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Neuronal networks
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Introduction
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Neurons

Neurons are electrically active cells where electric currents are produced by ions transfer.

Figure: Neuron. From https://en.wikipedia.org/wiki/Neuron
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Neurons

Neurons are electrically active cells where electric currents are produced by ions transfer.

Most neurons (but not all of them) communicate by action potentials ("spikes”).
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F IgU re:. Spike. From http://faculty.washington.edu/chudler/ap.html
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Neurons

Neurons are electrically active cells where electric currents are produced by ions transfer

Most neurons (but not all of them) communicate by action potentials ("spikes”).
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Figure: Spike propagation. From

https://openbooks.lib.msu.edu/neuroscience/back-matter/images-of-animations/
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Neurons

Neurons are electrically active cells where electric currents are produced by ions transfer.

Most neurons (but not all of them) communicate by action potentials (" spikes”).

Flgu re: Spike train.
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Neurons

Neurons are electrically active cells where electric currents are produced by ions transfer.

Most neurons (but not all of them) communicate by action potentials (" spikes”).
Spike trains contain "a" "neural code”.

Two main descriptions:

o Firing rates (frequency of spikes within a small time interval) = first part of the talk.

e Individual spikes = second part of the talk.
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Neuronal networks are usually submitted to external, non stationary,
entries (sensory stimuli, interactions between brain areas, ...)
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How to compute the response of a neuronal network to a time dependent
stimulus ?
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How to compute the response of a neuronal network to a time dependent
stimulus ?
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How to compute the response of a reuronal-retwork dynamical system to
a time dependent stimttas perturbation ?
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From firing rate neurons dynamics to linear response.
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From firing rate neurons dynamics to linear
response.
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From firing rate neurons dynamics to linear response.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dV

**V+Z Vi(t))+eSi(t); i=1...N.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dV

**V+Z Vi(t))+eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dV

**V+Z Vi(t))+eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;

o Jij, (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);
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From firing rate neurons dynamics to linear response.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

avi
dt

N
=-Vi+ Y Jif(Vj(t) +eSi(t); i=1...N.
j=1

] V;(t), membrane potential of neuron i at time t;
o Jij (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);
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From firing rate neurons dynamics to linear response.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dv 7—V+Z V() +eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;
(oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in

o Jij,
time);
@ f(x), transfer function (sigmoid) with gain g, e.g.
Fx)= 1+tan2h(g><)) ;
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dVv;
dt

:—V+Z V() +eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;

o Jij (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);

@ f(x), transfer function (sigmoid) with gain g, e.g.

1-+tanh
F(x) = +tan (gx));
2
1
g=0.5 ——
92 ——
0.8
0.6
e
04
0.2
0
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From firing rate neurons dynamics to linear response.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dV

**V+Z Vi(t))+eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;
o Jij, (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);

@ f(x), transfer function (sigmoid) with gain g, e.g.

Fx)= 1+tan2h(g><)) ;

@ S;(t), time dependent stimulus applied to neuron i;
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Continuous time.

dV

**V+Z Vi(t))+eSi(t); i=1...N.

] V;(t), membrane potential of neuron i at time t;

o Jij, (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);
@ f(x), transfer function (sigmoid) with gain g, e.g.
1+tanh
F(x) = + an2 (gx));

@ S;(t), time dependent stimulus applied to neuron i;

@ &> 0, small parameter.
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From firing rate neurons dynamics to linear response.
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Amari-Wilson-Cowan Model

Amari, 1972; Wilson-Cowan,1972
Discrete time.

N
Vi(t+1) =Y Jf(Vj(t))+eSi(t); i=1...N.
j=1

] V;(t), membrane potential of neuron i at time t;

o Jij, (oriented) synaptic weight from presynaptic neuron j to post synaptic neuron i (does not evolve in
time);
@ f(x), transfer function (sigmoid) with gain g, e.g.
1+tanh
F(x) = + an2 (gx));

@ S;(t), time dependent stimulus applied to neuron i;

@ &> 0, small parameter.
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From firing rate neurons dynamics to linear response.
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Vector form.

V= (Vv );\’:1, state vector;

=( S );Vzl, stimulus vector;

[N

=( Jj ):{\3:1' matrix of synaptic weights

e 6 6 o
N

f(V), vector ( f(V;) ),N:1

Continuous time.

v - oy g
i -V + 7.f(V)+eS(t),
E(V)
Discrete time. . . o
V(t+1)= _7.f(V(t))+eS(t).
-
G(V(1)

Neuronal Network Models
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From firing rate neurons dynamics to linear response.
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The 3 "regions” of the sigmoid transfer function

Effect of f(x) = m%h(gx)), g > 1, on a time varying signal.

Amplification/Expansion

H!/'

A
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From firing rate neurons dynamics to linear response.
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The 3 "regions” of the sigmoid transfer function

Effect of f(x) = m%h(gx)), g > 1, on a time varying signal.

Saturation/Contraction

juis
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From firing rate neurons dynamics to linear response.
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Contractive regime

Spontane0u§ dynamics. If g is small enough, spontaneous dynamics is contractive = there exists a unique stable
fixed point V* attracting all trajectories.
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From firing rate neurons dynamics to linear response.
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Contractive regime

Spontaneous dynamics. If g is small enough, spontaneous dynamics is contractive = there exists a unique stable
fixed point V* attracting all trajectories.

Time dependent perturbation V=v* +3V.

Continuous time.

Sv(t) ~£/t PP (79 3(6yds — e [+ S]()
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From firing rate neurons dynamics to linear response.
0000®0000000000000000

Contractive regime

Spontaneou§ dynamics. If g is small enough, spontaneous dynamics is contractive = there exists a unique stable
fixed point V* attracting all trajectories.

Time dependent perturbation V= +3V.

Discrete time.

SV(t)~e tf DGe;f’l.g(r):s[x*S](t)
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From firing rate neurons dynamics to linear response.
00000@000000000000000

Susceptibility and resonances

Linear response

V=V*4+4V =
3V(e) ~elx+S1(1)
Fourier transform.

5V(0) = £2(0) 5(0)

Complex susceptibility
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From firing rate neurons dynamics to linear response.
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Susceptibility and resonances

Resonances

Linear response

V=V*4+4V =

SV(t) ~e[x*S](t) 5

. 2

Fourier transform. x (@) a
10

5V (0) = £3(0).5(0) :

Complex susceptibility
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Susceptibility and resonances

Resonances

Linear response
V=V43V =

SV(t) ~e[x*S](t) 5
Fourier transform. kO

10

5V (0) = £3(0).5(0) :

Complex susceptibility

Il
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From firing rate neurons dynamics to linear response.
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Susceptibility and resonances

Resonances

Linear response
V=V*+6V =
SV(t) ~e[x*S](t) 5

2%
. " (@
Fourier transform. x (@) a

10

5V (0) = £3(0).5(0) :

Complex susceptibility

Complex poles of the susceptibility give resonances in the
real frequency domain

@ Real part of the pole = maximum of the
resonance.

@ Imaginary part of the pole = width of the
resonance.
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From firing rate neurons dynamics to linear response.
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The "neural” interpretation of resonances

Discrete time model

V(t+1) = 7.f(V(t))+eS(t).

-
G(V(1)
#(6) = DY,
f(x)= H—tanfh(gx)); f'(x) = % (17 tanhZ(gx))

DGy, =g 7 NV*); Aj(V*)=F'(V})5;

i

it Z HJ“/“/ 1 Hf(v‘v 1

7 () 1=1
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From firing rate neurons dynamics to linear response.
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The "neural” interpretation of resonances

Discrete time model

V(t+1) = 7.f(V(t))+eS(t).

-
G(V(1)
#(6) = DY,
f(x)= H—tanfh(gx)); f'(x) = % (17 tanhZ(gx))

DGy =g £ NV AV =F/(V}) 8y

it Z HJ“/“/ 1 Hf(v‘v 1

7 () 1=1
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From firing rate neurons dynamics to linear response.
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The "neural”

0000000000

interpretation of resonances

Discrete time model

V(t+1)= 7.

Fx) = 1+tan2h(gx)) ;

DGy, =g 7 NV*);

f'(x) = % (17 tanhZ(gx))

NG (V) =F(V)) 8

it Z HJ“/“/ 1 Hf(v‘v 1

7 () 1=1
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The "neural”

From firing rate neurons dynamics to linear response.
000000®00000000000000

interpretation of resonances

Discrete time model

V(t+1) = 7.f(V(t))+eS(t).

1+tanh(gx)) .

f(x)= 3 f'(x) = % (17tanh2(gx))

DGy, =g 7 NV*); Aj(V*)=F'(V})5;

!
it Z HJ“/“/ 1 Hf(v‘v 1
i (t)/=1

Resonances are constructed via interactions of state
dependent neural pathways.

Bruno Cessac
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From firing rate neurons dynamics to linear response.
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Beyond the contractive regime

Discrete time model

V(t+1)= 7.f(V(t)
N
G(V(1))
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From firing rate neurons dynamics to linear response.
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Beyond the contractive regime

Discrete time model

(R
G(V(1)
f(x)= Hmnfh(gx)); f'(x) = % (l—tanhz(gx)>

DGy =g £ NV AG(V) =F/(V}) 8y

The stability of V* is controlled by g and the spectrum
of 7
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Beyond the contractive regime

Discrete time model

(R
G(V(1)
f(x)= Hmnfh(gx)); f'(x) = % (l—tanhz(gx)>

DGy, =g 7 NV*); Aj(V*)=F'(V})5;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %)
(7 does not evolve in time.)
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From firing rate neurons dynamics to linear response.
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Beyond the contractive regime

Discrete time model

N——
G(V(1))
F(x) = Hta"fh(gx)); £ =& (1-tani(ex) Circular law

DGy, =g 7 NV*); Aj(V*)=F'(V})5;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %) 0 ' . ‘

(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993. F|gu r€: From https:
//mathworld.wolfram.com/GirkosCircularLaw.htm
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Beyond the contractive regime

Discrete time model

N——
G(V(1))
F(x) = Hta"fh(gx)); £ =& (1-tani(ex) Circular law

DGy, =g 7 NV*); Aj(V*)=F'(V})5;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %) 0 ' . ‘

(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993. F|gu r€: From https:
//mathworld.wolfram.com/GirkosCircularLaw.htm

As g increases the stable fixed destabilizes (generically)
by a Hopf bifurcation.
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Beyond the contractive regime

Discrete time model

V(t+1)= 7.F(V(1)

-
G(V(1))
Transition to chaos
f(x)= Hmnfh(gx)); f'(x) = % (l—tanhz(gx)> "
) ) m(t)= 5 ¥ Vi()
DGy =g 7 NV"); U(V )=f'( Vi) §; j=1

The stability of V* is controlled by g and the spectrum
of 7. g=1, Fixed point.

Take # a random matrix, indep. entries, .4(0, %)
(7 does not evolve in time.) anf ]

The spectral density is know Girko, 1985; Edelman, 1993.

As g increases the stable fixed destabilizes (generically) v
by a Hopf bifurcation.
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From firing rate neurons dynamics to linear response.
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Beyond the contractive regime

Discrete time model L.
Transition to chaos

V(t+1)= 7.F(V(1)

1 N
~—— m(t)= — V;
H70) © ’Vj)::l i
f(x):Hmnfh(gx)); ,«r(x)zg(l,tanhz(gx)>

DGy =g f NV Aj(V7)=F(V])8; ]

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %)
(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993.

As g increases the stable fixed destabilizes (generically)
by a Hopf bifurcation.
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Beyond the contractive regime

Discrete time model

V(t+1)= 7.F(V(1)

(R
G(V(1)
f(x)= Hmnfh(gx)); f'(x) = % (l—tanhz(gx)>

DGy =g f NV*); Aj(V*)=F'(V})§;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %)
(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993.

As g increases the stable fixed destabilizes (generically)
by a Hopf bifurcation.

When g increases, there is a transition to chaos by
quasi-periodicity (Ruelle-Takens, 81).
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Beyond the contractive regime

Discrete time model L.
Transition to chaos

V(e+1)= 7 F(V(1) L
— m()= 5 ¥ Vi()
G(V(1)) =i

f(x)= 71+tan2h(gx)); f'(x) = % (1— tanhz(gx)>
DGy, =g 7/ AV Aj(VY) = F(V})§;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4'(0 L )
(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993

As g increases the stable fixed destabilizes (generically)
by a Hopf bifurcation.

When g increases, there is a transition to chaos by

quasi-periodicity (Ruelle-Takens, 81).
Linear Respons Neuronal Network Models
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Beyond the contractive regime

Discrete time model

Transition to chaos

V(t+1)= 7.F(V(1)

1 N
——— m = — V:
G(V(t) ) ’ng‘l i)
Flx) = Hmnfh(gx)); F(x) = % (1- tank(0))

DGy =g f NV*); Aj(V*)=F'(V})§;

The stability of V* is controlled by g and the spectrum
of 7

Take # a random matrix, indep. entries, .4(0, %)
(7 does not evolve in time.)

The spectral density is know Girko, 1985; Edelman, 1993.

As g increases the stable fixed destabilizes (generically) 3
by a Hopf bifurcation.

ohe? S ,/‘“’« VALY PR
When g increases, there is a transition to chaos by : 8 .
quasi-periodicity (Ruelle-Takens, 81).
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From firing rate neurons dynamics to linear response.
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Linear response in the chaotic regime

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006)
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From firing rate neurons dynamics to linear response.
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Linear response in the chaotic regime

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006)

Geometric representation

y

Bruno Cessac Linear Response in Neuronal Network Models




From firing rate neurons dynamics to linear response.

00000000 e000000000000

Linear response in the chaotic regime

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006)

Geometric representation

y
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From firing rate neurons dynamics to linear response.

00000000 e000000000000

Linear response in the chaotic regime

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006)

Geometric representation
Time dependent perturbation
V(e+1)=6(V(1), V'(e+1)=6( V(1)) +eS(t)
V(tg) = V'(tg): V()= V'(t)-V(t),t > 1o
8V(tg+1) = V'(tg+1)— V(tg+1) = £5(tg)

8V(to+2) = G (V(to+1)+€S(t0) ) +£3(t0 +1)— G(V(t0+1))

SV(tp+2)=¢ [Dcwtoﬂ),é(m)ﬁ(m+1)] +e27(to +1)

t—1
SV(t)= DGE T 1 5 2R
(t) Ef:):ro Vi) S (D TER(E)

y
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From firing rate neurons dynamics to linear response.
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Time dependent perturbation

Contractive case

t—1
\/ t—7+1
8V(t)=¢e) (DFy.) .S(7) +€%R(t)
=ty
" Cdntrolléd
¢=IN=8
005 by the spectrum B
of DFy, .
0,101 i
Tl i
E
vl ———— |
g0t =
0251 i
a1
0 50 100
L 1 ! | 1 1
025 020 015 00 0065 00
iy
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From firing rate neurons dynamics to linear response.
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Time dependent perturbation

Chaotic regime

t—1
SV(t) = DGt Tl S 2R
oV(t) sT;to erD) 5(t)+€R(t)

T
¢35,1,0.158

0,00~

m(ta1)

1,50

2 )
2,00 1,50 1,00 050 0,00 050
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From firing rate neurons dynamics to linear response.
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Time dependent perturbation

Chaotic reglme Linear response vs chaotic

SV(t)=¢ Z DGy T 5(1) +e2R(t) Butterfly effect
Van Kampen objection

0,50 —

000k Expansive

Positive Lyapunov exponent

m(ta1)

o E A |
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From firing rate neurons dynamics to linear response.
0000000000e0000000000

Time dependent perturbation

Chaotic regime Linear response vs chaotic

Butterfly effect
Van Kampen objection

Temporal diagram
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From firing rate neurons dynamics to linear response.
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The Sinai-Ruelle-Bowen measure

Time averaging is robust to perturbation.
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From firing rate neurons dynamics to linear response.
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The Sinai-Ruelle-Bowen measure

Time averaging is robust to perturbation.

W Lebesgue measure on the phase-space .Z .

pZ lim Gtu;, SRB measure
t—rtoo
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From firing rate neurons dynamics to linear response.
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The Sinai-Ruelle-Bowen measure

Time averaging is robust to perturbation.

L e o e L 200, R
Tll_n?oo?;d)(G (V) = lim —;CD(G (V+46V))

W Lebesgue measure on the phase-space .Z .

pZ lim Gtu;, SRB measure
t—rtoo
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From firing rate neurons dynamics to linear response.
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The Sinai-Ruelle-Bowen measure

Time averaging is robust to perturbation.

L e o e L 200, R
Tll_n?oo?;d)(G (V) = lim —;CD(G (V+46V))

W Lebesgue measure on the phase-space .Z .

pZ lim Gtu;, SRB measure
t—rtoo

lim ;; o[y =2* //D(\?)u(d\?) — (0)..

Natural notion of averaging "on" the attractor.
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Gibbs distributions

@ Equilibrium stat. phys. (Max. Entropy Principle).

@ Non equ. stat. phys. Onsager theory.
@ Ergodic theory.

w

s Bt
I thTmG 1y, SRB measure

The Sinai-Ruelle-Bowen measure is a Gibbs
measure
H(V)= —Iogdetn{i/DG‘-/

where Y is the local projection on the unstable
manifold.

Attractor




Out of equilibrium SRB state

Out of equilibrium SRB state
D. Ruelle, J. Stat. Phys., 1998

@ Equilibrium stat. phys. (Max. Entropy Principle).
@ Non equ. stat. phys. Onsager theory.
@ Ergodic theory.

wo. . Attractor
pu= lim G'u;, SRB measure
t—+oo

. 1L 2t o] HL_3S
m 3 Eolerw]

[, o)
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Out of equilibrium SRB state
D. Ruelle, J. Stat. Phys., 1998

@ Equilibrium stat. phys. (Max. Entropy Principle).
@ Non equ. stat. phys. Onsager theory.
@ Ergodic theory.

woo. =t
=1 s RB
n Jim G'uy, SRB measure

. 1 Sp, o] ML as. = =
fim 7 R[] [ ouav) Atractor

@ Non eq. SRB

= lim Gl...G/_
He= Tm Gt---GrnHL

(@)= [ o(VIue(a?)
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Out of equilibrium SRB state
D. Ruelle, J. Stat. Phys., 1998

@ Equilibrium stat. phys. (Max. Entropy Principle).
@ Non equ. stat. phys. Onsager theory.
@ Ergodic theory.

woo. =t
=1 s RB
n Jim G'uy, SRB measure

T T Attractor

. 1 T =t o] HL_2S - -
lim 71)::1¢[Gf(V)] 2 /j{d)(V)u(dV)
@ Non eq. SRB

= lim Gl...G/_
He= Tm Gt---GrnHL

(@)= [ o(VIue(a?)




Out of equilibrium SRB state

Out of equilibrium SRB state
D. Ruelle, J. Stat. Phys., 1998

@ Equilibrium stat. phys. (Max. Entropy Principle).
@ Non equ. stat. phys. Onsager theory.
@ Ergodic theory.

wo Gt
u= thmG Ly, SRB measure

i 3 Lo (€] [ oy

@ Non eq. SRB Attractor

He=p+Sp= lim Gi..Ginu

t—1
Sulo]=e ¥ /p(dV) DY T 13(0). Yy, ) ®+O(e? )
T=—o00

t-1 . .
P = 710G " |®
Seu[®] ST:Z:,W<K15t 7-10° ‘ >eq




From firing rate neurons dynamics to linear response.
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Out of equilibrium SRB state

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).
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From firing rate neurons dynamics to linear response.
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Out of equilibrium SRB state

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).

@ In this case there is a linear response theory for
chaotic systems.

@ Onsager theory, Fluctuation-dissipation relation.
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From firing rate neurons dynamics to linear response.
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Out of equilibrium SRB state

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).

In this case there is a linear response theory for
chaotic systems.

Onsager theory, Fluctuation-dissipation relation.

Can be violated for non uniformly hyperbolic
systems (e.g. the logistic map, Ruelle, 2005).

®© 6606 o

This violation can be evidenced numerically (e.g.
Cessac, Nonlinearity, 2007; Gottwald et al, 2016).

4
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Out of equilibrium SRB state

Is our model unif. hyperbolic ?

DGy =g 7 NV); Aj(V)=F(V})8;

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).

In this case there is a linear response theory for
chaotic systems.

Onsager theory, Fluctuation-dissipation relation.

Can be violated for non uniformly hyperbolic
systems (e.g. the logistic map, Ruelle, 2005).

®© 6606 o

This violation can be evidenced numerically (e.g.
Cessac, Nonlinearity, 2007; Gottwald et al, 2016).
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Out of equilibrium SRB state
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DGy =g/ NV) Aj(V)=F(V))5;

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).

In this case there is a linear response theory for
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systems (e.g. the logistic map, Ruelle, 2005).
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Out of equilibrium SRB state

Is our model unif. hyperbolic ?

DGy =g/ NV) Aj(V)=F(V))5;

Brief sketch

@ The out of equilibrium SRB state is well defined
for uniformly hyperbolic dynamical systems
(Ruelle, 1998).

In this case there is a linear response theory for
chaotic systems.

Onsager theory, Fluctuation-dissipation relation.

Can be violated for non uniformly hyperbolic
systems (e.g. the logistic map, Ruelle, 2005).

®© 6606 o

This violation can be evidenced numerically (e.g.
Cessac, Nonlinearity, 2007; Gottwald et al, 2016).
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Don't know.
Let's try and see.
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From firing rate neurons dynamics to linear response.
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Linear response in the firing rate neural network

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006); B. Cessac Chaos (2019)

Convolution

t—1 .
Sule]=¢ Y. /p.(dV)DG‘E/’f’IS(r).VV(FPl)d)
o

o(V)=V

M[\‘/]:s x(t—1—1).5(z) + O(e2) =[x + S]; (t)

T=—oc0

x(t7171):<D@‘g;rf1>eq
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Linear response in the firing rate neural network

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006); B. Cessac Chaos (2019)

Convolution

t-1 .
Sulol=¢ Y. /u(dV)DG‘E/’f’IS(r).VV(t ®
e

o(V)=V

M[\‘/]:e x(t—1—1).5(t) + O(e2) =[x + S]; (t)

T=—oco

2Wt—1-1)= <DG‘E/’T’1>

eq

xij(t) = Ly(0) i1 Ik, <Hf:1 (Vi (1= 1))>eq
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From firing rate neurons dynamics to linear response.
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Linear response in the firing rate neural network

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006); B. Cessac Chaos (2019)
Convolution Linear response

t—1
Su[e]=¢ Y //_L(dV) DG T E(0). ¥y, ) ®
T=—o00"

V)=V

-

t—

5m[\7]:8 x(t—1—1).3(7) + O(e2) =[x + S]; (t)

‘ 2ij(t) = Ly iy kg kg Ty f’(VEFl )
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From firing rate neurons dynamics to linear response.
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Linear response in the firing rate neural network

B. Cessac, J.A. Sepulchre, PRE (2004); Chaos (2006); Physica D (2006); B. Cessac Chaos (2019)

Convolution

Linear response
k122
S V) DE 1 T bl T
su[o]=c ¥ l/p.(dV)DG‘E/’f’ 3.1y ® /‘w»‘f s
[ - :
o(V)=V “{“ by f
F =l T
[ V] =e ¥ 1).5(t) + 0 s /1 A
= t—1-1). + = *S5];(t { \ ]
e [V]=e ¥ a(t-r-1)3(0)+0(?) =elx+S; () h M
x(t—1-1)= <DG‘E/’T’1> k¥ : by f
bl =0 kﬁﬁ

Zij(t) = Ly(0) i1 Ik, <Hf:1 (Vi (1= 1))>eq
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From firing rate neurons dynamics to linear response.
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Numerical computation

Complex susceptibility

f iot
= e

t=—o0

Consider two perturbations, €cos(wt)é; and —esin(wt)é where €;, is the
canonical basis vector in direction j and denote V1), V(@ the
corresponding perturbed dynamics.

Ergodic average

. 1 & o .
23(@) = fim_ 2o ¥ e [V +iv()]
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From firing rate neurons dynamics to linear response.
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Resonances

Ruelle resonances Perturbations effect

@ The tangent part of the response is a correlation
function = Green-Kubo relation.

Attractor
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From firing rate neurons dynamics to linear response.
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Resonances

Perturbations effect

Ruelle resonances

Power spectrum

@ The tangent part of the response is a correlation
function = Green-Kubo relation.

@ Ruelle-Pollicott resonances: In the power h ' '
spectrum. Absolutely continuous part of the SRB
measure. Do not depend on the observable
(spectrum of the Ruelle-Perron-Frobenius
operator).
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From firing rate neurons dynamics to linear response.
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Resonances

Rl rcemEEEs Perturbations effect
@ The tangent part of the response is a correlation
function = Green-Kubo relation.

@ Ruelle-Pollicott resonances: In the power
spectrum. Absolutely continuous part of the SRB
measure. Do not depend on the observable
(spectrum of the Ruelle-Perron-Frobenius
operator).

@ The transverse part (which does not exist in
conservative systems) is not a correlation
function.

Attractor
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From firing rate neurons dynamics to linear response.
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Resonances

Perturbations effect
Ruelle resonances Comp|ex Susceptibility

@ The tangent part of the response is a correlation
function = Green-Kubo relation.

@ Ruelle-Pollicott resonances: In the power
spectrum. Absolutely continuous part of the SRB
measure. Do not depend on the observable
(spectrum of the Ruelle-Perron-Frobenius
operator).

@ The transverse part (which does not exist in
conservative systems) is not a correlation
function.
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From firing rate neurons dynamics to linear response.
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Resonances

Ruelle resonances

The tangent part of the response is a correlation
function = Green-Kubo relation.

Ruelle-Pollicott resonances: In the power
spectrum. Absolutely continuous part of the SRB
measure. Do not depend on the observable
(spectrum of the Ruelle-Perron-Frobenius
operator).

The transverse part (which does not exist in
conservative systems) is not a correlation
function.

Exotic resonances. Not in the power spectrum.
Singular part of the SRB measure.

Predicted by D. Ruelle (J. Stat. Phys, 1999)

Exhibited (numerically) in B. Cessac, J.A.
Sepulchre, PRE, 2004.

Bruno Cessac

Perturbations effect
Complex susceptibility
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Connectivity matrix

1 345 6 7 8

Response matrix
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From firing rate neurons dynamics to linear response.
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Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Amplitude modulation

@ Fix a resonant frequency ay.

@ Define a slow amplitude modulation signal

Si(t) = cos(wp t) sin(awp t)

where @y, corresponds to a very long period.

, N B .
Zjl@)=_lim o t);o elot-1) [Vi(l)(t)+l v ()

Can we recover the signal "hidden” in the chaotic background ?
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From firing rate neurons dynamics to linear response.
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Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Amplitude modulation
@ Fix a resonant frequency wp.
@ Define a slow amplitude modulation signal
Si(t) = cos(wpy t) sin(wp t)

where @y, corresponds to a very long period.

1 T-1
Zj(w)= _lim = ¥ el 1)[

T+ TE =

'0+ivP )]

Can we recover the signal "hidden” in the chaotic background ?

Bruno Cessac

Linear Respons

Effective connectivity

7->3,0<0.57
029710, e=10°T=10°
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From firing rate neurons dynamics to linear response.
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Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Amplitude modulation

@ Fix a resonant frequency wp.

@ Define a slow amplitude modulation signal

Si(t) = cos(wpy t) sin(wp t)

where @y, corresponds to a very long period.

2j(0) = _lim ir)il o [V () +iv ()
v T+ TE =

Can we recover the signal "hidden” in the chaotic background ?

Bruno Cessac Linear Respons

Effective connectivity
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From firing rate neurons dynamics to linear response.
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Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Amplitude modulation

@ Fix a resonant frequency wp.

@ Define a slow amplitude modulation signal

Si(t) = cos(wy t) sin(wp t)

where @y corresponds to a very long period.

N . 1 T’l,- — 1 (2
2(0) = Tll)n‘:*wﬁ tgl)e ey [V"( )(t)+’vf( )(t)}

Can we recover the signal "hidden” in the chaotic background ?

Bruno Cessac

Effective connectivity

Structural connectivity

Linear Respons
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From firing rate neurons dynamics to linear response.
0000000000000000000e0

Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Effective connectivity

. . Correlation connectivit;
Amplitude modulation Y

@ Fix a resonant frequency wp.

@ Define a slow amplitude modulation signal
Si(t) = cos(wy t) sin(wp t)

where @y, corresponds to a very long period.

S ; 1 e 1 L2
Zj(0) = fim E‘oe ety [V,-( V() +ivP(e)

Can we recover the signal "hidden” in the chaotic background ?
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From firing rate neurons dynamics to linear response.
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Signal propagation by amplitude modulation

B. Cessac, J.A. Sepulchre, Chaos (2006);

Effective connectivity

. . Causal connectivit;
Amplitude modulation Y

@ Fix a resonant frequency wp.

@ Define a slow amplitude modulation signal
Si(t) = cos(wy t) sin(wp t)

where @y, corresponds to a very long period.

S ; 1 e 1 L2
Zj(0) = fim E‘oe ety [V,-( V() +ivP(e)

Can we recover the signal "hidden” in the chaotic background ?

We have 3 different notions of connectivity
which do not coincide.
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From firing rate neurons dynamics to linear response.
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Linear response theory

Gibbs like distributions

e o060

Equilibrium stat. phys.
Non equilibrium stat. phys. Onsager theory.
Green-Kubo relations.

Ergodic theory for " chaotic” systems. SRB
measure.

Non equilibrium SRB state.

Bruno Cessac

Linear Response i
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From firing rate neurons dynamics to linear response.
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Linear response theory

Firing rate model
Gibbs like distributions

@ Linear response is possible in a chaotic neural
@ Equilibrium stat. phys.

network.
@ Non equilibrium stat. phys. Onsager theory. @ Convolution kernel depending on synaptic graph
@ Green-Kubo relations. and dynamics.
@ Ergodic theory for " chaotic’ systems. SRB @ The response graph is different from the synaptic
measure. weights graph and depends on the stimulus.
@ Non equilibrium SRB state. @ Further steps in Onsager theory ? Transport of

entropy ? Information current ?

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
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From spiking neurons dynamics to linear response.
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An Integrate and Fire neural network model with chemical
and electric synapses

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Y
Vk(t) /\/\/j
‘/T'ES 7
A f

we(n) [0[0]1]0[0]oJo[t[o[o]1]o}




An Integrate and Fire neural network model with chemical

and electric synapses

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

0 Spikes
@ \Voltage dynamics is time-continuous.
Vk(t) Spikes are time-discrete events (time resolution
A >0).
D e [na, (n+1)A[
V; . :
res |

=
w(n)=1

(n) [oo1[o[o[oofx[ofo]1]o]




An Integrate and Fire neural network model with chemical

and electric synapses

MEeuren number

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Spikes

Voltage dynamics is time-continuous.

Spikes are time-discrete events (time resolution
A>0).

Spike state wy(n) €0,1.




An Integrate and Fire neural network model with chemical

and electric synapses

MEeuren number

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Spikes

Voltage dynamics is time-continuous.

Spikes are time-discrete events (time resolution
A>0).

Spike state wy(n) €0,1.
Spike pattern ®(n).




An Integrate and Fire neural network model with chemical

and electric synapses

MEeuren number

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Spikes

Voltage dynamics is time-continuous.

Spikes are time-discrete events (time resolution
A>0).

Spike state wy(n) €0,1.
Spike pattern ®(n).
Spike block @/,.




A conductance-based Integrate and Fire model

M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)
R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak




tance-based Integrate and Fire model

M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

Synapses

S

https://ib.bioninja.com.au/options/
option-a-neurobiology-and/a5-neuropharmacology/
synaptic-transmission.html
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tance-based Integrate and Fire model

M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)
R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model Synapses

Sub-threshold dynamics:

dV
Cthk =—g1k(Vk —EL)
N

Leak

PP




M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model
Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

Synapses

pse

tance-based Integrate and Fire model
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81 (t) = g1 (t;) + Grjoui (t — t;)

t>t




M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

Synapses

pse

tance-based Integrate and Fire model
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o
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o

gii(t) = Gij Y. ayj(t— f,(n))
n>0




M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

Synapses

tance-based Integrate and Fire model

Q\X\‘f

pse

gyj(t,0) = Gy; g,oakj(t’ nA)wj(n)




M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

—):,gkj(ta’)(vk -E)
J

—_—
Synapses

Synapses

tance-based Integrate and Fire model

Q\X\‘f

pse

gyj(t,0) = Gy; g,oakj(t’ nA)wj(n)




M. Rudolph, A. Destexhe, Neural Comput. 2006, (GIF model)

R.Cofré, B. Cessac, Chaos, Solitons and Fractals, 2013

Model

Sub-threshold dynamics:

dV,
Cthk =—g1k(Vk —EpL)
N

Leak

—):,gkj(ta’)(vk -E)
J

—_—
Synapses

+ Sk(t) +op &k(t)
— N

Stimulus Noise

Synapses

tance-based Integrate and Fire model

Q\X\‘f

pse

gyj(t,0) = Gy; g,oakj(t’ nA)wj(n)




A conductance-based Integrate and Fire model

Sub-threshold dynamics:

dV, .
Ck Ttk +ek (t,0) Vi =ik(t,0)

def
Wij = CiiEj

oy (t, @) = gbakj(t—né)wj(n)

ik (t,0) =g kEL + Y Wigauj(t,0)+ Si(t) +op &(t)
—— —— ——
Leak N———— Stimulus Noise

Synapses



A conductance-based Integrate and Fire model

Sub-threshold dynamics:

dv .
Ck Ttk +ek (t,0) Vi =ik(t,0)

@ Linearin V.
@ Spike history-dependent.



A conductance-based Integrate and Fire model

Dynamics integration

1 rt
o & b auwo)d

if t € [ty, 7 (t,0)];
0,otherwise.

Sub-threshold dynamics:
Tk(t1,t,0) = {

dv .
Ck Ttk +ek (t,0) Vi =ik(t,0)

@ Linearin V.
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A conductance-based Integrate and Fire model

Variable length Markov chain
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Markov chains and Gibbs distribution

Markov chain: P [a)(n)
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From spiking neurons dynamics to linear response.
000000@0000000

Gibbs distribution

Potential

n
Gibbs like distributions ulonop o] = o L ¢ (of-0)
Equilibrium stat. phys.
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Markov chains.
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Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021

GIF model without stimulus =stationary Gibbs distribution.

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021

GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.

Bruno Cessac Linear Response in N nal Network Models




From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021

GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.

How is the average of an observable f(w,t) affected by the stimulus ?

nal Network Models

Bruno Cessac Linear Response in N




From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021

GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.

How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021
GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.
How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

1 [tzul
Kk,f(t*tl):a Y bR | f(e-1,), »

r=—oo

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021
GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.
How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

[t-t1] V..
K (t—t1) = ?}k Yy P f@*ﬁw%ijﬁrf - ))
I — —o0 ’

History dependence.

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021
GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.
How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

&)
('")) re(0.r—1.)

Pk
Top(r—1,.

[t-11]
M(t-n)= & L <@ |\f(t—t1,.)

r=—oo

History dependence, observable

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021
GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.
How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

e e,y
Mr(t-t) = rc cloP) | f(t—1t1,.) er(o,r—l,.)

History dependence, observable, network dynamics

Bruno Cessac Linear Response in Neuronal Network Models



From spiking neurons dynamics to linear response.
0000000e000000

Response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory, Entropy, 2021
GIF model without stimulus =stationary Gibbs distribution.

time-dependent stimulus S(t) =non stationary Gibbs distribution.
How is the average of an observable f(w,t) affected by the stimulus ?

If S is weak enough: S [f(t)] =[Kkr«S](t) , (linear response).

[t-t1] p (1)(r..)
ka(t—tl)zcik y Cp) f(t—tl‘.),%rk(o,r—l,.)

r=—co

History dependence, (spontaneous) correlation between observable and network dynamics

Bruno Cessac Linear Response in Neuronal Network Models
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Collective spike response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory,
Entropy, 2021
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Collective spike response to stimuli

B. Cessac, A. Ampuero, R. Cofré, Linear response for spiking neuronal networks with unbounded memory,
Entropy, 2021
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From spiking neurons dynamics to linear response.
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Collective spike response to stimuli
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Entropy, 2021

Correlation variations
are triggered by the
stimulus, but they are
constrained by the
network dynamics.

Variation in the correlation Cy 15(t,t+2)
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From spiking neurons dynamics to linear response.
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Firing rates

Computations have been done using the INRIA Pranas software, B. Cessac et al, Frontiers in Neuroinformatics,
2017.
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FIgU €’ Linear response of f(w,n) = wy (n) for different values of stimulus amplitude A.
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From spiking neurons dynamics to linear response.
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Higher order observable

Computations have been done using the INRIA Pranas software, B. Cessac et al, Frontiers in Neuroinformatics,
2017.

i)

Flgu € Linear response of the observable f(n, ®) = @y _o(n—3)awy. (n).
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From spiking neurons dynamics to linear response.
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Range of validity

Computations have been done using the INRIA Pranas software, B. Cessac et al, Frontiers in Neuroinformatics,
2017.
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FIgU re: (2 distance between the curves §u(1) [£(n)], 8u(HC1) [f(n)] and the empirical curve, as a function of
the stimulus amplitude A. Left panel show distance between rate curves and right panel distance between pairwise
observable with delay.
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From spiking neurons dynamics to linear response.
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Main conclusions

@ Linear response in a spiking neural network.
@ Convolution kernel depending on synaptic graph and dynamics.

@ Link with receptive fields for sensory neurons ?
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General conclusion

Gibbs like distributions

@ Equilibrium stat. phys.
Non equilibrium stat. phys. Onsager theory.
Green-Kubo relations.

Ergodic theory for " chaotic” systems. SRB
measure.

Non equilibrium SRB state.

Markov chains.

Chains with complete connections - infinite
memory (Left Interval Specification).
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measure.

Non equilibrium SRB state.
Markov chains.

Chains with complete connections - infinite
memory (Left Interval Specification).
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Extensions

The framework of Gibbs distributions, in a very wide
sense, provides a useful way of studying the response of
neuronal networks to non stationary stimuli from the
knowledge of spontaneous dynamics.

@ Analysis of experimental neural data (see e.g
https://team.inria.fr/biovision/
macular-software/).

@ Handling non linear effects = computing higher
order terms might not be efficient from a
practical purpose.

@ Extend the Gallavotti-Ruelle idea of currents
associated to entropy production to information
fluxes in neuronal networks.
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