N
N

N

HAL

open science

On The Complexity of Maximizing Temporal
Reachability via Trip Temporalisation

Filippo Brunelli, Pierluigi Crescenzi, Laurent Viennot

» To cite this version:

Filippo Brunelli, Pierluigi Crescenzi, Laurent Viennot. On The Complexity of Maximizing Temporal
Reachability via Trip Temporalisation. Networks, 2022, pp.27. 10.1002/net.22123 . hal-03430099

HAL Id: hal-03430099
https://inria.hal.science/hal-03430099

Submitted on 16 Nov 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-03430099
https://hal.archives-ouvertes.fr

On The Complexity of Maximizing Temporal Reachability via Trip
Temporalisation

Filippo Brunelli!, Pierluigi Crescenzi?, and Laurent Viennot!

Tnria, Université de Paris, CNRS, IRIF, F-75013 Paris, France, suported by ANR project
Multimod ANR-17-CE22-0016.
2Gran Sasso Science Institute, I-67100 L’Aquila, Italy

November 16, 2021

Abstract

We consider the problem of assigning appearing times to the edges of a digraph in order
to maximize the (average) temporal reachability between pairs of nodes. Motivated by the
application to public transit networks, where edges cannot be scheduled independently one of
another, we consider the setting where the edges are grouped into certain walks (called trips) in
the digraph and where assigning the appearing time to the first edge of a trip forces the appearing
times of the subsequent edges. In this setting, we show that, quite surprisingly, it is NP-complete
to decide whether there exists an assignment of times connecting a given pair of nodes. This
result allows us to prove that the problem of maximising the temporal reachability cannot be
approximated within a factor better than some polynomial term in the size of the graph. We
thus focus on the case where, for each pair of nodes, there exists an assignment of times such
that one node is reachable from the other. We call this property strong temporalisability. It
is a very natural assumption for the application to public transit networks. On the negative
side, the problem of maximising the temporal reachability remains hard to approximate within
a factor y/n/12 in that setting. Moreover, we show the existence of collections of trips that are
strongly temporalisable but for which any assignment of starting times to the trips connects
at most an O(1/4/n) fraction of all pairs of nodes. On the positive side, we show that there
must exist an assignment of times that connects a constant fraction of all pairs in the strongly
temporalisable and symmetric case, that is, when the set of trips to be scheduled is such that,
for each trip, there is a symmetric trip visiting the same nodes in reverse order.

Keywords:edge labeling edge scheduled network network optimisation temporal graph tem-
poral path temporal reachability time assignment

1 Introduction

A typical question that has been considered in the literature in the field of network optimization
consists in finding the graph modification which maximises or minimises a specific optimisation
criterion (often connected to the notion of reachability and distance between nodes). For example,
one well studied problem has been the following one: given a graph and given a budget k, find a
set of k edges, which, when added to the graph, minimise the diameter of the new graph (see, for
example, [1, 16, [19]). Other graph operations that have been studied are node or edge deletions (see,



for example, [31] and [29], respectively) or edge contractions (see, for example, [21]), while other
optimisation criteria are reachability, that is, the number of pairs of nodes (u,v) such that u can
reach v (see, for example, [12]), information diffusion, that is, the number of nodes reachable from
a specific set of source nodes (see, for example, [I3]), or centrality measures, such as the closeness
and the betweenness centrality of a node (see, for example, [I4] and [5], respectively).

In this paper, we study a network optimisation problem which is related to the notion of
reachability in temporal graphs (see Section [[.3]for similar problems). Temporal graphs (also called
edge-scheduled networks [6], dynamic graphs [24], temporal networks [28], evolving graphs [7],
time-stamped graphs [11]-, time-varying graphs [9], link streams [30], or point-availability time-
dependent networks [§]) have received increasing attention over the last two decades [206] 27, [32] [36].
Indeed, they have been repeatedly used in order to study classical notions from the field of graph
theory (such as degree, path, connectivity, clique, and so on) in a more realistic framework, in
which the topology of the graph changes over time. As stated in [30], studying temporal graphs
has applications in a wide variety of contexts, ranging from phone calls to contact tracing, from
cattle exchanges to messaging, from communication traffic to public transport systems. In one of
its formulations (which is the one we adopt in this paper), a temporal graph is a list of temporal
edges (u,v,t,\), where u and v are two nodes of the graph, ¢ is the appearing time of the temporal
edge, and A is its travel time (that is, we can traverse the edge starting from u at time ¢ and arrive
in v at time ¢t + A\, which is the arrival time of the temporal edge).

In our network optimisation problem, the graph operation will allow us to transform a weighted
directed graph (in which the weight of an edge has to be interpreted as its travel time) into a
temporal graph (see below), while the optimisation criterion will be the temporal reachability of a
temporal graph, that is, the number of pairs of nodes u and v such that v is temporally reachable
from u. Note that, in temporal graphs, a (temporal) path, differently from the notion of walk in
graphs, requires a natural temporal constraint: that is, the appearing time of an edge in the path
has to be at least equal to the arrival time of the edge which precedes it in the path. This additional
constraint makes the computation of the nodes reachable from a node a little bit more complicated
than in the case of graphs, but still doable in time O(m), where m is the number of temporal edges
and the notation O hides poly-logarithmic factors (see, for example, [39]). Note that we do not put
any constraint on how long it is possible to wait at a node in-between two temporal edges, as these
further constraints can dramatically change the complexity of such temporal path computation [10].

In order to introduce our network optimisation problem, let us first consider a simplified version
of it, in which the graph operation is the edge temporalisation (a similar problem has been considered
in [23], where unweighted undirected multigraphs are considered and the graph operation is called
labeling). Given a weighted directed multigraph D, this operation simply assigns to each edge
(u,v,A) of D an appearing time ¢, making it a temporal edge (u, v,t,\). For example, the weighted
directed multigraph D could represent the connections between airports of an air company, where
the weight of an edge could represent the duration of the corresponding flight (multiple edges
between two nodes could correspond to multiple flights between the two corresponding cities). An
edge temporalisation of D would then correspond to an assignment of the leaving time of each flight,
and the goal would be to connect as many pairs of cities as possible (clearly, other optimisation
criteria would be interesting for this application, such as minimizing the average duration of all
indirect connections, but guaranteeing a high reachability of the network seems to be a basic
prerequisite). As an example, let us consider the weighted directed multigraph D shown in the left
part of Figure [Il In the middle and right parts of the figure, we show two edge temporalisations



Figure 1: A weighted directed multigraph D (left), and two edge temporalisations of D (middle
and right), which differ only for the appearing times of the two edges from y to w (the edge labels
denote the appearing time and the travel time, respectively, of the edge). The temporal reachability
of the first temporal graph is 15, while the temporal reachability of the second temporal graph is
13.

of D, which differ only for the appearing times assigned to the two edges from y to w. In the
temporalisation in the middle part of the figure, the edge (y,w, 1) has been assigned the appearing
time 1, while the edge (y,w,2) has been assigned the appearing time 7. The opposite assignment
has been used, instead, by the edge temporalisation in the right part of the figure.

Note that, in the temporal graph in the middle part of the figure, node x can reach nodes x, v,
and w, while nodes y, w, and z can reach all nodes: the temporal reachability, in this case, is equal
to 34+ 3 x 4 = 15. In the temporal graph in the right part of the figure, instead, the situation is
similar for all nodes but y. Indeed, node x can reach nodes x, ¥y, and w, node y can reach nodes y
and w, and nodes w and z can reach all nodes: the temporal reachability, in this case, is equal to
3+ 24 2 x4 =13, thus showing that the first edge temporalisation is better than the second one.

A natural network optimisation problem, based on edge temporalisation and temporal reachabil-
ity, is then the following one: given a weighted directed multigraph D, find an edge temporalisation
of D which maximises the temporal reachability of the resulting temporal graph. For example,
in the case of the weighted directed multigraph shown in the left part of Figure [Il it is easy to
verify that the edge temporalisation shown in the middle part of the figure is an optimal one. Note
that in [23], it is proved that deciding whether the maximum temporal reachability is equal to the
square of the number of nodes is a NP-complete problem, in the setting of unweighted undirected
multigraphs.

1.1 The maximum reachability trip temporalisation problem

Our network optimisation problem is mostly inspired by the fact that, in some real-world appli-
cations such as public transport systems, the edges of the weighted directed multigraph can be
“used” more than one time (for example, by several vehicles) and they are not “independent”, in
the sense that an appearing time cannot be assigned to an “instance” of an edge independently
of the appearing time assigned to “instances” of other edges. For example, in the case of a public
transport system, the “instances” of the edges are grouped in “trips”, where each trip is a sequence
of edges forming a walk in the weighted directed multigraph, corresponding to the journey of a
vehicle. When several vehicles travel along the same walk, we assume that a distinct trip is asso-
ciated to each one of them. We also assume that the waiting time at a stop is negligible and that
scheduling a vehicle amounts to assigning an appearing time to the first edge of the corresponding



Figure 2: An example of a weighted directed multigraph D (left) and a collection of trips on D
(right), where each starting node of a trip has a colored border. The edge (vg,v7,1) of D is “used”
by both the green dashed trip 75 and the red dotted trip 75. The duration of the blue solid trip T3
is 5, while the duration of the other two trips is 4. No trip temporalisation exists such that both
vg is reachable from vy and vy is reachable from vs in the induced temporal graph.

trip, since all the other appearing times are a consequence of it: indeed, each edge of the trip
appears right after the arrival of the previous one. More precisely, given a trip T = eq,..., e,
where, for i € [k‘] e = (u,v;, A;), assigning a starting time ¢ to T results in the set of temporal
edges f; = (ug,vi, t + Z;;ll Aj, Ai), for i € [k‘]E

The graph operation that we will consider is, then, the trip temporalisation. Given a weighted
directed multigraph D and a collection of trips on D (that is, a collection of not necessarily
distinct walks in D), this operation simply assigns to each trip a starting time. The temporal
graph induced by a trip temporalisation is the temporal graph whose set of nodes is the same
as the set of nodes of D, and whose set of temporal edges is the disjoint union of all the tem-
poral edges resulting from the assignment of the starting times to the trips in the input collec-
tion. For example, let us consider the weighted directed multigraph D shown in the left part
of Figure 2l and the following collection of trips on D (depicted in the right part of the figure):
Ty = (v1,v9, 1), (va,v3,2), (v3,v4,2) (blue solid trip), Ts = (va,vs,1), (vs,ve, 1), (ve, v7, 1), (v7,v2, 1)
(green dashed trip), and T5 = (vs, v, 1), (vg, v7, 1), (v7,v8,2) (red dotted trip). Note how the edge
(vg, v7,1) is “used” by two different trips (that is, 75 and T3): this might correspond to two different
vehicles travelling through this edge. Note also that there is no trip temporalisation such that both
vg is reachable from v; and vy is reachable from vs in the induced temporal graph. Indeed, if vg is
reachable from v1, then the starting time assigned to 77 has to be smaller than the starting time
assigned to T3, while if vy is reachable from v, then the starting time assigned to T3 has to be
smaller than the starting time assigned to 7T7: these two inequalities cannot be both satisfied. Let
us consider the trip temporalisation which assigns to 77 the starting time 1, to T, the starting time
6, and to T3 the starting time 10 (this trip temporalisation intuitively corresponds to scheduling
the three trips one after the other). The temporal graph induced by this trip temporalisation is
shown in Figure Bl In this temporal graph, the node v; can reach all nodes but node vs, while
node vy can reach only nodes vy, vy, and vg. The reachability of this temporal graph is equal to
30. On the other hand, it is possible to verify that the trip temporalisation which assigns to 73 the
starting time 9, to T3 the starting time 5, and to 735 the starting time 1 induces a temporal graph
whose reachability is 32 (see also Table 2] at page [0)).

The network optimisation problem, called MAXIMUM REACHABILITY TRIP TEMPORALISATION
(in short, MRTT), that we will analyse in this paper is, hence, the following one: given a weighted
directed multigraph D and a collection of trips T on D, find a trip temporalisation of T which

n the following, for any h € N, we denote by [h] the set {1,2,...,h}.
2As it is standard, we assume that the summation with no summands evaluates to zero.
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Figure 3: The temporal graph induced by the following temporalisation of the trips depicted in the
right part of Figure 2} the starting time of 77 is 1, of 75 is 6, and of T3 is 10.

mazimises the reachability of the induced temporal graph. Note that MRTT is a generalisation of
the the network optimisation problem based on the edge temporalisation: indeed, the latter one
corresponds to the case in which the trip collection is just the collection of all edges in D.

1.2 Our results

Our results are summarised in Table[I, where two other combinatorial problems are also considered.
The first decision problem, denoted by 020-RTT, is the one-to-one version of the MRTT problem,
in which the question is whether a trip temporalisation exists making one given node ¢ temporally
reachable from another given node s. The second maximisation problem, denoted by SS-MRTT, is
the single-source version of the MRTT problem, in which the question is to find a trip temporalisation
maximising the number of nodes temporally reachable from a given source node s.

Note that, although we assume negligible waiting times in the sense that edges of a trip must
be scheduled one right after the other, our results can be generalized in a setting where, for each
pair of consecutive edges of a trip, a fixed waiting time is imposed. The reason is similar to the fact
that we can restrict ourselves to a setting where all travel times are 1 as explained in the Section 21

Quite surprisingly, our first result (see Theorem [I]) shows that the 020-RTT problem is NP-
complete. Using a classical gap technique, we then obtain that if P # NP, then the MRTT and
the SS-MRTT problems cannot be approzimated within a factor n'=¢ for any € > 0, where n is the
number of nodes (see Theorems 2 and [B). We also show that the parameterised version of the
020-RTT problem with respect to the number k of trips used in the resulting temporal graph, in
order to go from s to t, can be solved in time 2°®)m log |T| where m = > reT |T| is the sum of
trip lengths (see Theorem [l).

The above non-approximability results are the main reason for focusing our attention on an
interesting restriction of the MRTT problem, that is, the one in which the collection of trips T
satisfies the very natural property of being “temporally” strongly connected in the following sense.
A collection of trips T is strongly temporalisable if, for each pair of nodes v and v, there exists a trip
temporalisation of T that allows u to (temporally) reach v. Note that this requirement is a rather
weak one, since we are not asking for a unique trip temporalisation, but for a trip temporalisation
for each pair of nodes (indeed, this is a requirement which is satisfied in many applications of
temporal graphs). We first show that the strong temporalisability property is not sufficient to get
high reachability. To this aim, we prove that there exists an infinite family of trip collections, all



Maximisation problems

Problem H Complexity
MRTT Not approximable within a factor n!=¢ for any ¢ > 0 (Theorem
SS-MRTT and Theorem [3)

Decision problems

Problem H Complexity

O20-RTT NP-complete (Theorem [)
k-020-RTT || Solvable in time 2°®)m log |T| (Theorem H)

Property
H Problem Strongly temporalisable ‘ Strongly temporalisable and symmetric
020-RTT Linear-time solvable (trivial)

MRTT Not approximable within NP-hard (Theorem []) and r-approxi-

a factor less than y/n/12 mable for some r > 0 (Theorem [

S MRTT Th d Linear-time solvable (consequence of
(Theorems [6] and [7]) Fact 4)

Table 1: Our results assuming P # NP (n denotes the number of nodes, m = ) .. |T'| denotes the
sum of trip lengths and k& denotes the number of trips that can be used in a temporal path). The
approximability results are obtained by proving that we can get a high temporal reachability (that
is, a temporal reachability proportional to the total number of pairs of nodes). A further result is
Theorem [l which intuitively states that the strong temporalisability property is not sufficient to
get high reachability. The table leaves as the main open problem the question whether the MRTT
and the SS-MRTT problems are approximable within a sub-linear factor, when restricted to strongly
temporalisable collections of trips.

strongly temporalisable, such that any trip temporalisation connects at most an O(1/y/n) fraction
of all pairs (see Theorem [)). By using this construction, we then show that if P # NP, then the
MRTT and the SS-MRTT problems cannot be approximated within a factor less than \/n/12, when
restricted to strongly temporalisable trip networks (see Theorems [6] and [7]).

However, the situation changes if we add another quite natural property of a trip collection,
that is, symmetricity. A trip collection T is symmetric if, for each trip T € T, T includes also the
reverse trip, that is, the trip starting from the last node of T', arriving in the first node of 7', and
passing through all the nodes in T in reverse order. For example, referring to public transport
systems, symmetricity is almost always respected, since for any bus/metro/tramway trip, there is
usually also the same bus/metro/tramway trip in the opposite direction. It is quite easy to show
that, if the collection of trips T is symmetric, then T is strongly temporalisable if and only if the
weighted directed multigraph D is strongly connected (see Corollary [I).

We show that the MRTT problem is NP-hard even if restricted to symmetric and strongly tempo-
ralisable collection of trips (see Theorem ). However, our final result shows that, given a symmetric
and strongly temporalisable collection of trips, it is possible to find in polynomial time a trip tempo-
ralisation achieving a reachability proportional to the total number of pairs (see Theorem []). This
implies the existence of a constant-factor approximation algorithm in the symmetric and strongly
temporalisable setting.



All our hardness results are proved starting from the 3-SAT problem, which is NP-complete [22].
Moreover, it is easy to show that the decision and maximisation problems we consider are in NP
or in NPO (that is, the class of NP optimisations problems [3]), respectively. Indeed, given an
instance of the problem and a trip temporalisation, checking that a node t is reachable from a node
s in the induced temporal graph can be done in polynomial time (see, for example, [39]).

1.3 Related work

Problems similar to the one considered in this paper have already been analysed [28 33, [13] [I8],
34, [37, 35]. For instance, in [I8] the authors consider the problem of deleting edges from a given
temporal graph in order to reduce its reachability, motivated by the context of epidemiology. Later
on, the temporal dimension of a temporal network has suggested the following quite natural net-
work modification: given a graph, assign the appearing time of its edges in order to minimise the
reachability of the resulting temporal graph. This problem has been proved NP-complete in [17]
(the authors pose as an open problem the existence of a constant-factor approximation algorithm).
Another closely related work [15] studies the problem of minimising the average reachability (as well
as other similar objectives which could be interesting goals in the context of transport networks) in
a temporal graph by delaying some edges. Various NP-hardness results as well as a polynomial-time
algorithm are given, depending on the type of delay operations that are permitted. The authors
leave as open the complexity of maximising reachability which is similar to our goal.

As far as we know, the trip temporalisation problem has never been studied before. The topic
of temporalising edges to increase reachability is connected to gossip and broadcasting protocols
(see [25] for a survey). However, apart from the already mentioned [23] where the undirected setting
makes the problem slightly different from here, the objective is usually different, that is, minimising
the time for a message to reach all nodes.

2 Preliminary definitions and results

A weighted directed multigraph (or just weighted multidigraph) D = (V, E) consists of a set V of
nodes and a set E C V x V x RT of (weighted) edges (for each edge (u,v,w), we say that u is
the tail, v is the head, and w is the weight of the edge). A walk T in a weighted multidigraph
D = (V,E) from a node u to a node v is a sequence ey, ..., e of edges in E such that, for each i
with 7 € [k — 1], the head of e; is equal to the tail of e;;1, u is the tail of e;, and v is the head of
er. The duration §(T) is defined as the sum of the weights of all the edges of T. A node v is said
to be reachable from a node w in D, if there exists a walk in D from u to v (in the following, we
will assume that a node is reachable from itself).

A trip network is a weighted multidigraph D = (V| E) (also called the underlying multidigraph
of the trip network) along with a collection T = {T1,... ’T|']I‘|} of walks in D (also called trips)ﬁ
In the following, without loss of generality, we will assume that any node in V' and any edge in F

appears in at least one trip in T. Note that the disjoint union of the trips in T defines a weighted
multidigraph M that we call the induced multidigraph of (D, T) (we assume that the edges of M

3Here, the term “collection” is used to mean a multiset, that is, a set in which order is ignored but multiplicity is
significant. The cardinality |A| of a multiset A denotes the sum of the multiplicities of the distinct elements in A: in
our case, |T| denotes the number of (not necessarily distinct) trips in the trip collection T.



have an additional label specifying which trip they belong to, and usually represented in the figures
by means of different line colors and styles).

A temporal graph G = (V,EE) consists of a set V of nodes and a set EC V x V x R x Rt of
temporal edges. Given a temporal edge e = (u,v,t, \), we say that u is the tail, v is the head, t is
the starting time, A > 0 is the travel time, and t + A is the arrival time of e. A temporal path from
a node u to a node v in a temporal graph G is a sequence of temporal edges e, ..., e such that the
tail of e; is u, the head of ey is v, and, for each i € [k — 1], the tail of e;;1 is equal to the head of e;
and the starting time of e; ;1 is at least equal to the arrival time of e; (as travel times are strictly
positive, the path is strict in the sense that the starting time of e;y; is greater than the starting
time of e;, for each i € [k — 1]). A node v is temporally reachable from a node w if there exists a
temporal path from u to v (in the following, we will assume that a node is temporally reachable
from itself). The set of nodes temporally reachable from a node u in G is denoted as R¢(u). The
temporal reachability of a node u in G is defined as |R¢(u)|, while the temporal reachability of G is
defined as }_ .y [Ra(u)|.

Given a trip network (D, T), a temporalisation T of the trip network assigns a real number 7(7)
to each trip 7" in T, indicating the starting time of 7. Such a temporalisation induces the temporal
graph G[D,T, 7| = (V,E) defined as follows. For each T' = eq,...,e; in T, with e¢; = (u;, v;, w;),
E contains the temporal edges (u;,v;, 7(T") + Z;_:ll wj,w;): we say that these temporal edges are
induced by T (with respect to the temporalisation 7). A node v is said to be 7-reachable from
a node u if v € Rein,T A (u). The T-reachability of a node u is the temporal reachability of u in
G[D, T, 7], and the T-reachability of the trip network is the temporal reachability of G[D, T, 7]. Our
main optimisation problem is the following one.

MAXIMUM REACHABILITY TRIP TEMPORALISATION (MRTT). Given a trip network (D, T),
find a temporalisation 7 of the trip network which maximises its 7-reachability.

We will also study the restriction of the MRTT problem to the case in which, for each pair of
nodes, there exists a temporalisation allowing to reach one from the other. More precisely, given
a trip network (D, T) and two nodes s and ¢, (D, T) is said to be (s,t)-temporalisable if there
exists a temporalisation 7 of (D, T) such that t is 7-reachable from s, and it is said to be strongly
temporalisable if, for any two nodes s and ¢, (D, T) is (s, t)-temporalisable. Moreover, we will also
consider symmetric trip networks in the following sense. We say that a trip network (D,T) is
symmetric if all trips in T can be grouped into disjoint pairs (7','\) such that '\ is the reverse of T’
(T and '\ are two distinct trips in T): T visits the same nodes as T', but in reverse order.

We will often refer to a particular kind of temporalisations. Given a trip network (D, T), a
schedule of the trip network is an ordering of the trips in T. Note that a schedule S immediately
induces a temporalisation 7g of the trip network defined as follows. If S = Ti,...,T] | then

75(Th) = 0 and 75(T41) = 23-:1 0(Tj), for i € [|T| — 1]. A node v is said to be S-reachable from a
node w if it is 7g-reachable. The S-reachability of the trip network is defined as its Tg-reachability
(see Table 2l where, for any possible schedule S, we indicate the S-reachability of the trip network
shown in Figure [2]).

Fact 1 Let (D, T) be a trip network and S be a schedule of (D, T). Let C be a weighted multidigraph
obtained starting from D by arbitrarily modifying only the weights of the edges of D. The S-
reachability of (D, T) is equal to the S-reachability of (C,T).



|| T17T27T3 | T13T37T2 | T23T17T3 | T27T37T1 | T33T17T2 | T33T27T1 ||

U1 V\ {vs} V\ {vs,vs} {v1,v2,v3,04} | {v1,v2,v3,v4} V\ {vs,vs} {v1,v2,v3, 04}

V2 V\{’Ul,’05} V\{vl,v5,vg} V\{vl,v5} V\{vl,v5} V\{’Ul,’U5,’Ug} V\{’Ul,’U5,’Ug}

V3 V\{’Ul,’Ug,} V\{’Ul,’l}5,’Ug} V\{’Ul,’l}5} V\{’Ul,’l}5} V\{’Ul,’Ug,,’Ug} V\{’Ul,’l)g,,’l)g}

vs || {vs,v6,v7,u8} | V \{vi,v3,04} | {vs,v6,v7,08} | {vs,v6,v7,08} | V\ {v1,v3,04} V A\ {u}

ve || {v2,ve, v7,v8} | {v2,v6, 07,08} | {v2,v6, 07,08} V\{vi,v5} {v2,v6,v7, v} V\ {vi,v5}
v7 {v2,v7,v8} {v2,v7,v8} V A\ {v1,v5,06} | V \ {v1,v5,v6} {va2,v7,v8} V\ {v1,v6,v5}
| 30 | 28 | 29 | 31 | 28 | 32 |

Table 2: The possible schedules of the trip network of Figure 2l For each schedule S and for each
source node v, the corresponding cell shows the set of nodes S-reachable from v (the last row shows
the value of the S-reachability). Note that in the underling multidigraph of the trip network the
number of pairs of nodes u and v such that v is reachable from wu is equal to 38.

Proof. The fact simply follows from the fact that a temporal path in G[D, T, 5] is also a temporal
path in G[C,T,7s], since edges of different trips cannot be interleaved inside a temporal path
obtained through a schedule, where all edges of a trip T are assigned smaller starting times than
all edges of the trips scheduled after T. 0

For the sake of simplicity and without loss of generality, in the following we will present our
results by referring to trip networks in which the weight of all edges are equal to 1: indeed, as a
consequence of Fact [Il all our results will apply to general trip networks as well (either because
they are hardness results or because the lower bounds on the temporal reachability are obtained
by referring to schedules). Under this assumption, a trip 7; = (ug, u1,1),. .., (uk—1,ug, 1) will also
be indicated as T; = (ug,...,ug). Note, however, that, in general, the maximum 7-reachability
obtainable through a temporalisation can be higher than the maximum S-reachability obtainable
through a schedule (see, for example, Figure M), and that the presence of weights can, in general,
increase the maximum 7-reachability of a trip network (see, for example, Figure [0).

Figure 4: An example of a trip network (D,T), where the underlying digraph D is depicted on
the left (all edges have weight 1, so that D is a simple digraph) and T (depicted in the induced
multidigraph on the right) contains the trips 77 = (v, vs3,v5) (blue solid trip) and Ty = (vy, v3, v4)
(red dotted trip), such that the maximum 7-reachability obtainable through a temporalisation is
higher than the maximum S-reachability obtainable through a schedule. Indeed, the two possible
schedules both achieve a reachability equal to 12, while a temporalisation that assign the same
starting time to 77 and T, achieves a reachability equal to 13 (which is also the number of pairs of
nodes u and v such that v is reachable from u in the underlying digraph).
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Figure 5: An example of a trip network (D, T), where the underlying digraph D is depicted on the
left and T contains the three trips (depicted on the right) T} (blue solid trip), T (green dashed trip),
and T3 (red dotted trip), such that the presence of weights can increase the maximum 7-reachability
obtainable through a temporalisation. Indeed, if all weights are equal to 1, no temporalisation 7
can make the four nodes vy, vg, vg, and vyg all 7-reachable from the three nodes vq, vo, and ws:
hence, for any temporalisation 7, the 7-reachability is less than the number R of pairs of nodes u
and v such that v is reachable from w in D. On the contrary, if the edge from v, to vs has weight 3,
then there exists a temporalisation whose reachability is equal to R (such a temporalisation assigns
1 to the trips T and T5, and 2 to T3).

3 The maximum reachability trip temporalisation problem

We first consider the following one-to-one version of the MRTT problem, called ONE-T0-ONE
REACHABILITY TRIP TEMPORALISATION (in short, 020-RTT): given a trip network (D, T) and
two nodes s and ¢, is (D, T) (s,t)-temporalisable? Quite surprisingly, even this restricted version
of the MRTT problem seems to be difficult to be solved in polynomial time.

Theorem 1 The 020-RTT problem is NP-complete.

Proof. We reduce in polynomial time 3-SAT to 020-RTT. Let us consider a 3-SAT formula ®, with
n variables x1,...,x, and m clauses ci,...,¢,. We first define the directed graph D = (V| E) as
the union of the following gadgets.

Intermediate and final nodes. V contains two nodes v,4+1 and wy,41.

Variable gadgets (see Figure [fl(a)). For each variable z; with ¢ € [n], let p; be the number
of clauses that contains the literal x;, and n; the number of clauses that contains the literal —x;
(without loss of generality, we may assume that both p; and n; are positive numbers). Then,
V contains the following p; + n; + 1 nodes: wv;, f,.. P Lt ,t'". Moreover, E contains the

following p; +n; +2 directed edges: (v;, f), (f] ,fh+1) for h € [p;—1], (f7*,vit1), (vi,t}) (t?,t?ﬂ)
for h € [n; — 1], and ()", vi11).

Clause gadgets (see Figure [6(b)). For each clause ¢; with j € [m], V contains the following

four nodes: wj,lj,l?,l?’ Moreover, E contains the following six edges: (wj,l;‘) and (l] ,Wjt1), for
h e [3].

Variable-clause edge. E contains the edge (v,41,w1).
Clause-variable edges (see Figure [6(c)). For each clause ¢; with j € [m], for each variable z;

with ¢ € [n], for h € [3], and for k € [n;], E contains the edge (l?,tf) if the h-th literal of ¢; is

—z; and c¢; is the k-th clause in which the literal —z; occurs. Analogously, for each clause ¢; with
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Figure 6: The reduction from 3-SAT to 020-RTT. The variable gadget (a) corresponding to the
variable z; (p; is the number of clauses that contains the literal z;, while n; is the number of clauses
that contains the literal —x;), the clause gadget (b) corresponding to the clause c¢;, and the trip
network (c) corresponding to the 3-SAT formula (21 VoV —x3) A (-1 VasVes)A(—xyV-xeV-xs)
(the trips in red, blue, and green are the three trips corresponding to the first clause (solid edges),
to the second clause (dashed edges), and to the third clause (dotted edges), and each black edge
forms a trip of length one).

J € [m], for each variable x; with ¢ € [n], for h € [3], and for k € [p;], E contains the edge (l;?, i)
if the h-th literal of ¢; is z; and ¢; is the k-th clause in which the literal x; occurs.

We now define the trip collection T on D. For each clause ¢; with j € [m] and for h € [3], T
contains the trip (wj, 18tk oFy, if (1" %) € E and of is defined as the unique out-neighbour of ¢¥

YRR RRE 7Y

(that is, of = tf“ if k < n;, and of = v; 11 if k = n;), and the trip <wj,l§?, ko), if (l?,ff) ek

i
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and of is defined as the unique out-neighbour of ff (that is, of = j"ikJr1 if £ < p;, and of = Vit
if k = p;). Each of the other 2n + 3m + 1 edges, that are not yet included in a trip, forms a
one-edge trip. Figure [6(c) shows an example of the reduction in the case of the Boolean formula
(l‘l V xo V —|333) AN (—|l‘1 V x2 V l‘3) A (—|l‘1 V —x9 V —|l‘3).

Let 7 be a temporalisation of the trip network (D, T) and let G = G[D, T, 7] be the temporal
graph induced by 7. Note that, each edge in D belongs to exactly one trip in T, which means that,
for each edge e € F, there is exactly one temporal edge in G with the same head and tail of e. Note
also that, due to the topology of D, if wy,+1 € Rg(v1), then the first part of the temporal path P
from vy to w41 consists in moving from v; to v,41 by passing, for each ¢ € [n], through the node
v; and either through the nodes til, ..., t;" or through the nodes fil, ..., J'. The second part of the
temporal path P consists in moving from v, 1 to w; and, then, from w; to wy,11 by passing, for
each j € [m], through the node w; and exactly one /;-node. Indeed, we can assume that P does not
go back from a [;-node to a variable node to which it is connected, since otherwise P should have
to pass again through the edge (vy,41,w1), contradicting the fact that, as observed above, there is
only one temporal edge in GG corresponding to this edge. Moreover, if P uses a temporal edge with
tail w; and head l?, for some h € [3], and if (l?, tk) € F (respectively, (l;?, fF) € E), for some i € [n]
and k € [n;] (respectively, k € [p;]), then P must have passed, in its first part, through the f;-nodes
(respectively, t;-nodes) corresponding to the variable x;. Otherwise, as P is a temporal path, the
edge outgoing tf (respectively, flk) with head of would have an appearing time smaller than that
of (wj, l?), contradicting the fact that 7 is a temporalisation of the trip (wj;, l?, th oF) (respectively,
<wj7 l?) fkv Of»

Let us now prove that (D, T) is (v1,wy,+1)-temporalisable if and only if there exists an as-
signment « to the variables that satisfies the Boolean formula ®. Let us first suppose that
(D, T) is (vi,wm1)-temporalisable, that is, there exists a temporalisation 7 of (D, T) such that
W1 € Ra(v1), where G = G[D, T, 7] is the temporal graph induced by 7. Let P be a temporal
path from v; to wy,4+1 in G. For each variable x; with i € [n], we set a(z;) = TRUE if and only if
P passes through the t;-nodes corresponding to ;. We now prove that any clause c;, with j € [m],
is satisfied by «a. Let l? , for some h € [3], be the node which P goes to, when moving from wj;. If

(l?,ff) € E (respectively, (l?,tf) € E), for some i € [n] and k € [p;] (respectively, k € [n;]), then
the h-th literal of ¢; is x; (respectively, —z;), and, because of the previous observations, P passes
through the ¢;-nodes (respectively, f;-nodes) corresponding to x;: this implies that a(x;) = TRUE
(respectively, a(x;) = FALSE) and, hence, that the clause ¢; is satisfied.

Let us now suppose that there exists an assignment « to the variables that satisfies the formula
®, and let us consider the following walk P in D, which starts from v; and arrives in wy,+1. The
first part of P arrives at v,y1 and consists in moving from v; to v;+1, for i € [n], by passing
through the ¢;-nodes (respectively, f;-nodes) corresponding to x;, if a(z;) = TRUE (respectively,
a(z;) = FALSE). We know that, for each clause ¢; with j € [m], at least one literal of ¢; is
satisfied: suppose that the first such literal is the hj-th one, for some h; € [3]. Note that the
choice of h; implies that the first part of P does not use any edge of the trip 1" containing the edge
(¢, l?j ): indeed, if the corresponding literal is x; (respectively, —x;), T goes through the f;-nodes
(respectively, t;-nodes), while P goes through the ¢;-nodes (respectively, f;-nodes) as a(z;) = TRUE
(respectively, a(x;) = FALSE). The second part of P starts from v,,11, moves to wy, arrives at wy,+1,
and consists in moving from w; to wj41, for j € [m], by passing through the node l?j . Because of
the definition of T and the choice of hq, ..., Ay, each edge of P belongs to a different trip in T. We
can then consider a schedule S of (D, T) in which the trips corresponding to the edges in P are
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scheduled in the same order as they appear in P itself. The walk P thus induces a temporal path
in G[D, T, 7g] from vy to wy,41. Thus, (D,T) is (s,t)-temporalisable and the theorem has been
proved. 0

Note that, as a consequence of its proof, the above theorem holds even with the following
restrictions: the in-degree and the out-degree of the nodes in D are bounded by 3, and T contains
only simple trips (that is, trips that do not pass through the same node more than once), which
are pairwise edge-disjoint.

We are now ready to prove the inapproximability result of the MRTT problem. Note that, given
an instance (D, T) with n nodes, any solution of the problem has a value greater than or equal to
n (since we have assumed that any node is temporally reachable from itself). Since the number of
pairs of nodes is n?, the MRTT problem is trivially n-approximable. The following theorem states
that a better approximation is not achievable, unless P = NP.

Theorem 2 Unless P = NP, the MRTT problem is not r(-)-approximable, for any € € (0,1) and
for any non-decreasing function r in O(n'=¢), where n is the number of nodes.

Proof. The proof makes use of the well-known gap technique (see Section 3.1.4 of [3]). Suppose
by contradiction that there exists a r(-)-approximation algorithm A for the MRTT problem, for
some ¢ € (0,1) and for some function r(n) of the number n of nodes that satisfies r(n) < cnl=¢
for some constant ¢. We will now show that it is possible to exploit such an algorithm in order
to solve in polynomial time the 020-RTT problem, which would imply that P = NP (because of
Theorem [I]). Let us consider an instance (D = (V, E),T),s,t) of the 020-RTT problem, where
V ={s=wv,...,u, = t}. Without loss of generality, we assume that n > ¢+ 1. We define an
instance (D' = (V', E’), T') of MRTT as follows.

o V' =V U{uvpyi:i€[2K]} with K = {(cn)l/g(n + 2)2?]

o B'=EU{(vnti,s), (t, vntxpi) i € (K]}

e T’ is the union of T with all the one-edge trips corresponding to the edges in E' \ E.

Consider an optimal temporalisation 7* of (D', T'): the maximum reachability is thus opt =
Y ey \RG[ D,,T/J*](u)]. Moreover, let « be the value of the reachability achieved by the temporal-
isation computed by the approximation algorithm A with input (D', T'): hence, %;;) <z < opt
where n' =n + 2K.

Let us upper bound opt in the case in which (D, T) is not (s,t)-temporalisable. To this aim,
we upper bound the number of nodes 7’-reachable from each node in V', for any temporalisation

7" of (D', T') (in the following, G’ = G[D’,T’,7'] is the temporal graph induced by 7/).
e R/ (v1)] <n—1 (since t is not 7’-reachable from s = vy).

e For each i € [n — 1], |Rgr(vi+1)| < n+ K (since all nodes vy,4; with ¢ € [K] have in-degree
equal to zero in D').

e For each i € [K], |R¢/(vn4i)] < n (since t is not 7/-reachable from s).
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e For each i € [K], |Rg/(vn+xr+i)| = 1 (since all these nodes have out-degree equal to zero in
D).

Thus, if (D, T) is not (s,t)-temporalisable, we have that z < opt < (n—1)+ (n—1)(n+ K) +
Kn+ K = n? +2nK — 1. On the other hand, if (D, T) is (s,t)-temporalisable, then it is easy to
produce a temporalisation 7/ of (D', T') such that v, x+; € RG[D, T 1 (Un4j), for any i,j € [K].

. . 2
Hence, in this case we have that z > 2% > K-
r(n’) = r(n/)

If we prove that % > n242nK —1, then we have that z > n?+2nK —1 if and only if (D, T) is

(s,t)-temporalisable. This would imply that the 020-RTT problem is solvable in polynomial time,
and the theorem is proved. Let us then show that K? S p2 42K — 1. Since

r(n’)

K2 K2 K2 Kl—l—e

> =
r(n’) = c(n+2K)l-¢ > c(n+2)1=c<Kl=¢  ¢(n+2)1-¢’

2—¢

it is sufficient to prove that K1t¢ > ¢(n42)'~¢n(n+2K). Since, by definition, K > (cn)Y/¢(n+2)™,
that is, K€ > en(n + 2)27¢, we have that K7€ > cnK(n +2)27¢ > en(n + 2K)(n + 2)17¢, and the
proof is completed. 0O

We can state a third hardness result (whose proof is given in the appendix), concerning an
optimisation problem which is, somehow, in between the 020-RTT problem and the MRTT problem,
that is, the following SINGLE SOURCE MAXIMUM REACHABILITY TRIP TEMPORALISATION (in
short, SS-MRTT) problem: given a trip network (D, T) and a node s, find a temporalisation 7 of
(D, T) which maximises the 7-reachability of s. Note that, given an instance of this problem, any
solution has a value greater than or equal to 1. Since the maximum number of nodes temporally
reachable from s is n, we have that the SS-MRTT problem is trivially n-approximable. The following
theorem states that a better approximation is not achievable, unless P = NP.

Theorem 3 Unless P = NP, the SS-MRTT problem is not r(-)-approzimable, for any e € (0,1) and
for any non-decreasing function r in O(n'=¢), where n is the number of nodes.

3.1 Bounding the number of used trips

In this section, we study the 020-RTT problem parameterised by the number of trips needed to go
from the source to the destination.

Given a trip network (D, T), a temporalisation 7 and k € N, anode v is said to be (k, 7)-reachable
from w if there exists a temporal path P in G = G[D, T, 7| from u to v which is composed of edges
induced by at most k different trips in T: let P be the set of such trips. Note that, without loss of
generality, we can suppose that the edges induced by the same trip are contiguous in P. Indeed, if
P =ey,...,ep, let T1 € P be one of the trips that induces e; and let ej, be the last edge in P which
is induced by T7. The temporalisation of 7} induces a temporal path €} = e, €e),...,€]_;, e, =ep
in G. We can then consider the temporal path P’ =¢€/,..., ¢}, ep1,...,€p, which has the property
that all the edges which are induced by T} are contiguous. We can now apply the same argument
by considering the trip 75 € P as one of the trips that induces ej+1, and go on like this until all
the edges induced by each trip considered are contiguous in the final temporal path from u to v.

We now consider the 020-RTT problem parameterised by the number &k of trips used in the
resulting temporal graph, in order to go from s to t. More precisely, given a trip network (D, T),
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a source node s, and a target node ¢, the parameterised problem k-O20-RTT consists in deciding
whether there exists a temporalisation 7 such that v is (k, 7)-reachable from u. By using the color
coding technique developed in [2], we can obtain the following result.

Theorem 4 The k-020-RTT problem can be solved in 20*
the sum of trip lengths.

)m log |T| time where m = > oreT T is

Proof. Let us consider a trip network (D = (V, E),T), a source node s and a target node ¢, and
let M be the induced multidigraph of (D, T). Note that m is also the number of edges in M. We
suppose that for each trip T', we are given the list of its edges in their respective order in T". We also
let V(T') denote the set of nodes appearing in T and write © <7 v when u,v € V(T') and u precedes
vin T. Let x : T — [k] be any color assignment to the trips in T. For i € [k], a (i, x)-path P in M
is a path which is the concatenation of exactly ¢ subtrips of distinct trips in T with pairwise distinct
colors (in the following, x(P) will denote the set of colors “used” by such a path P). Note that the
existence of a (7, x)-path in M from s to ¢ with ¢ € [k] implies the existence of a schedule S such
that t is (k, 7g)-reachable from s: indeed, we can first schedule the i trips of the path in the order
they appear in it, and then the remaining trips of T in any order. In order to test the existence
of a (i,x)-path in M from s to t for ¢ € [k], we can use the dynamic programming technique [4].
For any node v € V, let A, v, ] denote the collection of sets C' of colors for which there exists a
(7, x)-path P in M from s to v such that x(P) = C. Clearly, there exists a (i, x)-path in M from
s to t if and only if A, [t,i] # (. We have that, for any node v € V,

Ao 1] ={{x(T)}: T € TAs <7 v}
Moreover, for any i € [k — 1],

Ayvi+ 1= |J {CU(D)} ru=rvAC e Afu,i] Ax(T) & C}
TeT:weV (T)

= |J {cu{x@m}:cec(mv)Ax(T) ¢ C}
TeT:weV(T)

where C(T',v) = U, <., Ax[u,i]. We can compute A[v,1] for all v € V' by scanning all trips that
contain s. These trips can be obtained in O(m) time by scanning all trips in T. Moreover, we can
execute the above update rule for all v € V' by scanning once each trip 1" € T as follows. We first
set Ayv,i+ 1] := 0 for all v € V. Then, for each trip T, we iterate over the edges of T in their
respective order in T'. For each edge (u,v) of T', we compute C(T,v) = C(T,u) U Ay [u, i] and update
Ayv, i +1] = Ay v, i + 1JU{C U{x(T)} : C € C(T,v) A x(T) & C} (if (u,v) is the first edge of T'
we simply use C(T,v) = Ay[u,i] as u is then the only node preceding v in T"). Note that both the
computation of C(7T,v) and the update of A,[v,i + 1] take O(2*) time since, for any node u € V
and for j € [k], |Ay[u, j]] < 2*. Each update step is thus performed in O(2¥m) time and the whole
computation requires 20(k) 1y time.

Observe now that if there exists a temporalisation of (D, T) such that ¢ is (k, 7)-reachable from
s, then there must exist a color assignment y such that M includes a (i, x)-path from s to ¢ for
some i € [k]. In order to find such a path, we can use an appropriate set of perfect hash functions
from [|T|] to [k]. Indeed, it is possible to design 2°0(%) log |T| hash functions such that any subset of
k trips has image {1,...,k} for at least one function [38]. This implies that any subset of i trips
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has i pairwise distinct colors as image for at least one function as such a set can be completed in a
set of k trips. Each hash function can be coded with O(k+loglog |T|) bits, and can be generated in
O(k3log |T|) time [20]. The number of such functions is O(2¥ log |T|) and their computation takes
20(F) 1og? |T| time. As they can be accessed in O(1) time, testing the coloring obtained through
each function yields a 2°®)mlog |T|-time algorithm for solving the k-020-RTT problem (we use
log |T| = O(|T|) and |T| < m). The theorem is thus proved. 0

4 Strongly temporalisable trip networks

We now switch to strongly temporalisable trip networks where one-to-one reachability is assumed
for all pairs of nodes. This clearly implies that the 020-RTT problem is trivially solvable when
restricted to strongly temporalisable trip networks, since the answer is always yes (actually, one-
to-one reachability is always satisfied under strong temporalisability). On the other hand, we will
prove that both the MRTT and the SS-MRTT problem cannot be approximated within a factor less
than % (unless P = NP). To this aim, we first show that the strong temporalisability by itself is
not enough to ensure the existence of a temporalisation 7 with a 7-reachability which is a constant
fraction of all pairs of nodes.

Theorem 5 For any r > 3, there exists a strongly temporalisable trip network (D,,T,) with n =

72 + 2r nodes, such that any temporalisation T of (D, T,) has T-reachability O(ng)

Proof. We first define the trip network (D, T,) through the gadgets that compose it (see Figure[T]).
We then prove that the trip network is stror}sgly temporalisable and, finally, we prove that, for any
temporalisation 7, the 7-reachability is O(n?2).

Upper gadget VU, EVU, TV. The set VY contains the nodes ci, ..., ¢, and the nodes uq, ..., u,.
These nodes are connected through the following set of directed edges:

EY = {(ciz1,¢) i€ [r =1} U{(ci,ciqa) s i € [r =2} U{(c1,w), (ui, ) i € [r]}.

On this gadget, we have the following collection of trips: TV = {T : i € [r]}, where

TV = (c1, Ui, C2,C1,C3,Cay ..., Cr1y Cr, Cry Cr—1)
(each edge (cit1,¢;) is followed by (c;, ¢it2), see also Figure [l where the upper red solid trip
is TY).
Lower gadget VL, EL, TE, The set V¥ contains the nodes Cr41,---,Cor, and the nodes Iy, ..., [,.
These nodes are connected through the following set of directed edges:

EY = {(crpirtscrri) 10 € [r =1} U{(Crpis crpiva) 11 € [r — 2]}
U{(Cgr_l,li), (li,CQr) 11 € [7’]}

On this gadget, we have the following collection of trips: TX = {T} : i € [r]}, where

L
T’i = <Cr+2a Cr41,Cr43,Cr42,-..,C2r—2,C2p,C2r—1, li7 C2r>

(each edge (¢;4it1,Crti) is followed by (¢p44, Criive), see also Figure [ where the lower red
solid trip is 7).
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Figure 7: An example of a strongly temporalisable trip network, such that any temporalisation can-
not connect a constant fraction of the total pairs of nodes, obtained via the construction described
in the proof of Theorem Bl The two red solid trips, starting from the two red nodes, correspond to
the trip 75 and T, respectively, in the construction (the first time a trip passes through a node
with more than one red outgoing edge, it continues towards the node with the smaller index). The
blue dashed (respectively, violet dotted) trip, starting from the half blue (respectively, violet) node,
corresponds to the trip T 3¢1 (respectively, Tgu) in the construction. Finally, the green solid trip,
starting from the green node, corresponds to the trip 77 in the construction.

Descending gadgets VZ.‘L, E;L, T+. For any i with i € [r], we refer to node u; and I; as di1 and df,
respectively. The set VZ-i contains the nodes d?, . ,d{_l. These nodes are connected among
them and to the previous gadgets through the following set of directed edges:

i L L
By ={(d].d]"):jelr -1}

On this gadget, we have the following collection of trips: T+ = {Tiu, Tf .1 € [r]}, where
TH =T = (u; = d},d2,...,di Y d} = 1))

79 Wi
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see Figure [7l where the blue dashed trip is T and the violet dotted trip is ).
3 3

Ascending gadget et ,TT . This gadget contains the edge e! = (¢,41,¢,), which connects the
lower gadget to the upper gadget, and is also a one-edge trip TT. Note that this gadget does
not introduce any new nodes.

To conclude the definition of the network, we set D, = (V, E) where

v=vluvtulJvt

=1

(note that |V| =27 +2r +r(r —2) =72 + 2r) and

T
E=E"UE"U|JEru{e'},
i=1

and we set
T, =TV uTluT U {TT).

Note that the descending gadgets contain the majority of the nodes in the trip network, and that
it is possible to visit them by entering from the upper nodes and by travelling all the way down
(the second descending trip TZ-U is necessary in order to ensure that the trip network is strongly
temporalisable).

(D,,T,) is strongly temporalisable. In order to ease the reading of the proof let us first define
the following 7 (partial) schedules of the trip networks (D,, TV) and (D,, TL), respectively.

e Schedule SV for i € [r]. This schedule has the purpose of making u; SY-reachable from c;.
The schedule SY consists in having the trips TV scheduled in any order that has TV as the
last one. Starting from c¢,, it is possible to go to ¢,_1 through the edge (¢, c,—1) of the first
trip scheduled, to ¢,_s through the edge (¢,—1,¢,—2) of the second trip scheduled, and so on.
In this way, it is possible to reach c¢; using the first r — 1 trips scheduled. Finally, from ¢y
it is possible to go to w; through the edge (c1,u;) of the trip TZ-U. Note that this also shows
that, for any h, k € [r] with h > k, ¢, is SY-reachable from cj,.

e Schedule SZ-L for ¢ € [r]. This schedule is similar to the previous one, but applied to the lower
gadget. It allows node ¢,11 to be SiL-reachable from [;. The schedule SZ-L consists in having
the trips T” scheduled in any order that has TZ-L as the first one. Starting from I;, it is possible
to go to co, through the edge (I;, ca,) of the trip TZL . At this point, it is possible to reach ¢,
from ¢y by using one edge of each of the remaining » — 1 trips. Note that this also shows
that, for any h,k € [r] with h > k, cg4, is SiL—reachable from cp .

By using the (partial) schedules above, we can now easily show that, for any two nodes u and
v in V, there exists a schedule S such that v is S-reachable from u. These schedules are specified
in Table Bl for each possible pair of nodes. For example, in order to reach dif € V¥ from dﬁll c vt
with Iy < [1, we first schedule the trip T,fl in order to reach I, € V¥, we then use the (partial)
schedule S,% in order to reach c,41, we then schedule the trip T in order to reach ¢,, we then use

18



Destination

H Source c,eVY ug € VU c, € VE I, eVl de e V,jl
ST ifk<h : :
cp € 144 TiU itk>h Sl[cj S{jvaL 7SIL Sllc]lecL
TT -
nl T, ifk=nh
un €V s T T Se TV T T itk h
ST ifk<h
L L pt QU L pt QU 1 L
cp €V Sy, T, ST S, T, S TlL ifk>h T, S#,TT,S]€]7T]€“
lh S VL S}ILJ’TTvs}Lc/ S}IL‘ nf’Téd T I
T SE, T ST T itk #h
TU ifk=h h 2 Ph> PE st
di e v T, Sk, Tt 8Y T, Sk - ;f:# 5 T if k=hand lo > 1
hotho Tk Ty, SE T SY. T ifk=handly <[y

Table 3: The different cases in the proof that the trip network (D,,T,), defined in the proof of
Theorem Bl and illustrated in Figure[7 is strongly temporalisable. For each node u labeling the row
and for each node v labeling the column, the corresponding cell specifies which (partial) schedule
S has to be used in order to guarantee that v is S-reachable from u (the trips that do not appear
can be scheduled in any order).

the (partial) schedule SY in order to reach up, and we finally schedule the trip T}fr to reach dif
(note how, in this case, we need the second descending trip).

Any temporalisation 7 has O(n\/n) T-reachability. Given any temporalisation 7 of the trip
network (D, T,), let Tiﬁ\in be one of the trips with minimum starting time according to 7 among
all the trips in the lower gadget, and let anax be one of the trips with maximum starting time
according to 7 among all the trips in the upper gadget. We will prove the following claim.

Claim 1 For any pair of nodes (dﬁlll,dﬁfz) with 1 < ly,ly < 7, hi,he € [r], hy # h2, and hy #

Tmin V 2 # Tmax, dﬁfz is not T-reachable from dﬁlll.

Note that the number of pairs of nodes satisfying the conditions in the claim is at least (r —
D(r—2)3> (r—1)(r*—6r2) = 4= 7r3 + 612 > r* — 7r3, thus implying that, since n = r+2r, the
r-reachability is at most (r2+2r)2 — (r*—7r3) = rt +4r3 4472 —r4 4+ 773 = 1173 +4r% < 1573, Since
n = r2 + 2r, we have that r < \/n, and that the 7-reachability is at most 15ny/n. The theorem
thus follows.

It thus remains to prove the claim. To this aim, let (dilll,dﬁfz) be such that 1 < I1,ls < r,

hi,hy € [r], h1 # ha, and hy # imin V ha # imax- Note that, since hy # ho, each walk in D, from allhl1

to dthQ has to pass through the nodes l,, ¢,+1, ¢, and uy, in this order. Note also that any walk
from [p,, to ¢,41 contains at least r edges. Since travelling on more than one edge of the same trip in
the lower gadget results in going back towards [, , all the r trips in T’ have to be used in order to
go from lj, to ¢y4+1. As in any temporal path from I, to ¢,11 in G[D,, T,, 7], the starting times of
the temporal edges must increase, this implies that all starting times of trips in TY must be pairwise
distinct and that the trip with the earliest starting time is ThL1 as it is the only one containing the
edge (lp,,cor). If hy # ipmin, then 7 fails to make ¢, T-reachable from Iy, . If ho # imee, & similar
reasoning allows us to show that 7 fails to make uy, reachable from ¢, by considering a temporal
path from ¢, to up, in G[D,, T, 7], and the trips in TY. Hence, hi # imin V ho # imax and hy # ho
implies that 7 fails to make dlh22 T-reachable from dlhll, and the claim is proved. 0
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Figure 8: The reduction from 020-RTT to MRTT used in the proof of Theorem [@] (the edges in D
are not shown, unless they coincide with one of the shown edges). All the edges without arrows
are present in both directions (for instance, both (¢,x2) and (z2,t) are included in the set of edges,
while only (¢, u,—1) is included in the set of edges).

The construction of the trip network (D, T,.) in the proof of the above theorem can be adapted
in order to prove the following inapproximability results for both the MRTT and the SS-MRTT
problem, in the case of strongly temporalisable trip networks.

Theorem 6 Unless P = NP, the MRTT problem cannot be approzimated within a factor less than
NG

5 even if the input trip network is strongly temporalisable.
Proof. As in the proof of Theorem Bl we use the gap technique by reducing in polynomial time
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the 020-RTT decision problem to the MRTT problem. Consider an instance (D = (V, E),T), s, t)
of the 020-RTT problem, where V = {t = z1,...,2, = s} (without loss of generality, we assume
that p > 22). We then define a trip network (D' = (V'  E’),T') as follows (see Figure R). Let
(D, = (V;, E.), T}), with r = p+1, be the trip network constructed in the proof of Theorem [B] (note
that r > 23): in the following, we identify each node x; € V with the node d’. of the last descending
gadget of D, (that is, we consider V = {d} = u, = t,d> = x9,...,dl "2 = 2,9 = 7,_1,d. "} = s}).
Note that I, = d’ is not a node in V.. We then set V/ =V, and
E' = E.U{(d,d): (zi,x;) € EU{(dFd):ier—1]}

YT

U{(’LLZ'_H,UZ') NS [r — 1]} U {(liali+1) 11 € [r — 1]} @] {(ul,cl), (CQr,ll)}

Note that, according to the definition of V' and E’, each trip in T can be considered as a walk in
D’. We then set
T = TUT \{TY, T, TH, T+ U {Ty, T, Ty, },

where Ty, Ty, T4 are the following three trips.

o Ty = (t,up_1,...,u1,C1,t,C2,C1,C3,C,y .., Cr1,Cr_2,Cr, Cr_1) (intuitively, Ty replaces TV : it
first visits ¢ = u,, ..., u1, it then goes to ¢1, and it finally continues exactly as TTU ).

© T = (Cra2yCrals Crad, Cra2y -y Cor—2,Cory Cop—1,lp, Coryl1,lo, ..., 1) (intuitively, Ty replaces
TE: it first starts exactly as T)F, and it then visits Iy, ..., 1,).

o Thy = (s,di7% ... t,d? ..., d"2% s,l,,s) (intuitively, T}, replaces both TH and TTU).
(D', T') is strongly temporalisable (even if (D, T) is not). The proof is similar to the one proving
that (D,,T,) is strongly temporalisable (see the proof of Theorem []). Indeed, whenever h = r or
k = r in Table Bl we can replace T,? or T,g by Ty (respectively, ThL or TkL by 17, and T}fl or Tk“ by
T},) in the schedules included in the table. Since TV (respectively, T.X and TTU) is included in Ty
(respectively, Ty, and T4 ), by doing so we have that all the reachability properties of the table are
still satisfied apart from the last case of the last cell of the table itself, with h = k = r. However,
in this case, for any temporalisation 7, we have that d!2 € V't is 7-reachable from d% € V+ with
I < 11, since we can just use the trip 7% (which allows to go up from d to di2).

If (D, T) is (s,t)-temporalisable, then there exists a temporalisation 7’ of (D', T’) with
7'-reachability at least ((r — 1)r)2. To this aim, first note that, for any temporalisation 7/ of
(D', T"), if 7/(T},) = t/, then the trip T} arrives at [, at time ¢’ + 2r — 3, and terminates in s at
time t' + 2r — 2. If (D, T) is (s,t)-temporalisable, then there exists a temporalisation 7 of (D, T)
such that t is T-reachable from s. Let P be any temporal path in G[D,T, 7] from s to ¢, and let
ts (respectively, t,) be the starting (respectively, arrival) time of P from s (respectively, in ¢). We
then define a temporalisation 7/ of (D', T') as follows. For any T € T, 7/(T') = 7(T). Moreover, for
any h € [r—1], T’(T}fl) =ts—2r+1,and 7/(Ty) = ts — 1 — |T1| = ts — 3r. This allows the trips T}fl
to “meet” the trip 77, in l; at time ¢t; — (r — h) — 1: note that Ty, arrives in [, at time ¢5— 1. Hence,
we set 7/(T4) = ts — 2r + 2 so that T} arrives in [, also at time t; — 1. By using the (last edge
of the) trip T4, and then the path P, we can arrive in ¢ at time t,. By setting 7/(Ty) = ¢, and,
for any h € [r — 1], T’(T}fr) = t, +7 — h, we can arrive at any node df} at time ¢, +r —h+k — 1.
In other words, we have shown that all nodes of the first r — 1 descending gadgets are 7/-reachable
one from the other. That is, the 7/-reachability is at least ((r — 1)r)2.
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If (D, T) is not (s,t)-temporalisable, then the 7'-reachability of any temporalisation
7 of (D', T') is at most 3rn + 7r?(r — 1). Let 7' be a temporalisation of (D’,T’). First note
that 7/ induces a temporalisation 7 of (D, T). Since (D, T) is not (s,t)-temporalisable, we have
that ¢ is not 7-reachable from s. Moreover, since the edge (I, s) is the last edge in the trip T}, it
cannot be used before the other edges in this trip. As a consequence, t is not 7”’-reachable from [,
where 77 is the temporalisation induced by 7/ on (D', T U {T},}). The topology of D’ thus implies
that, for all 4,5 € [r], all temporal paths from /; to u; in G[D',T’, 7] must pass through the nodes
Cory Cor—1, -+, Cri1, the edge (¢41,¢), and the nodes ¢, cr—1,...,¢1 .

Let Tii\in be one of the trips with minimum starting time according to 7/ among all the trips
in the lower gadget (imin, = r if Tp is the only trip with minimum starting time), and let Ifnax
be one of the trips with maximum starting time according to 7/ among all the trips in the upper
gadget (imax = 7 if Ty is the only trip with maximum starting time). Similarly to the proof of
Theorem [, we can then show that there is no temporal path in G[D’,T’,7’] from I; to ¢, for
h € [r] \ {¢min} nor from ¢, to uy for k € [r] \ {imax}. Note that the additional part (co,,l1,...,1)
of Ty, (respectively, (t,u,_1,...,u1,c1) of Ty), compared to TF (respectively, TV ), does not change
the reasoning as it comes at the end (respectively, the beginning) of the trip and, in particular,
after edge (I, car) (respectively, before the edge (¢1,11)).

We can thus similarly conclude that d% is not 7'-reachable from dlhl1 for all hy,he € [r —1]
with hy1 # dmin Or ho # imax and all ly,lo with 1 < I1,lo < r. Note that the situation is different
from the previous construction for i1 = lo = r or I; = Iy = 1 as T, makes d;m = lp, T'-reachable
from dj =y, for hy < hp and that Ty makes al}ll1 = up, 7'-reachable from d}l12 = up, for hy < ha.
Overall, this means that only nodes in

1 r 1 r 1 T
{dh17... h17l17"'717’7017"'7627“7“17"'7u7’7dimax7"'7dimax7dr7"'7dr}

can be 7'-reachable from dﬁlll for hy € [r —1] and I3 € [r]. Thus, the nodes in the first r — 1
descending gadgets have 7/-reachability at most 7r. The other 3r nodes have 7/-reachability at
most n.

The MRTT problem cannot be approximated within a factor less than % We now

/A

prove that any polynomial-time algorithm A solving MRTT with approximation ratio p < 1—; would
allow us to decide in polynomial-time whether (D, T) is (s, t)-temporalisable. As this latter problem
is NP-complete, as stated by Theorem [l this will conclude the proof of the theorem. If (D, T)
is (s,t)-temporalisable, then then there exists a temporalisation of (D', T') whose reachability is
at least ((r — 1)r)2. This implies that A, with input the trip network (D’,T’), has to provide

_ 2 20, 1\2
a temporalisation 7/ with 7/-reachability at least (T=Dr° ~ 12r T,(J:1 DS 1172(r — 1) (note that

Vi =Vr?24+2r <r+1 and :—jr} =1- H_Ll > 11 for r > 23). On the other hand, if (D, T) is
not (s,t)-temporalisable, then the 7’-reachability of any temporalisation 7/ of (D', T’) is at most
3rn+7r2(r —1) = 10r3 —r2 < 11r2(r — 1) (note that 73 > 1072 for » > 10). In summary, (D, T) is
(s,t)-temporalisable if and only if A, with input the trip network (D', T’), returns a temporalisation

whose reachability is greater than 1172(r — 1). O

Theorem 7 Unless P = NP, the SS-MRTT problem cannot be approximated within a factor less
than % even if the input trip network is strongly temporalisable.
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Proof. The reduction is exactly the same as the one used in the proof of the previous theorem.
According to that proof, if (D, T) is (s,t)-temporalisable, then there exists a temporalisation 7" of
(D', T’) such that any source in one of the first r — 1 descending gadgets has 7/-reachability at least
r(r —1). On the other hand, if (D, T) is not (s,t)-temporalisable, then, for any temporalisation
7' of (D', T'), any source in one of the first »r — 1 descending gadgets has 7/-reachability at most

7r. Any polynomial-time algorithm A solving SS-MRTT with approximation ratio p < % would

then allow us to decide, in polynomial-time, whether (D, T) is (s, t)-temporalisable, since L;D >
% > 11r > Tr for r > 23. This concludes the proof of the theorem. 0

4.1 Symmetric and strongly temporalisable trip networks

Because of the last theorem, we now focus on symmetric and strongly temporalisable trip networks.

Fact 2 Let (D, T) be a symmetric trip network. For any node u, there exists a schedule S of (D, T)
such that, for any node v reachable from w in D, v is S-reachable from u.

Proof. We first note that, due to the symmetricity, any schedule S of (D, T) is such that each node
of a trip T' € T is S-reachable from any other node of T'. Let T, be a breadth-first search tree in
the induced multidigraph M rooted in u, whose height is h7,. By using 7,, we will now define a
schedule S of (D, T) such that, for any node v in Ty, v is S-reachable from u. This will prove the
fact.

We will construct nested partial schedules Sp, ..., Sp,. =S where a larger and larger subset of
T is scheduled. Given a partial schedule Sy, we say that an edge is “covered” by Sy if it belongs to
one of the trips scheduled in Sy. Similarly, a node is “covered” by .Sy if it is the head or the tail of
an edge covered by Sy. At the beginning, we consider an empty schedule Sy. For each level ¢ of T,

with ¢ € [hr,], let eq,. .., ey, be the edges connecting a node at level £ —1 to a node at level £ which
are not yet covered by Sy_;. Let Ty 1,..., Ty, be k¢ (not necessarily distinct) trips in T, which
contain the edges ey, ..., ey, respectively. Recall that Uy q,...,y s, denote their respective reverse

trips. Let Ty denote the set of trips in {7y 1, Y 1,..., Ty k,, Yok, }- As the edges e, ..., ex, were not
covered by Sy_q, trips in T, are not included in S;_1. We can thus define Sy as Sy_1 followed by
the trips in Ty in an arbitrary order. Note that all edges from level £ — 1 to level ¢ are now covered
by Sg. We continue similarly for the next levels and define S = S, . as the schedule obtained for
the last layer.

To prove that any node v in 7, is S-reachable, we show that the following invariant is preserved:
after processing each level ¢, any node covered by .Sy is Sy-reachable. Consider an edge e which is
covered by S; but not by Sy_; and let v/ be its head or tail. Let Ty i,V ; denote the trip pair in
T, that contains e. Consider the edge e; from level £ — 1 to ¢ that belongs to Ty ;. The tail v’ of e;
is either u or the head of an edge from level £ — 2 to £ — 1. As such an edge is covered by Sy_1, v/
is thus Sy_j-reachable according to the invariant. As Ty; or Wy ; contains a walk from «’ to v/, and
both Ty ; and Yy ; are scheduled after Sy_; in Sy, v is Sy-reachable. The conclusion follows from
the fact that all nodes in 7, are covered by S = S, . . 0

Fact 3 Let (D, T) be a symmetric trip network. For any node u, there exists a schedule S of (D, T)
such that, for any node v such that u is reachable from v in D, u is S-reachable from v.
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Proof. The proof is similar to the proof of Fact 2l 0

Corollary 1 Let (D,T) be a symmetric trip network. Then, (D, T) is strongly temporalisable if
and only if D is strongly connected.

Proof. If (D, T) is strongly temporalisable, then, for any two nodes u and v in D, there exists a
temporalisation 7, , of (D, T), such that v is 7, ,-reachable from u. In other words, there exists a
temporal path P,_,, from u to v in G[D, T, 7, ,]. Hence, v is reachable from w in D. The converse
implication is a direct consequence of Fact 21 0

We now prove that the MRTT problem remains NP-hard, even when we assume that the under-
lying multidigraph is strongly connected and that the trip network is symmetric (from the previous
corollary, this implies that the trip networks is strongly temporalisable).

Theorem 8 The MRTT problem problem is NP-hard, even if (D,T) is a symmetric trip network
and D is strongly connected.

Proof. We reduce 3-SAT to MRTT as follows. Let us consider a 3-SAT formula ®, with n variables
r1,...,T, and m clauses ci,...,c,n. Without loss of generality, we will assume that each variable
appears positive in at least one clause and negative in at least one clause, that no literal appears
in all clauses, and that there are at least two clauses. We set [ = [(7n +m(m + 3))2/(m +2)] +1
and L = (Tn+m(m +3))? + 1, and we define the digraph D = (V, E) as the union of the following
gadgets (in the following, for each edge included in E, its reverse edge is implicitly also included in

Figure 9: The variable gadget in the reduction of 3-SAT to symmetric MRTT (see the proof of
Theorem []).

Variable gadgets (see Figure [0). For each variable z; of ® with i € [n], V contains the seven
variable nodes t}, t2, f1, f?, al, a?, and a3, and E contains the six edges (t},a3), (a3, f?),
2

(al,a?), (a?,a?), (f},al), and (a},t?).

Rt Rl AR R

Clause gadgets (see Figure [[0)). For each clause ¢; of ® with j € [m], V contains the two clause
nodes c} and c? (we will call ¢l,...,ck the bottom clause nodes and c2,...,c2, the top clause
nodes), and the middle nodes df for k € [l]. For each variable x; which appears (positive or
negative) in c¢;, V' contains the head node ;. Finally, for each h € [m] with h # j, V contains

the head node g?. Concerning the edges, for each variable z; which appears positive in ¢;, E
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Figure 10: The clause gadget in the reduction of 3-SAT to symmetric MRTT (see the proof of
Theorem [§)), corresponding to the clause ¢; = x4, V —x;, V 24, (the dotted edges are included in the
variable gadgets corresponding to the variables x;,, z;,, and x;,). Note that, for each h € [m] with
h # j, E includes also the edge (c}-, c?) (and its reverse edge).

contains the edges (c},til) and (t?, c?), while, for each variable z; which appears negative in

¢j, E contains the edges (c}, f1) and (f2,¢?). In both cases, E contains the edge (c?, eé»). For
each h € [m] with h # j, E contains the edges (c},c%) and (c?, ggl) Finally, E contains the

edges (df,d?“), for k € [l — 1], and the edge (dé-,c}).

Figure 11: The part of the bottom hub gadget in the reduction of 3-SAT to symmetric MRTT (see
the proof of Theorem [§)), corresponding to the clause ¢; which contains the variables z;,, ;,, and
xi, (the dotted edges are included in the clause gadget corresponding to the clause c;).
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Bottom hub gadget (see Figure [Il). V contains the bottom hub node B. For each clause c; of
¢ with j € [m], and for each variable x; that appears (positive or negative) in ¢;, V' contains
the set A7, = {ufZ : k € [L]}. Moreover, for each h € [m], such that h # j, V contains
the set AY, = {v;‘-ﬁh ik € [L]}. We will refer to the nodes in A}, and in A, as the bottom
tail nodes. Concerning the edges, F contains the edge (B, djl-), and, for each variable x; that

appears (positive or negative) in c¢;, the set {(ué“l, ufjl) : k € [L — 1]} and the edge (u]LZ, B).

Finally, for each h € [m], such that h # j, E contains the set {(vﬁh,vle) :ke[L—1]} and

the edge (ij’Z-,B).

Top hub gadget (see Figure [[2)) V' contains the top hub node U. For each clause c¢; of ® with
J € [m], and for each variable z; that appears (positive or negative) in ¢;, V' contains the set
AV, = {wé‘tZ : k € [L]}. We will refer to the nodes in AY; as the top tail nodes. Concerning
the edges, for each variable z; that appears (positive or negative) in ¢;, £ contains the set
{(wf’i,wfjl) ik € [L — 1]} and the edge (wﬁi, ). Finally, if z; appears positive in ¢;, E
contains the edge (U, t?), while if z; appears negative in ¢;, E contains the edge (U, f?).

Figure 12: The part of the top hub gadget in the reduction of 3-SAT to symmetric MRTT (see the
proof of Theorem ), corresponding to the clause ¢; = x;, Vx4, V x;, (the dotted edges are included
in the variable gadgets corresponding to the variables x;,, x;,, and z;,).

Number of nodes. Let us first compute the cardinality of V. There are Tn variable nodes, 2m
clause nodes, 3m+m(m — 1) head nodes, ml middle nodes, 2 hub nodes, 3mL +m(m —1)L bottom
tail nodes, and 3mL top tail nodes. Thus, |V| =2+ T+ m(L + 1)(m +4) +ml + mL.

Trips. We now define the trip collection T in D (see Figure [[3]). In the following, for each trip T
included in T, we implicitly assume that the symmetric trip '\ is also included in T.
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Variable trips. For each i € [n], T contains the trips T} = (t1, a3, f2), T& = (f},al,t?), and
T2 = (a},a?,a?) (see Figure [3(a)).

(e A i A
Bottom-variable trips. For each clause c; of @ with j € [m], if ¢; contains the literal x;, T con-

tains the trip 7}, = (u;Z, R J . B, d;, .. ,dé, c],tll> (see Figure [I3[(b)), while if ¢; contains

the literal —z;, T contains the trip 7}}; = (u ;’Z, . J » B, djl, .. ,dé, cj,f ) (see Figure[I3lc)).

Bottom-clause trips. For each (j,h) € [m]? such that j # h, T contains the trip Ty, =
(v]1-7h, ey ]h,B,d], . ,dé,c},ch,g% (see Figure [[3](d)).

Top trips. For each clause cjof ® with j € [m], if ¢; contains the literal x;, T contains the trip

T = <wjlz, ]Z,U, tf,cj,ej> (see Figure [@3le)), while if ¢; contains the literal —a;, T

- W (o] 2 -
contains the trlp T = (Wi ]sz 1z, ], ;> (see Figure [I3[(f)).

Figure 13: The trips in the reduction of 3-SAT to symmetric MRTT (see the proof of Theorem []):
(a) variable trips, (b) and (c) bottom-variable trips, (d) bottom-clause trips, and (e) and (f) top
trips. Each kind of trip is included in both directions (that is, the trip collection is symmetric).

(a)

(b)

u
T3

(©)

(d)

PPPo0

See Figure [I4] for a global view of the trip network (D, T).

Basic idea of the reduction. The temporal connections that are made possible by a tempo-
ralisation of the variable trips 77, Tif, and T} correspond to choosing whether the variable x; is
set to true or false. Enabling temporal connections from the middle nodes, which are between the
bottom hub B and a bottom clause node c}, to the head nodes connected to the top clause node c?,
corresponds to a “reward” in terms of reachability for satisfying the clause. The large size of the
tails forces some constraints on the temporalisations with high reachability. This ensures that the
“reward” is obtained only if the clause is satisfied. In particular, we will show that if there exists
a satisfying assignment for ®, then it is possible to produce a temporalisation 7 such that the 7-
reachability is at least @, where Q = |V|? — (Tn+m(m+3))2. Otherwise, if ® is not satisfiable, then
any temporalisation has reachability less than . More precisely, since Q > |V|? — L (recall that

= (Tn+m(m +3))%2 + 1), we will show that any temporalisation that misses a connection from a
bottom/top tail node to any node or from a node to any bottom/top tail node has reachability less
than Q. Similarly, since Q > |V?2|—(m+2)l (recall that [ = [(Tn+m(m+3))%/(m+2)]+1), we will
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o'O,O',Q'
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LO-0-0-0-0-0
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bottom tails

Figure 14: A global view of the reduction of 3-SAT to symmetric MRTT. Here the clause c¢; =
(x1 A xo ANT;) is associated to two nodes c} and c? that are connected to variable gadgets for x1, 2
and z; through green lines (plain lines for bottom-variable trips and dotted lines for top trips). For
a more detailed view of each gadget, see Figures @ 10, 1], M2], and

show that missing the connections from the middle nodes to the head nodes of the corresponding
top clause node, also leads to a reachability lower than Q.

Activation of pairs of variable nodes. Consider a variable x; and the associated variable gadget
(see Figure [). For a given temporalisation 7, let t; = 7(T}), to = 7(T?), and t3 = 7(T}). Note
that ff is 7-reachable from fil by using only the variable trips corresponding to the variable z; if
and only if t; +1 < t9 and to + 2 < t3+ 1, as these conditions enable transfers at a} and a? . When
this is the case, we say that 7 activates (f}, f?). Note that if 7 activates (f}, f?), then t; < t3 — 2.

1944
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Figure 15: The temporalisation of the “forward” trips obtained from a truth assignment « satisfying
the Boolean formula ® (here, we assume that the variable x; appears positive in the clause ¢;, and
that «a(x;) = TRUE). The gray nodes are the starting nodes of the trips. Note that T} arrives in
B at time L+1=t,—1—2.

Similarly, t? is 7-reachable from t} by using only the variable trips corresponding to the variable
x; if and only if t34+ 1 < t4 and t4 + 2 < t; + 1, where t4 = 7("V%). When this is the case, we say
that T activates pair (t},¢?). Note that if T activates (t},t?), then t3 < t; — 2. The key observation

for the sequel is that no temporalisation can activate both (fl, f?) and (t},t?). We similarly say

that 7 activates pair (f2, f}) (respectively, (t2,¢})) when f! (respectively, t}) is 7-reachable from
f? (respectively, t2), by using only the variable trips corresponding to the variable x;. Once again,
no temporalisation can activate both (fZ, f1) and (¢?,t}). However, one can easily see that it is

possible to activate either both (f1, f2) and (f2, f!) or both (¢},t2) and (¢2,t}).

1Y% 177

Constructing a temporalisation from a satisfying assignment. We first show how to con-
struct a temporalisation 7, when ® is satisfiable, with reachability at least ). Let « be a truth
assignment to x1,...,xz, that satisfies ® (see Figures [[5l and [[6] where we assume that x; appears
positive in ¢; and that a(z;) = TRUE).

For any clause c¢; and for any variable x; appearing in c;, we set 7'(T]ul) = 1. Note that T7);
arrives in B at time L + 1, in cjl- at time L 4+ [ + 2, and in the variable node connected to cjl- and
included in the variable gadget corresponding to x; at time t, = L + [+ 3. For each i € [n], if
a(z;) = TRUE, then we set 7(T}) = t,, 7(12) = t, + 1, and 7(T}) = t, + 2, so that 7 activates
(t},t2) (t? being reachable at time ¢, + 4). Otherwise (that is, a(x;) = FALSE), we set 7(T}) = t,,
7(T2) =ty + 1, and 7(T}) = t, + 2 so that T activates (f}, f?) (f? being reachable at time t, + 4).
For any clause c¢; and for any variable x; appearing in c¢;, we set T(T']WZ) =ty+4—(L+1), and, for
any two clause ¢; and ¢, with j # h, we set 7(T},) =ty — (L +1) + 3: this implies that all these
trips reach their top clause node at the same time, that is, t, + 5.

For any clause ¢; and for any variable x; appearing in c;, we set T(T;VZ) =ty + 6, and, for any
two clause ¢; and ¢;, with j # h, we set 7( ;’h) = t, +6: this implies that all these trips reach their
top clause node at the same time, that is, ¢, + 7. For each i € [n], if a(z;) = TRUE, then we set
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Figure 16: The temporalisation of the “backward” trips obtained from a truth assignment « satis-
fying the Boolean formula ® (here, we assume that the variable z; appears positive in the clause
¢j, and that a(x;) = TRUE). The gray nodes are the starting nodes of the trips and ¢, = L +1+ 3.

(YY) =t, +8, 7(T?) = t, +9, and 7(T}) = t, + 10, so that T activates (¢?,¢}) (t} being reachable
at time ¢, + 12). Otherwise (that is, a(mz) FALSE), we set 7(T}) = ¢, + 8, 7(1?) = ¢, + 9, and
7(T) = ¢, + 10 so that 7 activates (f?, f!) (f} being reachable at time ¢, + 12). For any clause c;
and for any variable z; appearing in c;, we set 7('U};) = ¢, +12. Note that 'V} ;arrives in B at time
ty + 14 + 1.
We now show that the 7-reachability is at least (). To this aim, let G = G[D,T, 7] be the
temporal graph induced by 7, and let X be set of the following nodes: the top and bottom tail
nodes, the middle nodes, the two hub nodes, and the nodes le for j € [m] (note that V'\ X contains

all the head nodes, all the variable nodes, and the nodes c? for j € [m]).

Claim 2 For any node x € X and for any node v € V, v € Rg(z) and x € Rg(v).

Proof. Let us first show that, for any node = € X and for any node v € V' \ X, z € Rg(v). First

note that each top clause node c? can be reached at time at most ¢, 4 7 by the following set R; of

nodes: c? itself, each head eé» through the trip Uy; and each head g? with h # j through the trip

ih (see Figure[I6l), and all variable nodes of any gadget associated to a variable z; appearing in ¢;
through the trips 7}, T2, and TZ-f or through the trips Tif, T2, and T} (see Figure [[H). Notice that
U icm] R; =V \ X. Now we show that, by starting from c? at time t, + 7, it is possible to reach
each node in X, thus implying that, for any node x € X and for any node v € V' \ X, x € R (v).

; such that variable z;

e The top hub U can be reached at time ¢, + 9 through any trip U}’
appears in ¢; (see Figure [I6]).

are reachable through the trips Y, which all “meet” in U at time

e All top tail nodes w} g

P,
ty +9 (see Figure [10).

30



e For any h € [m] with h # j, the bottom clause nodes c;, the middle nodes dj, for r € [I], the
bottom hub B, and the bottom tail nodes v}, ; for s € [L] are reachable through the trips 'V} ;
(see Figure [I6]). Note that all these trips arrive in B at time ¢, + 9 + [.

e Consider a variable x; appearing in ¢; and such that the associated literal has value TRUE
according to the assignment « satisfying ®. The bottom clause node cjl-, the middle nodes dj
for 7 € [I], and all bottom tail nodes u?; for r € [L] are reachable through the trips T, T,
TY, and U7, or through the trips T, T2, T and "}, (see Figure [IG).

7

e All bottom tail nodes uj , with h # j and r € [L] are reachable through the trips 'V}, ;, which
all “meet” in the bottom hub B at time ¢, + 14+, that is, later than the bottom-clause trips

hj (see Figure [I6).

Let us now prove that, for any node x € X and for any node v € V, v € Rg(x). First we prove

that, for each j € [m], the top clause node c? is reachable at time t, + 5 from each node in X.

e The bottom hub B and all the bottom tail nodes uy, , and v, . can reach B at time at most
ty — 1+ 3 through the trips 7)) and T} ,, and, hence, can reach the top clause node c? at time

ty + 5 through the trips T}, (see Figure [I3]).

e The top hub U and all the top tail nodes wy , can reach c? at time ¢, + 5 through the trips

13", which all “meet” in U at time ¢, + 3 (see Figure [I3]).

e The bottom clause nodes c;, with h # j, and the middle nodes dj, for r € [I] can reach the
top clause node c? at time ty 4 5 through the trips T} ; (see Figure [13)).

e The bottom clause node c} and the middle nodes df for r € [l] can reach c? at time ¢, + 5
through the trips 7, T2, and TZ-f or through the trips Tl-f, T?, and T} (see Figure [IH), where
x; is a variable whose truth assignment satisfies the clause ¢; (note that the satisfiability of
the formula & is also required here).

Now we show that, by starting from c? at time t, 4+ 5, it is possible to reach the following set of
nodes S;: all nodes in X (since we already proved that these nodes are reachable from c?, starting
at time t, + 7 > t, + 5), the head nodes e;f and g;f through the trips 17, and 17, and all variable
nodes of the gadget associated to a variable z; appearing in ¢; through the trips Tf, T2, and Y} or
through the trips T¢, T2 and T (see Figure [[6). Notice that Uje[m} S; =V, and this concludes

the proof of the claim. 0

We now determine a lower bound on the 7-reachability by counting the number of nodes tem-
porally reachable from different sources.

e From the nodes in X, that is the 3mL + m(m + 2)L top and bottom tail nodes, the ml
middle nodes, the 2 hub nodes, and the m bottom clause nodes, it is possible to reach each
node in V. This adds |X| - |V| = [V|> = (JV| — |X]|) - [V| to the T-reachability. Note that
| X| = Lm(m +5) +ml+2+m.

e From the nodes in V' \ X, that is the 7n variable nodes, the m(m + 2) head nodes, and the
m top clause nodes it is possible to reach the nodes in X. This adds (7Tn +m(m+3)) - | X| =
(IV] —1|X]) - |X] to the T-reachability.
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Hence, the T-reachability is at least equal to [V |>—(|V|—|X|)? = |V|* = (Tn+m(m+3))? = Q (note
that |[V|=24+Tn+m(L+1)(m+4)+mi+mL = (Lm(m+5)+ml+2+m)+ (Tn+m(m+3)) =
X1+ (V] = [XT]))-

Bounding reachability when ¢ is not satisfiable. Let 7 be any trip temporalisation of the
trip network (D, T) and let G = G[D, T, 7] be the temporal graph induced by 7.

Claim 3 If the T-reachability is at least equal to @Q, then, for any v € V' and for any bottom/top
tail node x, we have v € Rg(z) and x € Ra(v).

Proof. Without loss of generality, we prove the claim in the case in which x € A}, for some clause
c; of ® with j € [m] and for some variable x; that appears (positive or negative) in ¢; (the proofs
of the other cases are similar). First of all observe that all nodes in A}, have the same reachability
set and belong to the same reachability sets. Formally, for any two nodes u’; and uj; in A“ with
7,8 € [L], we have that R (u};) = Re(uj;), and that, for any node v € V, uj; € Rg( ) 1f and
only if uj; € Re(v). This is due to the fact the bottom-variable trips 77 and T;i are the only
trips passmg through the nodes in A7 ;. This observation implies that if there exists v € V' such
that either v & Rg(uj;) or uj; ¢ Rg( ) for some bottom tail node u};, then the r-reachability is
at most |V|?> — L < Q. Hence, the claim follows. n

Let us now consider the following time constraints that, as a consequence of the above claim,
need to be satisfied by 7, if the 7-reachability is at least equal to (). For the sake of brevity, we
will give a detailed proof of the first constraint only, since the proofs of the other ones are similar:
intuitively, these proofs are based on the fact that the connections provided by some trips between
two nodes use the minimum number of edges (that is, they are shortest paths with respect to the
number of hops).

C1 For all clauses ¢; of ® with j € [m] and for all variables z; that appear (positive or negative) in
cj, all trips T} are assigned the same starting time %, that is, 7(7}%) = t™ (this implies that
all these trips reach node U at time Y = tV+L and the node cj at time tY+2). This constraint
is needed in order to have any top tail node able to reach any head node at the end of a top
trip. Indeed, if there exists two trips 7}, and T}; ; , with ji,j2 € [m], i1,i2 € [n], and the
variable z;, (respectively, x;,) appearing (positive or negative) in the clause ¢;, (respectively,
¢j,), such that 7(T77 ;) > 7(T}; ), since there is no trip connecting U to C2 by using less than
two edges, any top tail node in AY ; reaches c at time T(ijlv o)L+ 2 > T(T;Z o) TL+2,
thus implying that it cannot reach the head node 6]2 (since the edge (c? Cjy1 €5 e'?) appears at time

(1}, ;,) + L +2). Because of the previous claim, this contradicts the assumption that the

T-reachability is at least equal to Q.

C2 For all clauses ¢; of ® with j € [m] and for all variables z; that appear (positive or negative) in
cj, all trips U}, are assigned the same starting time ¢V, that is, 7("U};) = t"° (this implies
that all these trips reach node U at time ¢tV = #"* + 3). This constraint is needed in order
to have any head node at the end of a top trip able to reach any top tail node.

C3 tY < tUs. This constraint is needed in order to have any top tail node in AY . able to reach

J1,01
any top tail node in AJ2 ip» Dy first using the trip T (in order to reach U at time tY, as
stated in C1) and then using the trip i (which passes through U at time ¢V, as stated

in C2).
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C4 For each clause ¢; of ® with j € [m] and for any h € [m] with h # j, 7(T}}) = tV—L—1.
This constraint is needed in order to have any top tail node able to reach any head node at
the end of a bottom-clause trip and any bottom tail node able to reach any head node at the
end of a top trip.

C5 For each clause ¢; of ® with j € [m] and for any h € [m] with h # j, 7(] ) = tUs — 3. This
constraint is needed in order to have any head node able to reach both any top tail node and
any bottom tail node.

C6 For each clause ¢; of ® with j € [m] and for each variable z; that appears (positive or negative)
in ¢;, 7(T};) < tV — L — 1. This constraint is needed in order to have any bottom tail node
able to reach any head node at the end of a bottom-clause trip.

C7 For each clause ¢; of ® with j € [m] and for each variable z; that appears (positive or negative)
in ¢j, 7('Vj;) > tUs — 2. This constraint is needed in order to have any head node at the end
of a bottom-clause trip able to reach any bottom tail node.

C8 For each clause ¢; of ® with j € [m], for each variable x; that appears (positive or negative)
in ¢;, and for any h € [m] with h # j, 7(T}},), 7(T}};) < tUss — I — [ — 4. These constraints are
needed in order to have any bottom tail node able to reach any top tail node.

The above constraints have been derived by using the fact that @ > |V|?> — L. We now take
advantage of the fact that Q@ > |V|?> — (m + 2)I. Note that, since ® is not satisfiable, for any
truth-assignment to the variables of ®, there must exist a clause which is not satisfied by the
assignment. Let us then consider the following truth-assignment «, which is derived from 7. For
each variable gadget corresponding to a variable x;, a(x;) = TRUE if 7(T}') < 7(T}), otherwise
a(z;) = FALSE. Note that from the paragraph about the activation of pairs of variable nodes,
it follows that if a(x;) = TRUE (respectively, a(x;) = FALSE), then 7 does not activate (f, f?)
(respectively, (t1,t?)). Let ¢;, be a clause which is not satisfied by a. We now show that the middle
nodes dfa, for k € [l], cannot reach the head nodes connected to c?a. Intuitively, the main reason is
that c?a cannot be reached from the middle nodes through any of the variable gadgets associated
to the variables appearing in ¢;,, as 7 does not activate, in these gadgets, the pair connected to cjl-a
and c?a, and no other temporal path is possible. More formally, let us analyse all possible temporal

paths from a middle node = (with z = dfa, for some k € [l]) to a head node h connected to c?a.

e Going through a node ci with k& # j, is not allowed by the above time constraints (in
particular, by the synchronization of forward bottom-clause trips and forward top trips at
c?a and c%) Indeed, each temporal path from x to ci reaches ci using either a top forward

trip or a bottom-clause forward trip, which both arrive in ci at time tY 4+ 2 according to time

constraints C1 and C4. Although c?a might be 7-reachable from ci, the arrival time will be

greater than tV 4+ 2 while the trip to h depart from c?a at time tY + 2.

e Using any trip to go to B and then reach h through a node c,l€ with & # j, is also not
possible. Let us suppose we use a backward bottom-variable or bottom-clause trip 77 to go
from z to B, arrive in B at time ¢, and then use a forward bottom-variable or bottom-clause
trip T5 to reach c}z, and let ¢’ be the time T5 goes through B. Clearly, t' > t. Because of the
temporal constraints C5 and C7, we have that t > tU* 41, which implies t > tV 41 because of
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constraint C3. However, because of temporal constraints C4 and C6 we have that ¢/ < tV —1
in contradiction with ¢ < ¢.

e Going through a variable node til, if we assume that z; appears positive in ¢;, , is not possible
either. As mentioned before the choice of ¢;, implies that 7 does not activate pair (t},t?) and
the path of length four through the variable gadget for x; from t} to t? is not 7-compatible.
We could consider reaching f? and then a clause node cz but the situation would be similar as
in the first case. We could finally consider to go from t} to another clause node c,lg such that
x; also appears positive in ¢;. Let Uy denote the backward bottom-variable trip allowing to
go from t} to c,lg and let ¢ denote the time when it arrives in c}g. The time constraint C7 then
imply that t = 7(T;)+1 > tUS — 1. Let T be a bottom-variable or bottom-clause trip that we
use to leave c; and later reach h. T has to arrive in ¢}, at ¢’ > t. Since t/ = 7(T) + L+ 1 +1,
from the time constraint C8 it follows that ¢ < tU* — 3 in contradiction with ¢’ > t.

e Going through a variable node fz-l, if we assume that x; appears negative in ¢;,_, is not possible
either for similar reasons.

We have thus proved that no head connected to c?a is T-reachable from any middle node between

B and cjl-a: this implies that the reachability of 7 is at most |V|?> — I(m + 2) < Q. This concludes

the proof of the theorem. n

Our last result shows that the maximum temporal reachability obtainable in symmetric strongly
temporalisable trip networks is quadratic with respect to the number of nodes. The general idea
to prove this result is to find a somewhat central trip, and then schedule trips so that a constant
fraction of nodes can reach the central trip and a constant fraction of nodes are reached from the
central trip relying on Facts Pland Bl We will find this central trip as a centroid in a weighted tree.

Let us, then, first recall the definition of centroid. Given a node-weighted tree R, the weight of
R is defined as the sum of the weights of its nodes. We then define a weighted centroid of a tree R
of weight K as a node ¢ such that the removal of ¢ disconnects R into subtrees of weight 2K/3 at
most. Such a centroid can be found efficiently as stated below.

Lemma 1 (Folklore) Given a node-weighted tree R, a centroid node ¢ can be found in linear time.
Moreover, if the weight of R is K and the centroid ¢ has weight 2K /3 at most, then there exists a
partition Py, Py of its pending subtrees such that both Py U {c} and Py have total weight 2K/3 at
most. Such a partition can be computed at the cost of sorting the subtrees by non-decreasing weight.

Proof. Note that the classical algorithm for finding a centroid in an unweighted tree can easily be
adapted to the weighted case. Recall that it consists in starting from any node v. If it is not a
centroid, then move to a neighbor whose subtree has weight greater than K /2 and repeat the test
until finding a centroid. The partition Py, P, is obtained by trying to add subtrees in P; one after
another by non-decreasing weight and stopping as soon as Py U {c} has weight K/3 or more. 3

Theorem 9 Let (D, T) be a symmetric and strongly temporalisable trip network. Then there exists
a schedule S such that the S-reachability of (D, T) is at least a fraction 2/9 of all node pairs. Such
a schedule can be computed in polynomial time.

34



Proof. Without loss of generality, we can assume that all trips in T are distinct. If this is not the
case, we can keep only one of multiple copies of the same trip: this can only reduces the reachability
of the modified trip network. We can then consider trips in pairs (7,'Y), where VU is the reverse
trip of T', and we denote by TP the set of such pairs. For any trip 7', we also denote by V(T') C V
the set of nodes which T' (and T) passes through. Finally, we assign arbitrarily each node v € V'
to a single trip pair (7',"V) such that v € V(T'), and let np denote the number of nodes assigned to
the pair (T,71).

We now define the transfer undirected graph P = (TP, EP), where two trip pairs are connected
when they share a node, that is, {(71,V1), (T2, V2)} € EP if and only if V(T1) NV (T2) # 0. Let
M denote the multidigraph induced by (D, T). According to Corollary [[l M is strongly connected
and, hence, P is connected. We then compute in linear time a weighted spanning tree R of P,
where each trip pair (7,7) is weighted by the number np. Note that the weight of R is the number
n = |V] of nodes in D. We then find a centroid (C,9) of R according to Lemma [Il

First suppose that (C,O) has weight greater than 2n/3. Let S be any schedule of (D, T) that
starts with C' followed by O. Then, we have that, for any v and v in V(C'), v is S-reachable from
u, that is, the S-reachability is greater than 4n2/9. The theorem follows.

Conversely, let us suppose that (C,D) has weight 2n/3 at most. According to Lemma [ we
then consider a partition P;, Py of R\ {(C,9)} such that both P, U {(C,D)} and P, have weight
2n/3 at most. For i = 1,2, let V(P;) denote the set of nodes assigned to T, for some trip 7" such
that (7,\) € P;. Let By, ... , B|p,| be the subtrees in Py, sorted in an arbitrary way. For each ¢
with ¢ € [|P1|], the subtree B; corresponds to a strongly connected set V; of D. Moreover, V; must
contain a node u; € V(C') as some trip pair of B; is connected to (C,D) in P. We can then define a
schedule S; of the trip pairs in B; according to Fact Blso that, for any node v in B;, u; is S;-reachable
from v. Hence, the schedule S = Si,...,S)p,C, O is such that, for any v € V(P1) U V(C) and
c € V(C), ¢ is S-reachable from u. Similarly, by reasoning on the subtrees in P,, we can extend
S, so that, for any v € V(P;) and ¢ € V(C), u is S-reachable from c. In other words, the final
schedule S is such that, for any v € V(P;) UV(C) and v € V(P), v is S-reachable from u.

Let ng denote the weight of P, that is, no = |V (P,)|. As both PLU{(C, D)} and P> have weight
2n/3 at most, we have that n/3 < ng < 2n/3. Hence, the number of pairs of nodes u and v such
that u € V(P1) UV(C) and v € V(P) is at least (n — na)ng > 2n? for n/3 < ny < 2n/3. The
theorem thus follows. 0

5 Open problems

From a theoretical point of view, it would be interesting to close the gap between Theorems
and 2] with regard to the inapproximability of MRTT in a strongly temporalisable network. From
a more applicative point of view, it would be worth exploring other restrictions of the problem
where constant approximation is possible. For example, we leave as a future work the study of
trip networks with single edge trips as they can be seen as a variation in directed graphs of label-
connectivity as defined in [23].

Finally, an interesting generalisation consists in allowing variable waiting times in-between two
consecutive edges of a trip. In other words, a temporalisation would then assign an appearing time
to each edge of a trip so that the trip becomes a valid temporal walk: each edge appears after the
arrival time of the previous edge.
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A Proof of Theorem [3

Similarly to the proof of Theorem 2], we will make use of the gap technique. Suppose by contradiction
that there exists a r(-)-approximation algorithm A for the SS-MRTT problem, for some € € (0, 1) and
for some function 7(n) of the number n of nodes that satisfies r(n) < en'~¢ for some constant c. We
will now show that it is possible to exploit such an algorithm in order to solve in polynomial time
the 020-RTT problem, which would imply that P = NP (because of Theorem[I]). Let us consider an
instance ((D = (V, E),T), s, t) of the 020-RTT problem, where V = {s = vy, ..., v, = t}. Without
loss of generality, we assume that n > ¢+ 1. We define an instance (D’ = (V', E’),T’) of $S-MRTT
as follows.

o V' =V U{vy:i € [K]} with K = [en?/€].
o £/ =FEU{(t,vnyi) : i € [K]}.

The trip collection T’ is then defined as the union of T with all the one-edge trips corresponding
to the edges in E' \ E.

Consider an optimal temporalisation 7* of (D', T’): the maximum reachability of s is thus
opt = |RG[D’,T’,T*](S)|' Moreover, let x be the value of the temporalisation computed by the
approximation algorithm A: hence, %;;) < x < opt wheren' =n+ K.

If (D, T) is (s, t)-temporalisable, then opt > K + 2. Indeed, the very same temporalisation can
be extended to (D', T’), by assigning to all the new one-edge trips a starting time greater than the
arrival time in ¢, so that all the K new out-neighbors of ¢ are reachable. Note that opt > K + 2

implies that z > T‘?;;) > Z:{,% > ?(LZ{)E Since n' = n + K, we have that n’ < n + cn?/€ +1 < nlt2/c
n2/€ en2/€

(since n > ¢+ 1 and € € (0,1)). Since r is non-decreasing, we get = > f,(n,) > iy 2

CnZ/e

ity — n'*te > n. Hence, if (D, T) is (s,t)-temporalisable, then z > n. On the other hand,

if (D, T) is not (s,t)-temporalisable, then opt < n, since none of the new out-neighbors of ¢ are
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7/-reachable from s (without passing through t), for any temporalisation 7/ of (D’,T). Hence,
z < opt < n.

We can conclude that (D, T) is (s,t)-temporalisable if and only if the value x of the solution
computed by the approximation algorithm A is greater than n. This implies that the 020-RTT
problem is solvable in polynomial time, and the theorem is proved.
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