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Abstract. In this paper, we give bounds on the dichromatic number 7(2) of
a surface X, which is the maximum dichromatic number of an oriented graph
embeddable on Y. We determine the asymptotic behaviour of 7(2) by showing
that there exist constants a1 and a» such that, a1 % < 7(2) < @%
for every surface X' with Euler characteristic ¢ < —2. We then give more explicit
bounds for some surfaces with high Euler characteristic. In particular, we show
that the dichromatic numbers of the projective plane Ni, the Klein bottle N,
the torus S1, and Dyck’s surface N3 are all equal to 3, and that the dichromatic
numbers of the 5-torus S5 and the 10-cross surface Ny are equal to 4.
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1 Introduction

All surfaces considered in this paper are closed.

A graph is embeddable on a surface X if its vertices can be mapped onto distinct
points of X' and its edges onto simple curves of X' joining the points onto which its
endvertices are mapped, so that two edge curves do not intersect except in their common
extremity. A face of an embedding Gofa graph G is a component of X'\ G. Recall that
an important theorem of the topology of surfaces, known as the Classification Theorem
for Surfaces, states that every surface is homeomorphic to either the k-torus — a sphere
with k-handles Sy, or the k-cross surface — a sphere with k-cross-caps Ny,. The surface
So = Ny is the sphere, and the surfaces S1, Sy, N1, No , N3 are also called the rorus,
the double torus, the projective plane, the Klein bottle, and Dyck’s surface, respectively.
The Euler characteristic of a surface homeomorphic to Sy, is 2 — 2k and of a surface
homeomorphic to Ny, it is 2 — k. We denote the Euler characteristic of a surface X' by
c(X).

Let G be a graph. We denote by n(G) its number of vertices, and by m(G) its
number of edges. If G is embedded in a surface X, then we denote by f(G) the number
of faces of the embedding. Euler’s Formula relates the numbers of vertices, edges and
faces of a (connected) graph embedded in a surface.

Theorem 1. EULER’S FORMULA
Let G be a connected graph embedded on a surface X. Then

n(G) —m(G) + f(G) = ¢(X).
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We denote by Ad(G) = 2m/n the average degree of a graph G. Euler’s formula
implies that graphs on surfaces have bounded average degree.

Theorem 2. A connected graph G embeddable on a surface X satisfies:

_ 6e(X)
n(G)

m(G) < 3n(G) —3c¢(¥) and Ad(G)<6

Moreover, there is equality if and only if G is a triangulation.

A k-colouring of a graph G is a partition of the vertex set of G into k disjoint
stable sets (i.e. sets of pairwise non-adjacent vertices). A graph is k-colourable if it
has a k-colouring. The chromatic number of a graph G, denoted by x(G), is the
least integer k& such that GG is k-colourable, and the chromatic number of a surface
X, denoted by x(X), is the least integer k such that every graph embeddable on X is
k-colourable. Determining the chromatic number of surfaces attracted lots of attention,
with its most important instance being the Four Colour Conjecture, which was even-
tually proved by Appel and Haken [2]. The chromatic numbers of the other surfaces
were established earlier. Franklin [4] showed that the Klein bottle has chromatic num-
ber 6, and combined results of Heawood [6] and Ringel and Youngs [12] imply that
if X is a surface different from the Klein bottle Ny with Euler characteristic ¢, then
X(Z) < H(e) = | P2 .

In 1982, Neumann Lara [10] introduced the notion of directed colouring or dicolour-
ing. A k-dicolouring of a digraph is a partition of its vertex set into k subsets inducing
acyclic subdigraphs. A digraph is k-dicolourable if it has a k-dicolouring. The dichro-
matic number of a digraph D, denoted by Y(D), is the least integer k such that D is
k-dicolourable.

Let G be an undirected graph. The bidirected graph ﬁ is the digraph obtained
from G by replacing each edge by a digon, that is a pair of oppositely directed arcs
between the same end-vertices. Observe that x(G) = X (G ) since any two adjacent

vertices in ﬁ induce a directed cycle of length 2.

It is thus natural to consider oriented graphs, which are digraphs with no digons.
Oriented graphs may be also seen as the digraphs which can be obtained from (simple)
graphs by orienting every edge, that is replacing each edge by exactly one of the two
possible arcs between its end-vertices. If G is obtained from G by orienting its edges,
we say that G is the underlying graph of 8 It is easy to show that oriented planar
graphs are 3-dicolourable and Neumann Lara [10] proposed the following conjecture.

Conjecture 1 (Neumann Lara [10]). Every oriented planar graph is 2-dicolourable.

This conjecture is part of an active field of research. It has been verified for planar
oriented graphs on at most 26 vertices [7] and holds for planar digraphs of with no
directed cycle of length 3 [9].

In this paper, we study the dichromatic number of surfaces. The dichromatic num-
ber of a surface Y, denoted by 7(2), is the least integer k£ such that every oriented
graph embeddable on X' is k-dicolourable. We first establish asymptotic bounds on the
dichromatic number of surfaces.



On the dichromatic number of surfaces 3

Theorem 3. There exist two positive constants a1 and as such that, for every surface
X with Euler characteristic c < —2, we have

a \/jc
Hog(—¢)

V=

< 7(2) <as Tog(—0)

Due to lack of space, we do not include the proof of this theorem. Like every other
proofs missing in this paper, it can be found in the long version of the paper [1].

We then estimate the exact value of the dichromatic number of surfaces close to the
sphere. Table 1 summarizes the main results.

| X [ c(X) [Bounds for ¥ (¥)]  Reference |
Sphere Ny = Sp 2 2<% <3 [Neumann Lara [10]
N1, No, S1, N3 € {1,0,—1} X =3 Theorem 5
S2, N4, N5, S3, N6, N7, Sy, Ng, No[€ {=2,..., -7} 3< X <4 | Theorems5 and 6
Ss, N1o -8 X =4 Theorem 6

Table 1. Bounds on the dichromatic number of some surfaces.

In order to prove that the dichromatic number of a surface X' is at most &, we shall
prove that there is no (k + 1)-dicritical digraph embeddable in Y. A digraph D is
(k + 1)-dicritical if X'(D) = k 4+ 1 and x(H) < k for every proper subdigraph H of
D. Kostochka and Stiebitz [8] prove the following.

Theorem 4 (Kostochka and Stiebitz [8]). Let G be a A-dicritical oriented graph then
3m(G) > 10n(G) — 4. Moreover, if G is embeddable in a surface with Euler charac-

—

teristic ¢, then n(G) < 4 — 9c.

2 The dichromatic number of N;, N,, N3, and S;

Theorem 5. Y (N;) = X (N2) = ¥ (Ns) = ¥ (S1) = 3.

Proof. K7\ e, the complete graph on seven vertices minus an edge, is embeddable in
every surface other than the projective plane and the sphere. Neumann-Lara [11] proved
that this graph has an orientation with dichromatic number 3. Hence X (N3), % (N3),
X(S1) > 3.

The complete graph on 6 vertices K can be embedded as a triangulation of the
projective plane, that is is an embedding of K in the projective plane such that all faces
are triangles. Let 7" be the orientation of K¢ displayed on the left of Figure 1. Let
be the oriented graph obtained from 7' by adding in each gray triangular face (which
is a transitive tournament on three vertices with source s and sink ¢), the gadget graph
depicted on the left of Figure 1. Observe that in any 2-dicolouring of the gadget graph,
the vertices of the outer face do not have all the same colour.

Assume now for a contradiction that 8 admits a 2-dicolouring. Observe that ei-
ther we have a monochromatic directed triangle in 7" or one of the gray triangles is
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Fig. 1. Left: an orientation 7" of K¢ on the projective plane. Right: the gadget graph.

monochromatic. But then the 2-dicolouring cannot be extended to the gadget inside this

transitive tournament by the above observation. Hence G is not 2-dicolourable. Hence
3 < X (Ny).

Suppose for a contradiction that there exists a 4-dicritical oriented graph 8 embed-
dable on N3. By Theorem 4, it has at most 13 vertices (because ¢(N3) = —1).

If G is not a triangulation of N3, then, by Theorem 2, m(G) < 3n(G) + 2, that is
3m(8) < 9n(8) + 6. But 3m(8) > 10n(8) — 4 by Theorem 4. Hence n(a) < 10.
But Neumann Lara [11] proved that every oriented graph of order at most 10 is 3-
dicioloraple. This is a contradiction.

So G is a triangulation of N3. By Theorem 4 and the abiove mentioned result of
Neumann-Lara, 11 < n(G) < 13. Then, an exhaustive enumeration of the triangula-
tions of order 11, 12 and 13 shows that there is no 4-dicritical oriented graph in Njs.

Since every oriented graph embeddable in Ny, Ny, or S; is also embeddable in N3,
we get the result. ]

2.1 The dichromatic number of S5 and N
Theorem 6. ¥ (S5) = ¥ (Nyg) = 4.

Proof. The complete graph on 11 vertices is embeddable on S5 and Ny and Neumann-
Lara [11] showed an orientation of this graph with dichromatic number 4. Therefore

N (Ss5), X (N1g) > 4.

It remains to prove that every oriented graph embeddable on S5 or Ny is 4-dicolourable.
We now sketch this proof. The entire proof may be found in [1].

Assume for a contradiction that there is a 5-dicritical oriented graph 8 of order n
which is embedded in S5 or Nqg.

Let T be the subdigraph induced by the vertices of degree 8 (i.e. in-degree 4 and
out-degree 4). Set H = G —T,ng = n(T') and let m(H, T') be the number of arcs with
one end-vertex in H and the other in 7. A result of Bang-Jensen et al. [3] implies that
T is a directed cactus, that is an oriented graph in which each block is a single arc or a
directed cycle. In particular, 7" is 2-dicolourable. Therefore H is not 2-dicolourable. In
particular, one can prove that m(H) > 20.
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Euler’s Formula yields 8ns+9(n—ns)+3_, ey (g (d(v) —9) = 2m(8) < 6n+48
and so:
ng >3(n—16)+ >  (d(v) —9) > 3(n — 16) (1)
veEV(H)
On the other hand, we have }° iy d(v) = 8ns = 2m(T") + m(H,T) and

m(C) = m(H) +m(H,T) + m(T). We deduce
m(H) = m(a) +m(T) — 8ng )
Since T is a directed cactus, we have m(7")

<
m(a) + %(ng — 1) — 8ng. Hence 13ng < Qm(a

formula, it implies

(ng — 1). Thus 20 < m(H) <

3
2
) — 43. With Eq. (1) and Euler’s

om(C) — 43 _ 6n+5
3(n—16) < ng < < 3
(n=16) < ms < =g < =3 ©)
After simplifying, we get n < 19. Moreover, one can easily prove that every oriented
graph of order at most 15 is 4-dicolourable, thus n > 16. We then distinguish few cases
depending on the number n of vertices. We only sketch here the proof for n = 19. The
details of this case and the proof of the other cases can be found in [1].

Case n = 19: By Eq. (3), we have 9 < ng < £ and so ng = 9.

Assume first that m(T) = 3(ns — 1) = 12. By as T is a directed cactus, 7T is
connected and each block of 7 is a directed triangle. So T is Eulerian, i.e. d}(v) =
dr(v) forallv € V(T).

Since ng = 9, we have n(H ) = 10. So, by aresult of Neumann-Lara [11], H admits
a 3-dicolouring ¢ with colour set {1, 2, 3}. Since all blocks of T are directed triangles,
T contains a vertex v such that df.(v) = d;(v) = 1. So v has 3 out-neighbours in
H. Let v1,v9 be two of these out-neighbours. Let us recolour v; and v by setting
¢(v1) = ¢(vy) = 4 (since there is no digon, the resulting colouring is still proper). We
then define for every vertex x of 7":

L(z) = {1,2,3,4} \ ¢(N " (z) NV (H))

Observe that an L-colouring of 7" extends the 4-colouring of H into a 4-colouring of G,
so T'is not L-colourable. Observe that | L(z)| > 4—(4—d}(v)) = max{d;(z),d; ()}
because T is Eulerian. Moreover, since v, and vo are both coloured 4, |L(v)| > 2 =
max{d}(z),d7(z)} + 1. So T is L-dicolourable by a theorem of Harutyunyan and
Mohar [5], a contradiction.

Therefore we have m(T") < 11. By Euler’s Formula, m(a) < 3n + 24, and by
Eq.2)ym(H) = m(a)—Sng +m(T). Hence m(H) < 20.But H is not 2-dicolourable,
50 it contains a 3-dicritical oriented subgraph H, and m(H ) < 20. One can show that
there is a unique such 3-dicritical oriented graph with at most 20 arcs : it has 7 vertices
and 20 arcs. Hence n(H) = 7, m(H) = m(H) = 20 and H is the disjoint union of H
and a stable set S’ of size 3. Observe that each vertex of S” has degree at least 9, which

implies that they are adjacent to every vertex of 7" and have degree exactly 9.
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Now, m(H) < m(K7), so there are two non-adjacent vertices z,% in H. Thus
S = 85" U{x,y} is a stable set of order 5 in H. Moreover, since it is a directed cactus,
T has an acyclic subdigraph A of order 6. Pick v € V/(T') \ V(A). The subdigraph B

of & induced by S U {v} is acyclic and has order 6. Let G’ = G — (A U B). Observe
that G’ has order 19 — 6 — 6 = 7. Recall that Neumann-Lara [11] showed that oriented
graphs on at most 6 vertices are 2-dicolourable.

Letw € V(G') N V(T).

- If [IN(w) N V(A)| < 1, then the subdigraph A’ induced by V' (A) U {w} is acyclic.
Hence G can be partitioned into two acyclic subdigraphs A’ and Band G — A’UB
which has order 6 and so is 2-dicolourable. Thus  is 4-dicolourable, a contradic-
tion.

- If IN(w)NV(A)| > 2, then as w is adjacent to all vertices of S, we have d¢ (w) <
8 —2—3 = 3. Now, G’ — {w} is 2-dicolourable, and since dg(w) = 3, G’ is also
2-dicolourable, and thus G is 4-dicolourable, a contradiction. O

Acknowledgements

We particularly thank Raphael Steiner for pointing us to the argument for the upper
bound in Theorem 3. This research was supported by projects Digraphs: ANR-19-
CE48-0013-01, GATO: ANR-16-CE40-0009-01, ALCOIN: PID2019-104844GB-100,
RYC-2017-22701 and ALGORIDAM: ANR-19-CE48-0016

References

1. P. Aboulker, F. Havet, K. Knauer, and C. Rambaud. arXiv:2102.01034 [math.CO]
2. K. Appel and W. Haken. Every planar map is four colorable. Part I: Discharging. Illinois J.
Math., 21(3):429-490, 09 1977.
3. J. Bang-Jensen, T. Bellitto, M. Stiebitz, and T. Schweser. Hajés and ore constructions for
digraphs, 2019.
4. P. Franklin. A six-color problem. J. Math. Phys., 13:363-369, 1934.
5. A. Harutyunyan and B. Mohar. Gallai’s theorem for list coloring of digraphs. SIAM J.
Discrete Math., 25:170-180, 01 2011.
6. P.J. Heawood. Map colour theorems. Quart. J. Pure Appl. Math., 24:332-338, 1890.
7. K. Knauer and P. Valicov. Cuts in matchings of 3-connected cubic graphs. Eur. J. Comb.,
76:27-36, 2019.
8. A. V. Kostochka and M. Stiebitz. The minimum number of edges in 4-critical digraphs of
given order. Graphs Comb., 36(3):703-718, 2020.
9. Z.Liand B. Mohar. Planar digraphs of digirth four are 2-colorable. SIAM J. Discrete Math.,
31(3):2201-2205, 2017.
10. V. Neumann-Lara. The dichromatic number of a digraph. Journal of Combinatorial Theory,
Series B, 33(3):265 — 270, 1982.
11. V. Neumann-Lara. The 3 and 4-dichromatic tournaments of minimum order. Discret. Math.,
135(1-3):233-243, 1994.
12. G.Ringel and J. W. T. Youngs. Solution of the Heawood map-coloring problem. Proceedings
of the National Academy of Sciences, 60(2):438—445, 1968.



