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Input-to-state stability of time-delay Persidskii systems

Wenjie Mei, Denis Efimov, Rosane Ushirobira

Abstract— We consider in this work a class of generalized
Persidskii systems with time delays. The input-to-state stability
and stabilization conditions for these nonlinear systems are
introduced and checked through linear matrix inequalities. A
numerical example demonstrates the efficacy of the proposed
results.

I. INTRODUCTION

Stability analysis for nonlinear dynamical systems is a
complicated problem, especially in the presence of external
perturbations [1], [2], [3]. One of the most general analysis
methods is based on the input-to-state stability (ISS) concept
[4], [5], which quantifies the boundedness and the conver-
gence of the state of a nonlinear dynamical system with
essentially bounded inputs. This stability property can be
verified by finding the corresponding Lyapunov functions [5].
However, the main drawback of applying the ISS framework
is the lack of a technique for assigning Lyapunov functions
to a generic nonlinear system. The existence of time delays
in nonlinear systems may require more complex stability
analysis approaches, e.g., using Lyapunov—Krasovskii func-
tional or Lyapunov-Razumikhin function [6]. Moreover, a
stabilization input design is usually necessary since time
delays can degrade the control performance of dynamic
systems.

Most existing approaches for synthesizing Lyapunov func-
tions for nonlinear dynamics involve various canonical
forms, such as Lur’e systems [7], Lipschitz dynamics, Per-
sidskii systems [8], and homogeneous models. In this paper,
we focus on Persidskii systems that have been extensively
studied in the context of neural networks [9] and power
systems [10], for instance. Such a choice is reasonable since
there is a known canonical form of Lyapunov function for a
Persidskii system [11], [8], [12], and also by recent advance-
ments in [13], [14] where both stability problems, in the ISS
and input-to-output stability (IOS) sense, are constructively
analyzed using linear matrix inequalities (LMIs). However,
there is still a lack of study on stability analysis of time-
delay generalized Persidskii systems. Our primary goal in
this work is to extend these results to the ISS conditions
and stabilization for generalized Persidskii systems with time
delays based on Lyapunov—Krasovskii functional approach,
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whose form has been proposed specifically for the considered
systems. A numerical experiment is presented to illustrate the
designing method for obtaining feedback gains.

The organization of this article is as follows. In Sec-
tion II, the preliminaries are presented. The system under
consideration and the problem statement are described in
Section III. Section IV presents the ISS conditions of the
considered systems, followed by a stabilization feedback
design in Section V. In Section VI, we give an example
to illustrate the proposed results.

Notation

o The sets of natural, real and nonnegative real numbers
are denoted by N, R and R, respectively. The symbol
|-| denotes the Euclidean norm on R” (and the induced
matrix norm |A| for a matrix A € R™*"),

e The set of n x n diagonal matrices with nonnegative
elements on the diagonal is denoted by D'. Also, I,
and Oy, stand for the n x n identity matrix and the
p X n zero matrix, respectively.

e For p, n € N with p <n, the notation p,7 is used to
represent the set {p,...,n}.

o Let 1,/ : 2 — 0,1 denote the indicator function of a
set &7 C 2.

o For #1, n € R, with #; < 1, we denote by Cﬁlm the
Banach space of continuous functions WV : [t1,f2] —
R" with the norm ||yl|;, 1,) = sup,, <,<, |¥(r)|. For a
Lebesgue measurable function d: [f],1;) — R™, define
the norm [|d||;, ,) = esssup;e, 1, [d(2)] for [t1,1) C Ry
We denote by .,2”[;77&) (or £ the space of functions d
with [d][};, 1,) < 4o (or [d]|es :=[|d]]j0,00) < +o0).

« A continuous function ¢ : Ry — R, belongs to class
A if it is strictly increasing and ¢(0) = 0; it belongs to
class . if it is also unbounded. A continuous function
B:R; xR, — R, belongs to class #.Z if (-, r) € X
and f(r,-) is a decreasing function going to zero for any
fixed r > 0.

II. PRELIMINARIES

Consider a functional differential equation [15]
x(t) = f(x,d(1)), t =0, (1)

where x(t) € R"; x; € Cl ;) is the state function, x(s) =
x(t+s) for s € [-1,0], >0 is a constant delay; d(r) €
R™ is the external input, d € .£"; f: C["_ 0] X R™ — R”
is a continuous functional, f(0,0) =0, and it ensures the
existence and the uniqueness of solutions in forward time
for the system (1). With the initial condition xy € CE[ 0] and
the input d € £, the unique solution is defined as x(¢,xo,d),



for which x;(s,xg,d) = x(t +s,x0,d),
corresponding state function.

For a continuous functional V: RxC"__ , — R the upper
right Dini derivative along the solutions of (1) is defined as
follows:

s € [—7,0] denotes the

D+V(t»¢7d)=limsupv(t+h’xh(¢;ld))_V(Mb)’
h—0t
where
o(s+h), s€ -1, —H]
D) = {‘P( 0)+ f(¢,d(h+s)), s€[—h,0]

for any ¢ € C and d eR™
Definition } [16] The system (1) is called input-to-state
stable (ISS), if there exist § € # % and y € ¥ such that

x(t,%0,d)] < B(xoll_cost) +7(ldll=), Ve € Ry

for all xo € C 0] and d € L.

Definition 5 [16] The system (1) is said to possess the
asymptotic gain (AG) property, if there exists y € # such
that

Jim|x(z,x0,d)] < v(]ld]|)

for all xo € C7' 0] and d € £,

Definition 3: [16] A continuous functional V : R X
ct w0~ R is called an ISS Lyapunov-Krasovskii functional
(LKF) if there exist some @, 0 € #, O3, X €  such that

ar(|9(0)) <V (t,9) < o ([9l(-<0) »
V(t,0) > x(d]) =DV (1,¢,d) < —o (19| -z0]) ,
forallt e Ry, ¢ eC[ 0 and d € R™.
Theorem 1: [16] If the system (1) admits an ISS LKEF,
then it is ISS with the AG y= O‘1 ox.
I1I. PROBLEM STATEMENT

The main goal of this paper is to consider the input-to-
state stability of a class of nonlinear systems in Persidskii
form with constant bounded time delays

M
X(r) = Aox(t)+ Y AjF;(x(1)) )
=1
M
+Box(t —T0) + Y BjFj(x(t — 7j)) +d(t), Vi € R
j=1
with x(¢) = [x1(t)...x,(t)]" € R" the current value of the

state and constant delays 0 < 7, < 4o for s € 0,M; A, B €
R™" for s € 0,M; Fj: R" 5 R", F;(x) = [f} (x1) ... f} ()]
for j € 1,M are the functions ensuring the existence of the
solutions of the system (2) in the forward time at least
locally; d(tr) € R" is the external perturbation, d € £2;
T= maxxEQ—M Ts.

In this work, if the upper bound of an index is smaller
than the lower one, then the corresponding term in a sum or
a sequence must be omitted.

The sector restrictions on fi (i € 1,n,j € 1,M) are im-
posed:

Assumption 1: Assume that for any i € 1,n and j € 1,M,
vfi(v) >0, Vv e R\{0}.

Under this assumption, with a reordering of nonlinearities
and their decomposition, there exists an index m € 0, M such
that forall i€ 1,n,a € 1,m

lim fi(v) =

V—Foo

Foo,

and that there exists g € m,M such that for all i € 1,n, b €
Lu

fim / " fi(s)ds = oo,

v—too J

In such a case, m = 0 implies that all nonlinearities are
bounded.

Assumption 2: Assume that for any i€ 1,n and j, j' €
1,M, z € j+1,M, there exist noj, nlﬂ,, nzjj,, n3 = >0
such that

Xi . . M . . .
2 /0 fils)ds < né,,;X?JrZf}/(xz')<ni,jj/f}/(xz')
j=1

M
2y xi+2 Y Myt (xi)>

z=j+1

for all x € R”".

This hypotheses is satisfied by many nonlinear functions:
for polynomial ones, for example, it is sufficient to select
n; i # 0. In the sequel, we denote the diagonal matrices:

No,; = diag(nd,,-,n-,né‘,j% Nijj = diag(nll,jju
M,y = diag(nzl.jju

n
s M)

n T 1 n
My r)s M3 jjre = diag(M3 s M3 1)

IV. ISS ANALYSIS

The following theorem is the main result of this paper.

Theorem 2: Let assumptions 1 and 2 be satisfied
and let wop > O be a given constant. If there ex-
ist pecR;, 0<P=P, §=5] cR™; 0 < ® =

. M = M
o7 c R {Aj = dlag(A}7...,A?)}j:1, {Sk}i=1- {:,k}kzo’

{Ysﬁz}0§s<z§M C ]D)i such that

u
P+pY A;j>0, 3)

j=1
0=0" <0, )

where

0= (Qub))ps



with
qul :A(-)FP-FPAO + S0 +EO; Q112 = PBy,
Q13=PA+AjA+ Yo, Yo
Q14=PB; Q15 ="P; 025 =—e "8,
0253 =By A; 024 = Opsnrts 025 = O,
033=033=Qus)i p=1,
. - _ .
Qjj=AjNj+AA;+E +S), je 1M,
Os: =A] A+ AA+ Y. se TM—1,z€5+1,M,
034=A"B; Q35= AT,
Q44 = diag(—e””“f‘Sl Saees —eiWOTMSM),
045 = Onprsen; Os5 = —9,
A=A Au], B=[By By],
A= [Al AM} ,
and
. M
Loy (s) - B2+ 1y37(s) - B > &|Lyoy(s) | P+ ) Ajno,
j=1

M
+1W(s) A Z 111,”-'] , (5)

v

ll{o} ) A Z M2,jj'
+1W(s) A Z n3;j’;| ,
=1

140} (5) - Yo,j + Iyz7(s) - Ysz

&+ Yo,

M
B° <P+ ZAJUO,J> Z

2= ZAJT]3JJZ>‘|

s€0,M, ]€1Mz€s+lM

_l’_
Y Z My + M) (

=1

for some & € (0,wp], then the system (2) is ISS.
Proof: Our goal is to check the conditions in Definition
3 for a LKF taken as follows:

Vit,x) = x(t) Pxt)+ [ e 00 x(s)T Sox(s)ds
t— To
M M xl .
+2Z A’j/ ’~s ds
j=li=1
M

+Y /t e " UIF; (x(5)) S Fj(x(s))ds,

j:l' tf‘L'j

which verifies the required lower (due to (3) and Finsler’s
lemma [17]) and upper (since all matrices are nonnegative
definite) bounds given in Definition 3, and whose time

derivative for (2) admits the following representation:

V(t,x,) = x(t) Px(t) +x(t)" Px(r)
fwo/t_r e"00U=5)x(5) T Sox(s)dss
+x(t )TSox( 1) — e "0%x(r —19) T Sox(t — o)
+2x(t) ZA iFi(x
M ot
Y / e (x(s)) TS,F (x(s) s
=1
M
+ Zle(x(t))TSij(x(f))
=
M
- 21 e MVIF(x(t = ;) TS F(x(t = 17))
=
O N R
x(t — T()) (t — ‘L'())
Fi(x(r)) Fi(x(1))
= | EG0) | e Fulb)
Fi(x(t —11)) Fi(x(t —11))
Fu(x(t — ) Fu(x(t — )
d(r) | d(r)
M
—x(1) "E%%(r) — ;Fj(x(f))TWFJ(x(f))
M .
-2 ;x(Z)TYOJ (x(2))
zjwil M
-2 ] Z]Fs(x(l))TYs,zE(x(t))
s=1 z=s+
0, t
—wo /HO e =) x(5) T Sox(s)ds
X [ R S0y
+d(t )chd( 1).
Under the restriction a(V) > d ' ®d with a(s) = Es, for & €
(0,wp] and the condition (4) it follows that
. M .
Vi) < —x(t) 2% Z, (1)) "EIFj(x(r))
y =
-2 Zx YO/ ))
j=1
-1 M
-2 Zi Y lFs(X(f))TTs,zE(X(f))
s=1 z=s+
+& (x 1) Px(1) +ZZZA’/ fis) )
j=li=



Under conditions (5) and Assumption 2, the following in-
equality holds

13 ( (1) " Px()

< x(n)'E <P+ Y Ajno,j> x(t)

j=1

M M
+ Y Fi(x(r)) "€ (AJ' Y nl,jj’> Fj(x())
~
M M/
+22x(f)T§ (A;' ) Uz,jj'> Fi(x(t))

=1 J=1

M—-1 M M
+2Y Y R((n)'E (Aj~ Y ng,s,vz> F(x(1))
J'=1

+ZZZA’/ £i(s) )

j=li=

s z=s+1
M
< x(0) =% () + ;F;<x<t>>Tzfﬂ<x<r>>
j=

Yo F;(x(1))

—|—22x

+2 Z Z Fy(x() "X F(x(1)).

s=1 z=s+1
Therefore, by Definition 3 and Theorem 1, we can substan-
tiate that system (2) is ISS as desired. [ ]
V. STABILIZATION

In this section, we design a feedback control to stabilize
a system as (2) and study the ISS property of the resulting
closed-loop system.

Consider a variation of system (2):

M
)+ Y AjFj(x
=1

ZBF

where all variables are defined as in (2), G € R"*? and u(r) €
RY is the control. A control law is introduced for stabilization
as follows:

ult) =

x(t) = Aox(t (1)) 4+ Box(t — )

(t—1)))+Gu(t)+d(r), (6)

Ky 0x(t)

M
+ ;KAJFJ(XO))

M
+Kp, ox(l —T)+ ZKB/
j=1

where Ky, Kps € R?7", s € 0,M. Then the closed-loop
system can be presented in the form:

(x(t —15)),

b
S

=
—

1)+ fAij(x(t)) + Box(t — 1)

~.
Il
_

M
+ Y. BiFa(t — 1)) +d(0), )

where A; = A +GKy 5, B, = B, +GKp for s € 0,M.

In the case that Ky, Kpy, s € 0,M are given, we can
directly formulate the following corollary to analyze the
input-to-state stability of the closed-loop system (7).

Corollary 1: Assume that all conditions of Theorem 2 are
satisfied under the substitutions A; — Ay, By — By for s €
0,M. Then the system (7) is ISS.

We now state a theorem for designing the feedback gains
Kas, Kps, s € 0,M that guarantee the ISS property of the
system (7):

Theorem 3: Let assumptions 1 and 2 be satisfied with
No,j =0 for j € 1,M and let wo > 0 be a given constant.
If there exist 0 < P € D", {Kj :diag(K},...,Kﬁ)}jl v
M
{Sk}kM:O’ {Ek} 0’ {Tochocyeran CD4 0< @ =7 €
R™" and {Uy}} o, {Li}ieo C RT*" such that

@a?b)z,bﬂ

0=0' <0, where 0=

with 0y = PAJ +Ug GT +AoP+GUy+50+E.,
012 =ByP+GLy,
013=

A1A1 +GU +PAJ +U) GT + Y

AMKM-FGUM +ﬁAg+UOTGT+T0_M R

014 = [B1A| +GL, ByAym +GLy],
Q15 =1In; 0pp = —e "5,
0y3=[PB) +LJG" PB) +LJG'],
Q24 = Opxnm; Q25 = @nxm

Q33*Q3%*(Qab)ab 1
_ i TAT
0;;=NA] +U; 6
+AjAj+GU;+E' +S;, je .M,
0. =AA] +U/GT

+A A+ GU Y, se LM—1,z€s5+1,M,
B1A; +GL, By Ay +GLy
5374 N ’
BiA1+GLi ByAuy + GLyy
@375:[1,1 In ]T7
Q44 =diag(—e 7S, .., —e WSy,
@4‘5 = @nMXn; 6575 = 7(137
and
:0 —_
Loy (o) 24 1) & > é[l{o}(s) P ®)
M
+11M(S) As Z Misj |
j'=1
Y Y M
1{0}(S)'Y0,j+lw(s).rs7z > ¢ 1{0}(S).P Z N2,y
j'=1

\‘\
Il
—

+
’_i—*
SIN
>

™=
=



[I]é,

o M
—EP+ Y |E + X0, —EA; Y My

j=1

Mz

\
I

M M M AL
—EPY M+ X (ijz' —&As ), 113,1/%)1 >0, Rija 05 —
j=1 =

Z=j+l1 |
seOM, jel M, zes+1,M 200

for some & € (0,wy), then (7) is ISS with feedback gains 508 0 %40

Ky = Uop ) k=0 ) | | | | | | | | |
’ UA)™', keT,M’ 0 0 8

o
=)
o
no
=1
no
(31
(9%
i1
<o
ta

()

Fig. 1. The state trajectories

k =
Lk(Kk)ila ke laM
Proof: Since P and Kj for j = 1,M are positive

50

definite, select the LKF V given in the proof of Theorem 200
2P=P L A= AJT], j € 1,M, then V inherits the same
property. Furthermore, consider the conditions and the proof 100
of Theorem 2 and denote by O the block matrix Q (in \ﬁpﬂ
Theorem 2) under the substitutions A; — Ay, By — B, for !
s € 0,M, define

. w(t)
i

100
0=H'0H, L
H=diag(P~", P~ AT AL AT A ) 207

under the settings of -300 \ \ \ ! \ \ \ ! !
—1—0——1 0 5 10 15 0 B 0 B L 4
0 {P‘ P,

k=0 PSP, k=0 i
AEAN keTm A SiA

=]

, S =

The input trajectories

P 'TojA; ', s=0,je,M
Y. = A

Kﬁlfwxfl sel,M—1,zes+1,M’

S zZ

. Assumption 2 is satisfied for
by which we see that

0<00<0

1 2 1 2
= = O7 = = O. 17
and the conditions (8) are equivalent to (5). This completes Mo.1 770,11 771;1 M
the proof. [ ] M =M =1L
To find the control gains as solutions of LMIs in The-
orem 3, more restrictive conditions are imposed than in

50

Corollary 1: the matrices P,A; are assumed to be diagonal By solving the LMIs proposed in Theorem 3, we conclude

and positive definite, with 19 ; =0 for j =1,M. that they are verified by

VI. EXAMPLE

In this section, an example of the controlled Persidskii P—10* 1.9060 0
system (7) and Theorem 3 are considered. Let n =2, M = - x 0 1.3746 |’
1,‘L'() = 1.5,1’1 = 2.5,W0 = 0.3 and d, F], G, A(), B(), A], Bl, . 4 [ 8.2154 0
K4 0 be chosen as follows: Ay =10"x 0 82217 } )

[ -0.75 —4.29 ] [ 142 2 < 4] 86301 0 ]

Ao = [ 107 425 | M7 { —-3.95 —1.04 } So=107x | 0 8.6262 |’

[ —415 -251 [ 2.03 047 o ipd_] 94469 0 ]
Bo= [ —2.85 —2.73 }’Bl - [ 2.54 0.53 ] S1=107x |0 94427 |
e —1] _ [ 5sin(3r) =0_ a4 [ 74488 0 ]
Fl(x)_{e”—l_’d(t)_[ 1 } 210 0 7503 |
[ 266 —3.61 -3.48 =1 _ .4 [73367 0 ]
“= [ 251 —1.5 —0.03 } 210 9534 |




T071105X{1.1548 0 ]

0 1.1496
e 9.86 5.024
<I>10><{5_024 9.86 |’

—8.1381 —6.7348
Up=10*x | 1.4473 03149 |,
—4.8921 —9.6405
0.6605 —0.1054
Uy =10°x | 0.1309 0.0274 |,
1.0384  0.0513
—1.0728 —1.4498
Lo=10*x | 0.0979 05767 |,
—0.8247 —0.3281
—9.6272 —4.069
Li=10*x | 33737 1.6205 |,&=0.2.
—3.6963 —1.311

The state and input trajectories with three different initial
conditions are shown in Fig. 1 and Fig. 2, respectively.

VII. CONCLUSION

This paper has proposed ISS and stabilization conditions
with given feedback control and the design of feedback
gains for generalized Persidskii systems with constant time
delays. The formulated conditions were obtained in the
form of linear matrix inequalities. Therefore, they can be
constructively verified. A simulation was presented for the
examination of the proposed results.
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