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Abstract

We consider a general tractable model for default contagion and systemic risk in a
heterogeneous financial network, subject to an exogenous macroeconomic shock. We show
that, under some regularity assumptions, the default cascade model could be transferred to a
death process problem represented by balls-and-bins model. We also reduce the dimension of
the problem by classifying banks according to different types, in an appropriate type space.
These types may be calibrated to real-world data by using machine learning techniques. We
then state various limit theorems regarding the final size of default cascade over different
types. In particular, under suitable assumptions on the degree and threshold distributions,
we show that the final size of default cascade has asymptotically Gaussian fluctuations.
We next state limit theorems for different system-wide wealth aggregation functions and
show how the systemic risk measure, in a given stress test scenario, could be related to the
structure and heterogeneity of financial networks. We finally show how these results could
be used by a social planner to optimally target interventions during a financial crisis, with

a budget constraint and under partial information of the financial network.
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1 Introduction

The financial crisis 2007-2009 has illustrated the significance of network structure on the
amplification of initial shocks in the banking system to the level of the global financial
system, leading to an economic recession.

This paper studies structural and dynamic models for loss propagation in the network of
liabilities. This is in contrast to the well-known systemic risk indicators such as CoVAR [54]
or SES [2], which are based on measuring losses in terms of market equity.

Empirical studies on network topology of banking systems show that we may have very
different structures; from centralized networks as in [50] to core-periphery structures [23,
30, 47] and scale-free structures as in [17, 21]. The main focus of this paper is to use limit
theorems to establish a link between the (final) size of default cascade to the structure
and heterogeneity of financial networks. The paper also studies limit theorems to quantify
the system-wide wealth and systemic risk in the financial system. We also show how these
results could be used by a social planner to optimally target interventions during a financial
crisis, under partial information of the financial network and under some budget constraint.

Dealing with missing data is another important aspect of this paper. While recent
efforts have made available a tremendous amount of financial data, we are far from a
global financial data collection firm-by-firm and there are systemic institutions which are
not required to report their positions. As pointed out in [14, 33, 35, 53, 55], in general,
there is only partial information available on the financial network, e.g., the total size of
the assets and liabilities for each institution. Our probabilistic approaches allow us to deal
with the incomplete observation of system connections. We also reduce the dimension of the
problem by considering a classification of financial institutions according to different types
(characteristics), in an appropriate type space X. These characteristics may be calibrated
to real-world data by using machine learning techniques for classification.

There is an emerging literature on systemic risk and financial networks, see e.g. [20, 37]
for two recent surveys and references there. An extensive research in this area focuses on
equilibrium approach, to derive recovery rates from an elegant fixed point equation [26, 27,
34, 52]. This relies on the assumption that all debts are instantaneously cleared, unlikely to
hold in reality. Even in a given shock scenario, recovery rates are uncertain. For example,
recovery rates after the failure of Lehman were around 8% ([49]). In this paper we model
recovery rates as given. The model could be easily extended to a setup with random recovery
rates satisfying some cash-flow consistency conditions, see e.g. [11].

Our work is related to the literature on network structure and contagion, see e.g., [3,
43, 46, 48, 59, 60] in the context of social networks and [1, 4, 13, 18, 25, 28, 31, 45, 51] for
default contagion in financial networks.

To the best of our knowledge, our paper is the first to provide central limit theorems
for default contagion and systemic risk in random financial networks. More closely related
to our work, [9] study default contagion on configuration model and derive a criterion for

the resilience of a financial network to insolvency contagion, based on connectivity and the



structure of contagious links (i.e., those exposures of a bank larger than its capital). We

propose multiple extensions of [9]:

o We slightly generalize the default contagion model and allow for more network het-
erogeneity by considering the type-dependent threshold model. These types may be
calibrated to real-world data by using machine learning techniques for classification.

e We transfer the default cascade model to a death process problem represented by
balls-and-bins model. This allows us to provide the limit theorems for the dynamic

contagion model !.

e The primary contribution of this paper is to provide central limit theorems for de-
fault contagion and systemic risk. We show that the final size of default cascade has
asymptotically Gaussian fluctuations and state various theorems regarding the joint
asymptotic normality between different contagion parameters, including the number
of solvent banks, defaulted banks, healthy links (those initiated by solvent banks) and
infected links (those initiated by defaulted banks) at any time ¢.

e Our next set of results concern the limit theorems for system-wide wealth aggregation
functions, which could be used for measuring and quantifying systemic risk. This also

provide an indicator for the health of financial system in different stress scenarios.

e Finally, we consider a social planner who seeks to optimally target interventions dur-
ing a financial crisis, under partial information of the financial network and with a
budget constraint. We show how limit theorems allows us to simplify the optimization

problem. The complete information setup has been recently studied in [32, 36].

Aside from the application to default contagion and systemic risk in financial networks,
our results contribute to the literature on diffusion processes on random graphs. Related
problems are the k-core and bootstrap percolation. The k-core of any finite graph can be
found by removing nodes with degree less than k, in any order, until no such nodes exist.
The asymptotic normality of k-core has been studied in [41]. We also study the default
contagion in a similar way as in [41], by transferring the process to a death process problem
represented by balls-and-bins model. We generalize their results by allowing different types
and threshold levels to each of nodes. The bootstrap percolation is a diffusion process
that has been studied on a variety of graphs, see e.g., [5, 6, 39]. In bootstrap percolation
process, for a fixed threshold 6 > 2, there is an initially subset of active nodes and in each
round, each inactive node that has at least 6 active neighbors becomes active and remains
so forever. The asymptotic normality of bootstrap percolation has been recently studied
in [8]. Our results generalize those of previous studies on bootstrap percolation in random
graphs to the case of heterogeneous random directed networks with type-dependent random
thresholds.

We end this introduction by the following remark. In the real world application, using

limit theorems requires some caution. For example, in order for the asymptotic analysis

!The balls-and-bins model has been previously used in the economic literature; see e.g. [15] for a balls-and-bins
model of international trade.



to be relevant, the financial network should be sufficiently large. This could be true for
example at the level of a large economic zone. Moreover, financial networks may have
small cycles. Most existing literature on random networks future locally tree-like property.
However, recent literature shows that the basic configuration model can be extended to
incorporate clustering; see e.g., [22, 57]. Moreover, following the recent literature on port-
folio compression in financial networks (see e.g., [10, 24, 58]), the study of default contagion
and systemic risk in sparse financial networks regime becomes significantly important, as
portfolio compression removes small cycles. In light of its tractability and interpretability,
as well as its potential to be enriched with clustering, in this paper we use the configuration
model as our base model. Note that the closed form interpretable limit theorems that we
provide could also serve as a mandate for regulators to collect data on those specific network

characteristics and assess systemic risk via more intensive computational methods.

Outline. The paper is organized as follows. Section 2 introduces a model for the net-
work of financial counterparties and describe a mechanism for default cascade in such a
network, after an exogenous macroeconomic shock. We also describe how the default con-
tagion model could be transferred to a death process problem represented by balls-and-bins
model. Section 3 gives our main results on limit theorems for the final size of default
cascade. In particular, under some regularity assumptions, we show that different default
contagion parameters have asymptotically Gaussian fluctuations. Section 4 states limit
theorems for different financial system aggregation functions, which are used for measuring
and quantifying systemic risk. Section 5 shows how these limit theorems could be used by
a social planner to optimally target interventions during a financial crisis, with a budget
constraint and under partial information of the financial network. Proof of main theorems

are given in Section 6. Section 7 concludes. Proof of lemmas are provided in Appendix A.

Notation. Let {X,}.en be a sequence of real-valued random variables on a probability
space (Q, F,P). If ¢ € R is a constant, we write X, -2, ¢ to denote that X, converges in
probability to ¢. That is, for any € > 0, we have P(|X,, — ¢| > €) — 0 as n — 0. We write
X, ~%, X to denote that X,, converges in distribution to X. Let {a,}nen be a sequence
of real numbers that tends to infinity as n — 00. We write X,, = 0,(ay), if |X,|/a, - 0.
If &, is a measurable subset of Q, for any n € N, we say that the sequence {&, }nen occurs
with high probability (w.h.p.) or almost surely (a.s.) if P(£,) =1 —o(1), as n — co. Also,
we denote by Bin(k,p) a binomial distribution corresponding to the number of successes
of a sequence of k independent Bernoulli trials each having probability of success p. The
notation 1{&} is used for the indicator of an event &; this is 1 if £ holds and 0 otherwise. We
deonte by DJ[0, ) the standard space of right-continuous functions with left limits on [0, c0)
equipped with the Skorokhod topology (see e.g. [38, 42]). We will suppress the dependence
of parameters on the size of the network n, if it is clear from the context.



2 Model

2.1 Financial Network

Consider an economy &, consisting of n interlinked financial institutions (banks) denoted
by [n] := {1,2,...,n} that intermediate credit among end-users. Banks hold claims on each
other. Interbank liabilities are represented by a matrix of nominal liabilities (¢;;). For two
financial institutions i, j € [n], ¢;; = 0 denotes the cash-amount that bank ¢ owes bank j.
This also represents the maximum loss related to direct claims, incurred by bank j upon
the default of bank i. The total nominal liabilities of bank ¢ sum up to £; = >, jeln] £;;, while

the total value of interbank assets sum up to a; = Y, £;;. The total value of claims held

jE[n
by end-users on bank i (deposits) is given by d;. Tlie[tl)tal value of claims held by bank 1
on end-users (external assets) is denoted by e;.

In a stress testing framework, we apply a (fractional) shock €; to the external assets
of bank ¢. Table 1 summarizes a stylized balance sheet of bank i after the shock ¢;. The
capital of bank 4 after the shock denoted by ¢; = ¢;(¢;) satisfies ¢; = (1 —¢;)e; +a; — €; — d;,

which represents the capacity of bank i to absorb losses while remaining solvent.

External assets Deposits
€; di
€;€; - loss on assets | Interbank liabilities

i = e Lid

Interbank assets

a; = Zje[n] L Capital
&
€;e; - loss on capital
Assets Liabilities

Table 1: Stylized balance sheet of bank ¢ after shock.

A financial institution ¢ € [n] is said to be fundamentally insolvent if its capital after
the shock is negative, i.e. ¢; < 0. For a given shock scenario € = (ey,...,€,) € [0,1]", we
let the set of fundamental defaults Dy(€) = {i € [n] : ¢;(¢;) < 0}. In the next section, we
define the default cascade triggered by fundamentally insolvent institutions Dg(€).

2.2 Default Cascade

In the given shock scenario €, following the fundamentally insolvent institutions Dg(€),
there will be a default contagion process. Let us denote by R;; = R;;(€) the recovery rate
of the liability of ¢ to j. The matrix of recovery rates is denoted by R = (R;;). Since any

bank ¢ cannot pay more than its external assets (1 — ¢;)e; plus what it recovered from its



debtors, the recovery rates of i should satisfy the following cash-flow consistency constraints

n n
(1 — Ei)ei + 2 Rjigji = Z Ri]-&]- + d;.
j=1 j=1
Given the shock scenario € and the matrix of recovery rates R, following the set of
fundamental default Dy, there is a default cascade that reaches the set D* in equilibrium.
This represents the set of financial institutions whose capital is insufficient to absorb losses
and should satisfy the following fixed point equation:

D' =D (e,R) = {icn] () < Y (1— Ryt .
jeD*
As stated in [11], the above fixed point default cascade set has in general multiple
solutions. The smallest fixed point set which corresponds to smallest number of defaults

can be obtained by starting from Dy and setting at step k:

Dk = Dk(E,R) = {Z € [TL] : Ci(Ei) < Z (1 — Rﬂ)fﬂ} (1)
Jj€Dk—1
The cascade ends at the first time k such that Dj, = Dj_1. Hence in a financial network
of size n, the cascade will end after at most n — 1 steps and D,,_1 = D,,_1(€, R) represents

the final set of insolvent institutions starting from the initial set of defaults Dy.

2.3 Node Classification and Configuration Model

Under some regularity assumptions detailed below, as also shown in [9] for a similar setup,
one can show that the information regarding assets, liabilities, capital after exogenous shocks
and recovery rates (distributions) could all be encoded in a single probability threshold
function. Namely, for a given shock scenario € and the matrix of recovery rates R?, we
introduce the (random) threshold ©; = ng) for any institution ¢ € [n] which measures
how many defaults ¢ can tolerate before becoming insolvent, if its counterparties default
in a uniformly at random order, i.e., when i’s debtors default order environment is chosen
uniformly at random among all possible permutations.

In the following, in order to reduce the dimensionality of the problem, we consider
a classification of financial institutions into a countable (finite or infinite) possible set of
characteristics X. All (observable) characteristics for financial institution ¢ is encoded in
x; = (df,d; ,t;,...) € X, where d;” denotes the in-degree (number of institutions i is exposed
to), d; denotes the out-degree (number of institutions exposed to i) and ¢; denotes any other
institution’s type specific (e.g., credit rating, seniority class, etc.).

As we are interested in limit theorems, we consider a sequence of economies {&, }nen,

indexed by the number of institutions. In particular, in the economy &,,, the characteristic

2Qur results can easily be extended to a framework with independent random recovery rates; see e.g. [11] for
discussion.



of any institution ¢ € [n] will be denoted by
2™ = (™ a7 ™ 1 ) ex.

Note that, without loss of generality, the institutions in the same class z € X assumed
to have the same number of creditors (denoted by d ) and the same number of debtors (de-
noted by d}). Further, for tractability, we make the following assumption on the probability

threshold functions.

Assumption 1. We assume that there exists a classification of the financial institutions
into a countable set of possible characteristics X such that, for each n € N, the institutions
in the same characteristic class have the same threshold distribution function (denoted by

qén) for institutions in class x € X ). Namely, for economy E,,i € [n] and for all 6 € N:
PO = 0) = "), (0).
In particular, in the network of size n, q;n) (0) represents the proportion of initially
insolvent institutions with type x € X.

Let ,u;n) denote the fraction of institutions with characteristic x € X in the economy &,,.

In order to study the asymptotics, it is natural to assume the following.

Assumption 2. We assume that for some probability distribution functions p and q over
the set of characteristics X and independent of n, we have ,ug(vn) — g and q;(L-n)(H) — q.(0)
asn — o, for allz € X and 0 = 0,1,...,d}. Moreover, we assume that Zgio q:(0) =1
for all x € X.

In the following, we will suppress the dependence of parameters on the size of the
network n, if it is clear from the context.

Given the degree sequences d = (df,...,d}) and d,, = (di,...,d;) such that
Zie[n] di = Zie[n] d;, we associate to each institution i two sets: H; the set of incoming
half-edges and H; the set of outgoing half-edges, with |H| = d; and |H;| = d; . Let
HT =", H and H™ = J;_, H; . A configuration is a matching of H™ with H~. When
an out-going half-edge of instituion 7 is matched with an in-coming half-edge of institution
j, a directed edge from ¢ to j appears in the graph. The configuration model is the random
directed multigraph which is uniformly distributed across all configurations. The random
graph constructed by configuration model will be denoted by G (”)(djl ,d,). It is then easy
to show that conditional on the multigraph being a simple graph, we obtain a uniformly
distributed random graph with these given degree sequences denoted by Qi”)(dj; ,d,). In
particular, any property that holds with high probability on the configuration model also
holds with high probability conditional on this random graph being simple (for the random
graph G (d;, d;)) provided liminf, o, P(G™ (d}, d;

n

) simple) > 0, see e.g. [56].



2.4 Death Process and Final Solvent Institutions

We consider the default contagion process in the random financial network G (d;,d; ),
initiated by the set of fundamentally insolvent institutions Dy.

Recall that ©; denotes the random threshold of institution ¢ € [n] which measures how
many defaults ¢ can tolerate before becoming insolvent in the uniformly chosen i’s coun-
terparties default order environment. By Assumption 1 and standard coupling arguments,
as also proved in [9], one can assume that these thresholds are assigned initially to any

institution ¢ € [n] according to the distribution q;?) ().

Finding the final solvent institutions. We consider the above default contagion
progress in the following way. At time 0 in the (random) graph G (d:,d;;), all institutions
with threshold 0 become defaulted. We remove all the initially defaulted institutions Dy
from the network. Next, in order to find D;, we identify the partners of Dy. Note that
the out-degree and in-degree of each institution in the network induced by [n]\Dp is less
than or equal to those in the previous network. At step k € N, the default set Dy can be
identified by

Dk:{ie[n]: 3 ]l{jeDk_l}ZGi}, 2)

Jij—i

where 1{€} denotes the indicator of an event &, i.e., this is 1 if £ holds and 0 otherwise. We
denote the in-degree and out-degree of each institution i after k steps evolution by dj(k)
and d; (k) respectively. Note that initially d (0) = d and d; (0) = d; . At step k, we
remove all institutions i € [n] with d (k) < d;” — ©,. At the end of the above procedure,

all the removed institutions are defaulted and the remaining institutions are solvent.

Transferring to a death process problem represented by balls-and-bins.
It is not hard to see that the calendar time does not take any important role in the above
contagion process. We can define the time interval as we want. So instead of removing
institutions, we can also remove the links and define a proper time interval between two
successive removals. Namely, at each step, we only look at one removal (interaction) between
two institutions, yielding at least one default.

In the following, we simultaneously run the default contagion process and construct the
configuration model. We call all out half-edges and in half-edges that belong to a defaulted
(solvent) institution the infected (healthy) half-edges. We consider all the institutions as bins
and all the (in and out) half-edges as (in and out) balls. Consequently, the bins are called
defaulted (D type) or solvent (S type) according to their states as institutions. Similarly
the balls are called infected (I type) or healthy (H type) when they are infected or healthy
as half-edges. Hence, all institutions are of two types and all balls are of four different
types. For convenience, we denote them as S (solvent), D (defaulted) bins, and further H*
(healthy in), H™ (healthy out), It (infected in) and I~ (infected out) balls, respectively.

We start from the set of fundamental defaults Dy, which gives the set of initially de-

faulted bins and infected balls. Consequently, at each step, we first remove a uniformly



chosen ball of type I™ and then a uniformly chosen ball from H* U I™. In this process S
bins may change to D bins and, consequently, H balls may change to I balls. We continue
the above process until there is no more I~ balls.

We now change the description a little by introducing colors for the I~ balls and life
for all in balls from H* U I*. We let all I~ balls are white and all in balls from H* U I
are initially alive. We begin by recoloring one random I~ ball red. Subsequently, in each
removal step, we first kill a random in ball from H™ U It and at the same moment we also
recolor a random white ball red. This is repeated until no more white I™ balls remain.

We next run the above death process in continuous time. We assume that each ball from
H™*™ U I* has an exponentially distributed random lifetime with mean one, independent of
all other balls. Namely, if there are ¢ alive in balls remaining, then we wait an exponential
time with mean 1/¢ until the next pair of interactions. We stop when we should recolor a
white ball red but there is no such ball.

Let us denote by W, (t) the number of white I~ balls at time ¢. Hence, the above death
process ends at the stopping time 7,5 which is the first time when we need to recolor a white
ball but there are no white balls left. However, we pretend that we recolor a (nonexistent)
white ball at time 7,7 and write W, (7,y) = —1.

We denote by IF(t), Hf(t) and L, (t) the number of alive (in) balls in I, H* and
H* U I" at time ¢, respectively. For x € X,0 e N,/ =0,...,0 — 1, we let Sitlgj(t) denote
the number of solvent institutions (bins) with type z, threshold 6 and ¢ defaulted neighbors
at time t. Further, let S, (t) and D, (¢) be the numbers of S bins and D bins at time
t. Hence, S, (7)) denotes the final number of solvent institutions. Further, D, () =

n — Sp(7}) = |Dp—1| will be the final number of defaulted institutions.

3 Limit Theorems

In this section we consider the above dynamic default contagion model (which is now
transferred to a death process problem represented by balls-and-bins) and state our main
results regarding the limit theorems in the random financial network G (d;, d;).

We first define some functions that will be used later. Let for z € [0, 1]:

b(d,z,¢) :=P(Bin(d,z) = £) = <j> 241 — 2), (3)
d
B(d,Z,é) =P(B|n(d, Z) > g) = Z <i> 27(1 — ,’(‘;)dfr7 (4)
r={

and Bin(d, z) denotes the binomial distribution with parameters d and z.

In the following, for simplicity of the calculations, we assume that the thresholds
distribution are such that Zgio gz(0) = 1 for all z € X. Otherwise, one could define
qz(0) :=1— ZZ£0 ¢ (0) and remove initially all these institutions from the network (since

they will not play any role in the default contagion process). Note that this removal process



(site percolation) will affect the degree distributions.

3.1 Asymptotic Magnitude of Default Contagion

In this section we consider the random financial network G (d;", d;;) and assume that the

average degrees converges to a finite limit.

Assumption 3a. We assume that, as n — oo, the average degrees converges and is finite:

A = Z d;ué") = Z d;,ugc") — A= Z df pgs € (0, 0).
zeX zeX zeX

For z € [0,1], we define the functions:

at
fS(Z) = Z Ha 2 qgc(e)ﬁ<d::rvzad; -0+ 1)7 fD(Z) =1- fS(Z)7
=1

reX
df daf
fH*(Z) =Z)U‘12ql(9) Z Zb(d;,z,f), f[+(Z)=)\Z—fH+(Z),
zeX 0=1 t=df —6+1

ar
fw(2) =Xz = Y pody Y. qu(0)B(dF, 2, df — 0+ 1).
6=1

reX
The following theorem states the law of large numbers for the number of solvent banks,
defaulted banks, healthy links, infected links and the total number of existing white balls

(remaining interactions yielding at least one default) at any time ¢ in the economy &,

satisfying above regularity assumptions.

Theorem 3.1. Suppose that Assumptions 1-3a hold. Let T, < 7, be a stopping time such
that 7, — to for some to > 0. Then for all x € X, = 1,...,d} and £ =0,...,0 — 1, we

have (as n — ©)

To.e(t)
tsgpl DO eqe(0)b (df 1 — et )| 25 0.
Further, as n — o0,
Sp(t D, (t
sup| n(t) - fg(e_t)| 2,0, sup{ n(t) - fD(e_t){ 2,0,
t<Tn n t<T, n
HF (¢t I (t
sup|"—() — fu+(e™")| =0, up|"—() — fr(e™)| =0,
t<Tp t<Tn n

and the number of white balls satisfies

W (t .
sup| 2 ()] 20,
t<Tp

10



The proof of the above theorem is provided in Section 6.3.
We consider now the stopping time 7, which is the first time such that W, () = —1

(becomes negative). Let us define
z* i=sup{z € [0,1] : fw(z) = 0}. (5)

Then we have the following lemma.
Lemma 3.2. Suppose that Assumptions 1-3a hold. We have (asn — ©):
(i) If z* = 0 then % 2> 0.
(i) If z* € (0,1] and z* is a stable solution, i.e. fi(2*) >0, then 7% > —In 2*.

The proof of lemma is provided in Appendix A.1.
As a corollary of Theorem 3.1 and Lemma 3.2, we next provide the law of large numbers
for the final state of default contagion. Namely, under Assumption 3a, the following holds.

Theorem 3.3. Suppose that Assumptions 1-3a hold. The final fraction of defaults satisfies:

(i) If z* = 0 then asymptotically almost all institutions default during the cascade and
|Dn—1| = n = oy(n).
(it) If z* € (0,1] and z* is a stable solution, i.e. fi,(z*) >0, then

D .
[Doca] 2 fp(2*).
n
Further, in this case, for allz € X,0 =1,...,d} and{ =0,...,0—1, the final fraction
of solvent institutions with type x, threshold 0 and ¢ defaulted neighbors satisfies

S(")
0L P g (0)D (df 1 — 2, 0).
n

The proof of the above theorem is provided in Section 6.4. In particular, the above
theorem (in a simpler setup) has been used in [9] to give a resilience condition for contagion
in random financial networks. Namely, in the notations above, starting from a small fraction
e of institutions representing the fundamental defaults, i.e., >,y 112¢2(0) = €, the financial

network is said to be resilient if lim,_,o z* = 0. We refer to [7, 9] for the resilience conditions.

3.2 Asymptotic Normality of Default Contagion

In order to study the central limit theorems, we need to restrict our attention to the sparse
networks regime. Namely, we consider the random financial network G (d},d; ) and

assume that degrees sequences satisfy the following moment condition.

11



Assumption 3b. We assume that for every constant A > 1, we have

i Al = Z u&")Adt =0(n) and Zn] AL =n 2 M Ade = O(n).
i=1

TEX i=1 zeX

Remark 3.4. Let (D;t, D, ) be random variables with joint distribution

P(D} =d", D, =d™) = Y pMU{d} =d*,d; =d},
TzeX

which is the joint distribution of in- and out- degrees for a random node in G (d;,d;;).

Let also (DT, D™) be random variables (over nonnegative integers) with joint distribution

P(DY =d", D™ =d") = ) p.l{d] =d*,d; =d}.
xeX

Then Assumption 3b can be rewritten as E[AP~] = O(1) and E[AP=] = O(1) for each

A > 1, which in particular implies the uniform integrability of D} and D;;, so

A= M dfplm = E[Df] — E[DT] = X e (0,00).
reX

Similarly, all higher moments converge.

By the construction of the balls-and-bins model, the independency exists between any
two different types x1 # xo, at any time ¢ before the final state is reached. Hence we
study the asymptotic normality type by type. We first show the following joint convergence
theorem for all ze X,0 =1,...,d5,£=0,...,0 — 1.

Theorem 3.5. Suppose that Assumptions 1-3b hold. Let 7, < 7 be a stopping time such
that 7, —= to for some to > 0. For allz € X,0 = 1,...,df,£=0,...,0 —1 and jointly in
D[0,00),

n2 (S0t 8 ) = g (O)b(dE, 1= T, 0)) s 2 o(t A o),

where 2 g ¢(t) is a Gaussian process with mean 0 and variance o4..(t) given by (14).

The proof of the above theorem is provided in Section 6.5. Indeed, we prove a stronger

version of above theorem, providing also the covariance between Z;“l 9,0, and Z * for

z2,02,02)
any two triplets (z1,601,¢1) and (zq, 62, {2); the covariance is given by (13).
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For z € [0, 1], we define the functions:

F§(2) = ) Z A O)B(dS, 7 dE —0+1), f5)(z) =1 f§(2),
zeX
af
(e Zu<">2q<"> (A 20, £ =x - 1),
reX = d+—9+1

f(n) =AM, — Z u(")d Z q(”) d+,z,d;r -0+ 1).
zeX
In the following theorem, we show the joint asymptotic normality between the total
number of solvent institutions, number of defaulted institutions, number of infected and
healthy links, and the total number of white balls (controlling the default contagion stopping
time) at any time ¢ before the end of default cascade.

For convenience, we set
) = 107,
for de {S,D,H* It W}.

Theorem 3.6. Suppose that Assumptions 1-3b hold. Let 1, < 1) be a stopping time such
that 1, -2 1o for some tg > 0. Then, under the above assumptions and jointly in D [0, o0),

asn — o,
n—1/2 (&n(t ATy) — nf;.n)(t A Tn)) 4, Za(t A to) (6)

for &€ {S,D,H* IT W}, where {Zg} are continuous Gaussian processes on [0,to] with
mean 0 and covariances that satisfy, for 0 <t <ty and &, #€{S,D,H It W},

COV(Z‘,(t), ZQ(t)) = U&,Q(eit)y

where the form of og, a(x) are given by (51)-(55) in Appendiz A.6.

The proof of the theorem is provided in Section 6.6. Note that since D,,(t) = n — Sy, (t),
it would be easy to transfer the result to D by setting op.p = 0g,5 and op & = —0g,a&.
Further, since I,,(t) = L,(t) — H, (t), calculating the covariances of I'* is similar to H*
and is omitted from the proof. We only provide the covariances for &, # € {S, H* W}

We further define

52,0,0(2) = paqz(0)b(dF, 1 — 2,0), nge),e(z) = /ch")qg(gn)(@)b(d;7 1—2,0).

As a corollary of Theorem 3.6 and Lemma 3.2, we have the following theorem regarding

the final state of default contagion.

Theorem 3.7. Suppose that Assumptions 1-3b hold. Let t* = —Inz* and Z,, be the largest
z € [0,1] such that f(n)( ) = 0. Under the above assumptions, we have:

13



(i) If z* = 0 then asymptotically almost all institutions default during the cascade and
|Dn—1| = n = oy(n).
(it) If z* € (0,1] and z* is a stable solution, i.e. a:= fj,(z*) > 0, then we have
w2 (1) = nfg (Ba) =5 Za(t) — o7 (M) Bw (t), (7)

for &€ {S, D, H 1T, W}, where the limit distributions compose a Gaussian vector.

Furthermore, z, — z* and, for allz € X, 0<{ <6 < d},
n_l/z(S(n) () — ns™ (Zn)) A,z (t*) — sl g (2%) 2w (t¥) (8)
z,0,4\'n ,0,L\°"n ,0,0 z,0,0 w .

The proof of the theorem is provided in Section 6.7.

4 Quantifying Systemic Risk

In order to determine the health of the financial network, we consider in this section a
systemic risk measure applied to the (random) financial network, introduced in previous
sections. These measures are decomposed as p o I' for a stand-alone risk measure (usually
assumed convex) p and an aggregation function I' = T'(€) for losses under the stress scenario
€. This was first introduced in [19, 44]; see also [10, 29].

The following three aggregation functions has been considered in the literature. At time

t, for the economy &,, and given shock scenario €, we let:
e Number of solvent banks: T#(t) := S, (t) = n — D, (t).
e External wealth: Let TQ denote the total external wealth to society if there is no

default in the financial system (small shock regime). We define the external wealth

(societal) aggregation function as
L) :=TF = >, L2D (),
reX

where DS (1) = np{™ — 3, 3070 Sf;gyg(t) denotes the total number of defaulted
institutions with type x € X at time ¢. Note that (for simplicity) we assume a

bounded constant type-dependent societal loss LO over each defaulted institution.

e System-wide wealth : Let T'O denote the total wealth in the financial system if

there is no default in the system. We define the system-wide aggregation function as

df 9-1
ro(t) =T — Y L2DM (1) — ST LS D) ST est) ().
xeX reX 0=1/¢=1

For each type 2 € X, we consider a bounded fixed (type-dependent) societal cost E;D
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for defaulted institutions and a bounded fixed (host institutions’ type-dependent) cost
LY over each defaulted links.

For the aggregation function I'# (¢), we already stated the limit theorems in Section 3.
Since the societal aggregation function I'Q can be seen as a particular case of system-wide
aggregation function I'Y (by setting LS = 0), we only state limit theorems for T'J.

In order to state limit theorems, it is natural to assume that T'C/n — I'® when the size
of network n — c0. Let us define

dy
f) =18 —= 3 LRF5 () = 3 L Y

zeX zeX =1 /(=1
dr -1
folz):=T%= > LOfp(z) — > L? ls20.0(2)
zeX TeX 6=1 (=1

Similarly we also set
R0 = 157, Jolt) = fole™),
By applying Theorem 3.1 and Theorem 3.3, under Assumption 3a, the following holds.

Theorem 4.1. Suppose that Assumptions 1-3a hold. Let T, < 7, be a stopping time such

that T, = to for some tg > 0. Then, as n — o0,

¢
sup 720 g o] 20 0

t<Tyn

Further, the final (system-wide) aggregation functions satisfy:

(i) If z* = 0 then asymptotically almost all institutions default during the cascade and

1“2 T — -
Lalm) o, 7o S0 10.

n zeX
(it) If z* € (0,1] and z* is a stable solution, i.e. fj,(z*) >0, then

O (%
Fn(Tn) _P) f()(Z*)‘
n
The proof of the above theorem is provided in Section 6.8.
We next consider the central limit theorems for the societal and system-wide aggregation

functions. By applying Theorem 3.6, under Assumption 3b, the following holds.

Theorem 4.2. Suppose that Assumptions 1-3b hold. Let 7, < 7 be a stopping time such
that T, = to for some to > 0. Then jointly in D [0, 0),

n~1/? (Fg(t A Ty) — nfén) (t A Tn)) 4, Zo(t A to),
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where Z¢ is a continuous Gaussian process on [0,to] with mean 0 and variance o¢(t) given
by (56) in Appendiz A.7.

Moreover, the final system-wide aggregation function satisfies:

(i) If z* = 0 then asymptotically almost all institutions default during the cascade and

Lo(m)

n

00— 3, L9,

n
TEX

(it) If z* € (0,1] and z* is a stable solution, i.e. a:= fj,(z*) > 0, then we have
_ * n) ~ d *
nVA(OR () — g () - 25,

where Z3 is a centered Gaussian random variable with variance oy given by (57) in
Appendiz A.7.

The proof of the above theorem is provided in Section 6.9.

5 Targeting Interventions in Financial Networks

In this section we consider a planner (lender of last resort or government) who seeks to
minimize the systemic risk at the beginning of the financial contagion, after an exogenous
macroeconomic shock €, subject to a budget constraint. As discussed in Section 4, we
assume that the systemic risk is represented by p(I'?), for some convex function p applied
to system-wide wealth. Note that since we study the interventions for a given shock €, the
uncertainty (in stress scenario) for the risk measure p is only on the network structure (which
is assumed to be uniformly at random). The planner only has information regarding the
type of each institution and, consequently, the institutions’ threshold distributions. Hence,
the planner’ decision is only based on the type of each institution.

The timeline is as follows. At time ¢ = 0, the financial network is subject to an economic
shock e. At time ¢ = 1, the planer (observing the external shock €) calculates the threshold
distribution g (.) for each x € X. Then she makes decisions, under some budget constraint,
on the number (fraction) of interventions over all defaulted links leading to any institutions
with any type x € X. When the planner intervenes on a defaulting bank, its threshold
(distance to default) increases by 1. These interventions will be type-dependent and at
random over all defaulted links leading to the same type institutions.

For x € X, let us denote by a;") the planner intervention decision on the fraction of the
saved links leading to any institution of type z € X. We assume that oz;") — «y for all

x € X, and some constants a, independent of n. Let a,, = {aé"’} , and, I‘g(an) denote
TEX

the system-wide wealth under the intervention decision a,. Further, Sg(gng) (o) denotes

the number of solvent banks with type z, threshold 6 and ¢ defaulted neighbors under the
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intervention decision a,. Similarly, D, (a,) denotes the total number of defaults under
intervention «,,.

Let C, € RT denote the cost associated to saving any defaulted link leading to an
institution of type x € X. We assume that C, is a bounded function. We denote by
®,, () the total cost associated to the planner for the intervention strategy a,.

We next state a limit theorem regarding the number of solvent institutions, defaulted
institutions, the total aggregate wealth of the financial system and the total cost of inter-
vention for the planner, under the intervention decision c,.

Let us define

(a) =Xz — Zqu qu +(1—az)z,df —6+1),
zeX
and,
25 =sup{z € [0,1] : (a) = 0}. (10)

Theorem 5.1. Suppose that Assumptions 1-3a hold. Let o, —> o as n — 0. If 2% is a
stable solution, then as n — o0:

(i) For allz € X,0 = 1,...,d} and £ = 0,...,0 — 1, the final fraction of solvent in-
stitutions with type x, threshold 60 and ¢ defaulted neighbors under intervention o,

converges to

ST (o)

n

Lo (5 (28) = aaa ()b (dF (1= o) (1 = 23).0).
(ii) The total number of defaulted institutions under intervention e, converges to:

Dulon) p, gy, q_ - .
- 25) =1 ZM”Z% ap+ (1= ag)zh, df —0+1).

reX =1

(iii) The system-wide wealth under the intervention decision o, converges to

Lo (an) (@) s ) N
nn =k, f<>a (z5) = ro— } L®f 3 (za) — } Lg } } Zszt,le,e(z:x)-
zeX zeX 0=1+¢=1

(iv) The total cost of interventions o, for the planner converges to

(I)n(an)

0z Cp > b d*,l—z*,( .
& - S S 20

reX

The proof of theorem is provided in Section 6.10.
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We conclude that, as n — o0, the planner optimal decision problem simplifies to

dy -1
max fg (a) Z LQf(a) 23,) Z LS Z Z gs(zae)e
zeX zeX 6=1¢=1
subject to 2 i C 2 lb d*, 1-— z;,f) <C,

TEX

for some budget constraint C' > 0 and 2}, given by (10).

It would be interesting to extend the model to a continuous-time Markov decision process
by the planner, where the links (starting from fundamentally defaulted institutions) are
revealed one by one, and consequently, the planner should decide at any time to intervene
or not. This would lead to a Markov decision problem and one could solve it (under some
regularity assumptions) by using a dynamic programming approach. We refer to [12] for
a similar model in a simpler setup with a core-periphery network structure. We leave this

and some related issues to a future work.

6 Proof of Main Theorems

This section contains the proofs of all the theorems in previous sections. We first provide
some preliminary results on death processes and martingale theory that will be used in our

proofs. Proofs of lemmas are provided in Appendix A.

6.1 Some Death Processes

The studies of death processes in the balls-and-bins problem rely on the following classical

result, see e.g. [42, Proposition 4.24].

Lemma 6.1. (The Glivenko-Cantelli Theorem) Let T, ..., T, be i.i.d random variables
with distribution function F(t) := P(T; < t). Let X, (t) be their empirical distribution
function X, (t) := #{i <n:T; <t}/n. Then sup, | X, (t) — F(t)| *>0 as n — .

Since in the balls-and-bins model described in Section 2.4, every in ball dies indepen-
dently after an exponential time with parameter 1, this is a pure death process starting

with some number of balls whose lifetimes are i.i.d exp(1).

Lemma 6.2. (Death Process Lemma) Let N (t) be the number of balls alive at time t
and all balls have i.i.d. lifetime exp(1), starting with initial number N (0) = n. Then

sup |[N™(t)/n — et 250 as n — .
>0

Proof. Since 1 — N("(t)/n is the empirical distribution function of the n ii.d. random
variables of distribution exp(1), whose distribution function is 1 — e~  thus the result

follows by using the Glivenko-Cantelli theorem. O
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6.2 Some Martingale Theory

Our proof of the asymptotic normality for the default contagion is based on a martingale
limit theorem by [38]. Let X be a martingale defined on [0,c0). We denote its quadratic
variation by [X, X];. We also denote the (bilinear) covariation of two martingales X and Y’
by [X,Y];. In particular, if X and Y are two martingales with path-wise finite variation,
then [X,Y]; := 35, AX(s)AY (s), where AX (s) := X(s)—X(s—) is the jump of X at s
and similarly AY(s) := Y (s) — Y (s—). Note that in this paper, the considered martingales
are always RCLL (right continuous and with left limit) and have only finite number of
jumps. Hence, the quadratic variation will be finite. We also set [X,Y]o = 0. For two
vector-valued martingales X = (X;)7_; and Y = (¥})7L;, we define [X, Y] to be the n x m
real matrix with every entry being ([X,Y]);; = [X;, Y;].
We will use the following martingale limit theorem from [38].

Theorem 6.3 (Martingale Limit Theorem). Assume that for eachn, M (t) = (Mgn)(t))gzl
is a q-dimensional martingale on [0, 0) with M (0) = 0, and that X(t) is a (nonrandom,)
continuous matriz-valued function satisfying, for every fized t = 0,

(i) M M™], 25 5(t) as n — o,

(i) sup,, }E[Mi("),Mi(n)]t <o, foralli=1,...,q.
Then M™ —% 7 asn — 00, in D[0,00), where Z is a continuous q-dimensional Gaussian
martingale with E[Z(t)] = 0 and covariances E[Z(t)Z'(s)] = X(t), for 0 <t < s < 0.

Hence, the above theorem yields joint convergence of the processes {Mi(") }:;1 and could
be extended immediately to infinitely many processes (i.e., for the case ¢ = ). Indeed, by
definition, an infinite family of stochastic processes converge jointly if every finite subfamily

does. We will use the above theorem for stopped martingales.

6.3 Proof of Theorem 3.1

We denote by U, Xlg)’s(t) the number of bins (institutions) with type x € X, threshold 6 and
s alive (in-) balls at time ¢t. Let N, 95779) denote the (random) number of bins with type z and
threshold 6. Let also NQE”) =>yN Z("e) denote the number of bins with type x. We first

state the following lemma on the convergences of Ugg,"g)’s(t).

Lemma 6.4. Let 7, < 7, be a stopping time such that T, LA for some ty > 0. Under
Assumption 3a, for allze X,0 =1,...,d} and £ =0,...,0 — 1, we have (as n — ©)

Ut
Sup|%€<) — M2z (0)b (d;,eit,f” L50. (11)

Further,

df dt
sup Y. (df +d;) D DT U (/0 pequ(0)b(dS e )| 0. (12)

ISTn pex 6=1s—df —9+1
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The proof of above lemma is based on the death process Lemma 6.2 and provided in
Section A.2. We now continue the proof of Theorem 3.1.

The proof of above lemma is based on the death process Lemma 6.2 and provided in
Section A.2. We now continue the proof of Theorem 3.1.

Consider now SG(ET_LQ) > the number of solvent institutions with type x, threshold 6 and

£=0,...,0—1 defaulted neighbors at time ¢. By definition, Si’f&At) = US;) o J(t). Hence,
by (11), we obtain that

=007 LG (0)0 (d;“, 1-— eft,E)‘ 2,0, as n— o.

The total number of solvent institutions at time ¢ satisfies

d df
Sn(t) = Z Z 2 Uag,ne),s(t)v

TEX 0=15=d} —9+1

which is dominated by >} 1 (d¥ +d;) Zgil Zjid+79+1 U™ (t). Then, by Lemma 6.4 and

x,0,s
the convergence result (12), we obtain

50 fo(e] 20,

sup
t<Th

Further, from D, (t) = n — S, (t), the number of defaulted institutions at time ¢ satisfies

Da(t)

- fD(e_t)| L 0.

sup |
t<Tn

Observe also that the total number of healthy in links at time ¢ is given by

dt daf
=Y > 3 sul) @),

TEX 0=15=dF —0+1

which is also dominated by Y. . (df +d) ZZ£1 Z:£d+76+1 vt (t) and again by Lemma 6.4,

x,0,s
we obtain
Hi ()

| n

- fH+ (€_t)| i’ 0.

sup

t<Tn

Moreover, the number of in balls from I at time ¢ satisfies I} (t) = L, (t) — H,} (). By

the construction of the balls-and-bins model, it is easily seen that L,(t) is a pure death

process. It follows by Lemma 6.2 and Assumption 3a that sup,s|Ln(t)/n — Ae™| 2.
We therefore obtain (by definition f;+(2) = Az — fg+(2))

IH(t _
sup|% — fr+(e ] 0.

1<
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Finally, the total number of white (out) balls at time ¢ satisfies W,,(t) = L, (t) — H,, (¢),

n

where H, (t) denotes the total number of healthy (out) balls at time ¢, given by

df df
Hy =Y > Y aul ).

TeX 0=1s—qf —64+1

This is again dominated by Y, . (df +d7) Zgil ZZ£d+—9+l U™ (#). Then Lemma 6.4

x,0,s
and Assumption 3a implies that the number of white balls satisfies

— fw(eit)| L 0

sup
t<Th

|Wn (t)
n
This completes the proof of Theorem 3.1.

6.4 Proof of Theorem 3.3

By Theorem 3.1, it follows that

= fs(efT:L) + o0p(1).

If 2* = 0 then, by Lemma 3.2, 7 L, 0. So em™ £ 0 and, since fs(0) =0, it follows
by the continuity of fs that fs(e=™) —2> 0. We therefore have S, (7)) = o,(n). This
implies that |D,—1| = n — S, (1) = n — 0,(n) and, as desired, asymptotically almost all
institutions default.

If z* € (0,1] and fj;,(2*) > 0, then by Lemma 3.2, we have e~ 25 z*. Moreover, the

continuity of fp implies that fp(e~ ™) - fp(z*). Hence, we have by Theorem 3.1 that

|Dp1] _ Dy (1))

2 fp(2Y).

n n

Now using the first statement of Theorem 3.1 and the continuity of p.q.(0)b(d},1 — z,¢)
on z, we obtain for all z € X,0 = 1,...,d} and £ =0,...,0 — 1, the final fraction of solvent

institutions with type x, threshold 6 and ¢ defaulted neighbors satisfy

s,
20l P (@) (A1 — 2%, 1)
- taqz (0)b (df z*,0)

This completes the proof of Theorem 3.3.

6.5 Proof of Theorem 3.5

Recall that U (t) denotes the number of bins (institutions) with type x € X, threshold

x,0,s
0 and s alive (in-) balls at time ¢. Further, we let V%)s(t) denote the number of bins

x
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(institutions) with type = € X, threshold 6 and at least s alive balls at time ¢, so that
Vina(®) = Xz, Uy f(0).

We first study the stochastic process VI(%)S for a given z € X and integers #,s. This
stochastic process takes an important role in the proof of Theorem 3.5. For all possible
triple (z, 0, s), we define

V() == n V2 (V) (1) = g (0)B(dE e, 5)).

We then have the following lemma.

Lemma 6.5. Let 7, < 7, be a stopping time such that T, L5 o for some ty > 0. Under

Assumption 3b, we have that for all couple (x,0), jointly as n — oo,

N*(n) i}

*
z,0 0

where all Y , are Gaussian random variables with mean 0 and covariances

Cov(y:hel’y:g,eg) = %,91,92]1{301 = .1‘2}7

where

V0.0 = Gz (0)(1 — o (0)), V20,00 = —H2qe(01)qe(02)  for all 01 # 0.
Further for all triple (x,0,s), jointly in D[0, ), as n — oo,

VAt A )~ 22, (A to),

x

where all Z*

* 0.s(t) are continuous Gaussian processes with mean 0 and covariances
0,

COV(Z:hehSl(t),2:2’92’82 (t)) =0, forall x1 # xo,
Cov(Zf’ghsl(t),Z* (t)) =010, 05,5150 (€7 ")y for all 01 # 02,

,02,52

COV(Z:,e,sl (t), Z:,e,sQ (t)) =02.0,0,51,5 (e_t) + 020,51, (e_t)v

where

89&,91,02,51782 (eit) = 5(da‘+7 eita Sl)ﬁ(d;, eita S2)¢x,01,92:

and 0x,0,51,52 = Ox,0,52,51 with

dy

~ 1
Uz,9,s,s+k(y) = §y23+k Z
j=s+k

J=1\( i-1 ! ek o
(8—1> <S+k—1>f (v = )20 g5(0),
Y
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with ©a.0.5(y) = paqa(0)B(d] . J).

; *
Moreover, the covariance between Z¥ , (t) and Y3

" o
L0, 1S given by

COV(Z;kl,Gl,s(t)a y:g,eg) = ﬁ(d:peita S)wmﬁh@zl{xl = 1‘2}.

The proof of Lemma is in Appendix A.3.
We now return back to the proof of Theorem 3.5. For the number of solvent institutions
with type z € X, threshold § = 1,...,d} —1 and £ = 1,...,0 — 1 defaulted neighbors at

time ¢, we have

(n) _ym _y
Szﬂl(t) - Vz,e,d;—e Vz,e,d;—z+1'
Moreover, for { =0, S i"e) o(t) = V:;) 4+ Using the joint asymptotic normality of Vz*én;+ »
and Vrfé7(3;7£+l, we obtain that in D [0, c0),

n~ 12 (Siig’e(t A Tn) — nu(zn)q:(gn)(e)b(d:, 1— e_(t””),é)) 4, 2.0.0(t A to),

= Z* — Z* > = Z*
where Z; 9.0 Zx’eﬁd;_é Zxﬂ,difﬂl for £ = 1 and Z; 4,0 Zx,e,d;'

convenience, we set Z¥, =0 for all s > d.

Further, for

Thus for any two triple (z1,61,¢1) and (x2, 62, {2),

COV<2931 ,01,01 (t)7 ZI2,92/2 (t))
_ * % *
_COV(ZII1917(1;1 0 (t), 2 (t)) + COV(Zml,el,d

*
©2,02,d5, —Ll2 bl 7£1+1(t)’ Zz;,%,zig 7z2+1(t))

* % * *
- COV(Zzl,(h,d;rl g, () 212,92,d;2 L) = COV(Zzl,el,di,l I OF 212,02,d;2—ez (1)),

(13)
where the covariances on the right hand side could be calculated by using Lemma 6.5.

In particular, the variance of Z; ¢ ((t) is given by

00,0,6(t) =G, 9t _par o€ )+ Tpgar pi1ar_oi1(e7)

=25, g at—pat—eer(€ ) HO(dS e A — s 00, (14)

where Y300 = 12¢:(0)(1 — ¢,(0)) as in Lemma 6.5.

6.6 Proof of Theorem 3.6

We first show that the moment regularity condition (i.e., Assumption 3b) guarantees that,
as n — o0, not only f;.n)(z) — fa(z) for all & € {S,D,H*, It W}, but we also have these

convergences together with all their derivatives, uniformly on [0, 1].

Lemma 6.6. The Assumption 3b guarantees that, as n — o0, _('.n)(z) — fa(z), for all
&c {S,D,H* It W}, together with all their derivatives, uniformly on [0,1].

The proof of Lemma is in Appendix A.4. The above lemma allows us to extend the
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convergence results to some infinite sums of V*(n)( t). We denote by X," and X, the set of

characteristics « € X with in-degree d} > ¢ and out-degree d, > ¢, respectively.

Lemma 6.7. Let 7, < 7, be a stopping time such that 7, 25ty for some to > 0. Under

Assumption 3b and for n large enough, we have as £ — o0,

d
Efsup| 3 Y] Z v @) o,

t<T
zex,} 0=1s=df —0+2

Further as n — o,

d+ dJr
ZZ Z VISt A T) - ZZ Z Z¥, (A to). (15)

zeX =1 g—q}F —9+2 zeX 0=1 g—qF —p+2

Similarly, as n — oo,

Z Z 9:524“ 0+1 (t A7) Z Z .0,dF — 9+1 (t A o),

TeX 6=1 zeX 6=1
a7
O+ #(n)
DIDNCHE DV, gt —g41(E A ) Z Z O+ D20 i g (E A T0),
zeX 0=1 zeX 0=1
and
d+
*(n) d *
dy Vz,Q,d+—0+1(t ATa) — Z dy 2 25 g.ar— 941t A to).
zeX TeX 6=1

Moreover, all the above limit processes on the right hand side are continuous.

The proof of Lemma is in Appendix A.5.

We come back to the proof of Theorem 3.6. Recall that L, (¢) denotes the total number
of alive in balls at time t. At the initial time, L, (0) = nA(™ and L, (t) decreases by 1
each time a (in) ball dies. Since the death happens after an exponential time with rate 1

independently, therefore on [0, 7,}], writing in differential form, we have
dLn(t) = =L, (t)dt + dM,,
where M is a martingale. Then by Ito’s lemma we have

d(e'Ly, (1)) = e'dL,(t) + €' L, (t)dt = e'd M,
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which implies L, (t) := e'L,(t) is another martingale. The quadratic variation of L, (t) is

(Lo Lole= Y |ALy(s)2 = D e®|ALy(s)?
O<s<t O<s<t
t

= 3 2 (La(s) = Lu(s—)) :f e*d(—Ln(s))

0<s<t 0

¢
= —e*L,(t) + L, (0) + J 2e*°L,,(s)ds.
0

In particular,

t
[Lo, Ln]: < thJ d(=Ly(s)) < nAMe?,
0

In addition, as shwon in the proof of Lemma 3.1, uniformly on [0, 7,,] we have

sup‘LL(t) - )\e_t‘ 250.
t<Tn n

Going back to the quadratic variation, for every t € [0,T A 7,] with T fixed,

~

¢
[Ln, Lyt = —e* L, (0)e™" + L, (0) + f 2e%*L,,(0)e*ds + op(n)

0
= L, (0)(—€" + 1+ 2¢" — 2) + 0,(n)
= L,(0)(e" = 1) + 0y(n) = )\g(et —1) + op(n).

Next we define

~

n(t) == 07V (La(t) — Ln(0)) = n Y2 (et Ly () — nA™),

e

and the quadratic variation is given by

~

~ EPPNEEPN A
[anLn]t =n 1[Ln:Ln]t = E(et - 1) + op(l)’

Let us stop the process at 7, < 7,,. By assumption 7, 25 o, the quadratic variation
of the stopped process converges in probability to A(e!** —1)/2. Then for any fixed ¢ > 0,

there exist some constant C' such that
[znain]t/\ﬂ'n = n_l[invin]t/\'rn < )\(n)EQt < Ce2t7

which holds uniformly for n. Thus, from Theorem 6.3 for the stopped process, we have

Lot Am) =5 Zi(taty)  in D0, 00),

25



where ZJ, is a continuous Gaussian process with E[Z(t)] = 0 and covariances
E[ZL(t)Z(u)] = A(e' —1)/2, 0<t<u<oo.
We further define
Tn(t) i= e Tn(t), Zu(t) = e Z0(0),
Thus it follows that
Lot Amn) % Zi(t nto)  in D0, 0).

Let U™ (¢ (t) and Vx(j;’)ys(t) be as defined in the proof of Theorem 6.5. Note that the

z,0,s

followings hold:

-2 Z f?w pi1()s Dn(t) =n—S.(1), (16)

zeX 6=1

and,

dt dy
ooy sulyo

2€X 0=1 =g+ —0+1

(17)
dy af
(n) (n)
ZZ 0+ VL O+ D Vi)
ex o=1 s=df —0+2
Further, I,V (t) = L, (t) — H;F (t), and,
v
Walt Z Z z,0,ds —0+1 (). (18)

zeX

Then by Lemma 6.5, combining (16), (17), (18) and the convergences results for the
infinite sums in lemma 6.7, it yields that for & € {S, H*, It W},

TL71/2 (*n(t A Tn) - n.]?(n)(t A T’ﬂ)) —d) Z“(t A to),

with
af
= Z Z Z:,o,d;r—e+1’ (19)
zeX 0=1
ar atdr
Z’“::ZZ( —0+1)Z7 ©,0,dF — 9+1+22 2 AP (20)
xeX 0=1 zeX 0=1 s:d;?—9+2
Z[+ = ZL_ZH+7 (21)
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and

dg
P - *
2w =21 - Z dy Z 2 ot —6+1 (22)
reX 6=1

Hence we have proved the asymptotic normality in Theorem 3.5. The covariances between

all the processes are given by (50)-(55) in Appendix A.6.

6.7 Proof of Theorem 3.7

As discussed in Remark 3.4, the Assumption 3b implies Assumption 3a. Hence, the case
z* = 0 follows from Theorem 3.3. We now consider the case z* € (0, 1], where z* is a stable
solution and a := f{;,(2*) > 0.

Since a > 0, for a positive constant £ small enough, we have fyy(2* —¢) < 0 and
fw(z* +¢) > 0. By Lemma 6.6, we have fé;) — fw uniformly on [0,1]. For n large
enough, we also have f‘g;)(z* —¢) < 0and fé(,l)(z* +¢) > 0. Hence for n large enough, there
exists a sequence Z,, in (2* — &, 2* + ¢) such that fé{;)(,?n) =0 and fé{,l) > 0on [2* +¢1].
Since € can be arbitrarily small, we obtain z,, — 2*.

Define tAn := —1InZ,. Consequently we also have tAn — t*.

Next, we use the Skorokhod coupling theorem [42, Theorem 3.30] which shows that one
can change the probability space where all the random variables are well defined and all
the convergence results of Theorem 3.5 and 7, — ¢* (from Lemma 3.2) hold a.s..

Taking ¢t = 7,y and g = t*, we get

W () = nf? (72) + n 2 Zuw (72 A 1) + o(n'/?)
= nf(V:})(T;) + nl/QZW(t*) + o(nl/Q),
by the continuity of Zy . Since W, (7)) = —1, then
AI%L)(T*) = —n_l/QZW(t*) + o(n_l/Q).

n

Since, as n — o, 7, — t* and t,, — t* hold a.s., there exists some &, in the interval

between fn and 7, such that &, — ¢*. Further, by Lemma 6.6,
(A (&) = () = =2"a
It follows then by Mean-Value theorem that
() = A7 () = A () = (R) (€) (7 = ) = (=" + 0(1)) (75 = ).

Hence we have

*

= = (=i 4 o) P (72 = 0 (2w () + 1),
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Then, by a similar argument for S, (7,y), combining the above formula and Lemma 6.6, we

have a.s. for some &, — t*,

nT128,(r2) = n'RFE (7)) + Zs(t) + 0(1)
= 2 () + 2PV () (= Ba) + Zs(8) + o(1)

*

n2 190z + 5 20 1 25 + o)

n2 100z~ 5 260 4 250) + 0(0),

where the last equality follows from the fact that (fs)'(t) = —(fs)(et)e~t and et = 2*.

Using the similar arguments, we have the following analogues:

w2 () = 2 g (5 - D 2 ) 42 4 o)

o

W) = D6 - T )+ 20 4 o),
and

_ n * ~ S/IQZ(Z*) * *
n S (m) = s (Bn) = T Ew () £ 25(10) + o(L),

for all z € X and 0 < £ < 6 < d}. This completes the proof of Theorem 3.7.

6.8 Proof of Theorem 4.1

Using the notations as in the proof of Theorem 3.1 (see Section 6.3), we have Sg(,-?gﬁe(t) =

U(T;)d+ _,(t). Then we have
dt -1 i 9-1
PIEZIONEHNOED IR SIS W ArIN
zeX  f=16=1 eX  6=10=1
and,
dar dat
SLODI@) = Y L9 = 3 Y USL(®)
zeX zeX 0=1g_gt _g+1

Since for all x € X, LY and LY are bounded, there exists some constant C' such that the
two above expressions are both dominated by

df
nC Y (df +d;) Z Z Ul ().

zeX =df—6+1
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Thus again by Lemma 6.4 and basic calculations, it follows that

ot
sup ’7721( )

t<Tp

— fole )| 0.
For z* = 0, by Lemma 3.2, 77 %> o0. Then we have e~ - 0 and fo(0) = T© —
> vex LO,. Thus, by the continuity of f, it follows that

fo(eT™) =T = 3" Ly + 0,(1).

zeX

We therefore have o
F *
n xeX

For 2* € (0,1] and f{;;(2*) > 0, by Lemma 3.2, 7 —*> —In 2*. Then a similar argument

as above implies that

Lo(r7)

s fo(2*).

This completes the proof of Theorem 4.1.

6.9 Proof of Theorem 4.2

Recall that we have defined V") (¢ (t) as the number of bins (institutions) with type = € X,

z,0,s

threshold 6 and at least s alive balls at time ¢t. We notice that

d+

2, L2 = ), I (! Z Vo -2 ®);

zeX TeX =

and,
ISPrG (n) < (n)
D S0 ) =0 -1V = Y Vi),
=1 s=df —0+2

Since for all x € X, LY and Eg are bounded, there exists a constant C' such that
LY + LY < C for all z € X. Hence, by using similar arguments as in Appendix 6.6 which
has been used to prove the convergence of H,', S, and so on, Lemma 6.7 leads to the

convergence of the following (infinite) sums

Z L® Z V:éilz}*’ 9+1 Z L® Z x,0,df —0+1 )

zeX zeX
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and

dat daf
- (n) (n)
LY MO-Dvir, = X Vil

reX 0=1 s=df —0+2
df
d _
- L<I> Z [(6 - 1)Zj7g7d+ 9+1(t) - Z ZT 0, 9( )]
zEX =1 s=df —0+2

Hence we have in D [0, 0), as n — o0,
n~1/? (Fg(t A Tn) — nfén) (t A Tn)) LR Zo(t A to), (24)

where Z,, is a continuous Gaussian process with,

af dy
Zy:=— Z LY Z [(9 N 1)2:9 i — o1 (t) = Z 2705t )]
zeX =1 s=df —0+2 (25)
7O
- 2 L3 Z z,0,df —0+1 (t)-
reX
For the final system-wide wealth T'9(7*), the case where z* = 0 has been proved in

Theorem 4.1. We consider now the case where z* € (0,1] and f{;,(2*) > 0. Note that the
convergence result (24) hold jointly with the convergence of other processes H,F, S,, and so
on. Hence, by a similar argument as in Section 6.7, we have that
- * sy 4627 . *
w0 (nn) = w2 (B) — S Bw (1) + Zo() + o(1).
This gives
2= Zo(t) — a5 () Zw () = Zo(t") — AG")Zw (t").

Hence Z{ is a centered Gaussian random variable, which completes the proof.

6.10 Proof of Theorem 5.1

Our proof of Theorem 5.1 is based on using Theorem 3.1 together with the ideas applied
in [40] which studies the conditions for existence of giant component in the percolated
random (non directed) graph with given vertex degrees.

We first remove all potential saved links by the planner from the network. Consider
the type-dependent bond percolation model where we remove each incoming link to any
institution of type x € X with probability «,. Note that this also includes extra removed
links between solvent institutions that will not play any role in the default contagion process.
Next we run the death process as described in Section 2.4 and Appendix 6.3. We denote
by [795"9) ,(t) the number of bins (institutions) with type z € X, threshold 6 and ¢ alive (in-)
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balls at time ¢ in the percolated random graph. It is then not hard to show that for the

percolated random graph, Lemma 6.4 changes to (as n — o0)

at
1 = ~(n _
sup | SO ()~ p0a (0 Z b(d —az)e ! s)| 0.
t<Tn s=r+1 s=r+1

Consider now S (79 ¢» the number of solvent institutions with type z, threshold 6 and
¢ =0,...,0 — 1 defaulted neighbors at time t. Hence, by writing above equation for
r1 =df — /¢ and ro = d} — /¢ — 1, then taking the difference, we obtain

NG v
xT 7qu,t(0)b (d;a(lfarc)(l*eit)vg” —’07 as n — 0.

Let W, (t) and Dy, (t) denote respectively the number of white balls and the total number
of defaults at time ¢ in the percolated random graph. Then, by following the same steps as

for the proof of Theorem 3.1 in Section 6.3, we obtain

Spl ) — f e o, SP| ) — f5 e 2o0.

t<7, t<m,

Let 7 be the first time when Wn(?n*) = —1. Then, similar to the proof of Lemma 3.2

in Section A.1, we find that 7y — —In 2}, where 2}, := sup{z € [0,1] : f(a) =0} and
(a) _)\Z—Zﬂzd Zqz + (1 —ag)z,df —0+1).
zeX

Next, by following the same steps as proof of Theorem 3.3 in Section 6.4, we obtain

S(n) a, D
1,9,2( ) _) (waa)e(z ) n(an) i}

(o) _x
n n D (Za)a

which then implies (by definition) that system-wide wealth converges to

FQ( ) d+ 6—1
n f(a) Z L@f(a) 25) Z LO Z Z ES;C;)!
n zeX zeX 0=1¢=1

The total cost of interventions o, for the planner converges to

w =3 02 Cy Zzb (41— 25.0).

TEX

This completes the proof of Theorem 5.1.
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7 Concluding Remarks

In this paper, we propose a general tractable framework to study default cascades and
systemic risk in a heterogeneous financial network, subject to an exogenous macroeconomic
shock. We state various limit theorems for the final state of default contagion and systemic
risk depending on the network structure and institutions’ (observable) characteristics.

We show that, under some regularity assumptions, the default cascade could be trans-
ferred to a death process problem represented by balls-and-bins model. Under suitable
assumptions on the degree and threshold distributions, we show that the final size of de-
fault cascade and system-wide wealth aggregation functions have asymptotically Gaussian
fluctuations. We also show how these results could be used by a social planner to optimally
target interventions during a financial crisis, under partial information of the financial net-
work and under some budget constraint.

The closed form interpretable limit theorems that we provide could also serve as a
mandate for regulators to collect data on those specific network characteristics and assess
systemic risk via more intensive computational methods.

Our results can also be used in a regulatory risk management framework. The regulator
will impose capital requirements on each bank. In practice, the capital ratio constraint
is the same for all banks. However, using our heterogeneous setup, we could allow the
regulator to choose optimally this capital ratio according to the type of the banks. Fixing
the time horizon 7', the regulator’s problem is how to choose optimally capital ratio for the
institutions of type z € A’ at time 0 to minimize p(FQ(T )) Then the regulator can update

the type of each bank and capital ratios at time 7" according to the new data.
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Proof of Lemmas

This appendix contains the proofs of all the lemmas in the main text.

A.1 Proof of Lemma 3.2

Recall that

a
fw(2) =Xz = Y pady D qu(0)B(dF, 2, df —6+1),
60=1

zeX

and, z* :=sup{z € [0,1] : fw(z) = 0}. By the initial condition ¢,(0) > 0 for some = € X.

Hence, we have fyy(1) > 0 and z* < 1. Let us take a constant ¢; > 0 such that t; < —1In z*.

By

continuity of fy(z) on [0,1], it follows that fy/(z) > 0 on (2*,1]. Hence, there exists

some constant C7 > 0 such that fy(e™*) > C; for t < ¢;.

Since Wy, (1) = —1, if 7 < t1 then W, (7})/n — fw(e~™) < —Cy. But on the other

hand, we have

Tl (e i 20

sup |
t<Tx
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This is a contradiction. Therefore, we must have P(7y < t1) — 0, as n — o0. In the case
z* = 0, we can take any finite ¢;, which implies that 7} 2, .

We now consider the case z* € (0,1]. Let ¢ > 0 small enough and fix the constant ¢, €
(—Inz*,—In(z* — ¢)). By using a similar argument and given the assumption f{; (z*) > 0,
we can show there exists some constant Cy > 0, such that W, (7)/n — fw (e~ ™) = Cy if

ta. Thus P(7,, = t2) — 0 as n — o0. Since ¢; and ¢y are arbitrary, tending both t;

and t5 to —In z*, implies that 7* —%> —In z*. This completes the proof of lemma.

A.2 Proof of Lemma 6.4

First note that U(ng)o( 0) = (") and U'") (0) = 0 for £ > 1. Further, from Assumption 2,

z,0,s
N(n)/n — g and q(n)(ﬁ) — qm(G) asn — o, for all z € X and 6 = 0,1,...,d}. Moreover,
by the strong law of large numbers, Na(:;)/Nz(n) — qé”)(a) a.s. as n — oo.
Consider now the death process as described in Section 2.4. Let us fix x € X and integers
0,7 with 0 < r < 0 < d}. Consider the Néfle) bins which starts with d; alive in balls. For

k=1,...,N\"), let Ty, be the time that the (d} —r)-th ball is removed (killed) in the k-th

such bin. Then we have #{k : T}, < t} = >,\_,U. (n) (t). Since the number of remaining

z,0,s

balls in any of such bins at time ¢ are i.i.d. random variables with distribution Bin(d;,e™?),
then we have P(T}, <t) =Y., _,b(d}, e, s). Hence, by using Glivenko-Cantelli theorem,

df
U N . (n) _,
tbg73|N(n9) s;—l Ies s;ﬂb(d ){ " * Nz_ﬂ .

Multiply the above equation by N 1("9) /Né"), and by the law of large numbers, we have

d df
sup|—t= 30 UM () —al(6) Y bdf.e 9| 50, as NI (26)
IS N s=r+1 s=r+1

Moreover, by using Assumption 2,

N
Sup‘Tq Z b(dy . e7",s) — p1aqu (0 Z b(d Ls)|—0, as n— 0.

120 s=r+1 s=r+1

By combining the two formulas above and multiplying (26) by N /n, we obtain

g
sup|l Z Uz(fle),s( — pzqz (0 Z b(d )| 2,0, as n— . (27)
t<t, T aerit st

Hence, by using (27) for r; = £ and ro = £— 1, and then taking the difference, we obtain
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that

Ul ()

sup | — 112z ()b (df e, 0)| 25,0, as n— .

t<Th

Note that the above equation holds for all z € X and 6 = 1,...,d}. Hence, the same

convergence also holds for any partial sum over z and 6. In particular,
d+
sup ) Z 20 (0) ~ e (O)b(d e, )] L 0. (28)
A

Let Xk be the set of all characteristic x € X such that df + d; < K. Since (by
Assumption 3a) A € (0,00) then for arbitrary small ¢ > 0, there exists K. such that
Yirex\ay, Pal(dy +d;) <e. Further, by Assumption 3a and dominated convergence,

D@ +d)NM e D (dF 4 dy s < e

2eX\ XK, zeX\ XK,
Hence for n large enough, we have 3} 5\ v, (df + d;)NgE")/n < 2¢. By (28), we obtain
d} df

sip S +d) Y S U (/0 — raga(O)b(dE et 5)

0=1 = d+—9+1

d+
<sip Y (@ +dp) Y] Z U () — paae(O)b(dS e, 5)]

f<TanXKE 0=1 4— d* 0+1

+ sup Z (d;r—kd;)i ZZ: |Uing)s /n—pxqm(G)b(d;,efﬂs)!

ST e\ X, 0=1 s—dt _p41
<op()+ Y (df +d (N /n+ pa) < 0p(1) + 3e.
zeX\ Xk,

Then let e — 0, it follows that (12) holds, which completes the proof of Lemma 6.4

A.3 Proof of Lemma 6.5

Since V(Tg)s changes by -1 when one of the alive (in) balls in U, 1(:2,3 bins dies, and there are

su™ (t) such balls at time ¢, we obtain

x,0,s

avyy) () = —sUL) (t)dt + d M,

z,0,s

where M’ is a martingale.

38



We define further ‘A/m(j;)’s(t) = esty (™) (t). Then by Ito’s lemma,

x,0,s

AV (1) = se> V) (t)dt + etV (1)

z,0,s x,0,s x,0,s
= seSth(z%S(t)dt — seStU;T;)’S(t)dt + etd M,
= se™ V) o Bt + dM,,

where dM,; = e*d M}, is also a martingale differential. Thus

t
M0 = T, =5 [ 7Ty (29)

is also a martingale for every 0 < s < d}. We can calculate its quadratic variation by

L) ] = S 1AM P = Y AP ) = Lt A=V ™ (). (30)

z,0,s7 " x,0,s x,0,s x,0,s x,0,s
o<r<t O<r<t

Then,

is a martingale with initial value at 0. Further, from Lemma 6.4, as n — oo,

sup [V (6)/n — poqu (0)B(dF, e, 5)| -2 0. (31)

z,0,s
t<Tx

For notational convenience, let us denote by

@z,G,s(y) = ;U'zqz(e)ﬁ(d:—7 Y, S)'

Using integration by parts, we obtain for all ¢t < 7},

(M55 M, = n M) M),

x,0,s? x,0,s? z,0,s

z,0,s T x,0,s

t
=nt (V(n) (0) — e2StV§’%{S(t) + L 25V (") (r)e**"dr)

¢
= ¢r,0,5(1) — 62“%%’0,5(6%) + J 238090’9’5(6774)62”‘17' +0p(1)
0

=L¥%wwwAfW+%ﬂl

Moreover, by (30), there exists a constant C' such that

[M(") M(") ]t — ’I’L_I[M(n) M(") ]t < n—1€23tv(") (O) < 0625t7 (32)

x,0,s? z,0,s x,0,s? z,0,s xz,0,s

which holds uniformly for n. Consequently, by Theorem 6.3, for the stopped process

M™ (tA7)) 5 Yagalt Atg)  in D[0,00), (33)

z,0,s
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where Y, g s is a continuous Gaussian process with E[Y; ¢ 5(¢)] = 0 and covariance

t
E [Yzﬁ,s(t)yzﬁ,s(u)] = J ezsrd(_@z,e,s(e_?‘)), 0<t<u<oo.
0

Furthermore, for s # r, we can show that VTU;)T and VT(Z) < never change simultaneously,
almost surely. Thus, []\7(") VAP, ]e = 0.

0,7 Mz 0,5
Hence, by Theorem 6.3 applied to the vector-valued martingale (Mrgl&),s)ﬁo,m,d:’ the
convergence holds jointly with a diagonal covariance matrix for (YI’9’5>5:0,..., g which
implies that the processes Y, 6.0,..., Yw,&, ar are all independent.

As for two different types-thresholds (x,0) and (z/,6’), the independence follows since
for any s =0,...,d} and s’ = 0,... ,d:,, V;Z?S and VT%E’S, also a.s. never change simulta-
neously. This could also be viewed from the nature of our balls and bins representation: the
balls die independently and a.s. never die at the same moment. Hence, the death processes
in bins with different types are independent.

We now compute ‘A/x(z)’y using the Definition-Equation (29) for M (t), repeatedly.

z,0,s
We find that for s = d,

and for s = d} —1,

t
PO @y = MO (1) 4 s J M (r)r
) i

z,0,s z,0,s

Then for s = d} — 2, we find out

t
V(n) (t) :MQ(C%)’S (t) + Sfo e*TM£T27(S+1)(T)dT

+ J s(s+ 1)6_(T1+T2)Mz(f19>7(s+2)(Tz)drzdrl
ro<ri<t

t
:Mijle),s(t) + SJ;) e_TM£37(5+1)(T)dT

¢
+ L s(s+1)(e™" — e_t)e_TMz(,"g),(HQ)(r)dr

d+
BVORUEEDS S<J )
Jj=s+1

¢
J (e7" — e_t)j_s_le_rM(") (r)dr.
s

0
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Assume that the above formula holds for s < k < d} — 1. Then for s — 1, we deduce

z,0,s

t
DO ) =M () + s j U (r)dr

t

MY )+ (s— 1)f "M (r)dr

z,0,s—1 z,0,s
0
d; . t
= 1) -1 . .
+ Z 78(8 ) (J ) J (e7" — e_t)]_se_er(’g)J (r)dr
j=s+1 J—s S 0
=M£7n9)75_1(t) + Z (s—1) (s B 1) L (e7" — e_t)J_se_TMggyj(r)dr.
j=s

By induction, we obtain that

dr .
) f o
7O =M 0+ Y ( )

Jj=s+1 §

t
L (e7" — eft)jfsflef"“MXZ)’j(r)dr.

We next define ")

z,0,s

initial value V;’;)g(O) Namely, we have

(t) for all t > 0, as the conditional expectation of ‘71(7;)5(75) given its

o (1) - = B[V )V 0)]

x,0,s x,0,s

df . +
n - ~1 C pvieai o rln
= M0+ Y s(J . )L(e T e M) (0)dr.

j=s+1

Note that by definition, IE[XZU(?S(t)] = eStE[Vx(z%S(t)]. Further, V‘,E(Z,)’S(t) is the number
of bins with type z, threshold # and with at least s balls at time ¢ in the death process
where balls die independently with rate 1 (without stopping). Then at time ¢, each of such
bins has the binomial probability 3(d;}, e, s) to have at least s alive balls remaining. The
initial number is VI(,Z),S(O) = Ngg. Consequently for all s =0,...,d}, we have

~(n)
1)1,975

= eStNi?g)ﬂ(d;r,e_t,s). (34)

We further define for ¢t < 77,

It is clear that,

df . "
N _~ @ _1 , —_~
Vx(z%s(t) = Mye)ﬁ(t) + Z s(‘] ) fo (e7" — eft)]fsfle”MXLg)’j (r)dr.

Jj=s+1 §

We next apply Theorem 6.3 to the above finite sum and take the limit (in distribution)
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under the summation sign.
It follows that

VIt A T0) —5 Za.4(t A to), (36)
in D[0, ), where
~ dz j—1\ .
Z20,s(t) :=Yy0,(t) + Z 8( ) J- (7" —e 15 ™Y, o i (r)dr.
j=s+1 S 0

Note that, although the initial 1A% (0) is random, by the standard (multidimensional)

z,0,s
central limit theorem applied to NQE“) = nug") i.i.d. random variables ]1{@,5") = 0}, we have

as n — o0,
n-1/2 (Nitze) -~ nu(xn)qg(cn)(g)) 4, Vi, (37)

where V5 ) ~ N(0, 11242 (0)(1 =g (0))) and Cov (V5 , Vi ) = =Gz (01)qx(02) for 01 # 0.
We denote by (for all 61, 65)

1/)1»91,92 = COV(y:,gl, y:ﬁz)'

Notice that for all 1 # xq, V¥ o,V , are independent and Cov (V7 , Vi 4 ) = 0.

Then we have by (34) and (37) that jointly for all triple (z, 6, s), in D[0,00) as n — 0,

~

w2 (60, — nett gl 0)8(dE e s)) < 2o (1), (38)
where ZAm,g’s(t) is also a Gaussian process with mean 0 and covariance
E[é\m,é’,s(t)é\m,e,s(u)] = e(t+u)sﬁ(d;—7 e_ta S)ﬂ(d:, e—u7 S)djm.ﬂﬂ-

We now analyse the independence between ZNLQ,S and éz,gvs. Let combine z and ©,
as a new type ¢ := (x,0) in the set of all possible combination for z € X and 6 € N.
Notice that we have fixed proportion for the type distribution u&n), z € X in the network.
But the threshold O, for all x € X is random. Thus the proportion (denoted by ME,”)) for
the new type o is random. It does not satisfy Assumption 3b, but satisfies in probability,
i.e. replacing O(n) by Op(n) in Assumption 3b. In addition, ué”) 5 p, with the limit
distribution g, 1= pyq.(0) for ¢ = (x,0). Further, by using the Skorokhod coupling theorem
[42, Theorem 3.30] as also stated in [41, Lemma 8.2], we can define all the processes on
a new common probability space such that, for the type distribution, u(gn) — [, and
Assumption 3b hold almost surely.

Further, note that the distribution of 21,9,5 do not depend on the random proportion
,ug,"), but only on the limit distribution p,. Hence the arguments in the above paragraph

guarantee that conditioning on the initial value v (0) does not have any influence on the

xz,0,s
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distribution of wa’g“g‘ Therefore 2%975 and 2%975 are independent for all (z,0, s).

The above argument shows that ‘N/QC(Z) , converges to a Gaussian process. We next define
V(@) = 2 (V0 (0) = neul gl (0)8(d5 7", 5)).
By (35), (36) and (38), we obtain that
VO (A Ta) =5 Zaps(t A o),

where Z, 9 s 1= 2505 + Z5,0,s is a Gaussian process with mean 0 and covariance

X X A~ A~ ~

]E[Zwﬁ,s (t)zx,e,s(u)] = E[Zxﬂ,s(t)zx,e,s(u)] + E[Zac,ﬁ,s (t)ZNx,H,s (u)]a

for all 0 <t < u < 0.
Next, we define for all triple (z, 0, s),

V() = eV (1), Zapat) = e Zap.(8),
and N
Zo0,s(t) = e Z,04(1),  ZX, () = e Z,04(1).

Then we have

z,0,s

(tATn) =5 2%, (E A to). (39)

x,0,s
We define further

~ ~

az,ﬁl,éz,r,s(y) = COV((ZZ,Gl,r(_ In y)7 21,9275(_ In y)))7

and,

~ ~

C,0,r,s(Y) = Cov(zzygy,.(— Iny), Z;0,s(—In y))

By using all the independence and covariance formulas above, it follows that

Cov(Z* (1), 25, 0,6, (1) =0,  forall 2y # s,

1,01,51
COV(Z;GhSl(t)7Z;"702’52(t)) =020, .00.50.5,(€7"), forall 6 # 0o,

Cov (Z:,H,sl (t)’ Z:,G,SQ (t)) 261,9,9,81782(6_t) + &Iye,sl-,sz (6_t)7

where

Gu,01,00,51,55(€7") = B(d e, s1)B(d} e, 52) 0.0, 60,

wwﬂﬂ = Uzqx (9)(1 - %(49)), ¢x,91,62 = —Hzqx (91)% (92) for all 01 #* 62~ (40)
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Moreover, the covariance between Z: 015

(t) and V¥, is given by

Cov (Z;‘,Ql,s(t)’ y:,@g) = Cov (B(d;> e_tv S)y;f,el s y:,%) = ﬁ(d;, 6_t> 5)1/}1,01,92’

and for z1 # x5, again by the independence the covariance is 0.

We now compute 0 9.5(y). Recall that

1
Cov(Yp0,s(—Iny), Yoo, (—lny)) = 1{r = s}f U dp, (1),
y
Then we obtain

Var( 195(—1113/)) J v 2 dp,0.5(v)

df )
x _1 | |
R G I A e S RN I
j=s+1 y<u<z<l ;
2 sl ‘
S50 [ome s

Y

For r > s, we can write r = s + k for some k > 1, and deduce that

Cov(Z,.0.6(—Iny), Zu0.51k(—Iny))

dt . . 1
1 & (7-1 j—1 i—2s—k, —2j
"3 <371) <s+k:fl)f 0 =2 0, 0)
1 Yy

j=s+k

Hence we have

y28+kcov< x,0 s(_ In y) Zz,9,s+k(_ In ?J))

&/ ; 1 (41)
_ 1 2s+k Jj—1 Jj—1 oN2j—2s—k, —2j )
B Z (s — 1) (s +k— 1) L (v—y) v dpa,5(v).

Jj=s+k

a;:7,«9,5,5-0—k(y) :

This completes the proof of Lemma 6.5.

A.4 Proof of Lemma 6.6

We only provide the proof for fg+. The proof for the case & € {S, D, 1T, W} follows in the

same way. For all d,y € N and z € [0, 1], let us consider the following function
d

h((dy);z) = ), Ib(d,z,0).

l=d—y+1
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We define a sequence of bi-dimensional nonnegative integer valued random variables {X,, }
and X with distributions

P(X, = (dy) = Y, nMg™M (),

JrGAd

and

P(X = (dy) = ) Hata(y),

IE.Ad

where Ay := {z € X : d} = d}. Then it follows that
Fil(z) =Bh(Xp;2) and  fyi(2) = Bh(X;2),

By Assumption 3a, we have X,, — X in distribution as n — o0. Moreover, for any z € [0, 1],
0 < h((d,y);z) < d. Thus, h(Xp;2) < XV, where X'V is first dimensional component of
X,,. Note also that by Assumption 3b, XT(LU is uniformly integrable. Hence we have (as
n — oo) for all z € [0,1],

) (2) = ER(Xp; 2) — ER(X;2) = fo+ (2).
Further, an elementary calculation gives that

aib(d,z,ﬁ) =db(d—1,2z,0—1)—db(d—1,z2,1).

2

Combining now with the fact that b(d, z,€) € [0,1], we have |£b(d7 z,0)| < d. In addition,
using a simple induction gives that for every j = 0, |-Z5b(v, z,£)| < d7. We therefore obtain

that

027

X(l)

|M 2)| < (x{V)’ Zz< (x(M)i+2, (42)

This is again, by Assumption 3b, uniformly integrable. Hence, we also have (as n — o0)

7 7 ol
557 1 &n3 2) = B h(X52) = o fu+ (2)

o7 ()
32T+ (2) =E55

for all z € [0,1]. Moreover, (42) also implies all these derivatives are uniformly bounded.
Thus by the Arzela-Ascoli theorem (see e.g., [42]), as n — 0, f(n)( ) — fu+ (%) together

with all its derivatives uniformly on [0, 1]. This completes the proof for & = H* and the
proof for the case & € {S, D, I, W} follows in the same way.

A.5 Proof of Lemma 6.7

We only provide the proof of (15). Other convergences are simpler and could be proved by
using similar arguments.
First note that, for ‘N/I(Z)(t) =2 v (t), we have

z,0,s
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d} . +
~ z ~(n z -1 _ i\ j—s—1 — = r(n
Vx(g)(t) = 2M£737S(t)+ Z s(‘7 )L(e T _eTtymsTle TZM£7(9)’j(T)dT

. S
=1 Jj=s+1

L
J- (e7" — e_t)j_s_le_rMiz)(r)dr,

0

~ @ i—1
= M@ J
SO W

j=s+1

where ]\7&? (t) := Zz M VA, (t). This is again a partial sum and Theorem 6.3 applies. We

z,0,s
therefore have

sz,@,s (t A tO)»

D
En

‘N/z(g)(t A Tn) 4, ZNLS(t Atg) =

6=1

in D [0,0). More precisely,
]\7;?;)(75 A Tn) 4, Yo s(t A to) in D0,00),
where Y; , is a continuous Gaussian process with EY,, ;(¢) = 0 and covariance

t

E[Yz.q(0) ZJ U paole) = [ (),

0

for 0 <t <wu< oo and

Pz, s Z prﬂ,s /f/xﬁ( zr Yy S )

We now prove that the convergence also hold for an infinite sum which is used to prove
our final result. Let

Q(n) ( ) — oSty 1/2 (a(:é)”g . neStugn)qg(E”)(G)ﬁ(d:,e_t,s)).

z,0,s

Then we have for all (x,0,s) and all ¢ > 0,
Var(QU) (1) < u{ g (0)(1 — ¢V (0)).

Recall that X and X; denote the set of characteristics which have in-degree d} > s
and out-degree d,; > s respectively. Let ©, be an arbitrary subset of {1,...,d}}. By (38),

the convergence holds for the finite sum ZzeX\X,j 200, ngg)J(t). We now consider the

@ +dp) Y QY L)

weX 0€0,,

following infinite sum

Since power function can be controlled by exponential function, there exists a constant
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C > 1 such that for all ¢ > 0,

S + (d)A)Var( Y. QUYL®) < D) ()2 + (d5)?) D) Var(QU) (1))

e, 0€0,, wex, 0eO,
< (AP +2 DT (df )
TEX, meX+
< Y Chpm a2 3ot .
TEX, zek?

Thus we have by Assumption 3b, for n large enough, as £ — oo,

d+
Blsup| S (dF +d7) Y QU (0] 0. (43)
t>0 e X* =1

Then using the convergence of the partial sums of QI .s» We can extend the convergence

to an infinite sum of Qm 0.5 by using e.g. [16, Theorem 4.2]. Further, the limit is also

continuous. We therefore have in D [0, c0),
D+ dy) Q.05 Y (dE +dy) Y Zapa(t). (44)
zeX 0O, TeX 00,

On the other hand, for the following infinite sum, we have

V)= Yl +dy) Y V0 )

zeX 0e0,

= Ydr+dy) Y M (1)

zeX 0e0,

+ ) (df +dy) D Z (J’lﬂo(e* — e IS AL ()

zeX 0O, j=s+1

© ¢
_ 1 _ _
= Msgn)(t) + E 8(] s > L (e7" — e_t)]_s_le_r M](n)(r)dr,

Jj=s+1

where M§")(t) =D ex(dd +dy )deo . 0 s(t) is a martingale with initial value 0.
We set the convention that Mé”s)( t) = 0 for d} < s. By a similar way as done for (32),
we obtain that the quadratic variation of ]\79(") , which is

[M™ MM, < 22 DT ((dF)? + (d;)2) VL (0)/n.

xEXj

Using Assumption 3b, for all A > 1, there exists constants Cs and Cs 4 such that
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DT @)+ (d)?)VER(0) < DD (d)*VEI0) +2 ) (d)PVE (0

xEX;r reXs .Z‘EX+

<A™ Y (2 (CoA)% + (C,A)%) < Cy A "N,

TEX

Thus for any ¢ > 0 and a fixed T, by choosing A = **4T we get

[M™, M™M], <2 Z (d)? + (d7)2)e2t V) (0) /n < Cyne™ 5.

zEX{f

By Doob’s L? inequality, we have (for some constant C, ;)

E[sup(M{™ ())*] < 4E[M{, M7 < Cf pe™*T°.
t<T

Then combining the Cauchy-Schwarz inequality, we obtain (for some constant C7 ;)

Efsup [M{™ ()] < CLpe™?"". (45)
t<T

Let us define
En.n(t) E ( ) L T e e M () dr

Then by (45) and some (simple) calculations we find that

E(sup lewa(0)]) < Y s<‘j;1) f (e — e tyis e Bl |10 (1) Jdr

t<T =N 0 t<T
<C'.T Z s(] - 1) (1= T)i—s=1g2T
S5 s

which implies for any fixed s and T', E(sup, < [En,n (¢ )|) — 0 as N — oo, uniformly in n.
Using again the convergence of the partial sums of V é S) , we can extend the convergence

to some infinite sums of VJ%)S. It follows that in D [0, o),

MNaf+dy) Y eV (tam) 5 N+ dy) Y Zeoslt ate).  (46)

zeX S zeX 0eO,
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Combining now (44) and (46), it then follows that jointly for any s > 0,

D(dE +dp) Y VI AT 5 Y +d7) Y EE (A to),

zeX 00, rzeX 0eO,

and also the partial sum for any fixed r,

Z Z (df +d;) Y VI A7) -5 Y N A +dy) Y ZE, L (tAate).  (47)
s=1xzeX 0O, s=1zeX 0eO,,
Then notice that for any z € X, df > 0, thus we have that

d+
3P) Z =3 Y X v,

TEX 0=1 g—qt 912 s=22eX 0O,
with taking ©, = {1,...,d}}. Similarly, we define the following infinite tail sum
o0
s=N zeX 0O,

Note that when s is large, C} ;- can be bounded by another constant Cr only depending

on T. Then by the same way as above and (45), we obtain

J(e‘r T _TIE[sup|M( )( t)|]dr

0 t<T

s=N
0 0 j—1 i1 . )
<Cp Z e 254 < OpT Z Z S(J >(1 — e T)ims 12T
s=N j=N+1s=N §
o0 0 o0
< Cr 2 —2Ts L Oy Z jedTe2TI < 20y 2 se™T
s=N j=N+1 s=N

which implies that for any fixed T > 0, E(sup,<r |n,n(t)]) — 0 as N — o0, uniformly in n.
Combine with (43), we therefore have that for any 7" > 0 fixed, as ¢ — o0,

Efsup| 3’ Z Z VA (@)]] - 0.

zeX, 0=1s=df —6+2

Hence the same argument [16, Theorem 4.2] allows us to pass the limit under the infinite

sum and with the limit being continuous. It then follows that, by using (47) and letting
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r — o0, to obtain that in D [0, o),

di  df ar dr
DD IR RS E D YD Y- <N (e}

TEX =1 =g+ —9+2 T€EX 0=1 g—qF —9+2

A.6 Covariances in Theorem 3.6

Using all the notations of Section 6.5 and 6.6, we now compute the covariances in Theo-
rem 3.6 for the continuous Gaussian processes Zg, Zg+, Z7+ and Zyy.
For convenience, we make a change of variable y = e~*, which decreases from 1 to 0 as

t varies from 0 to 0. We use the notations

or(y) == Var(Z,(—Iny)), ory (y) = Cov(ZL(~Iny), 25, (—Iny)).

We now compute o (y) and 0ch 9.s(y). In order to compute oL, . we apply Theorem 6.3

z,0,s°

to L, and MZ( 9)5 forall s=df —0+1,...,d}. Observe that each time VI(Z)S decreases by

1, also an in ball dies and thus L,, decreases by 1. Hence, the quadratic covariation is

mGs’ xes T
o<r<t 0o<r<t

M) L N AME N AV ()AL

S AV ()AL () = 0™ L DGV (1),

x,0,s
o<r<t

Using integration by parts as before and formula (31), we can obtain that

t
(1) L), - f Iy 50 + 0p(1)
0
1
= J =G dp, o (1) + 0p(1).

We can then compute all needed covariances. First, the above analysis together with
Theorem 6.3, gives that for all (z,0, s)s,

1
Cov( Ya0.s(— lny),ZNL(—lny)) :J u_(sﬂ)dtpz,g,s(u),

Yy
where Y, ¢ s is defined in (33).

For o (y) we have
or(y) = Var(Z(~Iny)) = Var(yZ1(~ Iny)) = My - v*)/2 (48)

Similarly, the above analysis together with Theorem 6.3, gives that for all z, 0,
~ 1
Cov( w.0,5(— lny),ZL(—lny)) = J u_(sﬁ'l)d(pzyg’s(u).

Yy
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On the other hand, for v < ¢, Cov(Yy,0,5(v), Z(t) = Cov(Yy,0,5(v), Z.(v)). Thus we
have

COV(%Z_VQ,S(— Iny), ZL(—Iny))
=Cov(Ya,0,5(t), Z1.(1)) + L (7" —e "y e Cov(Yap.s(r), Z1(r))dr

1 dt .
= -1
= f u7(8+1)dcpx’9’s(u) + Z s (j s )fsj (y)7

Y j=s+1

where, with a change of variable u = e™", the function f;(y) is defined as

1 1
fsi(y) s = f (u— ?J)jfs*lf v U dp, o i (v)du

y u

1 v
=j j (u— y)~* 0~ dudip, o (v)
Yy Jy
1 1

= s J (v— y)j_sv_(j+l)d@1797j(v).
y

We thus obtain

dfr . 1
~ ~ -1 . )
Cov(Zz,s(~Iny), Zo(~Iny)) = 3, (i ~ 1) J (v =gy 00 Vdg, g (v).
j=s Yy

Also, notice that COV(é\z,g’s(— Iny), Z.(—Iny)) = 0 since they are independent. Then we
conclude that

Ué,@,s(y) = ys+1COV(ZNw,€,s(_ In y)v ZNL(_ In y))

a1 [ — (49)
~r Y (1)) [ g 0

Y

We can write now the covariances for the processes Zg, Zp+, Zr+ and Zy by using
or(y) and 05’9’5

We only write the covariances between Zg, Zg+ and Zyw; the covariances of Z;+ could

(y) (calculated above), &4.0,r5(y) and G4.0,.0,,51,5, (given in Lemma 6.5).

be easily deduced from those of Zp+. For convenience, we set 7,(6) := d} —6 + 1 in the

following.

o1



For the variances, by using (19)-(22), we have:

at
owar () = 3, D[

250070 (0),m(0) () — 2d7 0% o () (y)] +o1(y)
zeX 0=1
dF  df (50)
+ Z (d;)2 Z Z 51,01,92,771(91),771(92)(y)-
xeX 01=105=1
df df df
os.5(y) = ), Z G 0.0 (0).mn ()W) + Y Z Z T,01,02,70 (01),72 (62) () (51)
zeX 0=1 X 01=160>=1
and,

dar d*
o (9) =, O, 72005

T 0,0 (0),m0(0) (YY) + 2 Z
zeX 0=1

s=my(0)+1
df d}

+ Z Z 5z,9,7-,s(y)]

S=Ty (9)+1 r=m,(0)+1

Ta (9)&3?,6’,77,,@ (0),s (y)

df df

S B

I(el)’nw(02)61,91,92,7rz(91) 7\'1(62)( )
reX 01=102=1 s1=m,(01)+1 so=m,(02)+1
df
00 @) F27(02) D Fasisemaon(®)]:
SQ=7I',;(32)+1

For the covariances, by using again (19)-(

-(22), we have:
dar dar
os,u+(y) = Z Z [71—1(9)530,9,#;1;(9),7735(0)(y) + Z a-ac,ﬂﬂrm(ﬁ),s(y)]
TeX 6=1 s=mz(0)+1
(53)
df
+ Z Z 2(01)0 2,0, 05,70 (01),70(02) (Y) + Z 61,91,02,3,7rx(92)(y)]7
T€X 01,00=1 s=my(01)+1
df
osw(y) =, D, [%La ro(0)(¥) — 500 0.x, (e),m(e)(y)]
zeX 0=1
at af (54)
- Z dz_ Z Z 8x,91,92,nm(91) 71'7;((92)( )
2eX  01=10s=1
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and,

dy
T wr) = 3] 2[ Az 70 (0)32,0,, (005, 0) () + T2 (00T ) (W)
eX =1
dy
+ Z (UZL,G,s(y) - d;&I,G,ﬂ'z(G),s(y))] (55)
s=my(0)+1

df dy
-y d; ), [ D Gutrtmsma(on)(®) +7Tz(91)@,91,92,m(91),w,(92)(Z/)]-

reX 01,02=1 s=m,(01)+1
As for the covariances of Z;+, we can deduce from the above six formulas by using the
relation (21).

A.7 Covariances in Theorem 4.2

In this section, we provide the variances for Gaussian processes Zo(t) and Z7 in Theo-
rem 4.2. First, let us define

reX
t
2
2 = ZLOZ =12, 0y~ D ZE. 0]
TEX s=df —0+1+1

Let 0y (™) := COV(Zg)(t),Zéj)(t)), i,7 = 1,2. The variance o¢(t) is therefore
oo(t) =o11(e7") +2012(e7") + ga0(e7h), (56)

where 0; ;(y) (for ¢, j = 1,2) are calculated in the following. By using results of Section A.6,
we have (recall that m,(0) :=d} — 60+ 1):

ar dr
ora(y) = Y (LY (Z Ou,0,m,(6),m.(6) (U Z 02.01,05,m, (61),7 (62) (Y ))
zeX 6=1 601,02=1
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dat df
o2a(y) = Y (L) )] [(9 —1)*Fe .m0 ¥) =200 = 1) D1 Fuom(0).sv)
TeX 0=1 s=7q(0)+1
dy df i i
+ Z aZ,e,r,s(y)] + Z (Eg)Q Z [ Z Z 02,01,02,51,52(Y)
r,s=my(0)+1 TeX 01,02=1 s1=m;(01)+1 sa=m,(02)+1
i
+ (01 - 1)(92 - 1)81,01,92,7730(91),77:,,(02)(y) - 2(02 - 1) Z a—mﬁl,t‘)g,s,ﬂm(%)(y)]:
s=mz(01)+1
and,
df d;
o1,2( Z Z[ = 1)042.0,7,(0),7.(0)(¥) — Z ’Ov'a,;ﬁg_’ﬂ.m(g%s(’y):l
eX 6=1 s=mz(0)+1
af
+ Z Z [ 01 - 1 Ua: ,01,02,7,(01), 771(92)( ) Z 8$,91192,8,Wz(92)(y)]'
TEX 01,02=1 s=mg(01)+1

Now we calculate the variance of Z5. Since it has been shown that
2y = Zo(t) — a5 () Zw(t) = Zo(t') — A=) Zw(t"),
where A(z*) := a~! f{(2*). We have that
oy = 0o(t") + A(Z*)Zdw_rw(z*) —2A(2%)oo,w (2). (57)

We already calculated oo and ow,w (see Appendix A.6). The term o¢ w(e™") can be

calculated by using

gow(e™t) = = Cov(Z{ (1), Zw (1)) — Cov(Z (1), Zw (1))

1 — 2 —
= —o (™) — o),

where

U§>1)VV Z L® Z 0.0 7rm(9) Z Lac dx Z 0,0,7:(9), Wz(é‘)( )

reX reX
dr
i R
- Z Lyd, Z 02,01.,05,m, (61),70 (62) (Y)
zeX 01,05=1
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and,

i
) B _ - ~
@) = YIS [—dz (0 = 1)30.6m, (0)m0(0) (W) + (0 = 1)300.m,(0) ()
reX =1
df
I o~
— Z <O-z,9,s (y) - dz JI,G,wz(G),s(y))]
s=my;(0)+1

dt dt
7<> _ ~ =
+ E L3d, Z [ Z O,01,02,5,m0(02) () — (01 — 1)096»91792’“:(91)»”1(92)(y)]'
reX 01,02=1 s=m;(01)+1
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