q. (1 f) is compact on By (E). In
this situation, for any t € T with t > 1, the operator Q; is a compact operator from By (E)
into itself.

REMARK 2.5.  The condition Q.(V)/V € Byo(E) allows one to localise the operators
on compact sets. The compactness condition of the semigroup QX is readily checked for
absolutely continuous operators of the form

(2.24) Q- (x,dy) = q-(z,y) v-(dy)

where q.(x,y) is a continuous density with respect to some Radon measure v, on E. The
proof of the above assertion is rather standard. For completeness, it is provided in the ap-
pendix on page 59.
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The above models encapsulate Markov transitions restricted to a compact set K C R, for
some r > 1, defined by

QF (z,dy) =1k (x) pr(2,) 1x (y) dy
where p,(z,y) is a continuous probability transition density with respect to the Lebesgue

measure dy on R". For a more thorough discussion on this class of compact integral opera-
tors we refer to [119] and the more recent article [41].

REMARK 2.6. Now assume that E is a countable space. In this situation, whenever
V =1 we can also use the following equivalence principle (see for instance Theorem 2.1
in [205])

Qr is compact on B(E) <= Ve > 0 3K finite s.t. supQ,(lp_x.)(x) <e.
zeE

More generally, assume that Q-(V)/V € By(E), In this situation we have
(225) Q¢ compacton By (E)<=Ve>0 3K. finite st [[Qi(1g:V)|v <e.
The proof of the above assertion is provided in the appendix on page 60.

Whenever E is compact, by a theorem of de Pagter (cf. [173, Theorem 4.2.2]), a compact
and irreducible positive operator ); on C(E) has a positive spectral radius r(Q;) > 0, while
its essential spectral radius is null. Applying the Krein-Rutman theorem (cf. [103, 167, The-
orem 1.1]), there exists some non-negative and non-zero measure vo, € M(E) =C(E)’ and
a non-negative and non-zero function h € C(E) such that

(2.26) VooQi =€ vsy and Qi(h)=e” b with p=1logr(Q:).
This yields the fixed point equation
Noo 1= Voo [ Voo (1) = @i (1so).-

Several sufficient conditions in terms of the Lyapunov functions V' > 1 ensuring the quasi-
compactness properties of (), are discussed in [110, 131, 177], see also Lemma 2.4 and Re-
mark 2.5 in the present article. For a more detailed discussion on quasi-compact and compact
operators we refer to [104, 167, 173, 176] and references therein.

3. Some classes of positive semigroups.

3.1. Triangular array semigroups. Fix a measure 7}, € P(E) and some locally bounded
positive functions H > 0. We associate with these objects the functions H; and the nor-
malised semigroups @), ; defined for any s < by the formulae

(B.1)  Hsp:=Q, (H) with Qu(f):=Qss(f)/7;Qs.(1) and 77, = Po,s(7)-
From the definitions, for any s < u <t it also follows that
(3.2) M@ =T and  Q,,Quy= Qs
as well as
Mg(Hst) =7,(H) and Hyy = H.

For any s <u <wv <, we also have

Qsw(Hut) =Asw Hop With As :=7,Qs.0(1) = As u Aujo-
Observe that
B3 A7) <A = i (Queer (1) € A= SupT Q1 r(1)) < )

>

with the parameters A~ (7j,) and A(7,) introduced in Definition 2.1.
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DEFINITION 3.1. We define the triangular array of Markov operators Ry, indexed by
the parameter t > 0, for any 0 <u <wv <t and f € By(F) by

J— Quﬂ}(f QU,t(H)) _ 1
T Qua(Qui(H)) Ay Hug

(t)

(3.4) RO(f) Qup(Hotf).

For any given time horizon ¢ > 0 and any s < u < v < ¢, we have the semigroup property

R{) =RORY and R{)=1I.

)
s,uu,
Several remarks are of interest here:

1. The stability properties of these stochastic models play a crucial role in the analysis of
positive operators. The use of these triangular arrays of Markov semigroups in the stability
analysis of the time varying positive semigroups has been considered in [77, 79, 80, 86]
and more recently in [53] in the context of Feynman-Kac semigroups and when H = 1. We
also refer the reader to chapter 4 in [73], and chapter 12 in [74] for a systematic analysis
of the contraction properties of these semigroups with respect to the total variation norm.

2. The same class of triangular array semigroups associated with some positive function H
are also discussed in the article [15] in the context of time-homogeneous sub-Markovian
models, under different set of regularity conditions. We shall discuss these conditions in
section 5.4.

3. The interpretation of the triangular array semigroups discussed above depends on the ap-
plication. For time homogeneous semigroups, the semigroups associated with the positive
eigenstate H = h of the semigroup (); coincides with the semigroup of the so-called h-
process, see for instance (4.32) and (4.35). In the context of nonlinear filtering with H =1,
these semigroups represent the forward evolution of the optimal smoother on some obser-
vation time interval [77, 79, 80]. In branching processes theory, these semigroups reflect
the evolution of an auxiliary process often used to describe the ancestral lineage of an
individual [16, 161]. The link between these seemingly disconnected subjects is the so-
called many-to-one formula connecting the first moment of the occupation measure of a
spatial branching process with a Feynman-Kac semigroup (see for instance [16, 20, 161],
as well as [73, section 1.4.4] and [90, section 28.4]).

We now provide some important Markov transport formulae relating the semigroups in-
troduced so far. The first formula connecting the triangular array semigroup discussed above
with the flow of measures 1, = @ ,, (7)) is given for any s < u <t by

_ nS(QS,U(HU,tf)) _ nu(Hu,tf)

(1
Up,, (ns) Ry(f) 15(Qsu(Hut)) — nu(Hup)

This yields the formula

\IIHs,f, (773) Rgl,?t = \IIHu,t (nu) .
Choosing (u,ns) = (t,n) so that 7, = ®;(n) in the above display, we obtain the next lemma.

LEMMA 3.1. Forany s <t and any n € P(E) we have

(33 Uy (Des(n)=Vu, (RS and ny(Hop) Bu,, (ns) (1/Hop) = 1,
with the flow of probability measures given for any 0 < s < u < t by the formulae
N = Pou(no) = Psulns) and Vg, , (ns) Rsfzt =Vg,, (M) -
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3.2. A class of R-semigroups. In the further development of this section, Rq(f)v is the
triangular array of Markov operators defined in (3.4) with H = 1.

DEFINITION 3.2.  We say that Qs is an R-semigroup as soon as there exists some pa-
rameters T > 0 and e, €]0,1[ s.t. for any s + 7 <t we have

(3.6) B(RU,) = sup

T
x?y

<1l—¢;.
tv

S,8+T

(®)

S,8+T°

The parameter (3 <R(t) ) defined above is called the Dobrushin ergodic coefficient of

the Markov transition R
condition holds

Vs>0 Vt>s+71 VY(z,y)€E?

The above condition is satisfied if and only if the following

(3.7
Jv e P(E) such that 6ngtl+ >e;v and 9 RgtiJr

) T — Yy 5 T

>Er v

Note that the measure v in the above display may depend upon the parameters (z,y) as well
as (s,t,7).

For Markovian semigroups, this condition reduces to the well-known Dobrushin’s condi-
tion [97]. In addition, when the measure v in (3.7) does not depend on the state variables
(x,y), condition (3.7) coincides with Doeblin’s condition [96].

REMARK 3.1.  The condition (A) discussed in section 1.3 ensures that for any x1,x9 € E
and t € T we have

(3.8) U(7) Qtirr(x1,dy) < Qriir(wa,dy) with (1) =17 (7)/ (7).

Thus, (3.6) is met with e, := 1(7)%. In addition, for any t € T and s €]0, 00, and ¢ € [0, 7]
we also have

Quu+e(t) _ Quu(Quute(1)) _ 1
,UQt,qua(l) MQt,u(Qu,que(l)) (1)

Therefore, for any i € P(E) we have the estimates

¢ Quers(D)(2) _

ool (1) = sup ettt
HQrers(1) — 7 1Qtt+5(1)

where the infimum and the supremum are taken over all x € E and all pair of indices t € T

and s € [0, 00[;. For continuous time semigroups, the supremum in (3.9) can be also be taken

over all continuous time indices s,t > 0, as soon as for any p € P(E) we have the uniform

local estimate

0<u(r) < with u:=t+s.

(3.9  0<u(r)<g;(u):=inf Quts(1)(z)

1QeereMI _

sup sup
0 eefo,r] HQx, t+a(1)

The above condition is clearly met as soon as (1.10) is satisfied.

To the best of our knowledge, the use of the triangular arrays RgtL and the extension of
Dobrushin’s contraction stability theory to time-varying and possibly random positive semi-
groups goes back to the 1990s with the article [80], see also [73, 74, 77, 79, 86].

Dobrushin’s and Doeblin’s conditions are popular conditions in probability theory. They
are not always easily checked but are met for a large class of discrete or continuous time
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irreducible stochastic processes, mainly on compact domains. For instance, in the context of
continuous time sub-Markovian semigroups this condition is satisfied for elliptic diffusions
on compact manifolds killed at a bounded rate, as well as elliptic diffusions killed at the
boundary of a bounded domain, cf. [86, Proposition 3.1] and [71, Lemma 3]. Combining the
proof of [86, Proposition 3.1] with the two-sided estimates presented in [14, Lemma 3.3],
one can check that (3.7) is also met for sub-Markovian semigroups associated with reflected
diffusions on bounded connected domains.

Condition (3.7) is also met for absorbed time homogenous neutron transport processes
for sufficiently smooth domains with an absorbing boundary, as well as for time varying
multidimensional birth and death processes with mass extinction, see [47, sections 4.1 & 4.2].
Further examples of sub-Markovian semigroups satisfying (3.7) are discussed in [52, 53, 73,
74,75, 77, 83]. Sufficient conditions and further examples are discussed in section 5.4.

3.3. A class of V-positive semigroups. In the further development of this section V &€
Boo (E) stands for some function such that V, > 1.

DEFINITION 3.3. A semigroup of positive integral operators Qs on By(E) is called a
V -positive semigroup as soon as there exists some T > 0 and some function ©, € By(E)
such that for any positive function f € By (E) and any 0 < s < t we have

(310) Qs,t(f) € BO,V(E) and Qs,er‘r(V)/V < @‘r~
For continuous time semigroups, we assume that (1.16) and (1.19) are satisfied.

The function ©; in condition (3.10) is used to control, uniformly in time, the compact
super-level sets of the time varying u.s.c. function Q¢ ¢1-(V')/V in terms of a time homoge-
nous function ©, € By(E) that often depends on V. For instance, we can choose in (3.10)

a function O, of the form 6.(V) € By(E) for some decreasing function 6, : [1,00[— R.
Indeed, for any ©, € By(FE) and £ > 0 there exists some £1, 2 > 0 such that

(3.11) V.:={0, >} C{V <O ()} ={0-(V) >e1} C V.,
Similarly, for any r > 1 there exists some € > 0 and r; > 1 such that
(3.12) {V<ricV.c{V<r}

The right-hand side condition in (3.10) ensures that for any ¢ > 7 and s > 0 we have
Quusss(V)/V < ca(r) O € By(E)  with  co(7) = | Quirasa(V)/V].
Condition (3.10) ensures that the normalized semigroup ®, ; maps Py (E) into itself, and the

right action operator f — Qs (f) maps By (E) into itself.

3.4. A class of stable V -positive semigroups.

DEFINITION 3.4. A given V -positive semigroup () with respect to the Lyapunov func-
tion V and some parameter T > 0 is said to be stable when the following conditions are
satisfied:

* There exists some 7 € Py (E) such that
(3.13) A" (Mg) >0 and for any n € Py (E) we have  ky (p) < 00.

with the parameters A\~ (7)) and kv () introduced in Definition 2.1.
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* There exists some positive function H € By v (E) as well as some g > 0 such that for
any r > rg we have

(3.14) gT(H)::ian(in)f< Hgi(x) >0 and ||H|| :=sup||Hs;

v <00

where the infimum is taken over all indices s € T and s <t €T, and H,; stands for the
normalized function depending on the measure 1), introduced in (3.13) and defined in (3.1).
For continuous time semigroups, we also assume that 7.(H) < oo, with m.(H) defined as
(1.19) by replacing V by H.

* There exists ro > 1 and some function « : r € [rg,o00[— «a(r) €]0,1] such that for any
s €T and r > rg we have

5xR(t)

8,8+T

(3.15) sup
V(z)VV (y)<r

(t)
- 63/ Rs,s—‘r'r v

<1—a(r)

where Rq(fzj stands for the triangular array of Markov operators defined in (3.4) with the

function H introduced in (3.14).

The local Doeblin minorisation condition (3.15) is rather standard in the stability analysis
of Markov semigroups (see for instance [166, Theorem 6.15], [189, Proposition 2], and [164,
Theorem 16.2.3]). For Markov semigroups @, +(1) =1, choosing H = 1 the left-hand side
condition in (3.13) and (3.14) are clearly met. In this context, we recall that the Lyapunov
condition in (3.10) ensures that ®,¢(z)(V') is uniformly bounded with respect to the time
parameters s <t (cf. for instance Lemma 3.2 or the Lyapunov condition (A.4) applied to the
function H =1).

In summary, a Markov semigroup P ; is a stable V' -positive semigroup when P; ;. sat-
isfies the Lyapunov condition in (3.10) as well as the local Doeblin minorisation condition

(3.15) (applied to H =1 and @, ; = Ps; so that RSZ,JFT =Py s41).

REMARK 3.2. For continuous time models, by lemma 2.2 , it suffices to check conditions
(3.13) with the parameters X7 (7)) and k. (1) introduced in definition 2.1. In the same vein,
it suffices to check (3.14) by taking the infimum and the supremum over time indices s € T
and t € [s,00|. To check this claim, observe that for any s >0, n € N and t € [0, 7] we have

Spn=s+nt and u:=s+t

Qs,uQu,un (H)
NsQsuQu,u, (1)
Using (3.14) and (1.16) for any x € K, :={V <r} and T > r > ry we check that

Hoat(2) = W > (e (H) /72) Quu(Lic)(2) > 6(H) 75 (K5 7

with the parameter w7 (K, 7) defined in (1.16).
Correspondingly, recalling that 7, is a tight sequence, for any 0 €]0,1[ there exists some
K such that 4(K) > (1 — §). In this notation, by (1.16)we have

Qs.u(V(Huu, /V)(@)/V(2) _ 77(V) | Huu, v
NsQsu(1) T (1= (K)

with the parameter - (K,) defined in (1.17). We conclude that ||Hg.l|, is uniformly
bounded with respect to the continuous time parameters s > 0 and t > s.

= Up:=u+nT=5,+1t and Hs, 1+=

Hys,44(2)/V(2) <
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Also note that for any compact set X C I we have

(V=1 and H/V €By(E)) = 1/inf H < sup(V/H) < 0o = inf H > 0.
K

Whenever (3.14) is met, replacing H with H/||H]||,,, there is no loss of generality if we
assume the uniform estimate || H,|y; < 1. Also notice that for any s < ¢t and

HeByv(E)= Hs; = Qs (H)/1,Qs:(1) € Bov (E).

Checking the estimates (3.13) and (3.14) may involve delicate calculations. For time ho-
mogeneous models, conditions (3.13) and (3.14) are equivalent to the existence of a leading
eigen-pair of the positive semigroup (cf. for instance Theorem 4.4 and Corollary 9). For a
more thorough discussion, we refer to section 4.3 dedicated to time homogenous models.
Next we present another stronger but simpler and more tractable condition that applies to
absolutely continuous semigroups.

The following lemma is a slight modification of [197, Proposition 1 & Lemma 10], based
on technical approaches from [101] in the context of stability for nonlinear filtering

LEMMA 3.2. Under the assumptions of theorem 1.3, for any locally bounded positive
functions H € By y (E) and any Ty, 1 € Py (E), we have (3.14) as well as
(3.16) 0<kpy(p) <rky(p)<oo and 0<A (u) < A(p)<oo.

For the convenience of the reader a detailed proof in our context is provided in the ap-

pendix, see section A.2. In the context of absolutely continuity, the above lemma also ensures
for any bounded f > 0, and any V' (z) < r with » > r; we have

c1 (T) VT(1V§7‘ Hs—H—,tf) < QS,S+T(HS+T,tf)(':U)
as well as
QS,S—FT(HS—FT,t)(x) = As 547 Hs,t(x) <7 A H|H|HV

{1y A Ay
U S v <)

for some constant ca(r) > ¢1(r) > 0. This yields
VT(1V<7’ Hs T,tf
R,y () 2 el Zrvsr Brint])

VT<1V§7’ Hs+T,t)
which implies (3.15). Thus, the above lemma ensures that absolutely continuous semigroups
satisfying condition (.A4)y are stable V -positive semigroups.

) §r(H)VT(V < T) < CQ(T) V‘r(lvgr Hs+7’,t)

,  with ¢(r):=ci(r)/ca(r) >0,

4. Stability and contraction theorems.

4.1. Contraction of R-semigroups. In the further development of this section, Rq(ﬁ )U is the
triangular array of Markov operators defined in (3.4) with H = 1. Also assume that (), ; is
an R-semigroup (that is (3.7) is satisfied with H = 1).

4.1.1. An uniform stability theorem. This short section is concerned with a brief review
on the stability properties of the non-linear semigroup ®, ; under the uniform minorisation
condition (3.7). We recall the rather well known strong stability theorem which is valid when
F is a measurable space.
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THEOREM 4.1 ([77,79, 80]). Then for any s,t € T and any 1, s € P(E) we have the
uniform stability estimate

4.1) Hq)snf(:ul) - (I)S,t(l@)”tv <(1- ET)L(t_S)/TJ-
In addition we have the local Lipschitz estimate
sit(1 —s)/T
et (1 )/ s ol

4.2) [ ®s0(p1) — P e (p2) |0 < 10 (Qst (1)) V p12(Qs (1))

A detailed and remarkably simple proof of Theorem 4.1 based on the nonlinear transport
formula (3.5) is provided in [77, Theorem 3], see also [79, Lemma 2.1 & Lemma 2.3], [86,
Lemma 2.1 & Proposition 2.3], [74, section 12.2], [77, section 2.1.2 & section 3.1.3] and [73,
section 4]. The key semigroup oscillation formula [77, Theorem 2.3], [86, Proposition 2.3]
connecting the uniform exponential decay (4.1) with Dobrushin’s ergodic coefficient of the
R-semigroup defined in section 2.3 is given by

B(RY) = swp [[@uu(i) = Poe(n)llo:
(mm€EP(E)?

The above formula shows that the uniform exponential decays (4.1) are dictated by the con-

traction properties of the triangular arrays R% An extended version of Theorem 4.1 for

general relative entropy criteria is provided in [73, section 4.3.1].

4.1.2. Quasi-invariant measures. For the rest of this section, we place ourselves in the
time homogeneous setting. In this case, a variety of results follows almost immediately from
the uniform estimates obtained in this theorem. Before stating them, we first discuss some
relevant properties of time homogeneous models.

The uniform estimate (4.1) implies that ®;(u) is a Cauchy sequence in the complete
set of probability measures P(E) equipped with the total variation distance. Thus, for any
wu € P(E), the flow ®4(u) converges, as s — oo, exponentially fast to a single probability
measure 7)o, € P(E) that does not depend on p. Choosing p = 1 for any s,¢t € 7 and
f € By(E) we have

B0 ) () = g s

In continuous time settings, note that the fixed point nc[;] =0, (nc[;]) does not depend on the
time step 7 > 0. To check this claim, note that for any p € P(E) and ¢ > 0 we have the
decomposition

gl —nle = (ﬁ@ = ®/m i (Prejmim (M))) + (‘PWMTZ (Pre/rym (1)) — 77[;3]) :

The uniform estimate (4.1) yields the estimate

- (ps—i-t(rr/oo)(f) 7500 (Pt(noo)(f) = noo(f)

Hn[ﬁ] - 77£>7<_>2] [t < (1= 57’1)Lt/ﬁj +(1- 57’2)Lt/T2J 00 0

o0

The invariant measure 7, is sometimes called the quasi-invariant measure of the semigroup

Q.
Using the fixed point equation ®; (1) = 1)s0, for any s, t € T we readily check that

Noo (@s+t(1)) = Moo (Qs(1)) 700 (Q1(1)).

Thus for any ¢ € T we have the exponential formula

4.3) Noo(Qi(1)) = e forsome pcR and Q,(1)=e " Q:(1).
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Choosing 77y = 7)oo in (3.1) and using (2.12), for any p € P(E) we check that

1 _ _ _ _
1Qu—ge/=p (Dl

(4.4)

Notice that

sup [|Q-(1)]| =e 7 sup [Qer(1)] < o0.
£€[0,1] £€[0,1]

On the other hand, for any ¢ € [0, co[, we have
4.5) nQ (1) = T {1+ [2s()(@-(1) = 5(00) (@, (1)] } -
s€(0,t]+

The exponential version of the above formula in the context of sub-Markovian semigroups
with soft killing is discussed in (5.3).
Conversely, by (4.1) for any n > 1 we have

S 2 (1)(@4(1)) — Ba(000) (@ ()] < 00

s€[0,00[~

as well as

@i T (1+a- " R.m1) <.

s€[0,00[~

The two estimates discussed above ensure that @, (1) converges, as [0, 00[,> t — oo, to a
non-zero number and by (4.4) we have

(4.6) 0 < inf 1(Q4(1)) <sup [[Q,(1)]| < o0.
€T teT

Also observe that (4.6) implies that for any 1 € P(E) we have
q(p) := Sup 1Q:(D/1(Qe(1)) < o0.
€

We are now in a position to state our first corollary of Theorem 4.1.

COROLLARY 3. Under the assumptions of Theorem 4.1, for any p,n € P(E) andt € T
we have the local contraction estimate

4.7) D¢ (1) — e () 1o < (alre) Aq(m) (1 —er) Y 1=l

4.1.3. Ground state functions. Choosing p = d,, in (4.5), we also readily check that there
exists h € By(E) such that 7o (h) = 1 and for any = € E' we have the pointwise convergence

Tim @, (1)(x) = hx) > 0.
By (4.6) and the dominated convergence theorem, for any s € [0, co[, this implies that
48) Qo (@) = Qu(Qpr(1))(@) —rnso0 h(@) = Qs(R)(z) = ™7 Qs(h)(x).

In continuous time settings, note that the ground state function Al = e?™ Q. (h!™!) does not
depend on the time step 7 > 0. To check this claim, observe that

Qu(h) = ™ Q(Qu(h™))
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is also an eigenfunction of (), with the same eigenvalue e””. By uniqueness we conclude that
Qt(hm) = eP'hl7]. Alternatively, applying the uniform estimate (4.1) to 1 = 0, and 7 = 7)s
for any s,t € T and z € E we have

Q4o (V@) /Qu(1) () = 1] = [84(8:)(Q4 (1) = 1 £ 2 (o) (1 — 7)™

and therefore

4.9) 1Q¢45(1) = QD] < 2 g(ne)? (1 — )7
This shows that @, (1) is an uniformly bounded Cauchy sequence in B,(E) that converges to
h € By(E) as t — co. If in addition E is a Polish space and Q); is Feller, that is Q;(Cp(E)) C
Cy(FE) arguing as above we also check that h € C,(F). The eigenfunction A is sometimes
called the ground state of the semigroup Q.

Choosing H = h in (3.4), formula (3.5) reads
410) (@) = TP with  PI(f) = Qu(hf)/Qu(h) = REL(F).
Also observe that

6. Pl =Wy, (94(6,)) .

The second corollary is a direct consequence of Theorem 4.1.

COROLLARY 4. There exists a positive function h € By(E) and a constant p € R such
that for any t € T we have

4.11) Qi(h)=e’"h and 7" Pr=n" with 0" =, ().
In addition, we have the total variation exponential decays
172 r
(4.12) 1622 =l |lew < ) (1—e )/l
By (4.9) we have

1@u(1) — h/moc ()| = T [@o(1) — @y s (DI] < 2 (o) (1 — )77,

On the other hand, for any f € B,(E) with || f|| <1 and any = € E we have

1Q(f)(x) — o (h) N (f) < 1Q:(1)(2) — h(2) /noo(R)]|
]

This leads us to our final corollary of the section.

COROLLARY 5. For any t € T, we have the operator norm exponential decays (1.14)
with ¢(Neo) = ¢(Neo), as well as for any s, t € T and n € P(E) the uniform total variation
estimates

W, 1) (®s(1) = ¥n(noo) I
(4.13)
< q(noe) (L =)™ 42 (1 =) (|10l /100 (B) + a(110)?) -
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The last assertion comes from the decomposition

Mo = Moo = Y1) (1) (f) — ¥r(n00)(f)

= (W, 1) (1) — Wiz, (1 (100 () + 10 (@1(1) = /1o ().

The estimate (4.13) is often used in the analysis of the ergodic properties of particle absorp-
tion models, see for instance [49, 127] as well as equation (5.6) in the present article.

The above corollary can be interpreted as an extended version of the Krein-Rutman theo-
rem to positive semigroups satisfying the uniform minorisation condition (3.7). In this con-
nection, note that Corollary 5 readily yields the uniqueness of the eigenfunction h (up to
some constant). Indeed, by (1.14) we have

(4.14) (VteT  Qug)=g€By(E)) :>g:Z°°EZ) h.

~—

Letting T} := e”'T, we also have

. B 1/t< p o 1/7
Jim @ = Tof|[7" < e” (1 —er)

@.15) < = oo Q)M < QUM ¢ Jim [|Q0]I"
where ||-|| denotes the operator norm. The estimates stated in (4.15) ensure that the essential

spectral radius of Q); is strictly smaller than its spectral radius. For a more thorough discussion
on these spectral quantities, we refer to section 2.4.

A more refined analysis under weaker conditions, including exponential stability theorems
and contraction properties of time homogeneous semigroups, is provided in section 4.3.

4.2. Contraction of stable V -positive semigroups. In the further development of this sec-
tion V € B (F) stands for some function such that V, > 1. We consider a stable V -positive
semigroup () ; satisfying the Lyapunov condition (3.10) for some 7 > 0 as well as (3.13)
and (3.14) for some measure 7, € Py (E) and some positive function H € By y (F). In ad-

dition, H,; and Rq(i L stands for the corresponding normalized function defined in (3.1) and
the triangular array of Markov operators defined in (3.4).

For continuous time semigroups, we recall that m.(H) < oo and (1.16) and (1.19) are
satisfied. By Remark 3.2, these conditions ensures that all infimum and supremum in (3.14)
as well as in the definition of the parameters A~ (7j,) and kv (u) defined in (2.9) can be taken
over continuous time indices. The proof of the following theorem and its corollary can be
found in section 6.2.

THEOREM 4.2. There exist constants a < oo and b > 0 such that for any s € T, u €
[s,t]7, t € [s,00[; and and j1,n € Py g, ,(E), we have the uniform contraction estimate

(4.16) 11RE), =R vym,, < ae ™) |u—nlly/m, .

As we shall see in Lemma 6.1 our regularity conditions ensure the existence of some
0 < e < 1 and some constant ¢ > 0 such that for any time horizon s € 7 and t € [s,00[; we
have the Lyapunov estimate
(4.17) R

S,84+T

(V/Hsyrt) <eV/Hg; +c.

In this direction, we also emphasise that the main ingredient of the proof of Theorem 4.2 is
the V -contraction for Markov operators discussed in Lemma 2.3.
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COROLLARY 6. For continuous time stable V -positive semigroups, there exist constants
a < 0o and b > 0 such that for any s <u <t and p,n € Py, g, ,(E), we have the uniform
contraction estimate

(4.18) nB, = 0ROy, < a (w0 (V)/A([0)) e lu = nllvym, ,.

The estimate on the left-hand side of (3.14) allows one to control, uniformly with respect
to the time parameter, the quantities p(Hs;) as a function of u(V'), for any u € Py (E).
Since these uniform estimates will be used several times in the sequel, we present them here
in a general form. Applying the Markov inequality, for any p € Py (E) the left-hand side
condition in (3.14) ensures the existence of some n > 1 such that

419 rp=p(V)+n= pu(H) 2 ¢, (H)p(V <rp) 26, (H) /(14 p(V)/n) > 0.
For any p € Py (E), we conclude that

e <
(4.20) 0 <wp(p) := infinf u(Hyyp) < p(V).

Similarly, we check that the condition xy (1) < oo ensures the tightness of sequence of mea-
sures @, ;(1) indexed by s > 0 and t > s, for any p € Py (E). In the same vein, we check
that the flow of measures 7, is tight. Thus, choosing

rn=0V)+n>rg with (V) :=supn,(V)
>0

we also check that

n-(H):=inf7,(H) =<, (H)/(1+7(V)/n) > 0.

>0

We are now in position to discuss some direct consequences of Theorem 4.2. Defining the
finite rank (and hence compact) operator

H s,t
s (H S7t)
the first corollary and its time homogeneous version discussed in Corollary 12 can be inter-

preted as an extended version of the Krein-Rutman theorem to time varying positive semi-
groups.

feBy(E) = Ts(f) = 7:(f) € Boy (E),

COROLLARY 7. Forany s € T and t € [s,00[; we have the exponential decay

Qs — Turl, < ae ™) (1 + || H|ly, 7(V)/7_(H)),

where (a,b) were defined in (4.16). In addition, we have the uniform norm estimate

(4.21) N1Qsellly < (M +a) (L+IIHIly 7(V)/7-(H))-

For continuous time semigroups, the above estimates remain valid for any continuous time
indices s <t with the parameter a replaced by the parameter

(4.22) a(7o) :==a (m-(V) /A~ (1))
PROOF. Using (3.2) and (3.5) we check that

Uy, () RO(f/H) = @300, (f) /@) (H) =73, (F) /7, (H).-

This yields the decomposition

— Hsy . (t) =\ p)
Qe §) = oy M) = Hea (RO = W (1) RS /1))
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Applying (4.16) to u =t, u =0, and n = Wy, , (7,), for any ||flly = |f/H|lyv/mg <1 we
check the estimate

ey Hs t —_ —b(t— Hs t _
(4.23) Q(f)————=7 f‘gae (t=s) <V+’775V>
,t( ) ns(HS,t) t( ) TIS(HS t) ( )
where (a,b) were defined in (4.16). This concludes the proof. d

When H = 1, the extended version of the above corollary in the context of random semi-
groups arising in filtering is provided in [197]. The proof in [197] relies on rather sophisti-
cated coupling and decomposition techniques given in [146], which were further developed
in [101].

REMARK 4.1. In Theorem 4.2 and Corollary 7, the tightness condition ky (u) < oo for
any (1 € Py (E) in the right-hand side of (3.13) can be replaced by the condition (V') < occ.
In this situation, choosing [ =1 in (4.23) for any u € Py (FE) we readily check that
@24)  |nQu (1) = u(Hs) /1 (H)| < ap(V) e (14 ||H]ly 2(V)/7_(H)),
where (a,b) were defined in (4.16).

Our next result transfers the stability of the R-semigroup to that of the normalised semi-
group P.

THEOREM 4.3. Forany s € T andt € [s,00][, and any u,n € Py (E) we have the local
contraction estimate

(4.25) 19s.0(1) = @se ()l < a s, p) e =l
with (a,b) as in (4.16) and k(n, j1) given by

p(n; ) i= wp(p) (L+wv(n) (L+n0(V)/wr(n) /we(p).

For continuous time semigroups, the above estimates remain valid for any continuous time
indices s <t with the parameter a replaced by the paremeter a(7),) defined in (4.22).

This result is a direct consequence of the V'-contraction estimates (4.16) stated in Theo-
rem 4.2 and the rather elementary Boltzmann-Gibbs estimates (2.7) and (2.8). The full proof
is provided in section 6.3.

As in Remark 4.1, the condition kv (u) < oo for any p € Py (F) in Theorem 4.3 can be
replaced by condition

n(V)<oo and kp(pu)<oo forany ue Py(E).

The right-hand side condition in the above display is clearly met for any bounded function
H. In this situation, following word-for-word the proof of Theorem 4.3, we check that

@s.e () = Tellly < @ (@, 1) € [l =7l
with
K(T, 1) = k() (L+7(V)) (L+7(V) /7 (H)) Jwr (p)-

Using the above estimate we readily check that v (u) < oo for any p € Py (E).

The V-norm stability of the semigroup ®, ; is also discussed in [197] (for instance [197,
Corollary 1]). The proof in [197] is based on Corollary 7 and it does not provide local Lips-
chitz contraction estimates.
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REMARK 4.2.  The time varying Lyapunov function V| H,, ; associated with the triangu-
lar array of Markov operators Rgz discussed in (4.17) depends on the terminal time horizon
t. This property allows one to control the exponential decays (4.16) of the corresponding
(V/Hy)-norms uniformly in t. These estimates are crucial in the proof of Theorem 4.3.

We note that more conventional approaches, based on time homogeneous Lyapunov func-

tions V, are discussed in [161]. This approach also ensures that the Markov semigroup R&)L
forgets its initial state with respect to a common time homogenous V -norm. However, it
seems difficult to deduce any local Lipschitz estimates of the form (4.25) from these uniform
estimates.

Choosing H =1 in (3.5) we have

@26) ua(4) ~ ®as)] () = i

with the first order linear operator D, ®, ; defined by the formula

an)s,t(f)(m) = Hg () (Ps,t(02) — Pst(n)) (f)-

Taylor expansions of higher order are also discussed in [5]. A weak version of the total
variation estimate (4.25) is now easily obtained from the above perturbation formula.

(1 —n) (Dy®s(f))

COROLLARY 8. Consider the triangular array semigroup (3.5) associated to the unit
function H = 1. In this case, for any s € T, t € [s, 00, and any n € Py (E) we have

(4.27) " sup [ Dy®@si(fllv <ae 9 (1+n(V)/wu(n)).
v/H, <1

PROOF. We have
Dy (f) () i= Haoy(x) / n(dy)

Using (4.16) we check that

16:RY) = 8, ROl /s, , < a e ) (V/Hy o) (@) + (V/Hqz) ().

)

This implies that

e 1Dy @5 (Hllv < ae™™ 9 (L4n(V) [|Hsillv /n(Hs,))
V/Hg ¢ >

and we can now conclude. 0
REMARK 4.3. These weak form estimates are particularly useful in the convergence
analysis of the mean field particle models associated with sub-Markovian integral operators.

Taylor expansions at any order are discussed in section 3.1.3 and chapter 10 in [74], see also
section 2.3 in the more recent article [5].

4.3. Time homogenous models.
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4.3.1. Leading eigen-triple. Consider a time homogenous version (J; of the stable V-
positive semigroup discussed in section 4.2. This section is concerned with the existence
of an unique leading eigen-triple (p,70,h) € (R x Py (E) x By y(F)) satisfying (1.12).
We follow word-for-word the arguments developed in the end of section 4.1 in terms of V-
normed spaces. In this context, for any s € 7 we have

ki (Ps(M)) < ku (M) <oo and 0 <wp(Ty) < wn(Ps(Mo))-
Thus, by (4.25) we readily check that

1@:(M0) — Pstt(Mo)llly < a k(7o) e " ||mo — s(Mo)llly <2 a k(7o)rv (o) e

with k() := k(7y, 7). The above Lipschitz exponential decay estimate ensures that 7, is a
Cauchy sequence in the complete set Py (E) equipped with the V -distance. Thus it converges
exponentially fast to a single probability 7., = P¢(1~) € Py (E). The fixed point equation
yields the exponential formula (4.3). Observe that

Q) _ Q)
nooQt(l) noo(Qt(l))
with the semigroup @, defined in (3.1) in terms of the measure 7, € Py (E) satisfying (3.13)
and (3.14). Combining (4.21) with (4.24) we check that the function ¢ — |le™?tQ.(1)||y is

uniformly bounded. Now choosing 7y = 1o in (3.1) the normalized semigroup takes the
following form

Q:(1) = Q:(1)/ncQe(1) = e "' Q(1)  and we have iglg\@t(l)Hv<OO-

As in (1.6), now applying Theorem 4.25 we have the pointwise convergence of product
series expansion (4.5); that is, for any = € E we have the product series formula

n—00
n>0

Applying the dominated convergence theorem as in (4.8), we also check that 7,,(h) =1 as
well as for any s € [0, 00| the formulae

(4.28) Qs(h) =€ h e Byy (E).

For continuous time models, the ground state does not depend on the time step so that the
above formula is satisfied for any s > 0. Choosing 17 = 1, and H such that 1 (H) = 1 and
|H|lv <1in (4.25) we check that for any V(z) <r and s,t € T we have the exponential
estimate

[@4(0:) (Qs(H)) — 1| < [Qu(H) IV I194(82) — necly < ) e™™

with some finite constant ¢(r) < oo and the parameter b as in (4.16). Since ||Q;(H)||v is
uniformly bounded with respect to the time parameter, this implies that for any compact
subset K C IV we have

(4.29) sup | Qs (H) — Q,(H)| < cr e™™  with some finite constant cx < 0o.
K
This shows that Q,(H) is a uniformly Cauchy sequence on compact sets and we have the

pointwise convergence Q,(H)(z) —¢_00 k(7). Applying the dominated convergence the-
orem, for any s > 0 we have that

@s(@t(H)) :@t+s(H) —to00 B :és(h) =e” he BO,V(E)'
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For strong Feller semigroups (in the sense that Q; +(By (E)) C Cy (E), forany s < t), Q,(H)
compactly converges as ¢ — 0o to some continuous function h = Q,(h) € Co v (E) as soon
as the Polish space E is locally compact. The same result applies when H € Cy (F) and
Q:(Cy (E)) C Cy(F). We recall that Polish spaces are separable metric spaces so they are
second countable (and thus locally compact Polish spaces are o-compact). In this context,
C(E) equipped with the compact uniform topology is a complete metric space. This ensures
that h € C(E). We also check that ||h|[yy < co by recalling that ||Q.(H)||y is uniformly
bounded with respect to the time horizon.

The next theorem connects the stability of the semigroup ); with the one of the Doob’s

h-transform P} defined in (1.26). The proof is provided in section 6.4.

THEOREM 4.4. The semigroup Q; is V -positive and stable if and only if there exists
an eigen-triple (p, N, h) satisfying (4.28) and P} is stable V'"-positive semigroup, with the
function V" =V /h.

4.3.2. Sub-integral semigroups. In Section 3.4 we have seen that absolutely continuous
semigroups satisfying condition (A)y are stable V-positive semigroups. Our next objective
is to relax this absolutely continuity condition. Consider the following sub-integral condition

(4.30) Qr(71,dr2) > g7 (71, 72) Xr(d12),

for some 7 > 0, some density function ¢-(x1,z2) > 0 and some positive Radon measure
X~ Also assume that for any compact set K there exists some positive measurable function
qX (x2) such that

. K K

inf_gr(21,22) 2 ¢; (v2) >0 and x-(g-)>0.

r1EK

For instance, the left-hand side condition is satisfied for lower semi-continuous function
gr(x1,2z2) with respect to the first variable, and upper-semicontinuous with respect to the
second. In this situation, for any compact set K C F we have

Vee K Q.(h)(z)=e" h(z)> x,(hg") >0 and thus inf > 0.

Whenever (4.30) is satisfied, for any compact set K C F we have
4.31) Vre K Qr(z,dz) > 1 v (dz)

for some Radon probability measure vx and some ¢x > 0 whose values may depends on the
parameter 7. This minorisation condition ensures that (6.2) is satisfied. To check this claim,
observe that for any = € K, := {V <r} we have

1
Pl ds)> ——
r (@, dz) 2 ePTsupy h

Q- (x,dz) h(z)
K, (h)

> a(r) V?(P(dz) with a(r) =1x, e "7 v

and V0 =W, (Vi ).
supyc h K, n(vK,)

This clearly implies (6.2).

As we shall see in Lemma 6.2, the condition Q-(V)/V € By(E) implies the Lyapunov
inequality (1.27). This property also ensures that for any 7 € Py (E) we have k(1) < oo.
For a more thorough discussion on the consequences of the Foster-Lyapunov inequality we
refer the reader to Proposition 6.1.

This yields the following corollary of Theorem 4.4.
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COROLLARY 9. Consider a V -positive semigroup Q) satisfying the local minorisation
condition (4.30). In this situation, Q; is stable if and only if there exists a leading eigen-triple
(P, Moos h) € (R X Py (E) x Bov (E)).

Note that the minorisation condition (4.30) is less stringent than the absolutely continuous
condition (1.8) imposed by condition (.A)y. In the context of particle absorption models,
it applies to jump processes including regular piecewise deterministic processes as well as
Metropolis-Hastings transitions.

4.3.3. Doob’s h-tranform semigroup. This section presents a more refined analysis of a
time homogenous V -positive semigroups (; satisfying the following weaker condition:

(4.32) Qi(h)=e” h>0 forsomer >0, peR, andh € Byy(E).
Recall that for any compact set K C E we have
V>1 and h/VeBo(E):>i}1<fh21%f(h/V)>0.

Arguing as above condition (") introduced in (1.28) is satisfied as soon as the local minori-
sation condition (4.31) is satisfied. The main drawback of condition (H") is that it requires
some knowledge of the function h which is often unknown.

Several illustrations and some sufficient conditions ensuring the existence of the leading
eigen-pair (p,h) satisfying (4.32) are discussed in section 2.4, which is dedicated to the
study of quasi-compact positive operators. See also Corollary 4. For instance, in remark 2.5
we shall see that the existence of a leading eigen-pair (p, h) satisfying (4.32) is granted for
absolutely continuous semigroups of the form (1.8) equipped with a continuous density. Note
that in this case condition (A)y is satisfied.

For a more detailed discussion on the design of functions V satisfying condition
Q-(V)/V € By(E), we refer to [6, 101, 110, 197]. The article [15] also provides different
conditions ensuring the existence of a leading eigen-pair (p, h) for semigroups that are not
necessarily absolutely continuous. We shall discuss these conditions in section 5.4, dedicated
to comparisons with the existing literature on this subject. We also refer the reader to [15] for
some additional illustrations of these conditions in the context of the growth-fragmentation
equations.

We are now in position to state the main result of this section, the proof of which can be
found in section 6.5.

THEOREM 4.5. Assume that (H") is satisfied. Then the Markov semigroup P} has a
single invariant measure 1", € Pv/h(E). In addition, there also exists some finite constant
ap < 0o and some parameter by, > 0, such that for any p,n € Pv/h(E) and t € T we have
the contraction estimate

(4.33) [P = 0Pl vy < an e™" = nllvn:
In addition, for any n € Py (E) we have the estimates
(4.34) 0 <k, (n) < Ky (n) <oo.

As with Theorem 4.2, the main ingredient of the proof is the V-contraction for Markov
operators discussed in Lemma 2.3. Also note that for continuous time semigroups, we have

(V) :i=sup sup ||PPF(V?)/V| <elPPr (V) < 0.
520 6el0,7[
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REMARK 4.4. Theorem 4.5 ensures the uniqueness of the invariant measure ngo =
nh Pl ¢ Py n(E) and exponential decay to equilibrium of the h-process.

Choosing My = Neo = \Iil/h(ngo) we have 1y = © (7). In this scenario, we readily check
(3.14) choosing H = h and using the fact that

(435) HSJ = h and ﬁO Qt,t—l—T(l) = epT.
We illustrate the impact of Theorem 4.5 with some direct corollaries.

COROLLARY 10.  Under condition (H"), for any n € Py (E) and s,t > 0 we have
Pl (1/h)
P (1/h)

where (ap, by,) were introduced in (4.33) and

bt

(4.36) ny = Wp(n) P =l - 1’ <c(n) an e,

c(n) =2 kv (n)kn(n)/ w5, (1),
with kv (1) and ky,(n) defined in (2.9).

PROOF. Recall that 1 := ®;(n) = \Ill/h(nf) so that

i (L/h) ne(h)=1 and nf'(V/h)=ne(V)/n(h).

The estimate (4.36) is now easily checked applying (4.33) to (x,7) = (04, d,) and using the
inequality

P/ (1/h)
| 4 h h h h
-1 < d dy) |P'(1/h — P'(1/h .
s ngpth(l/h) —“h(ﬁ) / 775( x)ns( y) t ( / )(x) t ( / )(y)
This ends the proof of the Corollary. O

COROLLARY 11.  Under condition (H"), the measure 1o, := \Ill/h(ngo) € Py (E) is the
unique invariant measure of the semigroup ®,.
In addition, for any p,m € Py (E) and t € T we have ky () < 0o and

(4.37) 19¢(12) = @l < an () e Nl =y,
with (ap,by) as in (4.33) and the parameters r(u,n) defined by

(s n) = kn(p) (L4 Ky () (L+n(V)/n(h)) /p(h).

PROOF. Combining (4.10) with the Boltzman-Gibbs estimate (2.7) we readily check the
estimate

19:00) = @)l < inon) (1)) = ) 22

The contraction estimate (4.33) now implies that

‘H(qjh(”) - \Ilh(n))Pthmv/h <ap kn(p) (14 Ky (n) e

1Wn (1) = (v

Using the Boltzman-Gibbs estimate (2.8) we also have

1 Vv
1) = Bl < (1 ¥ 7]7(@)) e =l

This ends the proof of the corollary. O
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Corollary 11 is closely related to the exponential decay estimates stated in Theorem 1
of [110] under different regularity conditions. In contrast with [110], our approach is based on
the V' -contraction properties of the ~A-semigroups and it allows one to derive local contraction
estimates.

Defining the finite rank (and hence compact) operator

feBv(E)=T(f):= (f) € Boyv (E),

e
o) "
the next corollary follows word-for-word the same arguments as the proof of Corollary 7,
thus it is skipped.

COROLLARY 12.  Under condition (H"), for any t € T we have the operator norm ex-
ponential decay

(4.38) 1@ =TIy, < an e (14 neo(V)/neo(h))

with Q, := e~ Q; and the same parameters (ay,,by,) as in (4.33).
5. Some illustrations.

5.1. Nonlinear conditional processes. Whenever (), ; is sub-Markovian, we have the
nonlinear transport equation

Dy (1) = pM,

with the collection of Markov transition M, indexed by u € P(E) given by the formula

o @ o
ML (f) (@) = Qs (1)( )Qs,t(l)(:c) + (1= Qs (1) (2)) st (1) (f)-

We also recall that for any s < u <t we have the nonlinear semigroup equation
mo_ Do)
Ms,t - MéfuMu,t .

This shows that the normalised semigroup @, ; is the semigroup of a nonlinear Markov pro-
cess sometimes called process conditioned to non-absorption at every time step. For time
homogeneous models, unless p coincides with the quasi-invariant measure ®;(7o0) = 700,
the process is a nonlinear interacting jump process. In this interpretation, the distribution on
path-space of the nonlinear process coincides with the McKean-measure associated with a
jump process whose jumps intensity depends on the distribution of the random states.

For a more thorough discussion on the nonlinear interacting jump processes associated
with these nonlinear Markov semigroups we refer to section 12.3 in [74] and the articles [5,
77, 78]. Next proposition is a direct consequence of Theorem 4.3.

PROPOSITION 5.1.  Under the assumptions of Theorem 4.2, for any s < t and any p,mn €
Py (E) we have the local Lipschitz operator norm estimate

162012y = 5. M2 ||, < @ r(n, ) e [l =mnlly
with (a,b,k(n, p)) as in (4.25).
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5.2. Sub-Markovian semigroups. Sub-Markovian operators are naturally associated with
killed or absorbed stochastic processes. Consider a stochastic flow ¢ € [s, co[— X¢,(z) start-
ing at X{ ((v) =z € E when t = s and absorbed in a cemetery state ¢ at some random time
T¢(z). For instance, suppose we are given an auxiliary stochastic flow X ;(x) evolving on
E, which is sent to the cemetery at some uniformly bounded rate U;(y) > 0 when at y € E.
In this situation, we have the so-called Feynman-Kac propagator formulae

Qs t()(@) =E (f(X5,(x)) 1re(a)>t)
5.1) _E < F(Xor(@)) exp <— / (X () du>> |

In this context, it is readily checked that the normalised and unnormalised semigroups are
connected by the formula

52) Qutl 1) = Bacli)(1) e (- [ @) (U ).

In terms of the absorption time, the above formula reads

[ b Bz o) €y, T5) > ) =@t exp (- [ B (0)(UL) ).

This shows that the killing time of the process starting from p at time s is a Poisson process
with a time varying rate function @, ;(u)(U;) that depends on y. The discrete time version of
the above formula coincides with the product formula (2.11). For a more thorough discussion
on this subject we refer to [77, section 1.3.2], [73, proposition 2.3.1] or [74, section 12.2.1].
As noted in [64, 162], in the context of time homogeneous models, we readily check that the
killing time is exponentially distributed as soon as (1 = 1 = P4 (7)o )-

Applying the above to f =1 for any 1, ue € P(E) and s < t we check that

t
(5.3) ,Ule,t(l)/,U2Qs,t(1) = exXp (/ ((I)s,u(#2)(Uu) - ‘I)S,U(,Ul)(Uu)) du).

The discrete time version of the above formula coincides with (2.11). Under the assumptions
of Theorem 4.1 the norm of the first order operator introduced in (4.26) decays exponentially.
That is for any f such that osc(f) :=sup, e g2 | f(2) — f(y)| =1, we have

Nle,t(l)
,U2Qs,t(1)
where the supremum is taken over all indices (s,t) such that s € T, t € [s,00[; and u1, g €
P(E).

In the context of time homogeneous models X s1¢+(x) = X¢(x) := Xo+(x) and Uy = U,
using formula (5.2) we readily check that the ground state h discussed in (4.8) takes the
following form

54 IDwu®sa(Hl<q(t-e)7 with q:=sup <o

5.3. Path space Feynman-Kac measures. Let 0 = D([0,00[, E) be the space of cadlag
paths w : s € Ry := [0, 00[— ws € E. Consider a canonical Markov process (€2, (Xs)s>0,
(Fs)s>0,P,) with generator L and initial distribution ;€ Py (E). In this notation, the
Feynman-Kac measure on path-space associated with the time homogeneous version of (5.1)
is defined for any ¢ > 0 and w € () by the formula

1 t
(5.5) Qut(dw) := 7 exp (—/0 U(ws) ds> P, (dw),
My
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where Z,,; is a normalising constant. In continuous time, the leading eigen-pair (p, h), dis-
cussed in (4.32), is obtained by solving the equation

L(h)—Uh=ph<= —U=p— L(h)/h.

h
Let P‘Ph(u)

Wy, () € Pyyp(E). In this notation, an exponential change of probability measure yields, for
any ¢t > s > 0 and any bounded F;-measurable function Fi,

be the distribution of the h-process starting with the initial probability measure

PL(/B)ws) ).

Qut(Fs) — IP}\IL/;I(H) (Fs) = /Q Pg’h(#) (dw) Fi(w) (77gpth—s(1/h)

Using (4.36) we check the following estimate.

COROLLARY 13.  Under the assumptions of Corollary 10 for any s <t and u € Py (E)
we have

Qui(Fs) =P (F)| < c(p) an e || By

where the parameters (ay,, by, c(1)) were defined in Corollary 10.

The above exponential estimate improves the asymptotic result presented in Proposition
6.1 in [202], and simplifies the analysis in [47, 49]. We also mention that the Feynman-
Kac measures on path space Q,; and thus the path-distribution of the h-process can be
approximated using genealogical tree based Monte Carlo methods, see for instance [5, 73, 74,
84] and references therein. In Quantum physics and more particularly in statistical mechanics,
the measure Q¢ is sometimes called the grand-ensemble associated with the interaction
potential U [115, 202]. In particle absorption literature, the distribution IP”\},h () of the h-
process is sometimes called the distribution of the ()-process, that is the process conditioned
to never be extinct [47, 49].

We now state some results pertaining to the limiting behaviour of the occupation measure
of the time homogeneous stochastic flow. To simplify the presentation, we shall only work
under the strong regularity conditions stated in Theorem 4.1. In this context, these results
are direct consequences of our semigroup analysis that build on the analysis developed in
[49, 56, 127].

Observe that for any s < u <t we have

E(f(XSu(@) | TS (@) > 1) = Tq, 1) (Psu(d2)) (f)-
Setting X7 (z) := X§ () and T°(x) :=T¢ (), due to (4.13) we obtain the following corol-
lary.

COROLLARY 14. Under the assumptions of Corollary 3, we have

E <115 /Ot F(XE(2)) du | T¢(x) >t> —\I/h(noo)(f)'

sup sup
IflI<izeE

(5.6)

<

% : (a(n00) + 2 (Il /1100 (h) + q(110)?)) -

[log (1 — &)
In the above display, A stands for the eigenfunction defined in Corollary 5. The measure
U}, (no) Which coincides with the invariant measure of the h-process is sometimes called

the quasi-ergodic measure of the non-absorbed process. Similarly, we also obtain a uniform
bound on the L? distance.
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PROPOSITION 5.2.  Under the assumptions of Corollary 3, for any f € B(E) with
osc(f) < 1andanyt €T we have the uniform estimate

E ((1 [ it au- \Ifhmoo)(f))Z | T%(a) > t)

87 (IAll/m0s(R) + (1 V q(ne0))?)
t |log (1 —&,)| ‘

<

PROOF. First observe that for any s < u < v <t we have
E (f(X{u(2)) f(X{, (@) | TE(2) > 1)

_ 5:st,u (f QU,t(l) Qu,v(f Qv,t(l))/QU,v(Qv,t(l)))
5IQS,U(QU¢(1))

= [ ¥o..) (@06 (@) 1) [ ¥, 1) (BunB) (@2) £(2)

Replacing f by (f — WUp (7o) (f)) there is no loss of generality to assume that ¥j, (1) (f) =
0. In this situation, due to (4.13), we have

E ((1/: FXE(2) du>2 |Tc(x)>t>‘

_4
~ 2

(I /e + vl [ (70 e ) o d

0<u<v<t

with
a:=|log(1—e;)|/T.
This implies that

E<<1 /Ot FXE(2)) du>2 |Tc(x)>t>

We end our discussion of sub-Markov operators with bounded potentials by noting that
we may also extend Proposition 5.2 to also obtain bounds in I.” of the order ¢~ /2. The
idea behind the proof is to write the averages in terms of the h-process (in particular, the
trajectorial version) and then apply IL” bounds for occupation measures of a Markov process,
using the Poisson equation associated with the h-semigroup (see for instance Lemma 8.4.11
in [90] in discrete time settings).

8

<
—at

(IRl /mse(h) + (1 V q(no))?) -

O]

5.4. Comparisons of our conditions with the literature. In this section, we highlight
some of the comparisons between the models and the regularity conditions discussed in the
present article and conditions often used in the literature for positive integral operators.

We begin by remarking that the class of positive semigroups discussed in this article en-
capsulates discrete generation Feynman-Kac semigroups defined for any ¢ € [0,00[; by the
formula

Qtt+r(x,dy) = Grigr(x) Pryyr(z,dy)
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with the potential function G; and the Markov transition P; ;; , defined by
(5.7) Gt,t—i-T = Qt,t—&—’r(” and Pt,t+r(f) = Qt,t+r(f)/@t,t+7(1)-

This class of probabilistic models arises in a variety of disciplines including statistical
physics, biology, signal processing, rare event analysis, and many others; see [73, 74, 77, 90]
and the relevant references therein.

In this context, the uniform minorization condition (3.7) is a well known strong condition
ensuring the stability of the semigroups ®, ; and the existence of fixed point invariant mea-
sures for time homogeneous semigroups; see for instance [77, Theorem 2.3], [79, Lemma 2.1
& Lemma 2.3], [86, Lemma 2.1], [74, section 12.2], as well as [77, section 2.1.2 & section
3.1.3] and [73, section 4].

The next condition is taken from [47]. In terms of the Markov transition P ., discussed
in (5.7) it takes the following form:

(P): For any s € T and (x1,72) € E? there exists some v € P(E) such that for i = 1,2
and any t > s+ T we have the estimates

(5.8) 5m7zps,s+7' >e1v and e HQs—l—T,t(l)H < V(Qs—l-T,t(l))

for some parameters 0 < ; < 1 whose values do not depend on x;, noron s € T.

We also refer the reader to conditions (A1) and (A2) in [48], as well as [46, 49, 53] for
further work and discussion on this condition. The time-homogeneous version of the above
condition is appears in a variety of contexts in the literature. For example, as shown in [47,
Theorem 2.1], condition (P) is a sufficient and necessary condition for the uniform expo-
nential decay (4.1), which was also applied in [133, Theorem 10] and [134, Theorem 7.1]
to neutron transport models. In addition, we refer the reader to [14, section 2.2] for the use
of condition (P) in the design of admissible coupling constants (a.k.a. generalised Doeblin’s
conditions) and to [55] on birth-and-death processes where it is the main ingredient of the
proof of Theorem 3.1, and to [127, section 2]. Moreover, for time-homogeneous models sat-
isfying (3.7), the right-hand side estimate in (5.8) is a direct consequence of the right-hand
side estimate in (4.6).

When (P) is met, for any f >0 and ¢ = 1,2 choosing H = 1 we have the lower bound
estimate

Qs T, 1
R (1)) 2 01 ST > e g )6

This implies that condition (P) is stronger than the Dobrushin’s condition discussed in (3.7).
More precisely, we have

(P)=(3.7) with H=1 eri=c1gg and v=Vq q)(vs)

As previously mentioned, the uniform minorisation condition (3.7) as well as (P) are difficult
to check in practice; several sufficient conditions are discussed in [73, 74, 77, 79, 85, 86].
The next condition is a slight extension of [200, condition (68)] and [13, condition (3.24)].
(Q) : There exists a positive measurable function ¢s(z) > 0, a constant p > 0 and proba-
bility measures v such that

(5.9) 6s(@) vs(dy) < 0:Qs,547(dy) < p ss(@) vs(dy).

Choosing H =1 in (3.4), this condition implies that for any f > 0 we have

0 () e Qoul@ue® f) it with v{)(f):= 2el@siral1)f)
Rs,u(f) : Qs,u(QuJ(l)) > p s (f) th <f) ' Vs(Qs-i—T,t(l)) .

U s
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This shows that
(Q)=(3.7) with H=1 e,:=p ' and v=0.

Condition (Q) with ¢5(x) =1 is also discussed in [73, section 4.3.2], as well as in [153] and
[110, section 3.3]. We also refer the reader to [46], where it was shown that condition (Q)
implies the uniform exponential decay (4.1) in the time-homogeneous case.

Also notice that

1

(Q) <~ ,07 Vg S 5:1:Ps,s+7' S P Vs,

where the Markov transition P; s, was defined in (5.7). These rather strong two-sided mi-
norisation conditions are well-known: see for instance the uniformly positive condition dis-
cussed in [21], [11, condition (19)] in the framework of Hilbert projective metrics, [79, condi-
tion (B)] and [77, Theorem 2.3]. From the above discussion it should be clear that conditions
(P) and (Q) are stronger than the Dobrushin condition presented in (3.7).

The class of triangular array semigroups introduced in (3.4) are also considered in the ar-
ticle [15] in the context of time homogeneous sub-Markovian models. In our framework, the
authors assume the existence of positive functions H < V, a probability measure v defined
on some compact K C FE, and some finite constant ¢, such that

(5.10)0  supV/H < 0 Q:(V)<aV+clgH with 0<a<i%f(QT(H)/H).
K

In addition, there exists some ¢ €]0, 1] such that for any positive function f € By (£) and
any x € K we have
Qi(H)/H
(5.11) Q- (fH)(z)/Q-(H)(x) >ev and  sup sup ————— < 00.
tefo,of, K V(Qe(H)/H)
In Lemma 3.1 in [15], using the right-hand side condition in the above display, the authors
obtain a Lyapunov equation defined as (4.17) by replacing H ; by the function

Hs,t — V Qt—s(H) Qt—s(H)

Q()/H) 7 T = 5.0,y

Theorem 2.1 in [15] ensures the existence of a leading triple (p, 700, k), as well as exponential
estimates similar to the ones discussed in Corollary 12. Thus, for the class of semigroups
considered in Corollary 9 in the present article, the conditions (5.10) and (5.11) ensures that
the semigroup (J; is a V-positive semigroup. Conversely, the authors show that the existence
of a leading triple (p,7-0,h) satisfying these exponential decays imply that the pair (V, h)
satisfies condition (5.10) and (5.11).

In the context of time homogeneous models, up to a change of Lyapunov function as
discussed above, Proposition 3.3 in [15] is closely related to Theorem 4.2 in the present
article. In contrast with the V-norm Lipschitz estimates stated in Corollary 11 presented in
this article, Corollary 3.7 in [15] does not provide any Lipschitz estimates but also yields
some exponential decays of the normalised semigroup ®; to equilibrium with respect to the
total variation norm.

6. Proofs of the stability theorems.
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6.1. Proof of Theorem 1.1.

PROOF. One direction of the proof is obvious. Indeed, if ®; has at least one invariant
probability measure 7., choosing 7 = 7, the measure @, (70 ) = 1o s tight and 3, (1) =

Too(Q(1)).

Conversely, assume that for some 7 the sequence of probability measures ®,,(n) is tight
and (1.4) is satisfied. In this situation, for any € > 0 there exists a compact K. C F such that

Cn(M(Q(L)) = 8n(n)(1x.Q(1) 2 (1 —€) IfQ(1) and  foo(n) > 0.

We simplify the notation and write 3, and B instead of 3,(n) and 5 (7). Consider the
probability measures

Nim = E Z (I)k(n) = nm(Q(l)) = % Z /Bk ——m—o0 Boo

0<k<m 0<k<m

There exists at least one probability measure 7, := w(n) and a sub-sequence My — k00 0O
such that 7),,,, converges weakly to 71, as k — oo. Hence, 7,,,, and ®;(n,,,, ) converge weakly
t0 7o and P4 (700 ), respectively, as m — oo. In addition, we have

O (M) (Q(f)) = Pn(M(Q(L)) Lrra(n)(f)-
This yields the formula

B

Q1 (Nm) = =% P11
" ogkz<m 20§l<m B

(n)

from which we check that

1
(I)l(nm) —Tm = a Z <120B<kl<,81 — 1) (I)k+1(77)

0<k<m
1
T Z (Prt1(n) — Pr(n)) -
0<k<m
As aresult
1(Nm) — 1m
1 B 1
=— T3 1] ®1(n) + — (Pm(n) —n).
m og;;m ( m 2 0<i<m Bi ) m
On the other hand, we have
DO S E- N ST S N
m k m 1| > m k 0o m—oo Y-
0<k<m 0<l<m 0<k<m

For any f € C,(E) we conclude that
[(@1(1m,c) = 1 ) ()] — k00 0 and therefore 700 = P1(7)0)-

The last assertion follows from the fact that
my— 1

TIm, (Q(l)) = ’I’I”lbk Z B —m—so0 Boo = 7700(@(1))'

1=0
This ends the proof of the theorem. O
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6.2. Proof of Theorem 4.2. This section is mainly concerned with the proof of Theo-
rem 4.2. For any p € Py (F) and n > 1, applying Markov’s inequality we have

o= Ky (1) +n = Qg (1) (V > rn) < kv (p)/ (kv (1) +n) > 0.
We conclude that
6.1) inf @, () (V<rp)>1/(1+ry(p)/n) —nseo 1.

In the above display, the infimum are taken over all s € 7 and ¢ > s.
LEMMA 6.1. The estimate (4.17) holds as soon as (3.13) and (3.14) are satisfied.

PROOF. For any n > 1 we set r,, :=7(V') + n. For any s € 7 and r > A\~ r; we have the
estimate

Qs,s+T(V)/V < ()\_/r) 1KT(S)C + H@TH 1K7~(s)
with the sets K, (s) are defined by
_{QSS+T /V>A /T}C,C —{@TZAi/T’}

On the other hand, for any s € 7 such that s + 7 < t we have

Rs s+T(V/H$+7' t) _ 1 Qs,s+7(v)
(V/Hs,t) )\s,s—‘rT V .

This yields the estimate
Rs 3+T(V/HS+Tt) Ai 1 H@TH
< S (s T L)
(V/Hs,t) As,s—l-T r A

1 16|
< ; lK,.(s)C e 1K,,,(s)7

from which we check that

o,
H)\H sup(V/Hsg ).
K

RO (V/Harrd) < - (V/Hyg) +
Now, choosing n > 1 sufficiently large such that
Tn >T/AT =11V,
by (2.3) there exists some 7, such that
Ky ={0;>X"/r} CK,, :={0;>1/r,} C{V <T,}.
By (3.14) this yields the uniform estimate

sup(V/Hs ) <Tp/sr, (H) < 00.
K-

This ends the proof of the lemma. 0
PROOF OF THEOREM 4.2. Observe that
IHly =1==H<V and He;=Q,,(H)<Q,, (V).
This implies that
)\_ Hs,t/V S >\s,s+7 Hs,t/v — Qs,erT(Her‘r,t)/V § Qs,s+7(v)/V
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from which we check that
AN Vop<V/Hs; with Vp:=1/0,.

Notice that V has compact level sets and for any r > 1 there exists some ¢(r) > 1 such
that for any 7 > ¢(r) we have

(V/Hour} < Vo <r/A ) eV 2ot} < (V <7}
By (3.15) for any 7 > ¢(r) V ro we have

t
8, R0

s T

sup
(V/Hs)(@)V(V/Ho 1) (y)<r

<1l-oaF)<l1.

tv
Now, due to the previous lemma, (4.17) holds which in turn implies that
RngT(WS—&-T,t) <eWsi+1

with the collection of functions W ; > 1 defined by

C Hs7t - e (& H37t C H&t'
Then, for any 7 > e(p(r) V r¢)/c we have
sup  [|0.RY),, — 0,RY) [l <1 —a(cT/e) <1.

Wt (@)VW, 1 (y)<r

Applying Lemma 2.3 (see for instance the contraction estimate (2.18)). for any s € T, u €
[s,t]-, t € [s,00[; and p,n € Py g, ,, we have the uniform contraction estimate

||HR§?L - URQLHV/Hu,t <ae ) |- v/,
This ends the proof of the theorem. O

PROOF OF COROLLARY 6. For continuous time semigroups, for any s, = s + n7 and
u € [0, 7[ we have

RY L (V/H,, ur)

() Sn,Sntu
R V/Hg +ut)=(V/H,
Sn,5n+u( / nt at) ( / nat) (V/Hsn’t)
1 Qs,.s +u(V) WT(V)
= (V/H, e < —= (V/H;_ +).
( / 717t) )\5”73n+u V — )\7(,’70) ( / nyt)

This implies that

1uR w0 = RO cillva, e V0RO, = nROIRL (V) Hetue)

< V)

A~ (o)

This ends the proof of the theorem. O

IpRE), —nRE Nvym,, .
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6.3. Proof of Theorem 4.3.

PROOF. Observe that

Mot Hag RONF/H) = Qua(f),
which implies that

M(Qs,t(f)) — (I)s,t(lu’)(f)
/’L(Qs,t(H)) (I)s,t(:u)(H) ‘

Combining this with (3.5) and the estimate (2.7) we have

195000) = ®oally = || ¥1/m (Va0 D = 01y (W, ) RD|

Yy, (WRY)(f/H) =

< @y () (H) (14 Dy (1) (V)) m (Wa, (1) = ., (1) B
Applying (4.16) to u =t we find that

1s,0(1) = @se(m)lly < wrrp) (L4 my () @ e[ W, (1) = Cu,, Dy

On the other hand, applying (2.8) we check that

i 0 = 0, < s (14 ) D=l

)

HV/H'

This ends the proof of the theorem. O
6.4. Proof of Theorem 4.4.

PROOF. Assume that (); is a stable V-positive semigroup. In this context, there exists
an eigen-triple (p, Nec, h) € (R X Py (E) x By, v (E)) satisfying (4.28). Choosing (7, H) in
(3.1) and (3.4), we readily check that

RYL(/)=Ph(f) and QuV)/V=e PPVM)/VE with VP:=V/he Bu(E).

In this situation, the Doob h-transform, P/ is a V"-positive semigroup of Markov operators
from By« (E) to itself; P/ maps By« (E) into By v+ (E) for any ¢ > 0 and we have

PV v <emrmO,
In addition, condition (3.15) applied to H = h takes the form

(6.2) sup
V(z)VV(y)<r

<1-—afr).

h
xd + — 5yPT
tv

Observe that

Viz)<rp=V(z)<r=r, sup h
VS'/‘h

This implies that

(6.3) sup
Vi (z)vVh(y)<r

h
T _5yP‘r
tv

<1—ap(r) with ap(r):=a(rsuph).
V<r

We conclude that P} is a stable V"*-positive semigroup.
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In the reverse angle, choosing (7, H) = (7)o, h) € (Pyv(E) X By,v(E)) in (3.1) and (3.4),
we readily check that
ﬁOQt,t-‘rT =eT=A"=\" (7700) and Hs,t =h
Note that in this case, the quantities (s.(H), [|H]||\,) defined in (3.14) become
G(H)=inf h>0 and |[|H| =|h]v <oo.
V<r

Now assume that P} satisfies (6.3) for some function oy, (). Using the fact that
< ") <r/ inf
V() <r=V"x)< r/Vl}{lSrh
we check condition (3.15) applied to H = h. We conclude that @), is a stable V -positive

semigroup as soon as P} is a stable V"-positive semigroup. This ends the proof of the theo-
rem. -

6.5. Proof of Theorem 4.5. This section is mainly concerned with the proof of Theo-
rem 4.5 on the stability of the time homogeneous models discussed in (4.32). In what follow,
we set V' :=V/h.

LEMMA 6.2. For any € > 0 we have the Foster-Lyapunov inequality

(6.4) ph (Vh> <eVPige +eorlg

with the parameter c. , and the compact set K, . given by

Cer = PTQ(V)/ V| sup V" and K..:={Q,(V)/V >celT}.

e, T

PROOF. For any € > 0 we have
PE(VM)/VE=eTQ(V)/V <elge +eT[Q-(V)/V k. ..
This readily yields the estimate (6.4). U

PROPOSITION 6.1.  For any p € Py,,(E) we have

0<rr(p):= inf pPlA/R) <K'y (p):= sup pPMHV") < .
t€[0,00[- ’ t€[0,00[,

In addition, for any n € Py (E) we have the estimates (4.34).
PROOF. Following word-for-word the same arguments as the proof of (2.19) the Foster-
Lyapunov estimate (6.4) implies that
R (1) < (V) 4 cer(1—2) 7 < oo,

Now, we come to the proof of the left-hand side estimate. Since 0 < h € By v (EF) and || h||y =
1 the function V" > 1 has compact level sets and A is bounded on compact sets. Consider the
compact sets K" |, (§) indexed by & €]0, 1 and defined by

Kl (1,8) 1= (V" < &l (1)),
Arguing as in (2.20), we have

. h h >1_ > _
it Pl (K n0)) 215 and - w(u) > (1 s
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Observe that

te?glp[ U () PV < (V) /(h) + e (1 =€) 7

and consider the compact sets
Ky (1,8) := {z: 8V () <n(V)/n(h) + cer(1 - €)'} C .
Arguing as above, we check that
inf WU, (n)P! (Ky(n,6))>1—6 and inf W, (n)P(1/h) > _1=9

t€[0,00[, ¢ = te[0,00[- ¢ ~ SUPky, (n,6) h
This yields for any ¢ € [0, 0o[; and § €]0, 1] the uniform estimate
_ W) P(V/h) _n(V)/n(h) +cer(1—2)"

Up(m)P(1/h) — (1 =0)/supk, ) h

This implies that k() < co. By lemma 2.2, for continuous time indices we also have
kv (n) < co. This also ensures that the sequence of probability measures @, ;(n) indexed by
s <t is tight. Choosing the compact set

(6.5) K(0,n)={sV <rv(n)}
we readily check that

O, (n)(h) > ( inf h> O (n)(K(6,m) > (1—-9) ( inf h> > 0.

K(é,m) K(é,m)

@ (n)(V

We conclude that ; (1) > 0. This ends the proof of the proposition. O

PROOF OF THEOREM 4.5. The estimates (4.34) have been checked in Proposition 6.1.
Observe that

(6.4) = P"(W)<eW +1
with the function W > 1 defined by

e V e V € Vv
6.6) Ce,r h_W +C£,7'h_<+c€,7'> h’
which has compact level sets. On the other hand, by (1.28) we have
sup 102 P — 8, P40y <1 —alcerr/e).
W(z)vW (y)<r

The estimate (4.33) is now a direct consequence of (2.18) and the estimates (6.6). The proof
of the theorem is now completed. O

APPENDIX A: PROOFS OF SEVERAL TECHNICAL REAULTS

A.1. Proof of Lemma 2.2. Condition k. (1) < oo ensures that that the sequence of
probability measures ® ;(1) indexed by s € 7 and t € [s, 00|, is tight. In this situation, for
any d €]0, 1] there exists some compact set K such that @, ;(p)(K) > (1 —0) forany s € T
and t € [s, 00[;. Thus, for any s, := s+ n7 and € € [0, 7[ we have

Dy s, (M)an Snte (V)
(I)s,sn (N) an \Sne ( 1)

D, +e()(V) = < (mr (V) /72 (K)) kv () /(1 = 96)
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with the parameter 7~ (K. ) defined in (1.17). In the same vein, using (1.19) we have

Dy, 1e(p)(H)
D5 s, (:U’)an,sn—i—s(l)

This shows that ®,;(x)(V') is uniformly bounded and @ (x)(H) is uniformly posi-
tive constant with respect to the parameters s € 7 and ¢ > s. In addition, the tightness of
O, ; (1) combined with (1.16) ensures that O ;(11)(Qy,¢+(1)) is uniformly positive with re-
spectto s € T and ¢t > s and € € [0, 7.

For any ¢ €]0, 1] there exists some compact set K such that 7~ (/) > 0 and @ ; (1) (K) >
(1-4¢)and

(I)S,sn—&-s(ﬂ) (H) =

Zi%fH(l—d)/WT>0.

HQt,H—a(l)H Tr

1.16) = supsup sup < — < 00.
(1.16) 520 t>5 ec(0,7] Pt (1) Que+2(1) — (1 —8)mr (K)

Finally observe that for any s <t and ¢ € [0, 7] we have

(1.19) = @ 1 (1) (Qt,t42(1)) < P o () (V Qupae(V)/V) <7 (V) By ().

This shows that @ ¢(1)(Q¢,t4<(1)) is uniformly bounded with respect to s € 7 and t > s.
This ends the proof of the lemma. |

A.2. Proof of Lemma 3.2. Let H be some locally bounded positive functions s.t.
V/H € B (E). Recall that for any u,t € T, we have

(A.1) >\u,t Hu,t = Qu,t(H) = hu,t — Qs,u(hu,t) = hs,t > 0.
By (3.11) and (3.12) there exists some for some €1 > 0 and any 0 < € < &7 we have

(A.2) 0<¢ :=infinfq 4r <tc:=supsupgtyr <oo and 0<v.(V:)<oo
teT V2 teT V2

with the compact e-super-level sets V; of the function O defined in (3.11). To simplify the
notation, we write v instead of ;. In this notation, we have

(A3) of 1y (z) v(dy) 1y, (y) <1y (2) Quigr(z,dy) 1y, (y) < e 1y, (2) v(dy) 1y (y).

The next lemma is a slight modification of [197, Proposition 1].

LEMMA A.1. There exists \g > 0 and a finite constant cy < oo such that for any s € T
and t € [s,00], and 1 € Py (E) we have
v 1% e~ o(t=9)
A4 RrY () <e M=) _—_ 4y and  limsup ———— =0.
(AD \1) = hot T o )

In addition, we have the uniform estimates stated in (3.16).

PROOF. We set
hYyi=hey/lhsgllv and B, =|hsllv /|l

V.
We have

(t) 1% LV Qssr(V) ” .
R = — d S.8+T hS T = o str hs .
5,547 <h¥+7,t> 5§2+T h;/’t v and Qs sir(hYyry)=Byas hY,




STABILITY OF POSITIVE SEMIGROUPS 53

Using (3.11) and (A.3) and recalling that Q;¢+-(V)/V < ©,, for any 0 < e < ¢; we check
that

t) V € V Qe ) _
R, .. . < — + ——— with a.:=sup(VO;)/L
S+ <h¥+77t> ﬁ hY,  v(lyhY.,) =S8 ( )/t

S$,8+T

This implies that

\%4 € |4 a
RO\ R +——
* <h¥+n7’,t> ,8 S,S+(TL—1)T h¥+(n_1)7—7t (1V hs—l—m- t)

s+(n—1)7,s+nt

Applying the above to s + n7 =t we obtain the formula

V+Z Zi/ V+Z‘€

5 hst 1<1<;<n55+k7t v(1y, s+krt) his.t 1<k<n v(1y, hs+k7t>

Observe that for any 0 < e <e9 < e we have V,, C V.. Thus, forany k <nand t =s+nt
we have the lower bound estimate

IVE (x)hs+k7',s+n7(x> > IVE ( )Qs+k7 s+(k+1)T 1 . Qs—i— (n—1)T, s—i—m’(lvgz H)<$)
> 11;52(30) (inf H) (L;V(V€2))"_k.
Choosing 0 < € < e3:=¢e2 A (17, v(V-,)/2) we conclude that

o (V en 2a, 1
R 1% .
st < > - hst + V(Vsz) infv62 H

In the same vein, for any 1 € Py (E) we have
W) 2 0002) (1018 ) G2, vV 2 00) () 2
This yields the estimate
g(t=s)/7 <o l-5)/7 1 .
n(hst) — n(Ve,) infy,, H

To summarise: there exists some €3 > 0 such that for any s € T s.t. t € [s, 00, and for any
0 < e < e3 we have

(t) (t—s) /T

RY)(V/H)<e"9/" V/hyi +¢c. and hmsup =0.
t—00 T](h )

This ends the proof of (A.4). The last assertion follows from the fact that

>\0 (t—S)

e

(... () RY) (v/H) < “n(heg)

for some finite constant ¢; (7)) < oo. This implies that the sequence of probability measures

n(V) +co < c1(n)

U, () RY)

)
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indexed by s € T s.t. t € [s, 00|, is tight. More precisely, choosing the compact set
Kep={zcE: e (V/H)(x) <ca(n)}

we have
(v, ) BY) (Ke,) <e sotmat (W, () BY) (1/H)>
supg_ H
On the other hand, we have
supg, H

(V) =Wy (., () RY) (V) < 1)

We conclude that x, /(1) < co. This also shows that the sequence of probability measures
@, ;(n) indexed by s € T and t € [s, 0] is tight. Choosing the compact set

(A.5) Kep={zxecFE :eV(x)<rv(n)}

1—=¢

we readily check that

Buslo) () > (o 1) Bug()(Kog) = (1) (uf 1) >0

We conclude that (1) > 0. To take the final step, observe that for any 0 < ¢ < g9 we have

(A.6) (A.3) = inf inf Qs 41, (1) > v(V:) > 0.
teT Ve

Thus, for any ¢ € [s,00[x and 0 < € < g we have
Dyt (1) (Qtt1+(1)) = s p(n) (L, Qup4r (1)) = e () (Ve) v(Ve).
Similarly, we have
D5t (M)(Qtp1+(1) < ot (M(V Quiar (V)/V) < |[O1] Ky (n).
By lemma 2.2, this ends the proof of the estimates in (3.16) for continuous or discrete time
indices. The proof of the lemma is completed. 0

The next result is a variation of [197, lemma 10].

LEMMA A.2. We have the estimates (3.14). In addition, for any 0 < 6 < 1 there exists
some 0 < £ < €1 such that the following uniform compact-approximation estimate holds

(A7) sup |H@t7t+T — 1y, Qt,HTmV <4 and supsup m@stmv < 00.
teT SET t>s

PROOF. We start by proving the estimates given in (A.7). We use the same notation as in
the proof of Lemma 6.1 and we set V. :={©; > ¢} . Forany n > 1 such thate, :=¢, /A~ <
1

1y, @eer

1
>\s,s+7'

This yields the left-hand side estimate in (A.7).
For the right-hand side, for any i € {0,1}" and 1 < k <n, we set

[(i):=inf{1 <k <n:(ig,ixt1)=(1,1)}

<&,

n-

H (QS,S-H(V)/V) 1V§n

=[@s.6r — v, Qsonr|lly =
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and
{0,1}2 ={i€{0,1}":1(i) =k}
with the convention that
{0, 1} ={i€{0,1}" : VI<k<n : (igixr1) # (1,1)}.
Further, set
V:(0)=V: and V.(1)=V..

Then we may decompose @SO’ s, as follows:

Qso,s5, = Z 1Vs(il)680,81“‘1V5(in)Q8078n

1€{0,1}"
= Z Z 11&;(1@)@50,31 s 1V5(in)@sn_1,sn'
1<k<nic{0,1}}

Our aim is to obtain suitable bounds for the summands in the above decomposition. To
this end, set forany 0 < e < ¢,

_ v(dx)ly, (x)
Ve(dx) := )

Using this and the notation introduced in (A.3), we have

1V5 (.TJ) @S,S-FT (1V5 @S+T,t(v)) (.T)

vy, Quers(V)) _ w1y, Quera(V)

S (Qurr Qe (1) ' 7 (v, Qunrrly, Qurra(D)
e v(ly, Q8+T,t(v)) N Leftz Le/tz
ST 70y, Quere(D) — my(v) Tetmt ) (V) S mvle) 2555

This yields the uniform estimate

oo~

1Vs,,, (m)és,s+r (1Vsn,@s+7,t(v)) (m) <u

Next fix 1 < k < n. Then one has

14 S L;n ’H 1Vs(’il)aso,81 Tt 1V€(ik)@3k—175k H‘V

Il 1y (i) Qsosr - W.(i) @, s

(A.8) §L;" H mlvs(im)@sm_l,smmv
1<m<k
<, JT neeptr ()
1<m<k
(A.9) L D o i

Similarly, for the case k = n, we have

n

A10) [Ty @aprsr - I (1)@ s [y S O] Zrmr Bt () 2 P
Now note that for any 7 € {0,1}" we have

n+1 1
Z Li=1 < 9 + 9 Z L i) =(1,0)-
1<k<n 1<k<n
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This follows from the fact that

n=12 3" (Li)=010 + Lvin=0.1))
1<k<n

= (2 ) Lo - Q=i+ li=) | = D Lai—a

1<k<n 1<k<n
>2 § : 1ik:1 -1 - Z 1(ik,ik+1)=(1,1)'
1<k<n 1<k<n

Equivalently, we have

n—1 1
Z Liy=0 2 9 9 Z 1(ik7ik+1):(171)'

1<k<n 1<k<n

Further observe that for any i € {0,1}} with 1 <k <n we have

k k

kE+1 k—1
Z L imi)=(1,1) =0 == Z li,=1<—— and Z Li=0 2 ——.
m=1 m=1

From (A.9) and (A.10), respectively, we conclude that for any 7 € {0,1}} with 1 <k <n we
have

— — N\ (k=1)/2
1.6 @ 10261 @o s [y S, AV 1ODEFDZ () €7D
and for £ = n, we have
— — _\(n=1)/2

H’1Ve(il)QSo,S1 . 1V5(Z‘7L)an_1,sn ’HV § (1 V H®T||)(n+1)/2 (gn)(n )/ .

We end the proof of the right-hand side estimate in (A.7) by choosing n > 1 such that
en <1A(1/]©7]]).

Now for the estimates in (3.14), observe that

H <V =sup sup H@st(H)HV <sup sup m@stmv < 00.
s€T te[s,00[, s€T te[s,00[,

By remark 3.2, this yields right-hand side estimate in (3.14).
The proof of the left-hand side estimate in (3.14) follows the same lines of arguments as
those given for (A.7), thus it is only sketched. Using the same notation as above, we have

ﬁsoQSo,sn(l) = Z Z ﬁ501V5(i1)Q30751 s 1V5(in)an_1,sn(1)-

1<k<nie{0,1}7

For any i € {0,1}} for some 1 < k < n, we also have

ﬁso 1V5(i1)Q80,81 s 1V5(z‘n)an71,sn (1)
<le ﬁso(V1Vg(i1)Q¥0,sl s 1V5(ik)QZC,1,sk(1Ve)) V(1V5Q5k+1,8n(1))

< (V) AV O] FHD2 D2 11y, Qs s, (1)),
with QY (f) := Qs+(fV)/V. For any e < e we have
1y, (2)Qso,s, (H) ()

> 1y, (2) 1V51 (z) (QSO,sllvelel,sn (H)) () > 1y (2) v (1V51Q5175n(H)) .
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In addition, we have

4 (1V51 Qshsn (H))
>V (1V£1 Qshsz 1VE s st—lysk 1VE st,5k+1 1VE Q5k+175'rL (H))

Z Lg_ v (11/51 QS1782 IVE e st—l,sk 1V5) V(1V5Q3k+175n (H))
This yields the estimate
W, (2) Qso.s, (H) 2 1y (2) (1) (12,7 (Ve))* v (10, Qs (H)).

from which we check that
1V5 (aj) (ﬁSU lvE(il)Q50751 e 1V5(i7L)QS7L—1157L(1>) /Q5075n (H)(x)

_ _ _ k/2

< (te/e) @(V)/kp(ve) (e AV IO/ (qv (Ve)?) ™
The end of the proof of the left-hand side assertion in (3.14) now follows word-for-word
the same lines of arguments as the proof of the right-hand side estimate in (3.14), thus it is
skipped. The proof of the lemma is now completed. O

A.3. Proof of Lemma 2.1.

PROOF. Observe that for any f such that || f||yy < 1, we have

(W (j11) — U1 (22)) () = M(i/h) (1 — 1) (9)

with the function

g:=(1/h)(f = Vy/p(p2)(f)) € Byn(E).

Note that
- v Vv V/h
g _F=m)(f) _f  Can(p)(VS/ ):>H9HV/hS1+’u2( /h)
V/h % % v p2(1/h)
This ends the proof of the first assertion. Now, for any || f||y-/, <1 we have
1
v — = —
(Wn(p1) = Wn(p2))(f) ) (11 — p2)(9)
with the function
g:=h(f = Vn(u2)(f))
9] h p2(V) p2(V) p2(V)
— =<1+ — <1+ = [lgllv <1+ :
VERTY ) = e M= LG
This ends the proof of the lemma. O

A.4. Proof of Lemma 2.3.

PROOF. We set (s,t) = (1,2) and P = Py 5, and V" :=1/2 + pV;, with i € {1,2} and
p €]0,1[. We also consider the function A, on E? defined for any (z,y) € E? by

192 P — 6y Pllvy
Ay(z,y) = -

’ 102 = dyllvy

102 P = 8y Pt p(P(Va)(z) + P(V2)(y))
Tl p(Vi(@) +Vay) - 1+ p(Vilz) +Vily)
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Using the left-hand side estimate in (2.15), we have
P(Va)(z) + P(V2)(y) < e(Vi(z) + Vi(y)) + 2

2
= (Vi(z) + Vi(y)) (5 AT V1(y))> '

When Vi (x) + Vi(y) > r this yields the estimate

1 p(Vi(@) + 1A (y)) 2
BAR S e AR >>+1+p<v1 (2) + Vi(y)) (+>

:1‘<1 1+p((v1 )+ Vily ><1 < >>§1_d}”
e (1) (- (+7))

Recalling that V; > 1 we have

with

P(Va)/Vi<1+e.
This implies that for any (z,y) such that Vi (z) + Vi(y) <r we have

pVi(x)(P(Va) (@) /Vi(x)) + pVily) (P(Va)(y)/Vi(y))
L4+ p(Vi(z) + Vi(y))

P
1+p

<(1+e¢)

)

This yields the estimate

1—a(r) pr
Ap(x,y)gl—d/%:: 152 +1+2p(1+5).

Observe that
1
p< M 1—d2_
1+e r P=142p

Recalling that () > 0 for some r > 7. :=2/(1 — ) we have

2 1 2
Tcl-e=0<d=(1- 1—(e+2)) <.
r p 1+ 2pr r

=r:(1+91) and p=

Choosing

14+¢ 2r

for some 0 < §; < 1and 0 < d3 <1 we have
62 (51 1 Oé(’l“)52 (51
0<3a()( E)2< r (1+6)+a(r)52( E)1+51

which implies that

<1,

916
1 102
1-d,<1-a(r) (1-¢) —

and

Cl—a(r)+pr(l+e) 1—a(r)(l—6/2)
1-d?= o, = =y 22 <1 —alr)(1 - 62/2).
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Then setting
6 1—09/2
1—¢e 02

01 =
we can check that
(1- dé) V(11— d?)) <1—a(r)(1—02/2).

For any 0 < § <1 we set

re(8) :==ro Vre <1+11_E <3+6<(15—1)>> pe(0) := 1j€ 0‘2(::((?)))

We conclude that

162P — 6,Pllyz.
Byrse 15 (P) = sup 2
V1 7‘/2 x,yEE Vlfs,a (.'1:) + Vlé,e (y)

1 2
s1- (dpsw) A dma))
<1—a(r:(6))(1—46/2).
This ends the proof of the lemma. O

A.4.1. Proof of lemma 2.4.

PROOF. Forany t € T, we set R (f) := 15Q4(f) so that
Q=R +RE and Qi — QXQi=Q.R" + RE' R

This decomposition implies that
Q- = @@l < (NQ-lly + 1 RE) 1l RE
< Q- lly + NlQelly) |7~

\%4

v
Also note that
|RE"

y = xe Q-(V)/ V.
Thus, choosing a sequence of compact sets K, such that
1
Lz Qr(V) S -V

implies that

1
H‘Qt-‘rT - Qf“Qt}HV =~ Qv + CQellly-) -

Since the product operator Q% Q; is compact, Qs , is the limit in norm of compact opera-
tors, hence it is compact. This ends the proof of the lemma. O

A.4.2. Proof of the compactness of (2.24) . For any collection of functions (f,),>0 €
By (E)N in the unit ball {f € By (E) : || f|lv <1} we have

sup Q7 (fu)llv < [|QF (V)/ V.
n>0
In addition, for any (z,y) € K? we have

IQfﬁw@ﬂ—quMQDha/I%@n@—qA%ZNIK@ﬁ%M@-
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Since ¢; is continuous on the compact set (K x K), it is uniformly continuous. Thus for any
e > 0, there is some 0 > 0 such that d(x,y) < ¢ implies that for any n > 0 we have

Q7 (fu)(2) = Q7 (fa) ()] < € vr(K).

By the Arzela-Ascoli theorem, QX (f,,) converges uniformly to a continuous limit extended
by 0 outside the set K. Recalling that V' > 1 is also converges on By (E). QX is an irreducible
and compact operator on By (E). This ends the proof of compactness of (2.24).

Proof of (2.25). For any € > 0 the set K, := {Q-(V)/V > ¢} is finite, and following the
proof of the above lemma, we have

|Qesr — Q@ < U@y + 1Qely) -

Since for any finite set K, the operator

QX (f)@) =1k(x) 3 Qr(o,9) £(y)

yeK

is bounded and has finite range, it is compact and we thus conclude that (); is compact for
any t > 7 as soon as Q,(V)/V € By(E).

The set E can be written as the union F2 = U,,> /S, of an increasing sequence of compact
sets K,. Whenever (); is compact on By (E), up to a subsequence extraction the functions
Q¢(V1g.) € By (E) forms a Cauchy sequence. Thus, for any € > 0 there exists some n. > 1
such that for any n. < m <n we have

|Qe(Vike) = Qi(Vike)llv = 1Q:(Vik, - k,,)

lv <e
and therefore

1Q:(Viks)/V<e.
Now, assume that for any € > 0 there exists some n. > 1 such that
Vn > n. Qi(V1ge)/ V| <e.
For any || f||yv <1, we have

1Q:(f) = Qi(1k, N)llv < |Qe(V1ke)/V| <e.

Arguing as above, using the fact that f € By (E) — 1k, f € By (E) is a finite range compact
operator we conclude that ), is compact on By (E). This ends the proof of (2.25).
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