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Abstract

After observing that the truth conditions of connectives of non—classical logics are gener-
ally defined in terms of formulas of first—order logic (FOL), we introduce protologics, a class
of logics whose connectives are defined by arbitrary first—order formulas. Then, we iden-
tify two subclasses of protologics which are particularly well-behaved. We call them atomic
and molecular logics. Notions of invariance for atomic and molecular logics can be auto-
matically defined from the truth conditions of their connectives, bisimulations do not need
to be defined by hand on a case by case basis for each logic. Moreover, molecular logics
behave as ‘paradigmatic logics’: every first—order logic and every protologic is as expres-
sive as a molecular logic. Then, we prove a series of model—theoretical results for molecular
logics which characterize them as fragments of FOL and which provide criteria for axiom-
atizability and definability of a class of models in these logics. In particular, we rediscover
van Benthem’s theorem for modal logic as a specific instance of our generic theorems and
other results for modal intuitionistic logic and temporal logic. We also discover a wide range
of novel results, such as for the Lambek calculus. Then, we apply our method and generic
results to FOL and find out novel invariance notions for FOL, that we call predicate bisimu-
lation and first—order bisimulation. They refine the usual notions of isomorphism and partial
isomorphism. We prove generalizations as well as new versions of the Keisler theorems
for countable languages in which isomorphisms are replaced by predicate bisimulations and
first—order bisimulations.
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1 Introduction

Non-classical logics are often associated to notions of invariance which relate models satisfying
the same formulas. For many non—classical logics, the invariance notion associated to a logic
characterizes it as a fragment of first-order logic (FOL for short). For example, modal bisimula-
tion is the notion of invariance of modal logic: every formula of FOL with a free variable whose
truth value is always the same in two bisimilar models is equivalent to the translation into FOL of
a formula of modal logic. This is the core of the van Benthem characterization theorem. A wide
variety of non—classical logics have been introduced over the past decades: modal logics, relevant
logics, temporal logics, Lambek calculi, to name just a few. For each of these logics, one can
define a notion of invariance and prove by adapting the van Benthem’s characterization theorem
that this notion of invariance characterizes the given logic as a fragment of FOL. A drawback of
this logical pluralistic approach is that this has to be done by hand on a case by case basis for
each non—classical logic. Each time the notion of invariance has to be found out and each time the
proof of the van Benthem characterization theorem has to be adapted for that specific notion of
invariance. For example, a similar characterization theorem has been proved for (modal) intuition-
istic logic [33l], temporal logic [29], sabotage modal logic [8], the modal p—calculus [26]], graded
modal logic [14]. Even without such a full characterization, a number of invariance notions have
been defined for numerous logics, like the directed bisimulations of the Lambek calculus [37] or
the bisimulations for relation-changing modal logics [3, 20] for example. For these logics, one
only has at hand a proposition stating that truth is preserved between two models which are bisim-
ilar. This situation is obviously problematic if one shares the ideal of “universal logic” [9, [10].
Instead, we would prefer to obtain automatically from the definitions of the connectives of a given
logic a suitable definition of bisimulation and its associated characterization theorem.

For modal logic and temporal logic, a number of model-theoretical results dealing with the
definability of classes of Kripke models by means of a set of formulas or a single formula have
been proved by adapting the Keisler theorems of FOL [12] 29]]. Basically, the change in the
theorems consists in replacing the notion of isomorphism by an appropriate notion of bisimulation
(modal or temporal). A natural question that comes up to mind is to wonder whether these model-
theoretical results transfer as well to arbitrary non—classical logics. We shall see that they do
transfer in general to any non—classical logic once the appropriate notion of bisimulation for the
non—classical logic considered has been elicited.

Our objective in this article is to develop in a systematic and generic way the model theory of
non—classical logics. The difficulty is to find an appropriate method for that. Our starting point
will be the observation that the truth conditions of non—classical connectives are often defined
in terms of first-order formulas (without functions). This will lead us to introduce protologics,
a class of logics whose connectives are defined by arbitrary first—order formulas. Even if pro-
tologics are quite general and capture a wide range of non—classical logics, they do not lend
themselves naturally to a systematic exploration of their theoretical properties. The truth condi-
tions of their connectives are arbitrary formulas of first—order logic and, as such, do not yield us
much information about their associated theoretical properties. To overcome that difficulty we
will introduce atomic and molecular logics, two subclasses of protologics whose connectives are
of a specific form and which are particularly well-behaved. They are a generalization of polyadic
modal logics that take into account some sort of monotonicity in the truth conditions of their
connectives. Atomic and molecular logics are ‘paradigmatic’ logics in the sense that they can
capture a very wide range of non—classical logics: every first—order logic as well as every pro-
tologic is as expressive as a molecular logic. The theoretical advantage of atomic logics is that
their invariance notions can be automatically defined from the truth conditions of their connec-
tives, bisimulations do not need to be defined by hand on a case by case basis for each atomic



or molecular logic. Moreover, these notions of bisimulations come automatically associated with
a number of model-theoretical results: a van Benthem characterization theorem as well as two
Keisler theorems dealing with conditions under which a class of models is definable by a set of
formulas or by a single formula if the molecular conectives are uniform. So, once a non—classical
logic is expressed in terms of an atomic or molecular logic, one obtains automatically a notion
of bisimulation and these associated model-theoretical results. This generic method applies to a
wide range of non—classical logics since all protologics and even first—order logics are expressible
in terms of atomic or molecular logics.

We will apply our generic method to first—order logics, since they are as expressive as spe-
cific atomic logics. In doing so, we will discover novel invariance notions for FOL, that we call
predicate bisimulation and first-order bisimulation. They differ from the usual notions of iso-
morphism and partial isomorphism. We will prove generalizations as well as new versions of the
Keisler—Shelah isomorphism theorem and the Keisler theorem of FOL in which isomorphisms are
replaced by predicate bisimulations and first—order bisimulations. We will also generalize these
theorems, they will hold for arbitrary sets of first—order formulas and not only for the set of all
sentences.

Organization of the article. We start in Section [2] by recalling first—order logics and some of
the most well-known non—classical logics. In that section, we will also study and introduce a
specific notion of equi-expressivity for logics which are not based on the same classes of models.
In Section 3| we introduce “protologics” whose connectives are defined by arbitrary formulas of
FOL with free variable(s). We also introduce in that section a class of polyadic logics larger than
modal logic and that we call “atomic” and “molecular” logics because molecular connectives
are compositions of atomic connectives. In Section i} we compare the relative expressivity of
abstract, atomic and first—order logics. Then, in SectionE], we will show how a suitable notion of
bisimulation/invariance can be defined automatically from the definition of the connectives of any
atomic or molecular logic. In Section[6] we develop a basic model theory for atomic logics and
provide counterparts in these logics of the van Benthem theorem as well as the Keisler-Shelah
isomorphism theorem and Keisler theorems. Then, in Section [/| we apply these general results
to FOL by means of the translations between FOL and atomic logics that we have established in
Section Bl and discover new versions and extensions of the Keisler-Shelah and Keisler theorems
with predicate bisimulations and first—order bisimulations in place of isomorphisms. In Section
[l we explain the role of Boolean negation in our model-theoretical results and how Boolean
negation should be handled in order to apply our methods and results to an arbitrary logic. Finally,
we discuss related work in Section[9land conclude in Section [I0}

2 Classical and Non-Classical Logics

In this section, we recall FOL and some of the most well-known non—classical logics. The
generic results of the article will be applied to these logics in the sequel. Logics will always
be semantically presented by following a tri-partite representation: language, class of models,
satisfaction relation.

2.1 Classical Logics

P = {Ry,...,Ry,...} is a set of predicate symbols of arity ki, ..., ky,... respectively (one of
them can be the identity predicate = of arity 2), F = {f,...,f,,...} is a set of function symbols,
V = {v1,...,0p,...} is a set of variables and C = {ci,...,cp,...} is a set of constants. Each
of these sets can be finite or infinite. v, vs, v3, ... are the names of the variables and we use the



expressions ,r1,T2,...,Y,Y1,Y2,...,2, 21,22, ... to refer to arbitrary variables or constants,
which can be for example v42, vs, 101, C21, - - . Arity(P, F) is the set of all arities of predicate and
function symbols.

The first-order language E?& is defined inductively by the following grammars in BNF:

Ve

LE:p u= Rttt | 1t | (p=>¢) | (pve) | Vap

where z € V,ceC,fe F, te E?:}SL and R € P. Elements of EESL are called terms and
elements of E,?Ofl_ are called first-order formulas. Formulas of the form Rty ...t are called
propositional letteric formulas and first—order formulas without function symbols are called pure
predicate formulas. 1If ¢ € E?&, the Boolean negation of ¢, denoted —¢, is defined by the
abbreviation ~¢ = (¢ — 1t) for an arbitrary ¢ € EECC)L. We also use the abbreviations T £ -1,
(pA) 2 =(=pv-t)and (p < 1Y) = (@ = 1) A (1 > ¢) as well as the abbreviations Jxp =
Vz-p, Vri... 20 2 Var.. . Yaup, 321... 20 £ d21...dznp and VZp 2 Vap ... 2p0 if
T = (x1,...,x,) is a tuple of variables.

We also define the head h(t) and the body b(t) of a term t € L]FJSL inductively as follows: if
t=xort=cthen h(t) =b(t) =t;ift = f(t1,...,tx) then h(t) = f and b(t) = (t1,...,tx).

Let ¢ € 5,7:)&. An occurrence of a variable x in ¢ is free (in ) if, and only if, x is not
within the scope of a quantifier of ¢. A variable which is not free (in ) is bound (in ). We
say that a formula of L’,?gl_ is a sentence (or is closed) when it contains no free variable. We
denote by ¢(x1,...,x) a formula of E,?gL whose free variables or constants coincide exactly
with x1,..., 2. In doing so, we depart from the literature in which this notation means that the
free variables of ¢ are included in {x1, ..., x}}. Free variables may be used to bind elements of
two different subformulas. For example, the formula Ryz v R'xzz with free variables z, y, z will
be evaluated in a structure in such a way that = will be assigned the same element of the domain
in the two subformulas Ryx and R’z 2.

We denote by LEOL the fragment of E%_L whose formulas do not contain function symbols.
We denote by Lo (T) (resp. LES (Z)) the fragment of LEo, (resp. LES ) whose formulas all
contain at least one free variable or constant and by LEo, (@) (resp. LES, (2)) the set of sentences
of Lo, (resp. LES). Forallk e Nand 7 = (z1, ..., x3) € V¥, we denote by LEo, (%, k) (resp.
L’?:Dgl_(f, k)) the fragment of E7FDO|_ (resp. ngl_) whose formulas all contain exactly k free variables
or constants and these variables or constants are 7. Note that Lo, (T), LEG, (T), LEo, and LE,
can all be partitionned into sublanguages of the form E,?OL(E, k). A language Lrop S L’E& is
countable if its set of predicate symbols, function symbols, variables and constants is countable.

A structure is atuple M = (W, {R1,...,Rp,-- -, f1,--s fns-+-,Cly.- - Cn,...}) Where:

* W is a non-empty set called the domain;

* Ry,...,R,,...arerelations over W with the same arity as Ry, ..., R, ... respectively;
* f1,---, fn,...are functions over W with the same arity as fy,...,f,, ... respectively;
®* Cl,...,Cn,... € W are elements of the domain called distinguished elements.

An assignment over M is a mapping s : V U C — W such that for all ¢; € C, s(C;) = ¢;. If s is
an assignment, s[x := w] is the same assignment as s except that the value of the variable x € V
is assigned to w. A pair of structure and assignement (M, s) is called a pointed structure. The
class of all pointed structures (M, s) is denoted Mg . If K is a class of pointed structures, K is
MeoL - K.



If (M, s) is a pointed structure, we extend the assignment s from variables and constants to
terms and define the extended assignment s : E‘F)SL — W inductively as follows:

s(z) = s(x)
s(c) = s(c)
s(fty...tg) = f(5(t1),...,5(tk)).

The satisfaction relation = roL € MgoL X ﬁ?& is defined inductively as follows. Below, we
write (M7 3) }: ¥ for ((M7 S)a (P) € }: FOL-

(M, s) = 1t never;

(M,s)ERity...t, iff  (5(t1),...,5(tx)) € Ry;
(Ms)f (o =) iff if (M,s) = then (M, s) = v
(MvS)F(QDVw) iff (M,S)F@OI‘(M,S)F@D;

(M, s) = VYo iff (M, s[z:=w]) =@ forall we W.

In the literature  [13]], (M,s) E  ¢(x1,...,2;) is sometimes denoted
M= o(z1,. .., op)[wi, ..., wi], M E o[wi/z1,. .., wi/zk] or simply M = ¢[w,...,w],
with wy = s(z1),...,ws, = s(xx). Some other times [19], it is denoted M = ¢ (z1,. .., z,)[s],
M, st @(z1,...,2,) or simply M = ¢[s]. In that case, we say that (M, s) makes ¢ true. We
depart from the literature by treating constants on a par with variables: the denotation of constants
is usually not dealt with by means of assignments. Two (pointed) structures are elementarily
equivalent when they make true the same sentences. If (M,s) and (M’,s") are two pointed
structures and 7 is a non-empty tuple of variables of size k, we write (M, s) =z (M', s) when for
all p € LE, (7, k) it holds that (M, s) |= ¢ iff (M',s") = ¢ and we write (M, s) =z (M, s)
when for all o € LEJ, (Z, k) it holds that (M, s) = ¢ iff (M',s") = ¢.

We say that the formula ¢ € [,,7:)5_ is realized in M when there is an assignment s such that
(M,s) = ¢.

A triple of the form (EFOL, EroL, F FOL) is called the first—order logic associated to Lrp;
and Eppy. If Leo = E?&, the triple (,C,?C];L, EroL, F FOL) is called first—order logic (associated
to Eror), if LroL = £7,:)O|_, the triple (£|7:>0L75FOL7 F FOL) is called pure predicate logic (asso-
ciated to Erpy), if Lol = E?OL(f), the triple (L’EOL(E), EroL, F FOL) is called pure predicate
logic with free variables and constants (associated to Eppy) and if Lro = Eﬁ&(f) the triple
(E?:Dgl_ (7), EFoL, F FOL) is called first—order logic with free variables and constants (associated
to Eror). When Erg is Mgy, they are simply called respectively first—order logic, pure predi-
cate logic and pure predicate logic with free variables and constants.

Remark 1. Our choice not to introduce explicitly Boolean negation will become clear in the rest
of the article (see in particular Section [§). We have instead introduced the material implication
— and the constant falsum 1. We could also have simply introduced negated atomic formulas,
the disjunction and the existential quantifier since the Boolean negation - is also definable as
abbreviations in terms of these connectives by means of negative normal forms.

Remark 2. We use the symbol = instead of = to denote the fact that the equality is in fact defini-
tional and [é; j] stands for the set of natural numbers from i to j.

Isomorphisms and partial isomorphisms [[13] are the traditional notions of invariance of first—
order logic.

Definition 1 (Partial isomorphism). A partial isomorphism between two structures M; and Mo
is a relation Z on the set of pairs of finite sequences (w1, ..., wy), (v1,...,v,) of elements of
M7 and My of the same length such that:



1. if (wy,...,wy)Z(v1,...,v,) then (M, s1) and (Ma,s2) make true the same proposi-
tional letteric formulas ¢(x1,...,2,) € Eﬁ&, where s; and s9 are such that for all
ie{l,...,n}, s1(x;) = w; and sa(x;) = vy;

2. if (wi,...,wp)Z(v1,...,v,) then for all w € M; there is v € My such that
(w1, ..., wp,w)Z(v1,...,0,,0v), and vice versa;

3. for all w € M there is v € My such that (w)Z(v), and vice versa. =

Condition 2 is called the back and forth condition. The back condition could be equivalently
replaced by the assumption that Z is symmetric. Likewise, condition 3 could be equivalently
replaced by the condition @7 @ since they boil down to the same constraints on pairs of structures;
this last condition is the one used in [13]].

2.2 Non-Classical Logics

The examples of non—classical logics that follow are among the most well-known and most
studied non—classical logics.

In this section, A is a set of propositional letters which can be finite or infinite.

2.2.1 Modal Logic

The set I is a set of indices which can be finite or infinite. The multi-modal language Ly is
defined inductively by the following grammar in BNF:

Lur: ¢ = p | =p | (ere) | (eve) | Oj0 | Ojp

where pe A and j € .
We present the so-called possible world semantics of modal logic. A Kripke model M is a
tuple M =2 (W, {R1,...,Rp,...,P1,...,Pp,...}) where

* W is a non-empty set whose elements are called possible worlds;
* Ri,...,Rn,... € W x W are binary relations over W called accessibility relations;
e Pi,...,P,,... € W are unary relations interpreting the propositional letters of IP.

We write w € M for w € W by abuse and the pair (M, w) is called a pointed Kripke model. The
class of all pointed Kripke models is denoted Eyy .

We define the satisfaction relation F ML € EmL x Ly inductively by the following truth
conditions. Below, we write (M, w) |= ¢ for ((M,w),¢) € }=uL. For all (M,w) € &y, all
p, e Ly, allp; ePandall jel,

(M, w) = p; iff P;(w) holds;

(M,w) = -p; iff P;(w) does not hold;

(Mvw)F(QO/\w) iff (Mvw)F@and(MﬂU)Flb;

(Mvw)F(@Vw) iff (M,w)F(pOI‘(M,’LU)F@b;

(M,w) =<0 iff there exists v € W such that Rjwv and (M, v) = ;
(M,w) = Oj¢ iff forall v € W such that Rjwuv, (M, v) = ¢.

The triple (L’ML, EMLs F ML) forms a logic, that we call modal logic. Bisimulations for modal
logic can be found in [12].



2.2.2 Lambek Calculus

The Lambek language L, ¢ is the set of formulas defined inductively by the following grammar
in BNF:

Lic: ¢ =1 | (¢89) | (pcy) | (¢29)
where p € P. A Lambek model is a tuple M = (W, {R, P\,..., P,,...}) where:
* W is a non-empty set;

* Rc W x W x W is a ternary relation over W;
e Pi,...,P,,... ¢ W are unary relations over W.

We write w € M for w € W by abuse and (M, w) is called a pointed Lambek model. The class of
all pointed Lambek models is denoted £ c. We define the satisfaction relation =y € E ¢ % Lic
by the following truth conditions. Below, we write (M, w) |= ¢ for ((M,w), ¢) € | c. For all
Lambek models M = (W, {R, Py,...,Py,...}),allwe M, all p,1) € L, ¢ and all p; € P,

(M,w) = p; iff  P;(x) holds;
(M,w) = (p®v) iff there are v,u € W such that Rvuw,
(M,v) = ¢ and (M, u) = ;

(M,w) = (p>o1) iff forallv,ueW such that Rwvu,

if (M, v) | ¢ then (M, u) b=,
(M,w) = (¢ c ) iff forallv,u e W such that Rvwu

if (M,v) =@ then (M,u) = .

The triple (L g, &Lc, E Lc) forms a logic, that we call the Lambek calculus. Bisimulations
for the Lambek calculus, called directed bisimulations, can be found in [37]].

2.2.3 Modal Intuitionistic Logic

The modal intuitionistic language L) is defined inductively by the following grammar in BNF:

Ling: o 5= T [ L] p] (perg) | (eve) | (e=9) | Op | Op
where p € A. A modal intuitionistic model is a tuple M = (W,{R,Ro, P1,...,P,,...}) where:
* WV is a non-empty set;

* Rc W x W is a binary relation over W which is reflexive and transitive (R is reflexive if
for all w € W Rww and transitive if for all u,v,w € W, Ruv and Rvw imply Ruw);

* Ro € W x W is a binary relation over W

e P,...,P,,... € W are unary relations over W such that for all v,w € W, if Rvw and
P, (v) then P, (w).

We write w € M for w € W by abuse and the pair (M, w) is called a pointed modal intuitionis-
tic model. The class of all pointed modal intuitionistic models is denoted &;. We define the satis-
faction relation = |y € Ejpy x Liny by the following truth conditions. Below, we write (M, w) |= ¢



for ((M,w),¢) € = |nt. For all modal intuitionistic models M = (W,{R, Ro, P1,..., Pp,...}),
allwe M, all p,v € Lin and all p; € P,

(M,w)E=T always;
(M,w) 1 never;
(M, w) Ep; iff  P;(x) holds;

(M,w) = (pay)  iff (M,w) =g and (M, w) =19;
(Myw) = (pvyp) iff (M,w) = or (M,w) =
(M,w) = (p=1) iff forallveW such that Rwu,if (M,v) k= ¢ then (M, v) = ;

(M,w) |=Og iff  for all v € W such that Rwv,
for all u € W such that Rovu, (M, u) = ¢;
(M, w) =< iff  for all v € W such that Rwwv,

there is u € W such that Rovu and (M, u) = .

The triple (Lint, Eint, = nt) forms a logic, that we call modal intuitionistic logic. Bisimulations
for (modal) intuitionistic logic can be found in [32,[33]].

2.2.4 Temporal Logic

The temporal language L1 is defined inductively by the following grammar in BNF:

Loz o oa=T | L lp ]| -pl (ere) | (pve) | Ulp,e) | Sle.e)
where p € A. A temporal model is a tuple M = (W, {<, P1,..., P,,...}) where:
* W is a non-empty set;
* <C W x W is a binary relation over W;
e P,...,P,,... ¢ W are unary relations over W.

We write w € M for w € W by abuse and the pair (M, w) is called a pointed temporal
model. The class of all pointed temporal models is denoted Et.. We define the satisfaction
relation |= 1 € EL x L1 by the following truth conditions. Below, we write (M, w) |= ¢ for
((M,w),p) € = 1L. For all temporal models M = (W, {<,Py,...,P,,...}), all w € M, all
(p,¢ € ETL and all JURS P,

(M, w)[E=T always;

(M,w) 1L never;

(M, w) = p; iff  P;(z) holds;

(M, w) E -p; iff  P;(x) does not hold;

(Mw) = (pay) iff  (M,w) = and (M, w) =4

(M,w) = (pvy) iff  (M,w) g or (M,w) =1

(M,w)E=U(p,) iff thereis v e W such that w < v and (M, v) |= ¢ and
for all u € W such that w < u < v, (M, u) = 1;

(M,w) = S(p,) iff thereis v e W such that v < w and (M, v) |= ¢ and
for all u € W such that v < u < w, (M, u) = 1.

The triple (L1, &1L, = 11) forms a logic, that we call temporal logic. Bisimulations for
temporal logic can be found in [29].



2.2.5 Many-valued Logics

Our presentation of many—valued logic is inspired by Priest [35] but is slightly different from
the usual presentation. V is a set called the truth values. Let D € V be a subset of designated
values and let C = {*1,...,*,,,...} be a countable set of connectives of arity ki, ..., kp,- ...
The many—valued language Ef\:,w associated to C is defined inductively by the following grammar
in BNF:

C
Lyy: @ =0 | *(p,...,0)

where p € P and € C. A many-valued model is a tuple M =
(V,{Rs«y,..., R P, ..., Py, ...}) where:

*m )t

* V is the set of truth values;
* R.,...,R.,,... arerelations over V of arity k1 +1,...,kpn +1,..;
* P,...,P,,... €V are unary relations over V.

The relations R, are obtained from the usual truth functions f of many—valued logics by
the connection R,w; ... wpw iff f(wy,...,wg) = w. We write w € M for w ¢ W and
the pair (M,w) is called a pointed many-valued model. The class of all pointed many—
valued models is denoted Eyy. We also define a designated many—valued model as a pair
(M, D) where M is a many—valued model (and D is the set of designated values). We de-
fine the satisfaction relation F Mv S Emv x EE/IV by the following truth conditions. Be-
low, we write (M,w) [ ¢ for ((M,w),¢) € | my. For all many—valued models M =
(V,{Ruys. s Rupryo s Py Py ) allw e M all ... o € L5y and all p; € P,

(M, w) = p; iff P;(w) holds;
(M,w) = * (¢1,...,pr) iff there are ws,...,wy € V such that R w; ... wpw
and (M, w1) = @1 and ... and (M, wy) = ¢y

We extend the satisfaction relation F wmL to the set of designated many—valued models (M, D)
as follows: we set (M, D) |= o iff there is w € D such that (M, w) = .

Typically, a many—valued logic is based on a class of designated many—valued models whose
truth functions associated to the same connective are the same in every model of the class. A
class of designated many—valued models satisfying this condition is called a many—valued class
of designated models. So, a many—valued logic associated to a set of connectives C and designated
values D is a triple (EE,N, 5,\?\,, = MV) where 5,6)\, is a many—valued class of designated models.
Fuzzy logic, the 3—valued logics of Kleene and Lukasiewicz are examples of many—valued logics
in which the unary predicates P; are singletons. Our general approach also allows us to capture
the logic of first—degree entailment (FDE) since in that case the P;s are not necessarily singletons
(see for instance [35] for more details on many—valued logics).

2.3 Common Logical Notions

In the present section, we define a number of notions which are common to all non—classical
logics and in particular to the logics introduced beforehand. The way we define logics is different
from many proposals considered in universal logic [9] such as pairs of Suzsko’s abstract logics,
Tarski’s consequence operators or logical structures. Often a logic is viewed as a pair of a
language together with a consequence relation on this language. Our approach to defining logics
is somehow more ‘semantic’ in that respect than the usual proposals. It corresponds in fact to the
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“abstract logics” of Garcia-Matos & Viadnénen [21].

We will say that a logic is a triple L = (£, &, |= ) where

* L is a logical language defined as a set of well-formed expressions built from a set of
connectives G and a set of propositional letters A;

» & is a class of pointed models;

. F is a satisfaction relation which relates in a compositional manner elements of £ to
models of £ by means of so-called truth conditions.

LetL=(L,&, =) bealogicandletT' c L, p € £ and M € £. We write M =T when for all
1 €T, we have M |=1). Then, we say that

s @ is true (satisfied) at M or M is a model of o when M |= ¢;
* wisalogical consequence of I', written I" F L, when forall M € &, if M F I' then M F ©;
*  is valid, written F L, when for all models M € £, we have M F ©v;

*  is satisfiable when - is not valid in &, i.e. when there is a model M e £ such that
M= .

If T is a singleton ' = {1}, we also write by abuse 9 |= ¢ for {1} = .

A set of formulas of L is called a theory. A set A of formulas of L is said to be a set of
axioms for a theory I' iff I and A have the same logical consequences. A theory is called finitely
axiomatizable iff it has a finite set of axioms. A logic L is axiomatizable if its set of validities is
finitely axiomatizable.

2.4 On the Relative Expressivity of Logics

When two logics Ly = (£1,&, 1) and Ly = (£2,&, = 2) are interpreted on the same class of
models &, there is a standard way to compare their relative expressiveness. We say that Ly is at
least as expressive as Ls, denoted Ly < L, when there is a mapping 7" : L2 — £ such that for all
@2 € Loand all M € £, M = s iff M |=T(ip2). These mappings naturally induce conservative
translation morphisms between logics viewed as pairs of language and consequence relation in
the sense of Arndt & Al. [4] and yield a category of logics, which are all based on the same class
of models €.

When Ly > Ly and Ly > Ly, we say that L; is as expressive as Ly and denote it Ly = L. In that
case, the definition rewrites as follows:

* there is a mapping 17 : £1 — Lo such that for all ¢; € £y and all M € £, M F py iff
M T1(p1):

* there is a mapping 15 : L2 — L1 such that for all 5 € Lo and all M € £, M F g iff
M = Ta(p2).

Now, given a logic (£, &, |= ), for all ¢, € L, we write ¢ = 1) when for all M ¢ &, it holds
that M |= @ iff M =1 and for all M, N € &, we write M = N when for all o € £, it holds M =
iff N = . If M, N ¢ £, we write M = N/ when for all M € M there is N € A such that M = N,

11



and vice versa. With these notations, that definition of equi-expressivity entails in particular the
following two facts: for all ¢ € £1 and all o € Lo,

(Me&|ME@}={McE|METI(p1)} e1 = To(T1 (1)) (D
(Me&|ME @} ={MecE|METy(pa)} p2 = T1(T(p2)) ()

However, when two logics Ly = (£1,&1, 1) and Ly = (L2, &, = 2) are interpreted over
different classes of models £; and &,, there is no standard way to compare their relative expres-
siveness. We are now going to propose some notions to deal with that issue. Our first proposal is
the following.

Definition 2 (Essential equi-expressivity). A logic L1 = (L1, &1, = 1) is essentially as expressive
as alogic Ly = (L2, &, = 2) when the following conditions hold:

1. there is a mapping 77 : £1 - L2 and a mapping TlM : &1 = &5 such that for all p1 € £
and all M, € &, it holds that My = o1 iff T (My) = T (¢1);

2. there is a mapping Ty : L5 — £ and a mapping T2M : &y — & such that for all py € Lo
and all My € &, it holds that My = g iff T3 (Ma) = T (p2);

3. for all My € & and all My € &, it holds that 757 (TM (M) = My and TM (THM (M>)) =
MQ. —

Our third condition states that T2M and T are inverse bijections of each other (modulo
some natural congruence). Hence, our definition is set in such a way that we compare the relative
expressivity of each logic by comparing them over their whole class of models, taking into account
the specificities of all the models of each logic in the comparison. Moreover, if two logics over
the same class of models are as expressive in the previous sense, they are also essentially equi-
expressive: it suffices to take the identity mappings for TlM and T2M . Our definition of equi-
expressivity entails also the following two facts, which generalize the two previous expressions
(1) and @)): for all v € £1 and all g € Lo,

T ({Mie& | MiFpi}) = {Mze & | Mal=TF (1)} p1=T5 (T (1)) (3
T ({My e & | Mol o)) = { My € & | My =TS (2)} P2 =T7 (T (p2)) (4
We can refine our notion of essential equi-expressivity even more as follows.

Definition 3 (Equi-expressivity). A logic L1 = (£1,&1, = 1) is as expressive as a logic Ly =
(L2, &, F 2) when it is possible to split up £1 and L5 into a partition of sublanguages £; = [+J£]

iel
and Ly = ()£}, such that for each i € I there is j € J such that (£}, &), |= 1) is essentially as
i€
expressive as (E%, &, F 2), and vice versa. In that case, we write L; = Lo. —

Essential equi-expressivity obviously entails equi-expressivity (one does not need any
splitting in that case) but the converse need not hold. The idea underlying equi-expressivity is
that the translation mechanism for formulas may not be the same for the whole language. If it
is still possible to split it into sublanguages such that for each of them we can find a translation
mechanism, typically different from the others or dedicated to it, then we will still say that the two
logics are equally expressive. Expressions (3)) and (4)) still hold in the case of equi-expressivity.

We canonically extend our definitions of equi—expressivity to classes of logics.
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Definition 4 (Equi-expressivity of classes of logics). Let IL; and ILy be two classes of logics. We
say that L is as expressive as Lo, written L1 = Lo, when for all Ly € IL; there is Lo € ILy such that
L; = Ly, and vice versa. -

In a sense, our definition of equi-expressivity can be viewed as a partial solution to the so—
called “identity problem” of universal logic [9] for logics which are defined semantically by triples
like in the previous section. Our proposal is different from the one of Garcia-Matos & Viidnédnen
[21], although they deal with a more general notion of embedding between logics based on dif-
ferent classes of models.

3 Protologics, Atomic and Molecular Logics

Non-classical logics have common features: their syntax is defined by means of connectives, like
AV, = 0,0,8,0,C,0, ... there is not any explicit variable quantification and no variables
appear in formulas; they can be given a Kripke-style relational semantics by means of specific
structures; the semantics of their connectives are defined by means of truth conditions.

Our overall approach is based on the observation that we can view truth conditions as formulas
of first-order logic and that the models considered are very often specific kinds of structures.
We revisit below the definitions of non-classical logics of Section [2| and provide the first-order
formula () or ¢(z) with one free variable x corresponding to the respective truth condition of
the non-classical connective. These first-order formulas are written in a specific form that will be
explained and become clear later in the article.

o (M,w) = O;p iff for all v € M, if R;wv then (M,v) = p

*1(z) = Vy(Py v -Rizy)

s (M,w) = p® q iff there are v,u € M such that Rvuw, (M,v) = pand (M, u) = q
*o(x) 2 Jyz(Py A Qz A Ryzx)

» (M,w) = p > qiff for all v,u € M such that Rwvu, if (M,v) |=p then (M,u) = q
*o(x) £ Vyz(-Py v Qz v -Rzyz)

s (M,w) = q c piff for all v,u € M such that Rvwu if (M,v) |=p then (M, u) = q
*o(x) £ Vyz(-Py v Qz v -Ryzz)

o (M,w) = * (p1,...,p,) iff there are wy,...,w, € W such that R,w; ... w,w and
(M,w) =1 and ...and (M, w,) = ¢,

*p(x) 2 3xy ..y (P AL Ppzp ARz o2 2)
» (M,w) = Oy iff for all v € W such that Rwv, for all u € W such that Rovu, (M, u) = ¢
c1(xz) =2Vy(Vz(Pz v -Royz) v =Ray)

o (M,w) = U(p,) iff there is v € W such that w < v and (M, v) |= ¢ and for all u € W
such that w < u < v, (M, u) =

co(z) 23z (PzAaVy (Qyv-(z<y<z))rx<z)
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3.1 Protologics

In this section, P is a set of predicates symbols and the sets of constants and function symbols of
first-order logics are empty, C = F = @.

Definition 5 (Abstract connectives). The abstract propositional letters P® are a subset Q ¢ P of
the predicate symbols P and the abstract connectives C* are the formulas of E?:DOL (T) together
with a sequence of distinct predicate symbols that occur in each formula. That is,

o)
C* ={(x(@),(Q1,...,Qn)) | x € LE, (Z) and Qy, . .., Q, € Q all distinct appear in X}

Let p be an abstract propositional letter whose arity as a predicate symbol is k. Then, the arity of
p is 0 and its output type is k. Let » = (x(z1,...,2%), (Q1,...,Qy)) € C* where x is a formula
with & free variables and such that the predicates Qq, ..., Q,, are of arity ki, ..., k, respectively.
Then, the arity of * is n, its type is (k, k1, ..., ky) and its output type is k, denoted k(). The
predicate symbols of x (%) which do not belong to {Qy,...,Q,} are called the parameter predi-
cates. ~

Example 1. Let us consider the formula x(z) = Vy(V2(Qz v -Royz) v -Rzy) or equivalently
x(x) = Vy(Rzy - Vz(Royz — Q(z))) corresponding to the truth condition of the box operator
of modal intuitionistic logic. The connective (x(z), (Q)) of C* of arity 1, of type (1,1) and of
output type 1 corresponds to the connective of modal intuitionistic logic. Its parameter predicates
are R and Ro. We could define other connectives based on x(x) such as (x(z), (Reo,Q)) and
(x(x),(R,R¢,Q)) of arities 2 and 3 and of types (1,1,1) and (1,1, 1, 1) respectively, possibly
with the predicates ordered differently in the tuples. The parameter predicate in (x(z), (Ro,Q))
is R and there is none in (x(z), (R, Re,Q)). =

Definition 6 (Protolanguage). The protolanguage L is the smallest set that contains the abstract
propositional letters and that is closed under the other abstract connectives, while respecting the
type constraints:

e PYc L;

o for all x € C* of type (k,k1,...,ky) and for all ¢1,..., ¢, € L of respective output types
k1,...,kn, we have x(p1,..., o) € L. The output type of x(p1,...,¢n) is k.

If C* ¢ C* is such that C* nP* # &, then an element of Lge is an element of £ that contains
only connectives of C?. In the sequel, we always assume that all C* ¢ C* are such that C* nP* #
@. Elements of L are called protoformulas and are generally denoted ¢, ¢, a. -

Example 2. If we want to recover the language of modal intuitionistic logic with only the box
modality then we consider the set of connectives C = {p, (x(z),(Q)) | p € Q is of arity 1} where
X () is the formula of the previous example. =

Definition 7 (C®~—model). Let C* c C® be a finite set of connectives. A C*—model is a structure
M = (W, R) for LEq (T) where W is a non-empty set and R is a set of relations over W such
that each predicate Q € Q is associated to a relation ) of the same arity as Q and such that
the parameter predicates {R1,...,R,,} of each connective * = (x(Z), (Q,...,Q,)) € C* can
be associated to a subset of the relations R, = {Rj,...,R,,} S R interpreting the predicates
R1, ..., Ry (possibly with some overlap for different connectives).

A C"-assignment for M is a tuple of wk, generally denoted w, where k = k() for some
» € C”. The set of all C"—assignments for M is denoted w(M, C*). A pointed C*~model (M, w)
is a C%—model M together with a C—assignment w for M. The class of all pointed C*~models
is denoted M“. =
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Example 3. If we resume our previous example, a modal intuitionistic model M =
(W,{R,R¢,P1,...,P,,...})is a C-model. The parameter predicates {R, R¢ } of (x(z),(Q))
are associated to the relations { R, R } and the predicates p,, € Q are associated to the relations
P,. —

Definition 8 (Model M[P; := W;]). Let C* ¢ C“ be a finite set of connectives, let M be
a C-model containing relations Q1,...,Q, of arity ki,...,k, respectively and let W7 €
P(W*),..., W, e P(W"). We define the C-model M[Q; := W;] as the C—-model M where
(the interpretation of the predicates Qq, ..., Q, by) the relations Q1, ..., Q,, are replaced by the
relations Wy, ..., W, (viewed as sets) respectively, all the rest being the same. -

Definition 9 (Truth function associated to a connective of C%). Let » = (x(Z), (Qq,...,Qy)) €
C® be a connective of type (k,k1,...,k,) and let M = (W,R) be a C*~model such that
(x(Z),(Q1,...,Qp)) € C* The (k,ki,..., kn)—ary truth function f. : P(W") x ... x
P(Wkr) - P(W*) associated to » on M is defined as follows:

eifn=0and x =Q, f, 2 Q;
e if n. >0, then for all Wy e P(WF), ..., all W,, e P(W*") we define
f*(Wh-"an) = {(wlv"')wk) EWk ’ M[QZ = Wz]}:X[Qfl/'LUh,wk/U)k]} =

In the above definition, M is really taken as a structure of first-order logic. The choice of the
assignment s in the evaluation does not play a role in the determination of f, since the only value
of variables that matter for that, (z1,. ..,z ), are given by the definition.

Example 4. One can easily check that the truth functions associated to the connec-
tives (x1(2),(Q)), (*2(2), (Qu, Q2)), (*3(2), (Q1,Q2)) and (*4(z),(Q1,Q2)) at the be-
gining of Section [3| correspond to the truth conditions of the connectives defined above
each of them respectively.  For example, for the case of modal intuitionistic logic,
if » = (x(2),(Q) then fu(W1) = {w e W | M[P = Wi] = x(2)} =
{fw e W | M[P = Wi] E VYy(V2(Qz v -Royz) v -Rzy)[z/w]} = {w e W |
for all v € W such that Rww, for all u € W such that Rovu, u € W1 }. -

Definition 10 (Protologic). Let C* ¢ C® and let M = (W, R) be a C*~model. The extension
function of L e in M, denoted []M : Lge - w(M,C"), is defined inductively as follows: for all
p e C'nP?and all » € C of arity n > 0 and type (k,k1,...,ky), forall p1,...,p, € Lgo of
respective output types ki, ..., kn,

13

[[p]]M Ip
H*(@lw--a@n)ﬂM f*([[@l]]Mw"’[[QDn]]M)

where f, is the truth function associated to the formula x ¢ E?:DOL(T).

If £ca is a class of pointed C’~models, we define the satisfaction relation |- < Ege x Lgo
as follows: for all ¢ € Lge and all (M, W) € Ega, we set (M, W) |- ¢ iff @ € [p]™. The triple
(Lce, Ege, |- ) is called the protologic associated to Ece and C*. ~

13

When the type of ¢ does not match the size of the assignment w € w(M,C) of a pointed
C“—model, then it is not the case that ((M,w), ¢) € |- . Thatis, (M,w) | ¢ does not hold. In
that case, we do not say that ¢ is “undefined” or “false” at the pointed C*~model (M, w), what
holds is that the pair ((M,w), ¢) does not belong to the relation |- .

One may argue that protologics do not really deserve their qualification of being somehow
‘primal’ since they seem at first sight to be able to encode only two—valued logics. This is not the
case, as the following example shows.
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Example 5 (Many—valued logics). Many—valued logics associated to a set of connectives C are
examples of protologics. The first-order formulas ¢ () € LEo (Z) on which they are based and
that define the connectives are of the form 31 ... 2, (Quz1 A ... AQuzy ARz .. 2p2). -

3.2 Atomic Logics

Atomic logics are protologics whose connective skeletons are defined by first-order formulas
of the form Vi ...z, (£1Quay V... v £,Quay, v £Rzy . oxpx) or Jzq . 2 (£1Quzp AL A
+,Qpnay A 2Rz .. 2 x) where the +;8 are either empty or —. We will represent the structure
of these formulas by means of so—called skeletons whose various arguments capture the different
features and patterns from which they can be redefined completely.

We recall that N* denotes the set of natural numbers minus O and that for all n € N*, &,, de-
notes the group of permutations over the set {1,...,n}. Permutations are generally denoted o, T,
the identity permutation Id is sometimes denoted 1 as the neutral element of every permutation
group and o~ stands for the inverse permutation of the permutation o (see for instance [38]] for
more details).

Definition 11 (Atomic skeletons and connectives). The sets of atomic skeletons P and C are
defined as follows:

P&y x {+,-} x{V,3} xN*
C2Pu U {6n+1 x {+,-} x{V,3} x N*HL o {+’_}"},

neN*

P is called the set of propositional letter skeletons and C is called the set of connective skele-
tons.  They can be represented by tuples (o, +, &, k,%;) or (o,+, &, k) if it is a proposi-
tional letter skeleton, where £ € {V, 3} is called the quantification signature of the skeleton,
k= (kki,... ky) € N*"*! is called the type signature of the skeleton and = = (£1,...,4+y) €
{+,=}" is called the tonicity signature of the skeleton; (Z,k, %) is called the signature of the
skeleton. The arity of a propositional letter skeleton is 0 and its fype is k. The arity of a skeleton
* € Cis n, its input types are ki, ..., k, and its output type is k.

A (atomic) connective or (atomic) propositional letter is an object to which is associated a
(atomic) skeleton. Its arity, signature, quantification signature, type signature, tonicity signature,
input and output types are the same as its skeleton. By abuse, we sometimes identify a connective
with its skeleton. We also introduce the Boolean connectives called conjunctions and disjunctions:

B2 {Ak,Vi|keN"}

The type signatures of A and vy, are (k, k, k) and their arity is 2.

We say that a set of atomic connectives C is complete for conjunction and disjunction when
it contains all conjunctions and disjunctions A, Vg, for k ranging over all input types and output
types of the atomic connectives of C. The set of atomic skeletons associated to C is denoted
*(C), its propositional letters is denoted P(C).

Propositional letters are denoted p, p1, p2, etc. and connectives are denoted x, x1, xo, efc. -

We need to distinguish between connectives and skeletons because in general we need a count-
able number of propositional letters or connectives of the same skeleton, like in some modal
logics, where we need multiple modalities of the same (similarity) type/skeleton.

Remark 3. The permutations ¢ mentioned in atomic skeletons do not really play a role in this
article. Permutations play an important role in the proof theory of atomic logics, which is dealt
with in [6} [7].
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Definition 12 (Atomic language). Let C be a set of atomic connectives. The (typed) atomic
language L¢ associated to C is the smallest set that contains the propositional letters and that is
closed under the atomic connectives. That is,

. P(C) < L;

o forall » € C of arity n > 0 and of type signature (k, k1, ...,ky,) and forall p1,...,p, € Lg
of types ki, ..., ky, respectively, we have that «(1,...,¢,) € Lc and *(¢1,...,¢,) is of

type k.

The Boolean atomic language EIg is the smallest set that contains the propositional letters and
that is closed under the atomic connectives of C as well as the Boolean connectives B:

o forall ¢, € E]g of type k, we have that (o Ax ¥), (@ Vi 1) € E](BS.

Elements of L are called atomic formulas and are denoted ¢, 1, «, . . . The type of a formula
¢ € L is denoted k(). Forall ¢1,...,¢, € Lof type k, A{p1,....n} and \/ {p1,..., 00}
stand for ((¢1 Ak ©2) Ak .. Ak @n) and ((p1 Vi 92) Vi - .. Vi ©p) respectively. When it is clear
from the context, we will omit the subscript k in A, Vi and write them A, v.

The skeleton syntactic tree of a formula ¢ € L is the syntactic tree of the formula ¢ in
which the nodes labeled with subformulas of ¢ are replaced by the skeleton of their outermost
connective.

In the sequel, we assume that all sets of connectives C are such that they contain at least a
propositional letter. -

Definition 13 (C—models). Let C be a set of atomic connectives. A C-model is a tuple M =
(W,R) where W is a non-empty set and R is a set of relations over W such that each n—ary
connective » € C which is not a Boolean connective of type signature (k, k1, ..., k) is associated
toak; +...+ky + k—ary relation R, € R.

An assignment is a tuple (wi,...,wy) € W" for some k € N*, generally denoted w. A
pointed C-model (M, w) is a C—model M together with an assignment w. In that case, we say
that (M, w) is of type k. The class of all pointed C—models is denoted M. .

Note that a C-model can be canonically seen as a structure, for some appropriate set of
predicates P associated to the relations of R.

Definition 14 (Atomic logics). Let C be a set of atomic connectives and let M = (W, R) be

a C—model. We define the interpretation function of L¢ in M, denoted [[ﬂM Lo~ U wk,
keN*
inductively as follows: for all propositional letters p € C, all connectives » € C of skeleton

(0,4, 8, (k,k1,...,kn),(£1,...,+,)) of arity n > 0 and all k£ € N, for all p, ¢, @1,...,p, €
Le,if k(p) = k(¥) =k,

[[p]]M = =R,
[ re )™ = [e]™ n ]
[(over)]™ = o] ue]™

[* (o1, )] Folea™s o Tend™)

where the function f, is defined as follows: for all W, e P(W*),. ... W, e P(Wk),
(W, 0 W) = {En+1 e Wk ‘ cr(W,..., Wn,wn_'.l)} where C* (W1,..., Wy, Wp41) is
called the truth condition of » and is defined as follows:

« ifE=V: VY e WM W, e WE (W1 by WiV ... VT by WiV REW) ... W0 Wne1)s
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‘ Permutations of &3 H binary signatures ‘

. . 01:(17273) 812(37(17171)?("'1""))

‘ Permutations of &g H unary signatures o5 = (3,2,1) s2= (¥, (1,1,1), (+,-))
71 =(1,2) t1=(3,(1,1),+) | 03=(3,1,2) s3=(V,(1,1,1),(-,+))
T =(2,1) to=(V,(1,1),4) | 04 =(2,1,3) sq=(V,(1,1,1),(+,+))
t3=(V,(1,1),—) 05:(27371) 352(37(171a1)7(+a_))

t4:(37(171)7_) 06:(17372) 36:(37(17171)7(_a+))

57 = (37(1’1’1)7(_a_))

S8 = (V7(17171)7(_7_))

Figure 1: Permutations of G5 and &3 and ‘families’ of unary and binary signatures

« if B =3 “Tw e WM W, e WE (W1 by Wi A ... AT, dn Wn A RETW1 ... WnTWne1)s

w;j € Wj if 5=+
wj ¢ Wj if +5; = -
+R\Wy-(1) - .- Wy-(n+1) With the notations +R, = R, and —R, = WHFt-+n _ R I £ is
a class of pointed C—models, the satisfaction relation |- < Eg x Lg is defined as follows: for all
¢ € Lc and all (M, @) € &, (M, @), @) € | iff W e [¢]™. We usually write (M, @) |- ¢
instead of ((M,w), ) € | and we say that  is true in (M, w).

The class of atomic logics, denoted ILgg., is defined by LggL S
{(LC, &c, |- ) | Cis a finite set of atomic connectives and £ is a class of C—models}. The
atomic logic (Lg, &g, |- ) is the atomic logic associated to Ec and C. The logics of the form
(L, M, \F ) are called basic atomic logics. We call them Boolean (basic) atomic logics when
their language includes the Boolean connectives B. -

where, for all j € [1;n], w; 4; W; = { and R*°wW; ...Wy+1 holds iff

We stress that the + sign in R is the + signin (o, +, &, (k, k1,. .., kn), (£1,. .., £5)).

Example 6 (Lambek calculus, modal logic, many—valued logics). The Lambek calculus, where
C = {p,o,\,/} is defined in Section is an example of atomic logic. Here o,\,/ are the
connectives of skeletons (o1, +,51), (05, —,53), (03, —, $2). Another example of atomic logic is
modal logic where C = {p, T, 1, A, v, <, 0O} is such that

* T, 1 are connectives of skeletons (1,+,3,1) and (1,—,V,1) respectively;

* A,Vv, <, 0 are connectives of skeletons (o1, +,5s1), (01,—,84), (T2,+,t1) and (72, —,%2)
respectively;

¢ the C-models M = (W,R) € & are such that R, = Ry, = {(w,w,w) | w e W}, Ro = Ry
and R =R, =W.

Indeed, one can easily show that, with these conditions on the C—models of &g, we have that for
all (M, w) € Ec. (M, w) |- A (i, ) iff (M, w) |- and (M, w) |-, and (M, w) |- v (g, 0) it
(M, w) | ¢ or (M,w) |- . The Boolean conjunction and disjunction A and v are defined using
the connectives of C by means of special relations R, and R, . However, they could obviously be
defined directly. Many—valued logics are also examples of atomic logics. Many more examples of
atomic connectives are given in Figures [2|and [3| They are all of type signature (1,1,...,1). -
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Atomic Truth condition Non-—classical connective in the literature
Connective
The existentially positive orbit

(11,+,t1) ¢ | Fv(ve[e] A Row) O [36] € [15]
(12,=,t2) @ | Yv (v €[] v-Rwv) | Op

The abstractly positive orbit
(11,+,t2) ¢ | Yo(ve[p]vRow) |+, [15] [17, p. 401]
(12,—t1) ¢ | Fv(ve ] A —Rwv)

The existentially negative orbit

(11,+,t1) @ | Fv(v ¢ [] A Row) 7 p. 402] 210 Def. 10.7.7]
(12, +,t4) @ | Jv(v¢[p] A Rwv) 710 p. 402] B2 [11}, Def. 10.7.7]

The abstractly negative orbit
(11,+,t3) ¢ | Yv (v ¢ [¢] v Rvw) ot [15,[16] ¢° S1p Def. 10.7.2]
(12, +,t3) @ | Yu(v¢[p] v Rwv) | ~¢[22] ¢ [15,16] °p [23]

Sop Def. 10.7.2]
The symmetrical existentially positive orbit
(11,—t1) ¢ | Fv(ve[p] A -Row)
(12, +,t2) @ | Vv (v e [p] v Rwo) +o [13] p. 402] p* Def. 7.1.19]
The symmetrical abstractly positive orbit
(11,—,t2) ¢ | Yo(vefp]v-Row) | O ¢ 0,
(12, +,t1) @ | Fv (v e ] A Rwv) S [27]
The symmetrical existentially negative orbit
(11,—,t4) @ | v (v ¢ [] A-Row) | 2 [IBI[IIL Ex. 1.4.5] !
(12, —,t4) @ | Fv(vé¢[e] A—Rwv) | 2y [13] Ex. 1.4.5] lgo 23]
The symmetrical abstractly negative orbit

(11, - t3) ¢ | Vo (v ¢ [o] v-Row)
(12,-,13) ¢ | Yu(v ¢ [p] v-Rwv) | -np [28,37] 1y [18]

Figure 2: Unary connectives of atomic logics of type (1,1)
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Atomic connective

Truth condition

Non—classical connective
in the literature

The conjunction orbit

o (01,+,81) ¢ Jou (v € o] Au e Y] A Rouw) o1 [30], ¢ ®; 9 [3]
o (02,—,82) Vou (v e [¢] vué[¢] v -Rwuv)
¢ (03,—,82) Vou (ve o] vué [¢] v-Ruwov) | /1301, ¢ c, ¢ [5]
o (04,+,81) ¢ FJou (v € [¢] Au €[] A Ruvw)
= w (0-17""81) 2
o (05,—,83) Y Vou (v ¢ [¢] vue ] v-Rwou) | \ [30], ¢ 2, ¥ [5]
= ¢ (027_a52) 2
¢ (06,—,83) ¥ Vou (v ¢ [¢] v ue [¢] v -Rowu)
= ¢ (037_a82) '
The not—but orbit
o (o1,+,86) ¥ Jou (v ¢ [¢] Au e [] A Rouw) 0 >3 [3]
© (o2,+,86) ¥ Fou (v ¢ [¢] Au e ] A Rwuv)
¢ (03,—,84) Vou (ve o] vue[y] v-Ruwv) | ¢ @, 5]
o (04,+,85) ¥ Fou (v € [¢] Au ¢ U] A Ruvw)
= w (017+786) 2
¢ (05,+,85) ¥ Jou (v e @] Au ¢ [Y] A Rwou) © =<, v 5]
= w (027+7S6) 2
o (06,—,84) VY Vou (v e o] vue Y] v -Rowu)
= w (0-37_a54) 2
The but—not orbit
o (o1,+,85) ¢ Jou (v e ] Au ¢ [Y] A Rouw) 0 <51 [3]
o (02,—,84) ¢ Vou (v e @] vue [¢] v -Rwuv)
o (o3,+,86) ¥ Jou (v ¢ [@] Au e ] A Ruww) 0>, 1 [3]
o (04,+,86) ¥ Fou (v ¢ [¢] Au e ] A Ruvw) w1 241 131]]
= w (Ul,+,85) ®
v (05,—,84) ¥ Vou (v e o] vu e [¢] v-Rwou) | ¢ @ [24,31] ¢ &, ¢ [5]
= ¢ (027_a34) 2
© (06, +,85) ¥ Fou (v e [¢] Au ¢ [¥] A Rowu) v @1 24 131]]
The stroke orbit
o (o1,+,87) Y Jou (v ¢ [¢] Au ¢ [¢] A Rouw) @ |5 v [0 23]
¢ (o9,+,87) ¥ Jou (v ¢ ] Au ¢ [Y] A Rwuv)
o (o3, +,87) ¥ Fou (v ¢ [¢] Au ¢ U] A Ruwv)
o (04,+,87) ¢ Jou (v ¢ ] Au ¢ [Y] A Ruvw)
= 1/) (017+787) ®
o (05,+,87) ¥ Fou (v ¢ @] Au ¢ [¥] A Rwou) @ |; o [1L 23]
= 1/) (027+7S7) 2
© (06, +,87) ¥ Fou (v ¢ o] Au ¢ Y] A Rowu) @ |, ¥ [1L 23]
=1 (03,+,87) ¢

Figure 3: Some binary connectives of atomic logics of type (1,1, 1)
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3.3 Molecular Logics

Molecular logics are basically logics whose primitive connectives are compositions of atomic
connectives.

Definition 15 (Molecular skeleton and connective). The class C* of molecular skeletons is the
smallest set such that:

* PuB c C* and C” contains for each k € N* a symbol idj, of type signature (k, k) and arity
L;

o for all € C of type signature (k,k1,...,k,) and all ¢1,...,¢, € C* of type signatures

(ki ki,. .., k:clu), vy (Bn, kY, ... Ky ) respectively, the connective *(cy, ..., c,) belongs
1
PPRR

to C*, its type signature is (k, ki, ...,k .. kg ) andits arity is a + ... + ay,.
We define the quantification signature E(c) of ¢ = x(cy1,...,cn) by £(c) £ £(*).

If ¢ € C*, we define its decomposition tree as follows. If ¢ = « € C is of arity n > 0,
then its decomposition tree 7, is the tree of root * with n children-leaves labeled by id. If
¢ =x(c1,...,cy) € C then its decomposition tree T is a tree labeled with atomic connectives
defined inductively as follows: the root of 7, is c¢ and it is labeled with » and one sets edges
between that root and the roots ¢y, . .., ¢, of the decomposition trees 1., , ..., T, respectively.

A molecular connective is an object to which is associated a molecular skeleton. Its arity,
quantification signature and decomposition tree are the same as its skeleton.

The set of atomic connectives associated to a set C of molecular connectives is the set of

labels different from id of the decomposition trees of the molecular connectives of C. -

According to that definition, if ¢; is a propositional letter of type k;, the type signature of

* : k k]. k]. ki_l ki—l ki+1 ki+1 n k,n d t t
(Cryeeesen)is (koky, oo koo Kk kY koo By kg ) and its arity
1Sai+...+a;_1 + Q41+ ...+ an.

Obviously, atomic connectives are (specific) molecular connectives. Note that the same label
(atomic connective) may appear several times in a decomposition tree. Note also that the vertices
of a decomposition tree are molecular connectives. One needs to introduce the connective id to
deal with molecular connectives whose skeletons are for example of the form x(p,id;), where

pelP.

Example 7 (Modal intuitionistic logic). Let us consider the connectives defined by the following
first—order formulas:

c(x) 2Vy (Rzy - Vz (Royz = P(2)))
d(z) 2 Vy (Rzy — 3z (Royz AP(2)))
*1(x) = Vy (Ray - P(y))

*x2(z) = V2 (Royz - P(2))
*3(x) 2 32 (Royz AP(2))

Then, *1, *9, *3 are atomic connectives and the connectives associated to ¢, ¢’ are molecular con-
nectives. Indeed, ¢ is the composition of *; and 9, ¢ = *1(*2), and ¢ is the composition of
x1 and 3, ¢’ = x1(x3). Equivalently, ¢ and ¢’ will have the same semantics as ¢ = *1(*2(id1))
and ¢’ = x1(*3(id1)). The connective associated to ¢ corresponds to the connective O of modal
intuitionistic logic and the connective associated to ¢’ corresponds to the connective < of modal
intuitionistic logic [33]] defined in Section [2.2.3] -
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Example 8 (Temporal logic). Let us consider the connectives defined by the following first—order
formulas:

«1(2) 23yzz" (Py A Qz2' ARyz2'z)
1 (2) 23yz2" (Py A Qzz" A Rzzz'y)
*9(z,3") 2Vy (Py v -Syzz")

*1, *'1 and o are atomic connectives (this is independent from the definitions of R and S). The
connectives of skeletons ¢ = x1(idy, *9) and ¢’ = = (idy, x2) are molecular connectives. We
will see in Example [T5]that they correspond to the molecular connectives of temporal logic if we
choose the class of C—models appropriately. -

Definition 16 (Molecular language). Let C be a set of molecular connectives. The (typed) molec-
ular language L¢ associated to C is the smallest set that contains the propositional letters and that
is closed under the molecular connectives while respecting the type constraints. That is,

* the propositional letters of C belong to L¢;

o for all « € C of type signature (k,k1,...,k,) and for all ¢1,...,p, € Lg of types
ki,...,k, respectively, we have that x(¢1,...,¢,) € Lg and *(¢1,...,¢y) is of type
k.

The Boolean molecular language EI(B; is the smallest set that contains the propositional letters
and that is closed under the molecular connectives of C as well as the Boolean connectives B:

o forall g, € L]g of type k, we have that (o Ax 1Y), (@ Vi 1) € C]g.

We say that C is complete for conjunction and disjunction when its associated set of atomic
connectives is complete for conjunction and disjunction.

Elements of L¢ are called molecular formulas and are denoted ¢, v, v, ... The type of a
formula p € L¢ is denoted k(). We use the same abbreviations as for the atomic language. -

Definition 17 (Molecular logic). If C is a set of molecular connectives, then a C-model M is a
C'—model M where C' is the set of atomic connectives associated to C. We also define w(M, C) =
w(M,C"). The truth conditions for molecular connectives are defined naturally from the truth
conditions of atomic connectives, inductively as follows: for all k£ € N*,

[*(c1y..ycn) (go%, ... ,cp’fl, .. .,4,02” .. ,@ﬁ")]]]\]\;[ = f, (]Q[Jcl(go%, ... ,cp’fl)]]M, e [[cn(cprll, ...
lide ()] = [l
If £ is a class of pointed C—models, the triple (L¢, £, |- ) is a logic called the molecular logic
associated to E¢ and C. .

Any atomic logic is obvisouly a molecular logic.

3.4 Boolean Negation

Note that atomic logics do not include Boolean negation as a primitive connective. It turns out
that Boolean negation can be defined systematically for each atomic connective by applying a
transformation on it. The Boolean negation of a formula then boils down to taking the Boolean
negation of the outermost connective of the formula. This transformation is defined as follows.
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Definition 18 (Boolean negation). Let + be a mn-ary connective of
skeleton(o, +, &, k,+1,...,+,). The Boolean negation of  is the connective —x of skele-
ton (a,—i,—}E,E, —+1,...,—+,) Where —& £ 3 if £ = V and —-&E £ V otherwise, which is
associated in any C—model to the same relation as *. If ¢ = «(¢1,..., ¢, ) is a atomic formula,
the Boolean negation of ¢ is the formula —p = — % (1,...,0n). -

Proposition 1. Ler C be a set of atomic connectives such that —x € C for all x € C. Let ¢ € L¢
and M be a C-model. Then, for all @ e W(M, C), w € [-o]™ iffw ¢ [o]M.

4 Relative Expressivity of Protologics, Molecular and First-order
Logics

In this section, we are going to investigate the relative expressivity of atomic, abstract and first—
order logics: atomic logics versus FOL in Section and protologics versus atomic logics in
Section

4.1 Atomic Logics versus FOL

4.1.1 Pure Predicate Logics in Atomic Logics

13

Definition 19 (Predicate atomic connectives). The set of predicate atomic connectives is c?
Bu{L}u {Rflk | ReP of arity k and ff : [1; k] - [1;1] is surjective with [ < k:} u{lox] | k
N*,O'k € 6k} V] {||k1,k2| k‘l,kg € N*} @] {Dk, Vi | ke N*} U {Vo} where

m

* 1 has skeleton (Id,—,V,1);
. Rflk has skeleton (Id,+, V,1) for all k,1 € N* (such that [ < k);

* [ok] has skeleton (Id,-,V, (k,k),+), forall k e N*;

|| 1.k has skeleton (Id,—,V, (k1 + k2, k1, k2), (+,+)):

* oy has skeleton (Id,—,V, (k,k, k), (-, +));

Vi has skeleton ((2,3,1),-,V,(k,1,k+1),(+,+)), for all k € N*;
* Vg has skeleton (1,-,V,(1,1),+).
We also use the following abbreviations: 11 = L, and forall & > 1, 1 2| 4-11 (Lg-1,L1). -

Note that all predicate atomic connectives have the quantification signature V and that all
tonicity signatures are positive +, except for the o operator which contains a negative tonic-
ity —. This exception is crucial. It somehow encodes the whole Boolean negation. Existen-
tial quantification signatures may then indirectly reappear in the formula through a combina-
tion of this tonicity — and a connective of universal quantification signature V. Moreover, we
could have replaced our connective ||, », With a connective &, 1, whose skeleton would be
(1,+,3, (k1 + ko, k1,k2),(+,+)) and with the same associated relation, and likewise for other
connectives. Doing so, we would obtain the same results.

Definition 20 (Predicate atomic logic). A predicate C” -model is a C”-model M = (W,R) such
that:

e for all [ ¢ N*, the connectives R sk are associated to [-ary relations R 15 over W;
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* the connective 1 is associated to the 1-ary relation R, £ W;

e for all k¥ € N* and all oy, € &, the connectives [0} ] are associated to the 2k—ary relation
R?* such that R7wy ... wyw) . .. wy, iff for all i € [1; k], w; = wg, ;)
« for all k1, ky € N7, the connectives |, », are associated to the 2(k; + ko )—ary relation
Rpy ks W2ki+k2) quch that for all wy € W, all wy € W*2 and all w3 € WFH2 we

have that Rkth@lEQ@g iff ws = (@1,@2);

e for all k € N*, the connectives o, are associated to the 3k—ary relation R, ¢ W3k such that
for all w; € W*, all Wy € W* and all w3 € W*, we have that R, w1 w2ws iff W = Wa = Ws;

» forall k£ e N*, the connectives V, are associated to the 2(k + 1)—ary relation Ry, ; as defined
for ||k, ks

* Vo is associated to the 2—ary relation Ry, = w2,

The class of all pointed predicate C”-models is denoted Mr. The satisfaction relation
[ Mr x Lip is then defined following Definition If E5r is a specific class of pointed

C”-model, the triple (ECP Eoms |- ) is called the predicate atomic logic associated to € p.
We also define Lr (k) = {pe Ler | k(p) = k} and for all (M,w), (N,7) € Mp, we write
(M, w) =, (N, v) when for all ¢ € L7 (k) it holds that (M, w) |- ¢ iff (N, ) [ . .

Definition 21 (Translation from FOL to predicate atomic logics).

Syntax. Forall k e Nand all T = (x1,...,2;) € V¥, we define the mappings T : £7FDO|_(E, k) -
Lo (k) and Ty : LEoL(2) ~ L7 (1) inductively on the formula ¢ (z1,...,21) € LEoL (with or
without free variables) as follows:

e if ¢ is 1t then we define T%(Lt) = 1 (¢ can only be a single variable or constant since we
do not have functions in the language);

o ifpisRyr...ypand {y1,...,y1} = {i,, ...,z }is of cardinality k < [ (some variables can
be the same) with z;,, ..., x;, all distinct and in the same order of appearance as y1, ..., y;,
then there is a unique surjective function f* : [1;1] — [1;k] such that (y1,...,y) =
(CL‘Z'fk(l),. f’v(z))' Then, we define the permutation o on [1; k] by for all j € [1; k],

l l
iy (;) = J- Finally, we define

TRy yi) = [ok]R s

ey g

* if ¢ = 1 V (o where (7 and 9 are both sentences, then we define

To(p) = (Tp(e1) Vi Tz (p2))
if o = 1 vV pao(x) where ; is a sentence, then we define

Ty (©) = (To(e1) Vi Tiz) (p2(2)))

if o = p1(x) v 2 where g is a sentence, then we define

Ty (©) = (T(2) (01(2)) Vi Tis(02))

if o = 1 Va(z,...,x) Where ¢ is a sentence and k > 1, then we define
Ti(0) = (e-1 (To(1) Lim1) Vi Doy, ooy (02(21, - -, 1))
if o = p1(x1,...,2k) V p2 Where @, is a sentence and k > 1, then we define

Te(©) 2 (Tiay, o) (01 (@15 2k))WVi lk-1,1 (Li-1, T (92)))
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if(p = (p1($i1,...,.7jik1) v<p2(yj1,...,yjk2) where i1 < ... < ikl andj1 <L .. < jk2 and
k1, ko < k, then we define

Te(p) 1k, by (EXPz(01(2iy - -, 24, ), EXPa(02(2jy, - -, 45, ))) where

T(xl,...,zk)(@l(xilv'-wxikl)) ifk1 =k

EXPj(gOl(.%'il, . ,xikl )) E

where o, is a permutation such that for all j € [1;k1], i, (;) = j. The definition is similar
for EXPz(p2(xj,, - . . ) Tj, )), one only needs to replace i by j and k1 by k.

* if o = 1 = 2 where ¢ and @9 are both sentences, then we define
T5() 221 (To (1), To(p2))

if © = 1 = pa(x) where ¢ is a sentence, then we define

Ty (©) 221 (T (1), Ty (p2(2)))

if = p1(x) = 2 wWhere ¢ is a sentence, then we define

T(:E)(SO) =21 (T(x)((pl(x))7T®((p2))

if o = p1 > pa(x1,...,x%) Where 7 is a sentence and k > 1, then we define
T(0) 29k (k-1 (T (01)s Lo-1) Ty, ooy (02(21, -, 1))

if o =1(x1,...,2K) > @2 Where p9 is a sentence and k > 1, then we define
T(0) 225 (T, ) (01 (@1, - 21)), =11 (Lie1, T (02)));

1f<p = gOl({L‘iU...,{L‘ikl) - (pg(yjl,...,yij) where 11 <...< Z-kl andj1 <. .. < jk2 and
ki, ko < k, then we define

Ti(p) =2k (EXPz (01 (i - - -, 70y, ) EXPa(2(y - -, w5,))
where EXPz (1 (2, , - .-, 2, )) and EXPz(p2(xjy , ..., j, )) are defined as above.

e if ¢ = Vaip(x) where ¢ is a sentence, then we define

Tp() = VoI () (¥());
if o = Vay(xy,...,xp,x) with k > 1, then we define

Tf((p) = vk(J-v T(xl,...,xk,x)(w(l'l, s >xk7$)))'

Semantics. Let M = (W, {R1,...,Rp,...,C1,...,Cn,...}) be a structure without functions. We
define the C”'~model T'(M) = (W, R) as follows:

* the k-ary relation R 1 is defined from the [-ary relation R of M associated to each R € P
as follows: for all wy, ..., w; € W, we have that Rflkwl . wg iff walk(l) Wik ()

« the other relations of R are defined like in Definition 20

If 2 = (x1,...,2%) is a tuple of k variables then we define T%(M,s) =
(T(M),(s(x1),...,8(xx))) and T (M, s) = (T'(M), (s(x))) for an arbitrary x € V. =

In the syntactic part, the definitions may leave some freedom concerning the exact determina-
tion of the permutations oy, for the disjunction and implication cases. This is not problematic and
does not impact the results. Permutations are introduced so that the same variables which appear
in different places in a formula be evaluated at the same points in the domain of the structure.
Moreover, our definitions are set in such a way that for any sentence ¢, we will have that Ty ()
will always be a formula of type 1.
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Example 9. We provide two examples of translations.

* If P is a 8-ary predicate, then T(, 4, 2,) (Pr3z3212122712272) = [03]P; where f(1) =

Lf(2)=1,f(3) = 2,f(4) = 2,f(5) = 3,f(6) = 2,/(7) = 3,f(8) =3 and 03 = (2,3,1)

because here (x;,, %4y, Tiy) = (23,21, 22).
* T(zy) (V2 (Pzx » Ryzx) v V2Qzz)
= (T(xyy) (Vz (Pzz - Ryzx)) va |11 (11,5 (V2Qz2)))
= (V2 (L,T(%%Z) (Pzz - Ryzx)) va |11 (L1, VoT(2) (Qzz2)))
= (Vg (1, o3 ([(1,3,2)] 2.1 (T(%Z) (Pzx) ,J_l) T zy,2) (Ryzm))) Vo
11 (L1, VoT(.) (Qzz)))

= (V2 (£,95 ([(1,3,2)] ll20 ([(2,1)IP, 11), [(3,1,2)]R)) V2 1,1 (L1, Yo[1d]Qy))
where f(1) =1and f(2) = 1. =

Lemma 1. Let p € ‘CEOL’ let T be the tuple of free variables of ¢ (possibly empty) and let (M, s)
be a pointed structure. Then, we have that

(M7S) F ¥ iﬁCTf(Mvs) ‘FTf(W)

Proof. By induction on . The difficulty lies in the way that variables should be handled. The
same variable appearing at different places in a formula should be evaluated at the same element
of the domain, which does not seem at first sight to be possible without assignments. In order to
overcome this difficulty, we identify the same variables via flk and change the predicate R into
R Ik accordingly. Alternatively, we could use the identity predicate to identify the same variables
but we now show that we can in fact do without it. Those indices ¢, j that correspond to the
same variable x; = z; will be such that f(i) = f(j). For example, the formula Rzyz will be
translated by 7\, ,y into the formula [/d] Ryszy with (1) =1, f3(2) =2 and f3(3) = 1. In
doing so, we will not need to keep track of the names of variables, they will be encoded by the
surjective function flk. This said, note that for sentences ¢, the evaluation point does not play
any role in the interpretation of a formula of the form T, () because it will begin either by the
quantifier V or it will simply be the constant L£. As for the induction steps, we first detail the
connectives v and V. For the connective v, we only consider the last most complex case, the
previous ones are without particular difficulty. What we do is that we complete the two conjuncts
1 and 9 with the remaining variables (those that do not occur both in (7 and @9 but in only
one of the conjuncts) thanks to constants L using the || connective. Then, we arrange the order
of variables so that the variables are affected to the right elements of the domain by means of
the connective [0} ], with appropriate permutations oy, if such reordering is necessary. Indeed, if
k = kp then no reordering is necessary since (i1,...,%g, ) = (1,...,k). Finally, we can take the
Boolean disjunction v, since the two disjuncts are now of the same type, k. As for the connective
V, the treatment splits up into two cases depending on whether ¢ = Yz is a sentence or a formula
with free variable(s). We first deal with the case where ¢ contains free variables. The result stems
from the definition of Ry, 1, and V. The quantification is captured by the abstract quantification
inherent to the atomic connective V. The definition of V ensures that this quantification bears
on the right elements of the domain, by means of the permutation (2,3, 1). Second, we deal with
the case where ¢ is a sentence. In that case, the quantification is dealt with by means of a universal
modality Vg since we do not have to account for free variables (that do not appear in ). Finally,
for the connective —, the treatment is similar to v. We have to reorganize the order of the variables
appearing in the antecedent and consequent of ¢ using [0 ] so that the variables are evaluated at
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the right elements. Then, we apply the o, connective to these transformed formulas. The relation
associated to oz, which is of the form R;www, combined with the truth condition of oy, will be
such that we will be able to capture the usual semantics of the material implication. O

Definition 22 (Translation from predicate atomic logics to FOL).

Syntax. For all k € N* and all tuples T = (z1,...,xy) of variables and constants, we define the
mappings STz : Eép - £,7:)O|_, where L'lép is the set of formulas of L7 of type k, inductively as
follows:

STf(Rflk) = Rmff(l)xfﬁ(l)
STE(J_) = It
STa(loele) = ST(a, (1)o@ (P)
STe(|lky ks (P1,02)) = (ST(%_“MJ(%) v ST(%H,N,@WQ)(502)) if k= ki + ks

STz(ok (p1,02)) = (STE(p1) = STz(p2))
STs(Vip) = VaST(z.) ()

where ¢ is an arbitrary term of L?:DOL.

Semantics. Let (M, (w1, ..., wy)) be a pointed C¥—model of type k and let T = (z1,...,x1)
be a tuple of free variables or constants of size k. The (pointed) structure associated to (M, w),
denoted STy(M,w) = (ST(M), s%), is defined as follows. The assignment sZ is such that for
all i € {1,...,k}, s(x;) = w; and for all x € V — {x1,..., 2}, s(x) = wy and ST (M) is the
structure ST(M) = (W,ST(R)) where ST(R) is the set R to which we remove the relations
of the form R, Ry, Ry, k, and Ry, and replace the relations R 5 with the [-ary relations R
associated to each R € P, which are defined as follows: for all wq,...,w; € W, we have that
{wy,...,w;} ={v1,...,vx} for some k < [ with vq,..., v all distinct and in the same order as
wi,...,w;. There is a unique surjective function ff* : [1;1] — [1; %] such that (wy,...,w;) =
(Uflk(l), . ,'Uflk(l)). Then, we set Rw; ... wy iff RflkU1 Vg -

Lemma 2. Let (M,w) be a pointed predicate CP —model, let @€ Lop oftype k and let T € vk,
Then,

(M, w) |- ¢ iff ST (M, W) |- ST=(p).

Moreover, for all pointed structures (M, s) without functions and distinguished elements,
we have that STx (Ts(M, s)) =z (M, s) and for all pointed C”-model (M,W), we have that
Tz (STz(M,w)) =, (M, w).

Proof sketch. By induction on . The only difficult case is for the propositional letters. It suffices
to check the corresponding conditions in Definitions [21] and [22] to see that it works. ]

Theorem 1. The class of pure predicate logics is as expressive as the class of predicate atomic
logics.

Proof. The class of pure predicate logics with free variables and constants is in fact as expressive
as the class of pure predicate logics: every sentence ¢ is equivalent to the formula with free
variable ¢ v Lx. So, we are going to prove that every pure predicate logic with free variables and
constants is as expressive as a predicate atomic logic, and vice versa.

If (L’EOL(E), EroL, F FOL) is a pure predicate logic with free variables and con-
stants then ([,,7:30|_(§), EroL, FOL) is as expressive as (ECP,ch, | ) where E.p =
{T%(M, s) | (M, s) € EgoL and T ranges over all tuples of variables}. We use the following par-

tition for the pure predicate logic E?OL =+ E,?OL(f, k) and the following partition for the
keN* zepk
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predicate atomic logic Lsr = |3 Lsr (k) where we recall that L» (k) 2 {ap €Ler | k(o) = k:}
keN*
Then, for all k£ € N* and all Z € V¥ we have that (£7|:Do|_(§7k)75FOLa = FOL) is essentially as

expressive as (CCp(k), &Py \F ); the translations are 17, T (for one direction) and ST%, ST%
(for the other direction). The result follows from Lemmas [Tand 2] Vice versa, to prove that
([’CP (k), &P, [ ) is essentially as expressive as some (L,?OL(E, k), EroL, = FOL), we pick an
arbitrary tuple of k variables T and use the same translations.

For the other direction, if (ECP,ECP, [ ) is a predicate atomic logic, then

(ﬁcp,é’cp, \F ) is as expressive as (,CZ:)OL, EroL, F FOL) where this time &g =
{STH(M, W) | (M, ®) e EcpyT € V¥ and k = [w|}. We use the same partitions and the same
translations. O

4.1.2 First-order Logics in Atomic Logics

We recall that P is a set of predicate symbols, F is a set of function symbols, V is a set of variables
and C is a set of constants (see Section [2.]).

Definition 23 (First—order atomic connectives). The set of propositional letter atomic connectives
isC” 2 {pr|RePYU{[h1,...,h]| k€ Arity(P,F) and hy,..., hy € VUC U F} where:
* pR has skeleton (Id, +, V, k) with k the arity of R € P;
* [h1,...,hg] has skeleton (Id,—,V,(ny + ...+ ng,k),+) in which n; is the arity of the
function h; (itis 1 if h; e VU ).
The set of first-order  atomic  connectives C™7 is C’7 to  which
we add c” except that we remove the propositional letters

{Rf{c,...7Rflk,...,Rf/: | R € P of arity k and ff: [1; k] = [1;1] is surjective} of C¥ and
replace them with the propositional letters {px | x € ECf} of skeletons (1,+,V, k), where k is
the type of x € L 7. -

Definition 24 (First-order atomic logic). A first—order C”7 —model is a C”” —model M =
(W, R) such that:

« the relations associated to the connectives of C” satisfy the conditions of Definition
» for all R € P of arity n, the connectives pR are associated to n—ary relations R,;

* Each connective [h1, ..., hx] is associated to a relation Rin,,... n,,) over W' where [ = k +
ni + ...+ ng with n; the arity of the function h; (itis 1 if n; € V uC);

o for all x € L7, the connectives p,, are associated to k—ary relations R, , where k is the
type of .

The class of all pointed first—order C”*¥ —models is denoted Mr 7. We define the two-tiered
language L7 7 as follows:

Lor: x == pr | [h1,.o he] X
Lepr: @ u= py | *(p,...00)

where R € P, [hy,...,hi] € c’,«eCP” (different from propositional letters) and y is of type
kin [h1,..., ] x. The satisfaction relation |~ ¢ Mgpz x Lsp, is then defined following

Deﬁnition If £,».7 is a specific class of abstract C”* —models, the triple (ECp,f, Ear.7, [ )
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is called the first—order atomic logic associated to Ecp,f. The triple (Ccp,f,/\/lop,f, \F) is

called first—order atomic logic.
We also define Lp.7 (k) = {pe Lerr | k(p) = k} and for all (M,w), (N,7) € Mr.7, we
write (M, w) =7 (N,v) when for all ¢ € Lp.#(k) it holds that (M,w) |- ¢ iff (N,v) |- .
4

Definition 25 (Translation from FOL to first—order atomic logic).
Syntax. We define the mapping T : LF| (T) — Lr.7 inductively on the formula ¢ € LE, as
follows.

e if ¢ = R(t1,...,t) then we define T*(p) = T (t1,...,tx)pr where T*(t1,...,t3) is
defined inductively as follows:

— if (t1,...,t;) is a tuple of only variables and constants then T (ty,...,t;) =
[tl, e ,tk];
— otherwise, if one of the terms ¢; contains a function symbol f;, then T (¢1,..., 1) =

T (b(t1), - b(11)) (), o (1) ]
Note that 7" () belongs to L.

o if ¢ is of one of the other forms then the translation 7" is the same as 7.

Semantics. Let M = (W,{R1,...,Rn,--., f1,---s [n,---}),s) be a pointed structure. We de-
fine the C™"—model T (M) = (W, R) as follows:

* the n—ary relation R, is the n—ary relation R associated to R € P;

* for all hi,...,hg € V u C u F, the connectives
[h1y.. ., hi] € C” are associated to the relation Riny o b 2
{(Ul, ce U, W,y e - ,wk) | forall ¢ € [[1; k‘]], lfhl = fz then fz(wl) = V4, if hl € YV u( then w; = ’Ui};

« the other relations of R for the other connectives are defined like in Definition
IfZ = (x1,...,25) € V¥ then we define T2 (M, s) = (T (M), (s(x1),...,s(xz))). =

Lemma 3. Let k € N¥, let ¢ = p(x1,..., 1) € L2, and let (M, s) be a pointed structure. Then
we have that

(M, s) = iff T (M, ) |- T ().

Proof. The proof follows the same reasoning as the proof of Lemma [I] The only real new
case is for ¢ = R(t1,...,t,). It follows from the truth condition for that formula: we have
that (M, s) = R(t1,...,t,) iff R(w1,...,w,) and wy = 5(t1),...,w, = 5(t,). The condition
R(ws,...,wy) is captured by pr and the condition wy = 5(t1),...,w, = 3(t,) is captured by
the composition of appropriate connectives [h1, ..., hg]. O

Definition 26 (Translation from first-order atomic logic to FOL).

Syntax. For all n € N* and all tuples t = (t1,...,t;) of tuples of terms such that each tuple
of terms ¢; is of size n;, we define the mappings STgr : Eéf - L’EofL, where Eéf is the set of
formulas of L7 of type k, inductively as follows. For all [Ay, ..., hi] of type (nq +... +ny, k),
where ni,...,ny are the arities of h1, ..., hg, we define

ST{ (Pr) Rt

ST ([h1,-- -, hi] x) STy (05 (i) OO

11>
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Then, we define the mapping S Tg :Lopr > 5,7:3& inductively as follows.
ST{+(P><) = ST?(X)-

where £ is an appropriate tuple of tuples of terms. The clauses for the other connectives of olind
are defined like in Deﬁnition tuples of variables T only have to be replaced by tuples of terms .
Semantics. Let (M,w) be a pointed C™”—model of type k and let T be a tuple of free vari-
ables or constants of size k. The pointed structure associated to (M,w), denoted STx (M, w) =
(ST*(M),s2), is defined as follows. The assignment s2 is defined like in Definition ﬂ and
ST* (M) is M to which we remove the relations of the form R°*, Ry, Ry, k, and Ry, and we
replace relations of the form Ry, ., with functions f defined as follows: f (wy,y...,wg) =w
iffR[f]wwl,...wk. —

Lemma 4. Let (M,w) be a pointed first—order crr
be a tuple of k variables. Then, we have that
(M, @) |- ¢ iff ST (M, @) |- ST5 (¢)

Moreover, for all pointed structures (M, s), we have that STy (T (M, s)) =rz (M, s) and
for all pointed C*7 —model (M, W) of type k, we have that Ty (STy (M, w)) =¢ 1 (M, ).

—model, let p € L p.7 of type k and let T

Proof sketch. By induction on ¢. The tricky case is when ¢ is of the form [h1, ..., hy] x. This is
where we need to index the translation by a tuple of terms. These terms keep track of the terms
or subterms of the formula which is being translated. O

Theorem 2. The class of first—order logics is as expressive as the class of first—order atomic
logics.

Proof. The class of first-order logics with free variables and constants is in fact as expressive as
the class of first-order logics: every sentence ¢ is equivalent to the formula with free variable
@ Vv Lx. We have to prove that every first—order logic with free variables and constants is as
expressive as a first—order atomic logic, and vice versa. It follows from Lemmas [3]and 4 The
proof is the same as the proof of Theorem|[I] 0

4.2 Molecular Logics versus Protologics

In this section, @ and P are sets of predicates such that Q@ € P. We will also use the equality
predicate = so as to avoid formulas of the form Qzyx. That is, we want all variables in the scope
of a predicate to be different. For example, Q;xyx will be translated into the logically equivalent
formula Vz(x = z - Q;zyz). This is because we do not want to change the predicate symbols P
into P sk like in Definition Note that this preprocessing with the equality predicate could also
be apphed in the translation from first-order formulas to predicate atomic logics in order to avoid
the complication with the introduction of P 15 in Definition These two approaches are in fact
equivalent in that case.

Definition 27 (Translation from protologics to molecular logics). Let C” be a set of abstract
connectives.

Syntax. We define the mapping ¢ from the abstract connectives of C* to molecular connectives as
follows:

t(Q) = Q for all predicate Q € Q;
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* For abstract connectives of the form (x(Z), (Q1,...,Q,)), we proceed as follows. We
first translate x () into a logically equivalent formula of first-order logic such that each
predicate P;x1 ...z, which occurs in y has distinct variables z1, ..., x. This is possible
using the equality predicate =. For example, Q;xyx is translated into the logically equiva-
lent formula Vz(x = 2 > Q;xyz). We obtain a logically equivalent formula denoted x-(7)
in which the equality predicate may occur. This first transformation is injective because the
equality predicate was not present in the initial formulas.

Then, we translate x-(Z) into predicate atomic logic using the translation 7% of Definition
(the equality is simply viewed as a predicate R.). We obtain a formula x’ = T%(x=(Z))
of predicate atomic logic. That second transformation is also injective.

That formula ' is finally transformed into a molecular connective c. The skeleton decom-
position tree of that molecular connective is the skeleton syntactic tree of ' where the leafs
labeled with the skeleton of a predicate Q; are all replaced by the skeleton symbol idy,
where k; is the arity of each Q;. The resulting molecular connective ¢ of arity n and type
signature (k, k1, ..., ky,) is denoted t(x(T), (Q1,...,Qp)).

The resulting set of molecular connectives is denoted ¢(C®). Then, this translation ¢ is ex-
tended to the whole language as follows: for all x € C% and all 1, ..., ¢, € Lga of appropriate
types, t(*x(@1,---,pn)) = t(x)(t(¥1),---,t(vn)). By construction, this transformation ¢ is in-
jective.

Semantics. Let (M,w) be a pointed C’~model with M = (W, R). The pointed ¢(C")-model
t(M,w) is the t(C*)—model ((W,R'),w) where R’ is R together with the relations of Definition
(except those of the first item) as well as the equality predicate R- = {(w,w) |we W}. A

Lemma 5. Let C* be a set of abstract connectives, let ¢ € Lco and let (M,w) be a pointed
C"~model where W is of size the type of p. Then, we have that

(M, ) |- ¢ iff t(M, ) |- ()

Proof. By induction on . The base case holds trivially. For the induction step, that is for abstract
connectives of the form (x (%), (Q,...,Q,)), each transformation of the formula Y, into x- ()
and then ’, preserves its truth in any assignment w by Lemma O

Definition 28 (Translation from molecular logics to protologics). Let C be a set of molecular
connectives.

Syntax. We define the mapping st from molecular connectives to abstract connectives inductively
as follows:

* st(p) = p for all propositional letters p of C.

e For all molecular connectives of the form ¢ = x(c1,...,¢n) we proceed as follows.
First, we replace all symbols idj, appearing in ¢ by fresh and distinct propositional let-
ters (p1,...,pn). This yields a formula ¢ € Lg of some type k. Then, we pick a tuple
of free variables T of size k£ and we define the first—order formula stz() inductively as
follows. If ¢ is a propositional letter p then stz(p) £ Q, where Q is a predicate symbol of
Q. If ¢ is of the form *(¢1,. .., ¢, then

- ifx=(0,%,Y,k, (£1,...,%m,)) then

stz(*x (015, 0m)) VY - Uy (ilstgl(gol) V..Vagsty (0m)V +R%y; .. .ymf);
- ifx=(0,%,3,k,(£1,...,%m,m)) then

stz(x (015, 0m)) = 3Gy - Uy (ilstgl(gpl) A A Epsty (0m) A£R7T . .ﬂmf);
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where 7, ...,7,, are fresh tuples of free variables and R is a predicate symbol of P — Q.
We recall that for all formulas v, +;1 stands for ¢ if +; = + and for - if +; = —, and that
R7U1 -+ UnmUm+1 = RUo-(1) -+ - Yo (m) Jo- (m+1)-

Finally, we define the abstract connective st(c) = (stz(p), (Q1,...,Q,)) where for all
i€ [1;n], Q; = st(p;).

The resulting set of abstract connectives is denoted st(C). Then, this translation st is ex-
tended to the whole language as follows: for all x € C and all 1, ..., ¢, € L of appropriate
types, st(x(©1,...,0n)) = st(*)(st(p1),...,st(ypn)). By construction, this transformation st
is injective. -

Lemma 6. Let C be a set of molecular connectives, let p € Lg and let (M,w) be a pointed
C-model where W is of size the type of . Then, we have that

(M, 0) |- ¢ iff (M, w) |- st()

Proof. By induction on . The base case holds trivially. The inductive case is just a reformulation
in first—order logic of the truth conditions associated to each molecular connective. We do not
need to introduce extra predicates like in the previous case, the ones needed are all already present
in the initial C—model. Therefore we keep the same C—model. O

Theorem 3. The class of protologics is as expressive as the class of molecular logics.

Proof. We have to prove that every protologic is as expressive as a molecular logic, and vice versa.
If (ﬁC, & IF ) is a molecular logic, it is as expressive as the protologic (st(ﬁc), &, IF ) where
st(Le) = {st(¢) | ¢ € Lc}. In that case, the mappings for models are the identity mappings, the
mapping from L¢ to st(Lg) is st and the mapping from st(L¢) to L¢ is the inverse mapping of
st. It exists because st is injective. We then obtain the result thanks to Lemma [6]

Conversely, if (Eca, Eces - ) is a protologic, it is as expressive as the molec-
ular logic (t(Lge),t(Ece), |F), where t(Lga) = {t(p)|peLca} and t(Ega) =
{t(M,w) | (M,w) € Eca}. We define the mapping ¢~ from ¢(Ega) to Ece by removing from
any t(C")-model all the relations which do not appear in the initial C*~model before the trans-
lation ¢, we thus obtain the initial C*~model. The mappings ¢ and ¢~ for models are therefore
inverse bijections of each other. The mappings for formulas are ¢ and the inverse of ¢; this inverse
also exists in that case because ¢ is injective. We then obtain the result thanks to Lemma 5] O

Example 10. We resume our example of modal intuitionistic logic. We consider the abstract
connective (x(z),(Q)) where x(x) = Vy(Razy — Vz(Royz - Q(z))). We show how this
abstract connective is transformed into a molecular connective. Applying 77,), we obtain
Ty (x(@)) = V1(L1,22 (T2(Razy), 11 (L1, T1(V2(Royz -~ Q(2)))))
= V1(L1,22 (R, [l11 (L1, Vi(L1, Ti(Royz ~ Q(2))))))
=V1(L1,22 (R, [l1,1 (L1, Vi(L1,22 (Ro, [[11 (L1,Q))))))

Then we replace Q by id; and we obtain the following molecular connective:

Vi(L1,22 (R, 11 (L1, V1(L1,22 (Ro, [l1,1 (11,4d1))))))

It turns out that it is quite different from the molecular connective that was introduced in Example
Yet, they both have the same effect, the former on C—models and the latter on C”—models
when we consider only the part of the information present in the initial C—model. —
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So, it is possible that a protologic corresponds naturally to a molecular logic but that its
translation into a molecular logic does not yield the expected natural outcome. However, the two
logics, the one expected and the one obtained thanks to our translation, will be equi—expressive.
The pieces of information which are added in C”-models (corresponding to the connectives
I, 2, Y, o%) actually do not increase the expressive power of the logic because the object language
cannot refer to their associated relations. Yet, they allow us to reformulate it systematically under
the form of an atomic or molecular logic.

5 Automatic Bisimulations for Atomic and Molecular Logics

In this section, we are going to see that notions of bisimulations can be automatically defined for
atomic logics on the basis of the definition of the truth conditions of their connectives, not only
for plain atomic logics but also for molecular logics. These notions are such that they preserve
the truth of the formulas of the atomic logic considered between models. We will illustrate these
results on modal logic, the Lambek calculus, intuitionistic logic, modal intuitionistic logic and
temporal logic of Section [2.2] The bisimulation notions that we will find out by applying our
generic definitions on these atomic logics will correspond to the bisimulation notions introduced
in the literature for these logics.

5.1 Atomic Logics

Definition 29 (C—bisimulation). Let C be a set of atomic connectives, let x € C and let M, =

(W1, R1) and M = (Wa, R2) be two C—models. A binary relation Z ¢ | (WF xW¥)u (W5 x
keN*

WF)is a C-bisimulation between M and M when for all x € G, if {M, M'} = { My, My}, then

for all wy, ..., W, w'y, ..., w'y, w,w €w(M,C)uw(M’,C),

1. if * is a propositional letter p then, if wZw’ and W € [p] then w’ € [p];

2. if « has skeleton (o, +, 3, k, (+1,...,+,)) and we have WZw’ and R;°w; ... w,w, then
_ _ _ _ _ S
Jw'y, ..., w'y, (El MW AWy Mwa A... AWy, MW, ARw'y . ..w’nw’);
. 5 —_— 7 / —y -
3. if = has skeleton (o, +,V, k, (+1,...,+,)) and we have wZw’ and -R 7w’y ... w',w’,
then
Iy, ..., Wy (W1 ¥ W' AWy X W AL ATy MWy A—RE7W1 .. . W)

_ _ — L |wizw’; ifxy =+
where, for all j € [1;n], we define w; mw'; £ { = . .
w’j Z@j if +5=—
When such a C-bisimulation Z exists and wZw', we say that (M, w) and (M',w’) are C-
bisimilar and we write it (M, w) »¢ (M',w'). .

Note that case 1. is a particular instance of cases 2. and 3. with n = 0.

Definition 30. Let C be a set of atomic connectives. Let (M, w) and (M’, w’) be two pointed C—
models. We write (M, w) ~¢ (M’',w") when for all ¢ € Lg, (M, w) | ¢ implies (M',w’) |- .
_|

Proposition 2. Ler C be a set of atomic connectives and let My = (W1, R1) and My = (W, Rz2)
be two C-models. Let Z be a C-bisimulation between My and M. Then, if {M,M'} =
{ M7y, Mo} then for all w € w(M, C), all w' e w(M', C), if wZw' then (M,w) ~¢ (M',w").
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Proof. We prove it by induction on a formula ¢. If ¢ = p is a propositional letter then the result
holds by definition of Z. Assume that p = *x(©1,...,9n).

If « has skeleton (o, +, 3, (k, k1,. .., kn), (:l:l, ..., %p)), then assume that (M, w) |= . Then,
there are w1, ..., w, such that Wy h1 [[gpﬂ] and ... and W, by, [¥n] and R;°w; ... w,w. Now,
wZw', so by deﬁnltlon of Z, there are w'{,w’s ..., w’n such that Wy xq w'; and ... and @, », w',,

w]ij if+;=+

and R*w'y ... w',w’ where w; ™ Uj = . Now, by Induction Hypothesis,

WjZEj if +j=-
foralli e {1,...,n}, if +; = + then w; € [[(pz]] and w; Zw';, therefore Eﬁ € [¢i] and if +; = —
then w; ¢ [[gol]] and w Zw';, therefore w'; ¢ [[gozﬂ So, in all cases, w'; 4 [[goz]] Moreover,
R i"w 1...wpw'. Thus, there are w'y, ..., w’, such that w’y 41 1] and ... and w’,, € [©,]
and R* “w'y ... w'w'. Hence, (M’ w'") \F ©.

If « has skeleton (o, +,V, (k, k1,...,kp), (£1,.. in)) then assume by contrap0s1t10n that
it is not the case that (M' w') |- . Then there are w'y,...,w’, such that not w'y 41 [¢1]
and ... and not w'y, hn [en] and_—R* 7 cow . I\Ew, wa , 50 by definition of Z, there
are wi, ..., Wy such that wy x; w’; and ... and Wy, M, W'y, and —RIw1 ... wyw where for all

— |wizw'; if =+ _
ie{l,...,n}, wxw; =" Lo .Letie{l,...,n}. If +; = + then w’; ¢ [¢;] and
w; Zw; if £, =—
w; Zw';. Therefore, by Induction Hypothesis, w; ¢ [¢;]. If +; = —, then w’; € [;] and w'; Zw;.
Therefore, by Induction Hypothesis, w; € [¢;]. So, in all cases, not w; h; [;]. Thus, there are

w1, ..., Wy, such that not w1 41 [¢1] and ... and not Wy, hy, [¢n] and —R3%wy ... w,w. That is,
not (M, w) |- ¢. So, we have proved that 1f not (M',w’) | ¢ and wZw’ then not (M, w) |- .
Hence we obtain the result by contraposition. O

Example 11 (Modal logic). Let us consider the connectives of modal logic: C =
{p,-p,A,v,<,0} where p has skeleton (Id,+,3,1), —p has skeleton (Id,—,V,1), & has
skeleton (7o,+,t1) and O has skeleton (79,—,t3) . Let My = (Wy,{R1,P1}) and My =
(Wa,{Rs, P»}) be two Kripke models (they are also C-models). A binary relation Z between
M and M, is a C-bisimulation between M; and My when for all M, M' € {M;, Ms} with
M =(W,{R,P})and M' = (W' {R',P'}), all w,v e M and all w',v" € M’,

o if wZw" and w € [p] then w’ € [p] (condition for p);

e if wZw" and w' € [p] then w € [p] (condition for —p);

e if wZw' and Rwv then there is v/ € W' such that vZv" and R'w’v’ (condition for

O = (7—27+7t1) );

e if wZw' and R'w'v’ then there is v € W such that vZv' and Rwv (condition for
o= (T27_7t2) )

Note that every C-bisimulation can be canonically extended into a symmetric C—bisimulation:
one sets w’ Zw when wZw' already holds. —

Example 12 (Lambek calculus). Let us consider the connectives of the Lambek calculus:
C = {p,o,\,/} where p has skeleton (Id,+,3,1), o has skeleton (oq,+,s1) , \ has skeleton
(05, —,33) and / has skeleton (03, —,32) . Let M1 = (Wl, {Rl,Pl}) and M2 = (Wg, {RQ,PQ})
be two Lambek models (they are also C—-models). A binary relation Z between M7 and M is a
C-bisimulation between M; and My when for all M, M € {My, My} with M = (W,{R, P})
and M' = (W' {R', P'}),all w,v,u e M and all w’,v" u" € M’,

e if wZw" and w € [p] then w’ € [p] (condition for p);
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« if wZw' and Rvuw then there are v’, v’ € W' such that vZv’, uZu' and Rv'vw'w’ (condition

for o);

e if vZv" and Rv'u'w’ then there are u,w € W such that v’ Zu, wZw' and Rvuw (condition
for \ = (057 ) 83) )9

e if uZu' and Rv'v’w’ then there are v, w € W such that v’ Zv, wZw’ and Rvuw (condition
fOI‘/Z (0'3,—,82) ) —

The following proposition shows that the notions of C-bisimulation for the Lambek calcu-
lus and directed bisimulation coincide (directed bisimulations are defined for example in [37,
Definition 13.2]) and likewise for modal logic.

Proposition 3. o Let C={p,-p, A, Vv, <, 0} be the connectives of Exampleand let M and
M’ be two C—models. Then, a C-bisimulation between M and M’ is a modal bisimulation
between M and M' and vice versa.

e Let C={p,o,\,/} be the connectives of Example[12|and let M and M’ be two C-models.
Then, a C-bisimulation between M and M’ is a directed bisimulation between M and M’
and vice versa.

Proof. 1t suffices to compare the conditions of Examples [IT|and[I2] with the definitions of modal
bisimulation [12| Def. 2.16] and directed bisimulation. This said, we obtain a notion of bisimu-
lation which is slightly more general than the usual definition of modal bisimulation. However,
they are in fact equivalent because both definitions of bisimulation can be extended to obtain
symmetric bisimulation relations. O

Example 13 (Intuitionistic logic). Let us consider the connectives of intuitionistic logic: C =
{p, L, T, A,v,=} where p has skeleton {(Id,+,3,1), T has skeleton (Id,+,3,1), L has skele-
ton (Id,—,V,1), A and v are Boolean connectives and = has skeleton (o5,—,s3) (here, T
and 1 are represented by specific propositional letters of respective signatures (Id,+,3,1) and
(Id,-,V,1)). Let My = (W1, Ry, P) and My = (Ws, Ry, P) be two intuitionistic models. Fol-
lowing the results of [5, Section 8], we represent these intuitionistic models by the C—models
M7 = (Wi, Ry,—,P) and My = (Wa, Ry ., P) respectively such that for all u;,v1,w; € Wy
and all us, v, wo € Wo,

Rl,:ulvlwl iff R1u1w1 and Rlvlwl (5)

R27:,UQ7)2U)2 iff R2U2w2 and RQ’UQ'wQ (6)
One can show [3] that for all ¢ € L and all wy € Wy, M7, w; F @ iff M, wy \F © (and likewise
for My and M;”). Now, a binary relation Z between M7 and M, is a C-bisimulation between
M7~ and M~ iff for all M, M" e {M;”, M5}, all w,w’,v" v’ € w(M,C) uw(M’,C) and all
pelP,

e if wZw" and w € [p] then w’ € [p] (condition for p);
I 7 I

e if vZv" and R_ v'u/w’ then there are u,w € W such that v’ Zu, wZw" and R_vuw (*)
(condition for =);

* conditions for T and 1 trivially hold because of their semantics.

Using Expressions (9) and (6)), one can easily show that condition (*) is equivalent to the follow-
ing condition:
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o if vZv" and R'v'w’ and R'u/w' then there are u,w € W such that u "Zu, wZw' and Rvw

and Ruw (**).

We will show in Section E] that condition (%) is equivalent on w-saturated models to
Olkhovikov’s condition “step” of [33, Definition 1] of his “basic asimulation”. —

5.2 Molecular Logics

Definition 31 (C-bisimulation for molecular connectives). Let C be a set of molecular con-
nectives and let M; = (W1, R;) and My = (W3, R2) be two C—models. For all ¢y € C, let
Ve, be the vertices of the decomposition tree T,. We associate to each vertex ¢ € V,, a bi-

nary relation Z. € | J (W{ x W) u (W x WF). The set of such binary relations is denoted
keN*
{Z}u | {Z.|ceV,} and is such that if ¢ is idj, for some k € N* then Z, is Z and we have

CoEC
that Z ¢ (){Z.|ceC}. We say that this set of binary relations is a C-bisimulation between
My and M; when for all ¢ € C, all vertices ¢ € V,,, if {M,M'} = {M;, M} then for all
Wiy WyW', ..., Wy, w,w ew(M,C)uw(M',C),

1. if ¢ is a propositional letter p then, wZ.w’ and w € [p] imply w’ € [p];

2. if ¢ has skeleton x(cy, ..., ¢,) with « = (0, ,3, k, (%1, ...,%,)) and we have WZ,w’ and
R*°w; ... w,w, then

[ J— _ J— _ J— _ J— o _
Jwiw'y ... W'y, (w1 Mo, W' AW Moy W AL .. AWy M, Wy AR w’l...w’nw’);

3. if c has skeleton *(c1,...,¢p) with x = (0, 4, V,k,(%1,...,+,)) and we have wWZ,w’ and
“R*w .. w0, then

Jwws ... Wy, (wl Moy, W AT My W A .. ANy M, Wy A —REWY .. .@n@);

. _ — ijc.Wj if :I:j =+
where for all j € [1;n], we have w; w., w'; =y — 7~
w’chjwj if £ =~
When such a set of binary relations exists and is such that wZw’, we say that (M,w) and
(M',w") are C-bisimilar and we write it (M,w) »¢ (M',w’). .

Note that case 1. is a particular instance of cases 2. and 3. with n = 0.

Definition 32. Let C be a set of molecular connectives. For all ¢y € C and all vertex c of the
decomposition tree T¢,, we define the language L. as follows:

{c(p1,.-y0n) | w1, on € Lo} ifcisofarityn >0
L.c=1{p} if ¢ = p is a propositional letter
Le if ¢ is ¢dy, for some k € N*.

Let (M,w) and (M',w’) be two pointed C-models. We write (M, W) ~c (M',E) when for
all p € Lo, (M,w) | ¢ implies (M',w’) |- ¢. We also write (M, w) ~¢ (M’',w’") when for
all p € Lo, (M,w) || ¢ implies (M’ w’) |- . 4

Proposition 4. Let C be a set of molecular connectives and let My = (W1, R1) and Ms =

(W2, R2) be two C-models. Let Cy © C and for all ¢ € Cy, let V. be the vertices of the

decomposition tree T,. Let {Z} u | J {Z.|ceV,,} be a Co—bisimulation between My and
coeCo

M. If {M,M'"} = {My, My} then for all cox € Cy and all c € V,,, for all w € w(M,C)

and all w' € wW(M',C), if WZ.w' then (M, W) ~.c, (M',w"). In particular, if WZw' then

(M,@) ~Co (M’,W).
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Proof. We prove by induction on c that for all vertices c of the decomposition tree of a molecular
connective ¢o € C*, if wZ.w’ then (M, w) ~.c (M',w").

If c is a propositional letter then it follows straightforwardly from condition 1 of Definition
Assume now that wZ,w’ with ¢ not a propositional letter. We prove by induction on ¢ € £
that (M, w) |- o implies (M',w’) |- ¢. Let o = ¢(¢1, . . ., om) With c of skeleton *(c1,. .., c,)
where ¢1,...,c, € C* are of arity k1, ..., k, respectively and such that k1 + ... + k,, = m. Then
o =clQ1,...,om) = *(cl(goi,...,cp’fl),...,cn(goil,...,goﬁ")) (here we confuse connectives
with their skeletons to ease the presentation of the ideas).

1. Assume that « is of the form (o, , 3, &, (£1,...,45)).
Assume that (M,w) |- (o1, 5 0m)- Then, (M,w) |- *
(cl(go%,...,(p’fl),...,C(QD}L,...,QDI;:L")), i.e. there are wy,...,w, such that RI%w;...w,w

and w1 h1 ﬂcl_(goi,..anllﬁ)]] and ... and Wy, 4y [[c_n(goi,...,goﬁ”)]] (1). Then, by definition of
Z., there are w'y, ... w'y, such that R;w'y ... w'w’ (4) and Wy w, w'y and ... and W, x., W'y,
— |\wjZ.w'; ifxj=+
(2) where for all j € [1;n], we have w; m.. w’; = B fe; g 1 /
! ’u)'chjwj if +;=-

Since cl(cp%,...,gplfl) € £CIC,...,cn(90}L,...7gofL") € L. c, by Induction Hypothesis, for
all w € w(M,C), all w’ € w(M',C) and all j € [1;n], if (M,w,) |- c(go},...,gofj) and
— o = — kj . — kj — ., —
W Ze,w'; then (M',w';) |- ¢; (¢}, .. -0 ); and if (M, w'y) - c(ej, .- -p;’) and W' Z W5

_ kj
then (M, w;) |- ¢;(j, -, ;") (3).

From (1) and (2), we derive by means of (3) that w’; #; [[cl(gp%,...,gplfl)]] and

and Wy hn [en(el,...,0")].  Then, with (4), it follows that (M',w’) |- =
(CI(SOIa ce 790’1“)7 .. ~a0n(8071m .. 730§zn)) That iS, (Mlvw/) H*C(Lpl, cee @m)

2. Assume that « is of the form (o, +, V, k, (£1,...,+,)).
By contraposition, assume that it is not the case that (M’ w’) |- c(p1,...,¢m). That
is, it is not the case that (M',w’) |- * (cl(goi,...,cp’fl),...,cn(go}l,...,gofl")), i.e. there are

w'y,...,w'y, € w(M,C) such that —-R¥w’; ... w',w’ and not w'y 4 [[c1(<p%, .. .,golfl)]] and
. and not w’,, hn [[cn(cp}” .. ,cp’fL”)]] (1). Now, by definition of Z. and since wZ.w’ there are
W1, ..., Wy, such that —-R;°w; ... w,w (2) and Wy x., w'y and ... and W, x., W', (2) where

P ol 3 -
WiZe;w'y i £5 =+

for all j € [1;n], w; w,, w'j = . Like for the previous case, combining (1)

Wchjwj if +5=-
and (3) with the Induction Hypothesis, we obtain that it holds that not w; 41 ﬂcl(cp%, e, go]l“ )]

and ... and not W, hn [en(pl,...,o")]. Together with (2), we obtain that it is not the
case that (M, @) |- * (c1(ei,.. .,golfl), en(@h, ..., @), That is, it is not the case that

(M, @) |- c(1, ., om).

Finally, assume that wZ.w’ with ¢ = idj. Then, Z, is Z and since by assumption Z <
(){Z. | c € C}, we obtain the result for formulas of the form c(¢1,. .., pm). O

Definition 33 (Uniform connective). A uniform connective is a molecular connective ¢ whose
skeleton is of the form *(cy,...,c,) with x = (o, +, &, k, (£1,...,+y)) € C such that

1. n>1ande¢y,...,c, are molecular skeletons of arity 1;

\ if:l:j=+.

2. for all j € [1;n] such that ¢; # idj, for all k e N*, £(c;) = {3 o :
1 :I:j = -
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3. if ¢p is a molecular skeleton appearing in the decomposition tree of ¢ of the form ¢y =
*xo(cl, ..., ch,) such that the tonicity signature of *( is (%1, ..., £y, ), then for all i € [1;m],
E(c}) = +iE(co). 5

According to our definition, molecular connectives of the form *(c(c'(c},c5))) cannot be
uniform connectives, unless ¢; or ¢} is a propositional letter. This is due to our first condition:
in that case, c¢(c’(c},ch)) should be of arity 1, which is possible only if ¢} or ¢ is a propo-
sitional letter. Hence, uniform connectives can be reduced to the composition of compound
subconnectives czl, ...,¢;", each of arity 1, so that molecular connectives are essentially of the
form *(ci(... ™M), .. ch (o ™ Tl(emnY))). Basically, uniform connectives are such
that the quantification patterns of their successive internal connectives are essentially of the form
J...3...orV... V...

Example 14 (Modal intuitionistic logic). Let C = {p, T, 1,A, Vv, =+, —x"} where , ' ¢ C* are
the molecular connectives c, ¢’ of Example and where {p, T, 1, A, Vv, =} are defined in Example
The connectives of C are all uniform connectives. Note that +” is not a uniform connective
and that is why we consider —+’ for the moment, which is a uniform connective. We are going to
see that we can easily get the bisimilarity condition for " from the bisimilarity condition for —«’.

Let My = (W1,{R1,R1,6,P}) and My = (W3, {R2, R2.c,P}) be two modal intuitionis-
tic models. The set of binary relations {Z, Z;,, Z, ’} is a C—bisimulation iff for all M, M’ ¢
{My, M5} with M = (W,{R,Ro,P}) and M' = (W' {R',R,,, P}), all w,v,u,w’,v",u" €
w(M,C)uw(M',C)andall p e P,

* if wZw' and w € [p] then w’ € [p] (condition for p, like in Example[13));

« if vZv" and R'v'w’ and R'vw’ then there are u, w € W such that ' Zu, wZw’ and Row
and Ruw (condition for *, like in Example[T3);

o if R'w'v' and wZw' then there is v € W such that UZ:Q’UI and Rwv,
if wZ**Zw’ and R,w'v’ then there is v € W such that vZv" and Rwv
(condition for x = x1(*2));

« if Rwv and wZw'’ then there is v’ € W’ such that ’U,Z:;,U and R'w'v’,
if wZ**;w' and Rowv then there is v € W' such that vZv" and Rw'v’
(condition for —+" = — %1 (x3)).

To obtain the bisimilarity condition for +', it suffices to observe that for all ¢ € C*, it holds
that (M, w) ~_cy (M',w") iff (M',w") ~.y (M, w). So, we just have to replace wZw' by
w’ Zw in the condition above. We obtain:

() if w'Zw and Rwv then there is v' € W' such that v’ Z,,v and R'w'v’,

if wZ,,w" and Rowv then there is v" € W' such that vZv’ and Rw'v'.

It turns out that the Conditions of (*) are the conditions (diam-2(1)) and (diam-2(2)) of
Olkhovikov [33| Definition 9], as expected. —

Example 15 (Temporal logic). Let us consider the connectives defined by the following first—
order formulas:

«1(2) 23yzz" (Py A Qz2’ ARyz2'z)
1 (z) £3yzz" (Py A Qz2' A Razz'y)
*9(z,3") 2Vy (Py v -Syzz")
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*1, *’1 and o are atomic connectives (this is independent from the definitions of R and S). More-
over, the molecular connectives of skeletons ¢ = *1(idy, ) and ¢’ = x| (idy, *2) are uniform
connectives. We consider in this example the set of connectives C = {p, -p, T, 1L, A, v, ¢, c'}.

Let M; = (Wi,{<1,P}) and My = (W3, {<2,P}) be two temporal models. We rep-
resent these temporal models by the C-models MlU’S = (Wy,{R1,51,P}) and MQU’S =
(W3, { Ry, S2, P}) respectively such that for all vy, uq,u}, wy,w] € Wi,

Rlvlulu'lwl iff w1 <1 V1,W1 = U1 and V1 = u'l (7)
Slvlwlwi iff w1 <101 <1 wi (8)
and likewise for Ro and S5 of Ms. One can show that for all p,% € L and all w; € W,

(M1, ) = ¢ iff (MlU’S,wl) I ¢ (and likewise for My and MQU’S) because the standard
translation of the until and since operators are:

ST (U(p,9)) = Fy(z <y A STy(p) AVz(z <z <y > ST;(¢)))
STz (S(p,9)) = y(y <z A STy(p) AVz(y <z <z —> ST,(¢)))
Let Z ¢ (W1 X WQ) U (W2 X Wl) and Z*2 c ((W1><W1)><(W2><W2)) U

((Wy x Wo) x (Wy x W1)). Then, by Definition {Z,Z.,} is a C-bisimulation iff for all
w,veW,allw',v" e W and all pe Pn C,

e if wZw' and w € [p] then w’ € [p] (condition for p);
e if wZw" and w' € [p] then w € [p] (condition for —p);

e if w < v and wZw' then there is v" € W' such that w’ < v" and vZv" and (w,v) Z,, (w’,v"),
if (w,v)Z,,(w',v") and w’ < v’ < v’ then there is u € W such that uZu' and w < u < v

(condition for Until c);

e if v <wand wZw’ then there is v" € W' such that v' < w’ and vZv" and (v, w)Z,,(v',w"),
if (v,w)Z,,(v',w") and v’ < v’ < w' then there is u € W such that uZv' and v < u < w
(condition for Since ¢’).
We have rediscovered the notion of bisimulation for temporal logic introduced by Kurtonina & de
Rijke [29]]. The relation Z,, is presented differently in [29], it is split up into two relations Z; ¢

(W1 x W7) x (Wa x Wa)) and Zy € ((Wa x Wa) x (W7 x W7)) but the two formal definitions
boil down to the same. -

6 Basic Model Theory of Atomic and Molecular Logics

In this section, we are going to develop in a systematic and generic fashion the model theory of
atomic and molecular logics.

6.1 Ultrafilters, Ultraproducts and Ultrapowers

In this section, we are going to recall and generalize to atomic logics a number of key notions
and results of model theory, such as ultrafilter, ultraproducts, the L.o§ theorem or an ultraproduct
version of the compactness theorem. We will also recall the definition of w—saturation which will
play an important role in the sequel.

39



Definition 34 (Filter and ultrafilter). Let / be a non—empty set. A filter F' over I isaset F' € P(I)
such that

1. T e F,
2.if X, Y e Fthen XnY € F}
3.if XeFand XcZclthenZ¢ePF.

A filter is called proper if it is distinct from P(I). An ultrafilter over I is a proper filter U such
that for all X € P(I), X e U iff [ - X ¢ U. A countably incomplete ultrafilter is an ultrafilter
which is not closed under countable intersections. —

In the rest of this section, [ is a non-empty set and U is an ultrafilter over /.

Definition 35 (Ultraproduct of sets). For each ¢ € I, let W; be a non-empty set. For all
(w;)ier, (V)ier € H W;, we say that (w;);e; and (v;);e; are U-equivalent, written (w;)ie; ~u

iel
(vi)ier, if {i € I | w; = v;} € U. Note that ~;; is an equivalence relation on H W;. The equiva-
iel
lence class of (w; );e; under ~; is denoted H w; = {(vi)id € H Wi | (vi)ier ~u (wi)id}.
U iel
The ultraproduct of (W) ier modulo U is H W; £ {H wi | (w;)ier € H WZ} When W, =W
U U iel
for all ¢ € I, the ultraproduct is called the ultrapower of W modulo U, written H w. —
U

Definition 36 (Ultraproduct and ultrapower). Let C be a set of molecular connectives and let
(M;,w;);es be a family of pointed C—models. The ultraproduct H(Mi,m) of (M;,w;) modulo
U

U is the pointed C-model (H M;, H Ei) where H M; = (Wy,Ry) and H@i are defined by:
U U U U
« Wy =T1Ws
U

* for all n + 1-ary relations R® of M;, the n + 1-ary relation H R, € Ry is defined for all

U
Hw},...,ﬂw?“EWUbyHR*HUJ}...HM?Hiff{ieI|Riwl-1...w?+1}EU;
U U U U U

. H@ié (Hw},,nwf) if(wi)id:(w},...,wf)id.
U U U

If (M;,s;)ir is a family of pointed structures, the ultraproduct H(Mz-,si) is the pointed
U

structure (H M;, ] si) where [ ] M, is defined as above (the M; are viewed as C-models) and
U U U

[]si: V- []Wiis the assignment such that for all z € , (H si) (z) =[] si(=).
U U U U
If forall i € I, (M;,w;) = (M,w) (and (M;,s;) = (M, s)) then [ [(M;, w;) is also called an
U

ultrapower of (M,w) (resp. (M, s)) modulo U, also denoted [ [(M,w) (resp. [ [(M,s)).
U U
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Proposition 5. Let C be a set of molecular connectives and let (M;,w;)ic; be a family
of C-models. Let ]‘[(Mi,m-) be an ultraproduct of (M;,W;)ic;. Then, for all ¢ € Lg,

U
[T(M, @) |- iff {i e I| (Mi,w0) |-} e U.
U
Let (M;,5;)ie1 be a family of pointed structures and let | [(M;, s;) be an ultraproduct of

U
(M;, 8;)icr- Then, for all ¢ € [,7,_3&, H(MZ, si)E e lﬁ{z el (M;,s)E 90} eU.
U

Proof. We consider the completion of C under Boolean negation: C can always be extended to
include the Boolean negation of each connective (defined in Definition [I8]). Now, we prove it for
this extended language by induction on ¢.

1) The base case ¢ = p holds by definition.

a)lf p=x(p1,...,0n) with « = (o, %, 3, (k, k1, ..., kn), (£1,...,%n)), then

I;I (Mlawl) ‘F * (8017 cee 790n)

iff there are [[w;,...,[] @} such that [J R¥ []w; ... [[w} [Jw: and []w; 1 [¢1]
U U U U U U U
and ...and [ w0} bn [¢n]
U
iff there are HE},...,HE? such that {jeI|Rf"E]1-...E?Ej} € U and
U U

{j el Ejl- h1 [[(pl]]} eUand...and {j €I | W] dn [[gon]]} € U by Induction Hypothesis

iff there are Hw}, ..., []w} suchthat {j e I | Rf”@} ... Wjw; and E} h1 [o1] and @} 4y, lenl} €
U U

U by closure under intersection of the filter definition (from left to right) and by closure by
superset of the filter definition (from right to left)

iff {j € I | there are Ejl-, . ,w;‘ such that Rf“w} .. .E?Ej and w} h1 [¢1] and ... and E? dn [[cpn]]} €
U

iff {j e I| (M;,w;) |- * (¢1,....0n)} €U

b) If o = *(1,...,0n) With x = (o, £, YV, (t,t1,...,tn), (£1,...,%5)), then
[1(M @) |-eiff {i eI | (M;,w;) |-¢}eU

U

iff (not E[(M,-,m) | go) iff {iel|(M;,w)|-¢}¢ U)

iff | [T (M;,w:) |- - iff {iel| not (M;,w;) |-} e U) by Propositionand because
U
U is an ultrafilter (we recall that —¢ is defined in Definition [I8)
iff | [T (M, w;) |- - piff {iel|(M;,w;) |- -} e U) by Proposition
U
This case thus boils down to the case 2) a).
c) If ¢ = 1 A g or ¢ = 1 V s then the result follows directly from the definition of an
ultrafilter.

As for the second part of the proposition, for pointed structures, the proof is similar and
follows the main lines of the proof of [13, Theorem 4.1.9]. O

Proposition 6. Let C be a set of molecular connectives and let M be a C-model. Let H M be
U
an ultrapower of M. Then, for all ¢ € L¢, we have (M, w) |~ ¢ iff [ [ (M, w) |- ¢. Likewise, if
U

(M, s) is a pointed structure then for all € EE(]D:L’ we have (M, s) = o iff [ [(M, s) = ¢.
U
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Proof. T (M) |-

U
iff {iel|(M,w)|-p}eUby Proposition
iff (M, w) \F  because @ ¢ U since I € U by definition and because U is a proper filter.
The proof for first—order logic is similar. O

Proposition 7 (An ultraproduct version of the compactness theorem). Let X be a set of formulas
of ,C;_—)&, all with the same number of free variables or constants, let I be the set of all finite
subsets of ¥, and for each i € I, let (M;, s;) be a model of i. Then there exists an ultrafilter U
over I such that [ | (M, s;) is a model of %.

U

Proof. The original formulation of this result [[13 Corollary 4.1.11] is for sentences of E,%EL, but
the proof can easily be adapted to our setting with free variables using item (7) of the fundamental
theorem of ultraproducts [13| Theorem 4.1.9]. O

We recall the definition of w—saturation. In that definition, the C—model is simply viewed as
a structure. We state it in its general form for tuples of variables (x1,...,x). By [13, Proposi-
tion 2.3.6] this definition is equivalent to its usual formulation for a single variable z.

Definition 37 (w-saturated model). Let C be a set of molecular connectives. A C-model
M = (W,R) is w-saturated when for all finite Y = {w1,...,w,} € W given, if all fi-
nite subsets I ¢ I'(c,...,c,z1,...,2x) C 5,73& with new constants C},...,C!, and free
variables x1,...,x; are realized in M by assignments s : YV uC uU {C’l, e 70;1} - W such
that s(c}) = wr,...,s(Cl) = w, (LEJ, is also defined with appropriate relations and func-
tion symbols), then T'(C},...,Cl,z1,...,z) is realized in M (by an assignment s such that
s(c)) =wr,...,s(c),) = wy as well). .

Proposition 8. Ler LEOL be countable, U a countably incomplete ultrafilter over I and M a

structure. Then, the ultrapower H M is w—saturated.
U

Proof. See [13, Theorem 6.1.1]. In fact [[13, Theorem 6.1.1] proves that M is w;—saturated, which
implies that it is w—saturated. O

6.2 A Generic van Benthem Characterization Theorem

In this section we are going to generalize the van Benthem characterization theorem for modal
logic [12, Theorem 2.68] to (compound) atomic logics.

Lemma 7. Let ¢ be a uniform connective and let cy be a molecular connective appearing in the
decomposition tree of c. If £(cg) = V then for all p,1) € L, cop A cotp and co(p x 1) are true in
the same pointed models; if £(cqo) = 3 then for all p,v € L, cop v cop and co(p x 1) are true in
the same pointed models, where x is either A or V.

Therefore, if c = *(c1,...cp) then

* (><1 {Cl(tpi), . .,cl(tpzfl)} ey Xn {cn(g@ll), . .,cn(tpﬁn)})
and * (c1 (gpi x| ... x] @ﬁ’l),...,cn(@}b R

N ifi=+
\/ if+; =~

. . a ! !/
are true in the same models, where, foralli € {1,...,n}, x; = { and x7, ..., x, are

either A or V.
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Proof. We prove it by induction on the depth of c¢y. Assume first that the molecular connective
¢ is of the form ¢y = xg € C. If £(cp) = V and the tonicity signature of % is + then cop A cotp
is equivalent to co(p A ¢) (that is, they are true in the same models). If £(cp) = V and the
tonicity signature of *g is — then cop A cot) is equivalent to co(p v 1p). Dually, if £E(cp) = 3
and the tonicity signature of *q is + then coyp V ¢ is equivalent to co(p Vv ). If E(cy) = 3
and the tonicity signature of g is — then cop Vv cot) is equivalent to co(p A 10). Now, we prove
the induction step. By definition, cg is of arity 1 and is of the form co = *o(c}, ..., cl,) where
c},...,c,, are molecular connectives. Thus, only one of them is of arity 1, all the others should
be of arity 0. Hence, without loss of generality, we assume that the molecular connective cg is of
the form ¢y = *(c), with ¢, of arity 1. We are going to apply the previous case to that case and
then the induction hypothesis. If £(cg) = £(*g) = V and the tonicity signature of x( is + then
copAcol = *ochpA*ocyy is equivalent to xo(chpAcy). If B(c) = £(*o) = V and the tonicity
signature of *( is — then cop A coth = *c(p A *oc( is equivalent to *o(chp Vv ¢jy). Dually, if
&(cy) = A(*p) = 3 and the tonicity signature of xq is + then cop V cpth = *c(p V *oct
is equivalent to *o(c{p Vv cytp). If A(co) = A(*o) = I and the tonicity signature of *( is —
then cop V cpth = *pcyp V *xpcyy) is equivalent to *o(chp A c4rb). Now, we use the third (or
second) condition of Definition (33| of a uniform connective. If we obtain an expression of the
form ¢y A c{y1) then this entails by that condition that £(c{)) = V and if we obtain an expression
of the form c{;p V c{y1) then this entails by that condition that £(c{) = 3. So, we can apply the
induction hypothesis to these expressions. Eventually, we obtain the expected result.

The second part of the lemma is proved by iterating this decomposition a finite number of
times and using condition 2 of Definition [33] O

Note that the formula * (c1 (o7 x5 ... x{ @), ..o en (o X0 - %l ¢P")) is a formula of
L.c and it is this observation that will be useful in the proof of Lemma ]

Lemma 8. Ler C be a set of uniform connectives and let My = (W1, R1) and Ms = (W3, Rs) be
two w—saturated C—models. For all c € C, let V.. be the vertices of the decomposition tree T,. Let

C" 2 | JW. be the set of vertices of all the decomposition trees associated to the connectives of
ceC

C. Forall c = *(c1,...,c,) € C', we define the binary relation Z, < (Wlk x ng) u (W x W)
(where k is the output type of *) as follows: if {M, M'} = { My, Ms} then for all w € w(M, C),
all w' e W(M', C), WZ.w' iff (M, W) ~.c (M',w"). Then, the set of binary relations {Z} U
{Zc |ce C+} is a C-bisimulation between My and My (we recall that Z,q, is Z for all k € N*).

Proof. (Here we identify connectives with their skeletons.) Condition 1. of Definition [31] holds

trivially. Now, we prove condition 2. Let ¢ = x(cy,...,c,) with « = (o, %, 3, &, (£1,...,%,)).

Let wy, ..., w,,w € w(M,C) and w’ € w(M’,C) be such that R*°wy ... w,w and wZ.w’. For

all i € {1,...,n}, let IL, (M, w;) = {ST5(¢) | ¢ € L,c and (M, w;) |- ¢} and I1_(M,w;) =

{-ST5(p) | ¢ € Lo,c and not (M, w;) |-} Let I. = {ie{l,...,n}|+;=-} and I,

{ie{l,...;n}|+;=+}. Let I'(71,...,Tn) = UL (M, w;) u [JII_(M,w;) and let T
iely el

I'(z1,...,7Tp) be finite. Then, I'=T; u... U, where all I'; ¢ I, (M, w;) are finite.

Let ¢ = »(¢1,...,%y) where for all ¢ € [1;n], ¢; = {/\ lo| STz (p) €T} ?f s +.
Vel -5T5(p) €Ty} if = =-
Then, we have that (M, w) ||-1. Now, by Lemma there is x € L ¢ such that y and v are true in
the same pointed models (*). So, (M,w) |- x. Therefore, (M',w’) |- x because (M, W) ~c
(M',w") by assumption (because wZ.w’). Hence, (M’ w’) |- 1, again because of (*). Then,
by definition of *, there are w/, ..., w!, e W(M’,C) such that w] 41 [¢1] and ... and w!, dn [1n]
and R’f"w_i. ..whw'. Therefore, for all i € [1;n], (M',w}) |- T'; and REwiw'y.. whw'.

n e
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So,if I' £ I'(Zy,...,Tp) U {R;Ma:_l. ..ZTpxC} where the tuple of new constants C is interpreted
by the distinguished elements w’, then M’ realizes every finite subset of I', namely in some
states related to w’. Thus, by w—saturation of M’, there are w'y, ..., w’, € w(M',C) such that
for all 4 € [1;n], we have that (M’,w’;) |- I, (M, w;) and R’f“wl ...w',w’. Moreover, by
definition of IL. (M, w;), we have that if +; = + then (M, w;) ~..c (M',w’;) and, by definition
of II_ (M, w;), we have that if +; = — then (M’,w’;) ~..c (M,w;). This entails that there are
w'y,...w, such that w; x., w'y and ... and w,, x,, w’, and R*w'y ... w',w where for all

— | WiZewy i xi=+ . .
ie{l,...,n}, Wi x, w; =479 """ This proves condition 2 of Definition [31
w’iZCiwi if +;, = —
Condition 3 is proved similarly. ]

Theorem 4 (Characterization theorem). Let C be a set of uniform atomic connectives complete
for conjunction and disjunction. Let o(T) € L 7o, (T) with k free variables T = (x1, . .., x},) and
let (L¢,Ec, =) be a atomic logic such that all models of Ec contain relations { R, | = € C} inter-
preting all the predicates occuring in o(T). Let ST(Eg) = {(M, s2Y | (M, w) € Ec of type k}
and assume that STz(E¢) is closed under ultraproducts. The two following statements are equiv-
alent:

1. There exists a formula ¢ € L such that p(T) <> STz(1)) is valid on STz(Eg);

2. o(T) is invariant for C-bisimulations on &g, that is, for all pointed C-models
(M, w),(M",w") of Ec of type k such that (M,w) —¢ (M',w’), we have that

(M, s2) | p(T) implies (M', S%]/) = (7).

Proof. The direction from 1. to 2. follows from Proposition 4] Now we prove the opposite direc-
tion, from 2. to 1. Let ¢(T) € E7Fjo|_ (z) with free variables Z. Assume that () is invariant for
C-bisimulations on &g and consider the following set:

Clp) 2 {ST(v) | ¢ € Lo, k(v) = k and ¢ [= ST5(v) on STw(Ec) |

The result is a direct consequence of the following two claims:

Claim (a). C(y) = ¢ on STz(Ec) — that is, for all pointed C-models (M,w) € & of type k, if
(M, s5) = C(p), then (M, s3) = ¢

Claim (b). If C () F pon STz(Ec), then ¢ is equivalent to the translation of a formula of L.

Proof of Claim (b). Assume that C(¢) = ¢ on STx(Eg). Then, C(¢) u {~p} is not
satisfiable on ST%(Ec). We show that there exists a finite subset I' € C'(¢) such that I" u {—¢}
is not satisfiable on ST%(Ec). Indeed, assume towards a contradiction that it is not the case,
then there would be an ultraproduct of elements of STz(&¢) that would satisfy C'(¢) u {-¢} by
Proposition |7} Yet, since ST%(E¢) is closed under ultraproducts, this ultraproduct would belong
to ST5(Ec). Thus, in that case, there would be a model of ST%(E¢) that satisfies C'(¢) U {=p}.
This is impossible by assumption since C(¢) = ¢ on STx(E¢). So, we have proved that T' |=
on ST(&c) for some finite I' € C(¢). The converse holds by the definition of C(p): o= AT
on Ec. We thus have that ¢ <> /\ T is valid on ST3(&g), proving the claim.

Proof of Claim (a). Take any pointed C-model (M,w) such that STx(M,w) = C(p) and
consider the following set of formulas translated into first-order logic:

(M, ) = {~STx(v) | ¢ € L, k(¥) = k and not (M, w) |-} .
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Now consider the set of formulas:
5 2 TI(M, ) U {}.

We first show that:

(a.1) X is satisfiable in a pointed C-model of ST%(&g).

To prove (a.l), assume towards a contradiction that X is not satisfiable in ST%(Eg). Then,
using the same reasoning as above, in particular Proposition [7|and the closure of ST%(Eg) under
ultraproducts, we can prove that I' = —¢ holds for some finite I" ¢ TI(M,w). That is, ¢ = - AT.
But then, by the definition of C'(¢), we have that - /AT € C'(¢), and hence - AT ¢ II(M,w),
which is impossible since I' ¢ TI( M, w).

Now, claim (a) follows if we can show that

@2) (M, s3) = . B

Here is a proof for (a.2). ¥ is satisfiable in a pointed C—model of STx(&g), say (M, s¥).
Observe first that (M',w’) ~¢ (M,w) because for all v € Lg, if not (M,w) |- ¢ then not
(M, w') |- 4, that is, if (M’ ,w’) |- 9 then (M,w) | 1. Now take two w-saturated el-
ementary extensions (M, w) and (M, w’) of (M,w) and (M’ ,w'). That such extensions
exist can be proved by a standard chain construction argument [13, Proposition 3.2.6]. We
also have that (M., w’) ~¢c (M,,w) by properties of elementary extensions. Then, by the

invariance of FOL under elementary extensions, from (M’ s2") = ¢ (by the construction of
), we get that (M, s%) = ¢. Moreover, we also have that (M, w’) —¢ (M,,, ) because
(M, w") ~¢ (M, w) and Lemma By the assumption that ¢ is invariant for C—bisimulations,
we get (M,,,s2) |= ¢ — and then, by elementary extension, (M, s%) |= . This completes the
proof. O

Remark 4. The assumption that ST%(Eg) is closed under ultraproducts is not really demanding
since any class of structures definable by a set of first—order sentences is closed under ultraprod-
ucts by Keisler theorem (or by our Corollaries [2 and [3|and Theorem [IT]to follow). For example,
the class of (modal) intuitionistic models is closed under ultraproducts since it is definable by a
set of first—order sentences (we only need to impose the reflexivity and transitivity on the binary
relations by means of the validity of corresponding sentences). So, our generic theorem applies to
these logics. It also applies to modal logic and to many others since the class of all Kripke models
is definable by an empty set of sentences.

Example 16 (Modal logic and Lambek calculus). Let C be the set of modal connectives of Exam-
ple Proposition shows that C—bisimulations are modal bisimulation. Hence, we recover van
Benthem’s theorem for modal logic [12, Theorem 2.68] because (M,w) —¢ (M’ ,w’) implies
(M',w') —»¢ (M, w): every C-bisimulation can be extended into a symmetric C—bisimulation
(see Example [TT). On the other hand, we obtain a new model-theoretical result for the Lambek
calculus. —

6.3 Two Generic Keisler Axiomatizability Theorems

In this section, we are going to adapt the Keisler theorems for FOL to molecular logics. Our
generic results will then be applied back to FOL in the next section. This type of theorems pro-
vides conditions of axiomatizability of logics given semantically by their language and classes
of models. More precisely, they state that a given logic is axiomatizable if its class of models is
closed under a specific construction called an ultraproduct and under a specific notion of bisimu-
lation associated to the logic.

Theorem 5. Let C be a set of uniform connectives complete for conjunction and disjunction and
let (M,w) and (M',w') be pointed C-models. Then the following are equivalent:
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1. (M, W) ~¢ (M, w');
2. there exists a countably incomplete ultrafilter U over N such that H (M, w) -¢
[T (). )
U
Proof. We first prove that 2. implies 1. By Proposition |6} (M, w) |- ¢ iff [] (M,w) |- ¢. By
assumption and Proposition 4{ this implies that H (M ',W) -  and, aga(ijn by Propositionﬁ
U

the latter is equivalent to (M’,w’) |- ¢.
Now, we prove that 1. implies 2. Let U be a countably incomplete ultrafilter over N (it exists
by [12, Example 2.72]). By Proposition ﬁ the ultrapowers H M and H M’ are w—saturated.

U U
Now, for all ¢ € L¢, [ (M, w) ||~ implies [ ] (M, w’) |I- ¢. This claim follows from 1. and
U

U
Proposition |6} Then, we apply Lemma (8| since H M and H M’ are w—saturated and we obtain

U U
the result. OJ

In the rest of that section, we are going to determine conditions for which a class of pointed
models is definable by a set of formulas. Let us first be a bit more precise regarding what we
mean by “definable” in our context with models and formulas of multiple types.

Definition 38 (Definability and closure under C-bisimulation and ultraproducts). Let C be a set
of molecular connectives, let (M,w) be a pointed C—model of type k and let 7' € L. We write
(M,w) |- T when for all ¢ € T of type k, it holds that (M, w) |- .

Let K and K’ be classes of pointed C—models. We say that K is definable by a set
of formulas (in K') of Lc when there is a set T of formulas of Lg such that K is the
set of pointed C—models (M,w) (resp. of K') such that (M,w) |- T. The types of K,
denoted k(K), is the set of all types of the pointed C-models of K and we define K =
{(M, w) | (M, w) is a pointed C—model (of K') not in K of type in k:(K)}

We say that K is closed under C-bisimulations when for all (M,w) € K and all pointed
C-models (M',w'), if (M,w) »¢ (M',w") then (M',w") € K. We say that K is closed under
ultraproducts (ultrapowers) when for all non-empty sets I, if for all ¢ € I (M;,w;) € K (resp.
(M,w) € K) then [ [(M;,w;) € K (resp. [ [(M,w) € K) for all ultraproducts U over 1. =

U U

Lemma 9. Let C be a set of molecular connectives and let (M;,w;);c; be a family of pointed
C-models of type k. Then, for all p € L¢ of type k and all tuples of free variables T of size k,

TG w0) |- i TTOM;, 53) |~ ST(0).

Proof. We have that [ [(M;,w;) = (H Mi,Hwi) where [ [w; = (H wil,...,wa) if w; =
U U U U U U

1 k Wi\ _ w;

(wi,...,w;)and [ [(M;, se®) = (HM“HSZ)
U U U

coincide on the variables z; of the tuple T = (z1,...,x)) to obtain the result. And it turns out

that for all z; € {z1,..., 21}, ngm(xj) = Hwi = Hsgl(xj) = (H sgl) (z5). O
U U U

T

v

. So, it suffices to prove that sHU™i and H sgi
U

Theorem 6. Let C be a set of uniform connectives complete for conjunction and disjunction and
let K and K' be classes of pointed C-models such that K' is closed under ultraproducts. Then,
the following are equivalent:
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1. K is definable in K' by a set of formulas of L¢;

2. K is closed under C-bisimulations in K' and closed under ultraproducts, and K is closed
under ultrapowers.

Proof. The implication from 1. to 2. follows from Propositions [} [5] and [} For the converse,
assume that K and K satisfy the closure conditions. Define 7' as the set of formulas of Lg
holding in K:

T {90 € L | k(p) = k and, for all (M,w) € K of type k, (M, w) |- ap} 9)
keN*

We will show that 7" defines the class K in K'. Let (M,w) be a pointed C—model of K’ of
type k and assume that (M,w) |~ T To complete the proof of the theorem, we show that (M, w)
must be in K.

Define ¥ to be the theory of FOL of (M, w), with T a tuple of variables of the same size as
w:

¥ = {-ST5(¢) | ¢ € L of type k such that not (M, ) |- ¢} .

Y. is finitely satisfiable in STz(K) = {(M, s2Y | (M, w) e K} Indeed, assume towards a con-

tradiction that the set {~ST%(¢1),...,~ST%(¢n)} € X is not satisfiable in ST3(K). Then the

formula ()1 v ...V 1),) of type k would be true on all pointed models in K of type k. Moreover,

it belongs to L because C is complete for disjunction. So (¢; V ...V 1,) would belong to

T. However, it would be false in (M, w), which is impossible. But then Proposition {7 adapted

from [13} Corollary 4.1.11], shows that ¥ is satisfiable in an ultraproduct H(Ni, s%) of pointed
U

models of ST%(K).

Let us take (N,v) = [](Vi,7;), which belongs to K by closure of K under taking ul-
U
traproducts. Then, by Lemma (9, we have that for all ¢ € L of type k, H(Ni,ﬁi) \F @ iff
U

[T(Ni,s2) |- ST=(). So, we have that (N,v) ~¢ (M,w) because for all ¢ € Lg, not

U

(M, w) | ¢ implies not (N,v) |- ¢ is equivalent to, for all ¢ € L, (N,v) | ¢ implies

(M, w) | . So, by Theorem there exists an ultrafilter U’ such that [ [ (NV,v) —¢ [[ (M, w).
g g

By closure under ultraproducts, the pointed model H (N,v) belongs to K. Moreover,

U/
[] (M, w) is in K’ by the assumption of closure of K’ under ultraproduct. Hence, by closure
UI
under C-bisimulations, H (M,w) is in K as well. By closure of K under ultrapowers, it follows
U/
that (M, w) is in K. This completes the proof. O

Theorem 7. Let C be a set of uniform connectives complete for conjunction and disjunction and
let K and K' be classes of pointed C-models of the same type such that K' is closed under
ultraproducts. Then, the following are equivalent:

1. K is definable in K' by a single formula of L¢;

2. K is closed under C-bisimulation and ultraproducts and K n K is closed under ultraprod-
ucts.
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Proof. The direction from 1. to 2. follows from Propositionsdand[5] For the converse, we assume
that i and K satisfy the stated closure conditions and that their pointed C—models are all of type
k. Then, by Theorem|[6] there is a set T" of formulas of L¢ of type k defining K.

Let k be the type of the C—models of K and K and let T be a tuple of k variables. Let us
define:

Ty = {ﬁSTg(cp) | ¢ € L¢ of type k and for all (M, w) € K n K', not (M,w) |- cp} .

We are going to show that T defines ST3(K) = {STE(M, w) | (M, W) e K n K'}. Let (M, w) €
K n K’ be such that STx(M,w) = T, and let us define

Y2 {peLle|(Mw)|-e}.

Then, ¥ is finitely satisfiable in K n K'. Indeed, assume towards a contradiction that there are
©1,...,¢n € ¥ which are not satisfiable in K n K. Then, ~ST%(1 A ... A @) € Tb. Therefore,
STH(M,w) = -STx(¢1) A ... A=STx(pn). However, (M,w) |- (¢1 A ... Apy). So, we reach
a contradiction and ¥ is finitely satisfiable in K n K’. Thus, by compactness, we have that 3 is
satisfiable in an ultraproduct (N, 7) of C-models of K. By assumption, this ultraproduct (N, )
belongs to KnK'. Then, by definition of ¥, we have that (M, ) ~¢ (N,v). Therefore, by Theo-

rem 5| there exists a countably incomplete ultrafilter U over N such that [ [(M,w) —¢ [[(V, ).
U U
Now, if [ J(M,w) belonged to K, then we would have by closure under C-bisimulation of K
U

that [J(IV,v) belongs to K as well, which is impossible. Therefore, [ (M, w) belongs to K.
U U

Moreover, (M,w) belongs to K’ and since K" is closed under ultraproduct by assumption, we

also have that H(M ,w) belongs to K'. By closure of K under ultraproducts, this also entails
U
that (M, w) belongs to K. Hence, STx(M,w) € STx(K) and T does define ST&(K).

Now, let us define

Ty = {STz(p) |peT}.

Then, because T' defines K, we have that T u T5 is unsatisfiable. That is, there is no pointed
C-model (M,w) of type k such that STx(M,w) |- T1 u Tz. So then, by compactness, there
exist STz(¢1), ..., STs(pn) € Ty and =ST%(11), ..., ~STE(¢y,) € Ty such that for all pointed
C-models (M, w), it is not the case that STx(M,w) |~ STe(01) A .. ASTs(0n) A =STE(11) A
... A=ST5(r,) (). To complete the proof, we show that K is in fact defined by the conjunction
(p1A. .. Apy). By definition, for any (M, w) in K we have (M,w) |- (p1A...Apy,). Conversely,
if (M, ) |- (¢1 A ... A @y) then there must be 4 € [1;m] such that STx(M,w) |- =STx(;)
does not hold. Indeed, otherwise, we would have that STH(M,w) |- STx(¢1) A ... A ST=(on) A
-STz(11) A ... A =STx(1)y, ), which is impossible by (*). Therefore, there must be i € [1;m]
such that (M,w) |- ;. Hence, by definition of 75, this entails that (M, w) does not belong to

K, whence (M, w) belongs to K. O

Corollary 1. Let L = (L¢,Ec, | ) be a molecular logic whose set of connectives C is uniform
and complete for conjunction and disjunction and whose class E¢ of C-models are all of the same
type. Then, L is axiomatizable iff ¢ is closed under C-bisimulation and ultraproducts and Eg is
closed under ultraproducts.

Proof. It follows straightforwardly from the definition of axiomatizability recalled in Section
and Theorem [7l O
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7 Applications to First—order Logics

The results of this section will roughly be applications and adaptations to first—order logic of
the following informal corollary: if L = (£, €&, F ) is a logic as expressive as a atomic logic
Lc = (L, &c, |F ), then Theorems |§] and |7| hold if we replace in their statements “pointed
C-models” with “models of £, the language L with the language £ and C-bisimulations with
the appropriate notion of C—bisimulation on the models of £. Our translations of pure predicate
logic and first—order logic into atomic logics of Section {.1] are the key results that will now
allow us to find out the appropriate notions of predicate bisimulation and first—order bisimulation
associated to pure predicate logic and first—order logic.

We emphasize that these bisimulation notions for classical logics are not ‘inspired’ by our
work on atomic and molecular logics or defined a priori, they are automatically computed from
our embedding of pure predicate logic and first-order logic into specific atomic logics that we
defined in Section [4.1] and from our definitions of C-bisimulation in Definitions 29 and 31l We
are just going to proceed for first-order logic as we proceeded for modal logic, the Lambek
calculus, temporal logic and (modal) intuitionistic logic. The axiomatic and mathematical
presentation of our results of the current section in terms of definitions followed by theorems
may hide this aspect but, from a heuristic point of view, the process described in the proof of
Lemma |10 was first carried out during the course of our research. The bisimulation conditions
were first spelled out as they are in the proof of that lemma and the definitions of our predicate
bisimulation and first-order bisimulation were then obtained from these conditions. They are
presented before the proof of Lemma [I0] because we have reorganized the results of our research
to follow a traditional mathematical presentation. The fact that the bisimulation notions that we
obtain are very close to the usual notions of (partial) isomorphism was at the same time very
surprising and reassuring. Indeed, the connectives of predicate atomic logic are very specific
and their corresponding bisimulation conditions are quite different from the conditions that
define a partial isomorphism. The fact that their combination altogether allows us to recover a
slight variant of the notion of partial isomorphism is stricking. This would have been somehow
problematic if we had found out completely different invariance notions for first-order logic and
pure predicate logic. Hence, we do not claim to have introduced brand new notions of invariance,
they are in fact natural and intuitive variants of the usual notions. Instead, we claim to have
introduced a generic notion of C-bisimulation which is somehow ‘deeper’ and more basic than
the usual notion of bisimulation for modal logic or even the usual notion of (partial) isomorphism
for first-order logic since all invariance notions introduced in the literature (including those) can
all be seen as instances of our general notions of C-bisimulation of Definitions [29|and

In this section, the first—order languages that we consider are assumed to be countable.

7.1 Pure Predicate Logic

Predicate atomic logic is as expressive as pure predicate logic by Theorem[I] So, we would expect
that the notion of invariance of predicate atomic logic, that is C—bisimulation, is the same notion
of invariance as FOL, that is isomorphism or partial isomorphism. It turns out that by applying
our definitions and results we rediscover the notion of partial isomorphism, to which are added
three natural conditions.

Definition 39 (Predicate bisimulation). A predicate bisimulation between two structures M; and
M5 is a non—empty relation Z between finite sequences of the same length of M; and M5 or M
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and M such that for all M, M’ € { My, My} with M = (W,R) and M' = (W', R'), all n e N*,
allwy,...,w, e W,allwy,...,w, e W, allo e &,

1. if (w1, ..., w,)Z(w}, ... ,w),) then for all n-ary relations R € R and R’ € R’ associated

to the same predicate R, if Rw; ... w, then R'w] ... w);

ne

2. if (wq,...,wy)Z(wy,...,w),) then for all w e M there is w' € M’ such that
(w1, . wn,w)Z(wy, ..., w,,w');

3. if (wy,...,wp) Z(wh, ... ,wy,) then (wy(1), ... ,wo(n))Z(w;(l), . ,w;(n));

4. if (wy,. .., Wn, Wns1)Z(WY, ..., wh,wh,q) then (wr, ..., wy)Z(wh,...,w),);
5. 4f (wy, ..., wp) Z(wh, ... ,w),) then (wi,...,w),)Z(wy,...,wy);
6. forallcy,...,C, €C it holds that (s(C1),...,s(cn))Z(s'(c1),...,5'(Cpn)). ~

Proposition 9. A predicate bisimulation between structures without functions is a partial isomor-
phism satisfying moreover conditions 3, 4 and 5 of Definition[39] and vice versa. Moreover, if we
remove condition 5 of a predicate bisimulation and replace it with the ‘back’ condition of partial
isomorphisms and if we replace as well the implication of condition I with a bi—implication, then
we obtain an equivalent definition of predicate bisimulation.

Proof. Condition 1. of a partial isomorphism follows from conditions 1. and 6. of a predicate
bisimulation. Condition 2. is the same. The “back” condition of a partial isomorphism is obtained
by condition 2 and 5 of a predicate bisimulation. We have to show that condition 3 of Definition
of a partial isomorphism is deducible from the definition of a predicate bisimulation. Let Z be
a predicate bisimulation between the pointed structures (M, s) and (M',s"). Let w € M* and
w’ € M'* with k > 0 and assume that WZw’ (such a pair exists since a predicate bisimulation
is non empty). For all v € M, there is v" € M’ such that (w,v)Z(w’,v"). Then, we have that
(v,w)Z(v',w") by condition 3 and then (v)Z(v') by iterative application of condition 4 of a
predicate bisimulation. Hence, we have proved condition 3 of a partial isomorphism.

The second part of the proposition follows from the fact that the ‘back’ of condition 2 (usually
formalized by the addition of the expression “vice versa”) is gotten by an application of condition
2 to the symmetric pair obtained by the application of condition 5. Conversely, the symmetry of
condition 5 can be obtained by the fact that the other conditions are all symmetric conditions. [

Now that we have elicited the invariance notion of pure predicate logic, that is predicate
bisimulation, we are going to obtain a series of theorems as specific instances or corollaries of
Theorems |§I and [7, Beforehand, we generalize predicate bisimulations to the notion of X—
compatible predicate bisimulations.

Definition 40 (Proﬁle and X—compatible predicate bisimulation). A profile X is a non-empty

subset of | J (VuC ) closed under permutations on the elements of its tuples. If X is a profile
keN*

then an X —formula is a formula (1, . .., x1) € LS (Z) such that (z1, ..., 21) € X.

If X is a profile then a X- —compatzble predicate bisimulation Z between two pointed struc-
tures (M, s) and (M’,s") is a predicate bisimulation where the condition 6. is replaced by the
following condition:

6. forall (z1,...,2,) € X, itholds that (s(21),...,s(zn)) Z (s'(21),.. .,s’(xn)).

Therefore, a predicate bisimulation is a C*—compatible predicate bisimulation (we recall that
C™ is the set of finite sequences of constants of C). —
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Proposition 10. If there is an X—compatible predicate bisimulation between two pointed struc-
tures then they make true the same X —formulas.

Proof. This follows from Proposition [9]and the corresponding property for partial isomorphisms
together with Condition 6° of Definition 40} O

The following lemma is really important since it connects our work about atomic logics with
standard invariance notions of first—order logic such as partial bisimulations.

Lemma 10. Let C” be the set of predicate atomic connectives (introduced in Definition @) A
C” —bisimulation between two C"—models is a predicate bisimulation between their associated
structures, but which does not necessarily fulfill condition 6.

Proof. Let wus consider the predicate atomic connectives c” = B u
{Rflk | R e P of arity k and fF : [1; k] - [1;1] surjective with [ < k} u{Lt} u{lox] | k €
N* o € Sk} U {|lky ko] kl,k‘g € N} U {24, Vi | k € N*} U {Vo} (defined in Definition [19)
Let M; and M, be two C”—models and let Z be a non- -empty binary relation between ﬁnlte
sequences of M; and My of the same length. Then, by Definition u Z is a C”-bisimulation
between M; and Mo when for all M, M’ € {My, My} with M = (W,R) and M' = (W', R’), all
w,v,u ew(M,C),all w,v e W and all w’,v", v/ e w(M’,C), all w’,v" e W', all R € P, it holds
that

 condition for R fk if wZw' and Rw then R'w’ , for all relations R and R’ both associated
to R (in the associated structure);

e condition for 1: if wZw' and R’ (w") then R, (w), this condition always holds;

« condition for [o}]: for all k € N* and all oy, € &, if wZw' and R “*w'v’ then there is
v € w(M,C) such that vZv’ and R7*ww,
that is, if wWZw’ then o} (w)Zoy(w’), where for all w = (wy,...,wg), ok(W)
(Wo(1)s -+ > Wa (k)3

» condition for |5, x,: for all k1, ks € N¥, if wZw' and R;l’bv’u’w’ then there are v,u €
w(M,C) such that vZv’, wZu' and Ry, 1, 00w,
that is, for all n > 1, if (wy,...,wp)Z(w],...,w),) then for all 1 < k < n,
(w1, wi)Z(wy, ... wy) and (W1, -« Wn) Z (Whyqs - - Wh);

* condition for 3: for all k € N*, if wZw' and Ryv'u'w’ then there are v, % € w(M, C) such
that v/ Zv, uZwu' and Rivuw,
that is, if WZw’ then w’ Zw;

» condition for Vy: for all k € N*, if wZw’ and R}, jw'v'w’ then there are v,u € w(M,C)
such that vZv" and uZv’ and Ry, 1wv,

that is, if wZw’ then for all v’ € W' there is v € W such that vZv" and (w,v)Z(w’,v");

« condition for V¢: if wZw’ and v" € W' then there is v € W such that vZv’,

that is, for all w’ € W' there is w € W such that wZw’.

Now, if we combine the conditions above, we obtain the definition of a predicate bisimulation
on the structures associated to M7 and My without condition 6 (we recall that associated structures
are defined in Definition [22)). O
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Lemma 11. Let M be a structure without functions. If M is w—saturated then the C” —model
T(M) (defined in Definition is also w—saturated (for a first—order language with predicate
symbols associated only to the relations R 1k of T(M)).

Proof. We introduce the first—order language ECFFOL for T (M) based on the l-ary predicates
R 1k associated to each relation Rfk such that for all assignments s over T'(M ), we have that

(T(M),s) = Rfkazl .y iff Rflks(xl) .s(x;) holds. We define also the first-order language

Lo for M based on the k—ary predicates R associated to each relation R (which itself defines the
relations R i of T(M)) such that for all assignments s over M, we have that (M, s) =Rz ... 2y,

iff Rs(xz1)...s(xzx) holds. Then we define the translation 7~ : LEOL — LgoL by stating
T_(Rflkl’l S.xy) = RIEflk(l) < Tk (k) and the induction steps being as usual. Thus, for all

¢ € Lio, one can easily prove that (T'(M),s) | ¢ iff (M,s) = T~ (). The w-saturation
of T'(M) for £,7;O|_ then follows from the w—saturation of M for Lgo| since every set of formulas
of L',F‘FFOL can be translated into a set of formulas of Lgp; by means of 7. O

The following Theorem[§]is a generalized version of the Keisler-Shelah isomorphism theorem
[13) Theorem 6.1.15] of model theory for the pure predicate language with free variables and
constants. With our approach, isomorphisms are replaced by predicate bisimulations.

Theorem 8. Assume that LPo, (T) is countable, let (M, s) and (M, s") be two pointed structures
and let X be a profile. Then the following are equivalent:

1. (M,s) and (M',s") make true the same X—formulas ofﬁﬁOL(E);
2. there exists an ultrafilter U and a X—compatible predicate bisimulation between H(M ,8)

U
and [[(M',s").
U

Proof. The proof follows the same reasoning as the proof of Theorem [5] using Lemma [§] and
Propositions [] and [§] as well as the ‘translation’ Lemmas[T]and 2]
First, we prove that 2. implies 1. By Proposition EI, for all X—formulas ¢ € E,?OL(E), we
have that (M, s) |- ¢ iff [] (M, s) |- ¢. By assumption and Proposition |10] this implies that
U

H (M ! s') - ¢ and, again by Proposition |6} the latter is equivalent to (M, s") |- .
U
Now, we prove that 1. implies 2. Let U be a countably incomplete ultrafilter over N

(it exists by [12, Example 2.72]). By Proposition (8 the ultrapowers HM and HM " are
U U

w—saturated and therefore T’ (H M ) and T (H M| are w-saturated as well by Lemma

Now, for all X—formula ¢ € LFq, (T H (M, s) |- ¢ implies H (M',s") |- ¢ because of
1. and PropositionH That is, for all X—formula ¢ € EFOL(E), (H M, H s) \F  implies
U U
(H M, Hs’) |- . Therefore, by Lemma for all X—formula ¢ € LFq (T), we have
U U
that T (H M,]] 5) - T'(¢) implies T (H M T] s’) - T(¢). That s, for all X—formula
U U

o(x1,...,x1) € LEo (T), we have that ( (HM) (H (z1),. 1;[3(37’6))) = T(p)
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implies (T(H M') , (H s'(z1),..., Hs'(ajk))) I T(¢) (*). Then, using Lemmasand ,
U U U

we can prove the following:

Claim. For all (x1,...,x) € X,

(T(H M) , (H s(x1),..., Hs(xk))) ~ P (T(H M') , (H s'(z1),. .., Hs'(:ck))) :
U U U U U U
Proof of the Claim. Let ¢ € Lp and let (z1,...,7y) € X. Assume that

(r(r100) ([1s0 - ILs) -

U
Then, by Lemma

ST (T (H M) , (1‘[ s(z1),.., ] s(:z:k))) - ST5(p).

U U U
That is,

(s (o)) s,

U
So, by Lemma

(T (ST (T(g M))) , (1; s(z1),...,]] s(:nk))) =T (ST=(¢)).

U
That is, again by Lemma 2]

(T(E[ M) , (1;[ s(z1),..., ] s(xk))) =T (ST:()).

U
So, by (*), we have that

(T(I;I M’) : (1; s'(z1),. .., I;Is'(xk))) =T (ST=(p)).

That is, again by Lemma 2]

(T (ST (T (];[ M’))) , (];[ s'(z1),..., 1;[ s’(xk))) =T (STx(p)).

Then, by Lemma

(ST (T(HM')) 5T @) nUs'(m)) b STo(0).

U
Thus, by Lemma

(T (H M') , (H s'"(z1),.. ., [ ] 5'(a:k))) - .
U U U
and we have proved the claim. Hence, by Lemmasand there is a X—compatible predicate

bisimulation between the structures associated to (T (H M ) , H s) and (T (H M ’) , H s)
U U U U
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and therefore, because of Lemma [2| between (H M, H s) and (H M, H s), that is, between
U U U U

[1(M,s)and JT(M',s"). O
U U

The following corollary with sentences in place of X —formulas is an exact counterpart of the
Keisler-Shelah isomorphism theorem [[13, Theorem 6.1.15] in which isomorphisms are replaced
by predicate bisimulations.

Corollary 2. Assume that L, is countable and let (M, s) and (M',s") be two pointed struc-
tures. Then the following are equivalent:

1. (M,s) and (M, s") make true the same sentences of L, ;

2. there exists an ultrafilter U and a predicate bisimulation between H(M ,s) and

U

[T, s").

U
Proof. Every sentence ¢ ¢ L’?OIL is equivalent to the sentence ¢ A (LC — 1C) where C is an
arbitrary constant of C (if C is empty we consider the set of constants C = {c} instead). Thus,
(M,s) and (M',s") make true the same sentences iff they make true the same C*—formulas,
because the set of sentences with at least one constant is the set of C*—formulas. The result then
follows by a direct application of Theorem 3] O

Theorem 9. Assume that LEOL is countable, let K be a class of pointed structures and let X be
a profile. Then, the following are equivalent:

1. K is definable by a set of X—formulas of Leo, ;

2. K is closed under X—compatible predicate bisimulations and ultraproducts, and K is
closed under ultrapowers.

Proof. The proof follows the same reasoning as the proof of Theorem @ The notion of X—
compatibility is used in the direction from 1. to 2. As for the direction from 2. to 1., we consider
the following set of pure predicate formulas with free variables or constants:

T={peLlE (7)| forall (M,s) e K,(M,s)E ¢}

Let (Mo, s9) be any pointed structure such that (Mo, so) ||~ T. We are going to prove that
(Mo, so) € K. Let us consider the following set of formulas:

S = {p(x1,...,7k) € LEo (F) | (Mo, 50) Ep and (21, ...,21) € X}

Y is finitely satisfiable in /K. Indeed, assume that the finite set {¢1,...,%¢,} S 3 is not
satisfiable in K. Then, -1 V...V =), is true on all pointed structures of K. So, =1 V...V =i, €
T. However, it would be false on (M, sg), which is impossible. But then, Proposition [7| shows

that 3 is satisfiable in an ultraproduct H(Ni,si) of pointed structures (N;,s;) € K. Let us
U
take (N,s) = [J(IVi,s;). Then, (N,s) € K by closure of K under ultraproduct. Moreover,
U

(N,s) = X. So, for all p(z1,...,7%) € LEo (T) such that (z1,...,21) € X, (Mo,50) = ¢
implies (V, s) |= ¢. Thus, by closure of LFq, (T) under Boolean negation, for all p(z1, . .., 21) €
LE, (T) such that (x1,...,23) € X, (M, s0) %f iff (N, s) = ¢. Thus, by Theorem there
exists an ultrafilter U over a non-empty set / and a X—compatible predicate bisimulation between
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[[(Mo, s0) and JT(IV,s). Now, [[(IV,s) € K because (N,s) € K and closure of K under
U U U

ultraproduct. So, [J(Mo, so) € K by closure of K under X—compatible bisimulation. Finally,

U
since K is closed under ultrapower, (M, so) must belong to K, since otherwise [ ](Mo, so)
U
would not be in K. This completes the proof of the theorem within brackets. O

Corollary 3. Let K be a class of pointed structures. Then, the following are equivalent:
1. K is definable by a set of sentences of E;_—DOL;

2. K is closed under predicate bisimulations and ultraproducts, and K is closed under ultra-
powers.

Proof. Every set of sentences is equivalent to a set of sentences which all contain at least one
constant: it suffices to replace each sentence ¢ of the set which does not contain a constant with
the sentence ¢ A (LC — 1C) (if C is empty, we consider the set of constants C = {C} instead).
Then, it suffices to apply Theorem [J]to the set of sentences with at least one constant, which is
the same as the set of C*—formulas. O

Theorem 10. Assume that EEOL is countable, let K be a class of pointed structures and let T be
a tuple of variables or constants. Then, the following are equivalent:

1. K is definable by means of a single {T }—formula ¢ € £7,_ZOL;

2. Both K and K are closed under {T}—compatible predicate bisimulations and ultraprod-
ucts.

Proof. 1t is similar to the proof of Theorem The direction from 1. to 2. is easy. For the
converse, we assume that X and K satisfy the stated closure conditions. Then, both are closed
under ultraproducts, hence by Theorem (9} there are sets of {Z}—formulas of £Ey, T} and T
defining K and K respectively. Obviously, their union is inconsistent in the sense that there
is no pointed structure (M, s) such that (M, s) | T3 u Ty. So then, by Proposition [7, there
exist v1,...¢n € T and 91,. .., € Th such that for all pointed structures (M, s), it is not
the case that (M, s) |- ¢1 A ... A A1 A ... Atby (%). To complete the proof, we show
that K is in fact defined by the conjunction ¢1 A ... A ,. By definition, for any (M, s) in
K we have (M,s) |- ¢1 A ... A p,. Conversely, if (M,s) |~ @1 A ... A @, then there must
be i € [1;m] such that (M,s) |~ v; does not hold. Indeed, otherwise, we would have that
(M,s) |- @1 ... Ay Ath1 A... Athp, which is impossible by (). Hence, it is not the case that
(M, s) |- Ty. Therefore, (M, s) does not belong to K, whence (M, s) belongs to K. O

7.2 First-order Logic

The results of the previous section hold for pure predicate logic, that is first—order logic without
functions. In this section, we are going to extend them to first—order logic (with functions).

Definition 41 (First-order bisimulation). A first—order bisimulation between two structures M
and M is a pair of non—empty relations (Z, Z) between finite sequences of M; and M, of the
same length such that for all M, M’ € {M;, M} with M = (W,R) and M' = (W', R'), all
neN* allwy,...,w, € W,all wy,...,w,, € W', all 0 € &, all functions f,..., f, of M and
corresponding functions fl', ey f,’l of M’, all tuples vy, ..., v, of W and 'y, .. 0" of W,

1. if (wq,...,wy)Zo(w], ..., w,) then for all n—ary relations R € R and R’ € R’ associated

to the same predicate R, if Rw; ... w, then R'w] ... w,,;
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2. if (wy,...,wy)Zo(wl,...,wh) and fi(v'1) = wi,..., fn(v'n) = w!, then there are finite

sequences vy, . . ., U, of M such that o, Zov'y, ..., 0, Zov'n and f1 (V1) = w1, ..., fn(Tn) =
Wn,
3. 4f (wy, .. wp) Z(w], ... w)) then (w, . .., wy) Zo(wh, ... ,w),);

4. if (wy,...,wy)Z(wy,...,w,) then for all w € M there is w' € M’ such that
(w1, ., wo,w)Z(wy, ..., w,w);

5. 4f (wi, - wn) Z (Wi, - wy) then (Wo(1ys - - s Wo(n) ) Z(Wh1ys - -+ s W ())3

6. if (w1, ..., Wy, Wne1)Z (WY, ... wy, wh ) then (w1, ..., wy)Z(wi,...,w),);

7. 4f (wy, ..., wp) Z(wh, ... w),) then (wi,...,w),)Z(wy,...,wy);
8. forall cy,...,C, €C itholds that (s(Cy),...,s(C,))Z(s'(c1),...,5'(Ch)).

If X is a profile, an X—compatible first—order bisimulation is a first—order bisimulation where the
condition 8. is replaced by the following condition:

8. forall (z1,...,2,) € X, itholds that (s(z1),...,s(2y)) Z (s'(21),...,5 (zn)). ~

Lemma 12. Let C*7 be the set of first-order atomic connectives and let My = (W1, R1)
and My = (Wa, R2) be two w—saturated CP7 _models. We define the binary relation Zy <
(W1 x Wa) u (We x W1) as follows: if {M,M'} = {My, My} then for all w € w(M, C), all
w’ ew(M', C), WZyw' iff (M, ) ~ o F (M',w"). We also define the binary relation Z between
finite sequences of My and My of the same length by WZw' iff (M, W) ~ P (M',w'"). Then,
the pair of binary relations (Z, Zy) is a first-order bisimulation between My and Ms.

Proof. Applying Lemmato C”, from the definition of a C” —bisimulation, we obtain conditions
1. 2. of a first-order bisimulation. Likewise, by Lemmas|[§|and[I0] Z is a predicate bisimulation.
Hence, conditions 4. — 7. of a first-order bisimulation are fulfilled. Moreover, we also have the
condition that if (w1,...,w,)Z(w},...,w,) then for all n-ary relations R, € R and R;,X €
R’ associated to the same propositional letter p,, if Ry w1 ... wy, then R;Xwi ...w),. This last
condition reformulates as if WZw’ then (M, W) ~cx (M',w’). Thatis, if WZw’ then WZow’,
which is condition 3. Hence, (Z, Zj) is a first-order bisimulation between M7 and Ms. O

Theorem 11. Theorems |8} [9and[10land Corollaries 2| and 3| hold if we replace at the same time
the term “predicate bisimulation” with “first—order bisimulation” and the languages LEOL and
E?OL(T) with the languages with function symbols EﬁofL and Eﬁ& (%) respectively.

Proof. 1t is the same as the proofs of Theorems [§] 0] and [I0] and Corollaries [2] and [3] Only the
‘translation” Lemmas [I] and [2] have to be replaced by the ‘translation’ Lemmas [3] and 4] and the
Lemmas 8 and [I0| have to be replaced by Lemma O

The invariance notions of pure predicate logic and first-order logic with equality are also
predicate bisimulation and first—order bisimulation because the equality predicate is considered
on a par with the other predicates, it is just like any other predicate. In that case, the corre-
sponding condition 1. of Definitions [39] and 1] for the equality predicate is the following: if
(w, w)Zo(w},wy) then wi = wf. With the other conditions, this last condition entails that if
(w,...,w)Zo(wi,...,w,) thenw] = ... =w,,.

56



Proposition 11. If there is a first—order bisimulation between two structures then there is a predi-
cate bisimulation and a partial isomorphism between them. Any two finite or countable structures
such that there is a predicate or (if they contain functions) a first—order bisimulation between them
are isomorphic.

Proof. The first part follows from the fact that conditions 1.-3. of first-order bisimulations im-
ply conditions 1. of predicate bisimulations and partial isomorphisms (see Definition [I)): one can
easily prove by induction on propositional letteric formulas  that if (wq, ..., wy,)Zo(v1,...,vy)
then (M, s1) and (Ms, s2) make true the same propositional letteric formulas ¢(x1,...,2,) €
[,,7:35_, where (M, s1) and (Mo, so) are defined like in Definition |1} The other conditions of a
partial isomorphism are fulfilled by the remaining conditions of a predicate or first—order bisimu-
lation. So, because we proved that a predicate bisimulation is also a partial isomorphism (if there
is no function), the second part of the proposition follows from [13, Proposition 2.4.4]. O

8 The Role of Boolean Negation

Many non—classical logics come with Boolean negation, often denoted —. Yet, Boolean negation
is not a (atomic) connective considered as primitive in this article (see Section[3.4) and we cannot
directly apply the results of this article to a non—classical logic if it contains the Boolean negation.
In order to apply them, the set of connectives of a given non—classical logic has first to be rede-
fined so that Boolean negation does not occur as a primitive connective anymore. Roughly, there
are two ways we can do without it: either we consider the negative normal forms of formulas
or we consider the combination of the material implication — with the falsum constant L since
- = @ — 1. As for the negative normal form, that is how we proceeded for modal logic and as
for the combination of material implication and falsum that is how we proceeded for first—order
logic. The standard set of connectives for modal logic is C = {p, —~, A, O0}. To apply our results,
we have first transformed this set of connectives into the equivalent set of atomic connectives
{p,-p, A, v,0,<} by removing the Boolean negation - from C and adding the duals of the con-
nectives p, A and 0, that is -p, v and < respectively. We could have proceeded differently and
considered the set of connectives {p, L, A, —,0}. In doing so, we would have obtained the same
notion of invariance in both cases. This transformation can be applied to any set of connectives
containing the Boolean negation - in order to remove it. Alternatively, one can introduce the
material implication — as a primitive connective together with the falsum constant 1. Likewise
for first-order logic. We could have considered the set of connectives {R, =R, A, v, V, 3} and in
that case we would have obtained an equivalent definition of predicate or first—order bisimula-
tions, detailed in Proposition 9] Basically, the inclusion of the Boolean negation in a logic, in one
way or another, entails that its associated notion of bisimulation is a symmetric relation. This is
the case for example for modal logic but not for the Lambek calculus since the latter cannot ex-
press Boolean negation. That is why we have a notion of “directed” bisimulation for the Lambek
calculus. We can formalize these considerations by the following definition and proposition.

Definition 42. Let C be a set of molecular connectives. We say that C is closed under Boolean
negation when for all ¢ € L¢ there is a formula, denoted —¢, which belongs to L¢ such that for
all pointed C—model (M, w), it holds that (M,w) |- - ¢ iff (M, w) |- ¢ does not hold. .

Proposition 12. Let C be a set of atomic connectives. If C is closed under Boolean negation then
Theorems 6] and|[7 hold for C-bisimulations which are symmetric.

Proof. 1f C is closed under Boolean negation then for any two pointed C-models (M, w) and
(M, w"),if (M,w) ~c (M',w') then (M',w") ~¢ (M,w). Indeed, assuming that (M, w) ~¢
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(M',w"), we have that for all ¢ € Lg, if not (M,w) |- ¢ then (M,w) | - ¢ with —p € Lg,
so (M',w") |- - ¢ by assumption and thus not (M',w’) |- ¢. That is, for all ¢ € Lg, if
(M',w") |- ¢ then (M, w) |- ¢, i.e. (M’ ,w'") ~¢ (M, w). Hence, the C-bisimulation defined
in Lemma [8] is in fact symmetric. Since it is this C—bisimulation that we use in the proofs of
Theorems [6] and [7] via this lemma, we can assume that the C—bisimulations mentionned in
these theorems are in fact symmetric. O

9 Related Work

9.1 Comparison with Olkhovikov’s Work

The closest work to ours is by Olkhovikov [32}[33134] who investigates generalizations of the van
Benthem characerization theorm. The publications [32] and [33] deal in particular with (modal)
intuitionistic (predicate) logic. Following our methodology, we have rediscovered Olkhovikov’s
definitions in Examples and Yet, it remained to prove a result, namely the following,
whose proof is interesting for its own sake:

Fact1. Let M = (W,{R, P}) and M' = (W' {R', P'}) be two w—saturated intuitionistic models
and let Z be the maximal C-bisimulation between M and M’ for set inclusion (C is defined in
Example[I3)). Then, the following two conditions are equivalent:

1. Condition () of Example ' forallve W and all W', v', v e W', ifvZv" and R'v'w'
and R'v/w' then there are w,w € W such that v' Zu, wZw' and Rvw and Ruw;

2. Condition “step” of [33, Definition 1]: for all v € W and all w',v' € W', if vZv' and
R'v'w' then there is w € W such that wZw' and w' Zw and Rvw.

Proof. Because we deal with w—saturated models, the maximal (for set inclusion) C—bisimulation
between M and M’ is the relation ~¢ of Deﬁnitionby Propositions and@ The key observa-
tion to make is that if Rvw then (M,v) ~¢ (M, w), and likewise if R'v'w’, which is a classical
result of intuitionistic logic. Now, for the direction 1. to 2., assume that vZ v" and R'v'w’. Then,
because R’ is reflexive, we have that R'w'w’. So, applying condition (**), we obtain that there
are u, w € W such that w’ Zu, wZw' and Rvw and Ruw (v’ is just replaced by w’). Now, because
Ruw, we have by the key observation that (M, u) ~c (M, w). Therefore, we also have by tran-
sitivity, because w’ Zu and thus (M', w") ~¢ (M, u), that (M',w") ~¢ (M, w). Thatis, w’ Zw.
So, we have proved that there is w € W such that wZw’ and w'Zw and Rvw. Conversely, for
the direction 2. to 1., assume that vZv" and R'v'w’ and R'v'w’. So, applying condition “step”,
we obtain that there is w € W such that wZw’ and w'Zw and Rvw. So, we have wZw' and
Rvw; it remains to find u. We take u to be w. Then, we do have that Ruw because R is reflexive.
Moreover, we have that (M’ u") ~c (M',w") and w'Zu. Thus, (M’ u") ~¢ (M’ ,w") and
(M'",w") ~¢ (M,w). Then, by transitivity, (M, u") ~¢ (M,u). That is, because we deal with
w—saturated models, u’ Zu. O]

In [33], Olkhovikov also provides a generic van Benthem style characterization theorem for a
number of logics defined by specific kinds of connectives. He introduces a normal form for con-
nectives in terms of formulas of FOL that he calls k—ary guarded x—connectives. A k—ary guarded

x—connective of degree 0 i = 1(P1(z),...,Px(z)) is a Boolean combination of the unary pred-

icates P1(x),...,Pr(x). A k—ary V-guarded x1—connective of degree n + 1 is a formula of the
m

form Vao...ZTme1 /\ Si(xi,xi41) > u~ | where S1,...,S,, are binary predicates and p~ is a
i=1

k—ary guarded x,,.1—connective of degree n (provided that formula is not equivalent to k—ary
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guarded z;—connective of a smaller degree). k—ary 3—guarded x1—connectives are defined simi-

m m

larly. If one sets R.,”Ul o TmTm+1 for /\ Sz(xu 1L'1‘+1) then V.%'Q oo Tm+1 (/\ Sl(xl, .CU7;+1) hd /[)
i=1 i=1

can be viewed as the first—order formula with free variable x; defining a atomic connective:

Vg ... Zme1 (L(z2) V..oV L(xm) V 11 (1) V —Ra1 ... 2m@m+1). Hence, guarded connec-
tives of degree not exceeding 1 are captured by specific plain atomic connectives. It is unclear
whether Olkhovikov’s regular connectives of degree 2 are also captured by uniform connectives.

In any case, our results strictly extend those of Olkhovikov because we are able to provide
a van Benthem characterization for connectives defined by formulas of FOL with multiple free
variables. It is this feature that plays a key role for the cases of temporal logic and classical logic.
In that respect, the results we obtain for FOL in Section [7| are not derivable by any means from
Olkhovikov’s results and methods. Moreover, our approach is more general than Olkhovikov’s
since we obtain in a generic fashion not only a van Benthem style characterization for the logics
considered but also a number of results regarding the definability of classes of pointed models
(Theorems [6]and 7). It is this second part which allowed us to recover Keisler theorems for FOL.
It is also made more clear and explicit than in Olkhovikov’s publication how the suitable notions
of bisimulation are defined from logics given by their set of connectives. Finally, we showed in
Examples andhow his results about (modal) intuitionistic logic [32}133]] can be recovered in
our setting as specific instances of our general results.

9.2 Other Related Work

Van Benthem characerization theorems have been proved for many non—classical logics, such as
(modal) intuitionistic logic [33]], intuitionistic predicate logic [32]], temporal logic [29], sabotage
modal logic [8]], graded modal logic [14], fuzzy modal logic [41], coalgebraic modal logics [39],
neighbourhoud semantics of modal logic [25]], the modal mu—calculus [26], hybrid logic [2].
We showed that our generic Theorem E] subsumes some of them [33, |32] [29]. However, some
others are not in the scope of our theorem because the correspondence language to which they
refer extends first—order logic. For example, the van Benthem style characterization theorem
for coalgebric modal logic [39] is with respect to coalgebric predicate logic, the one for fuzzy
modal logic [41] is with respect to first-order fuzzy predicate logic and the one for the modal
mu—calculus [26] is with respect to monadic second—order logic.

Results similar to Theorems [9]and [I0] (and [T1) already exist in the literature of model theory,
namely [13, Theorem 4.1.12] and Keisler theorem [13, Corollary 6.1.16]. The first difference is
that we only deal here with countable langauges. The second difference consists in replacing the
closure under predicate bisimulation by a closure under elementary equivalence for [[13, Theo-
rem 4.1.12] or by a closure under isomorphism for [13, Corollary 6.1.16]. The third difference
consists in considering arbitrary sets of formulas and not only the set of all sentences.

Our Corollaries [2] and [3] are exact counterparts of the Keisler-Shelah isomorphism theorem
[13, Theorem 6.1.15] and the Keisler Theorem [13, Corollary 6.1.16], the only difference being
that the notion of isomorphism is replaced by our notions of predicate bisimulation and first—order
bisimulation. Similar results have also been proved for modal logic [[12, Theorems 2.75; 2.76] and
temporal logic [29]. The difference once again lies in the fact that isomorphisms are replaced by
modal bisimulation and temporal bisimulation. A result similar to our Corollary [3| was already
proved by van Benthem & Doets [40]. In their result, predicate bisimulations and isomorphisms
are replaced by partial isomorphisms.
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10 Conclusion

We have introduced a generic method that allows us to find out an appropriate notion of bisim-
ulation for an arbitrary logic whose truth conditions are defined by first—order formulas. This
bisimulation notion comes as well with a number of associated model-theoretical results of the
logic considered (Theorems [4] [5] [6| and [7). We have applied this method to modal logic, (modal)
intuitionistic logic, temporal logic, the Lambek calculus and first-order logic. In doing so, we
have rediscovered the definitions of bisimulation of the literature for modal logic, the Lambek
calculus, (modal) intuitionistic logic and temporal logic and discovered new invariance notions
for first—order logic. We have also rediscovered some of the associated model-theoretical results
of modal logic, temporal logic, (modal) intuitionistic logic as well as novel results regarding the
Lambek calculus and first—order logic (in particular Theorems 8] [9] [I0} [IT] and Corollaries [2] and
B). As for first-order logic, the main novelty with respect to the literature lies in the fact that
isomorphisms are replaced by predicate bisimulations and first—order bisimulations and that we
generalize existing results and consider arbitrary sets of first—order formulas, and not only the set
of all sentences. On countable structures, the notions of isomorphism, partial isomorphism, pred-
icate bisimulation and first—order bisimulation coincide. We expect that our notions of predicate
and first—order bisimulation differ from isomorphisms on uncountable structures. By the (up-
ward) Lowenheim—Skolem theorem and because our results hold for countable languages, they
open new perspectives for the study of uncountable structures such as the non—standard models
of arithmetic.

These generalizations and new versions of existing theorems are surprising, but they confirm,
together with the rediscovery of numerous existing results, the soundness and generic character of
our overall approach. Our method is applicable to a much wider class of logics than the examples
of logics that we have dealt with in the article, in fact an infinite number of logics. Other examples
include obviously all the atomic logics listed in Figures [2]and[3]as well as all gaggle logics [6, 7],
some of them having been already well-studied in that respect. We do not claim to have introduced
brand new notions of invariance for first-order logic, they are in fact natural and intuitive variants
of the usual notions of (partial) isomorphism. Instead, we claim to have introduced a generic
notion of C-bisimulation which is somehow ‘deeper’ and more basic than the usual notion of
bisimulation for modal logic or even the usual notion of (partial) isomorphism for first-order
logic. Indeed, all invariance notions introduced in the literature (including those) can all be seen
as instances of our general notions of C-bisimulation of Definitions [29|and

From a pragmatic point of view, if we want to apply our generic results to an arbitrary logic,
the difficult part is to translate it into an atomic logic. Yet this is really rewarding, since once
this translation has been realized we obtain automatically its appropriate notion of bisimulation
as well as the associated model-theoretical results of Theorems @] 5] [6] and [7] This translation
into molecular logics is always possible for logics for which the truth conditions of connectives
are expressible in terms of formulas of first—order logic. This is guaranteed by our Theorem [3]
In that case, we can always find out a notion of invariance which preserves the truth of formulas
of the logic considered. However, it might not completely characterize the logic as a fragment
of first—order logic in the sense that the van Benthem characterization theorem (our Theorem
M) might not hold anymore, because the translation into atomic logic might not yield uniform
atomic connectives. We believe that this is not a defect of our approach but something inherent
to the structure and nature of non—classical logics. This said, our characterization theorem might
be extended to a larger class of atomic logics than those defined in terms of uniform atomic
connectives.

This article contributes to the systematic exploration of non—classical logics and to the devel-
opment of a generic model theory for non—classical logics. It illustrates in particular the central
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role played by atomic and molecular logics. They behave as ‘paradigmatic logics’. We focused
here on the model theory of atomic logics, their proof theory is dealt with in [6} 7], also in a sys-
tematic and generic mannerEI The advantage of our overall approach is that it provides a uniform
and generic methodology to explore and classify non—classical logics.

We have restricted our investigations in this article to non—classical logics which are fragments
of first-order logic. Yet, the same methodology could be applied if we replaced first—order logic
with second—order logic and in fact with any higher—order logic. Indeed, we could for example
consider logics whose connectives are defined by formulas of second—order logic instead of first—
order logic. Many of our results may still hold or may need to be adapted to that extended
setting. However, we may also lose some results, like our van Benthem style characterization
theorem (Theorem [) or the Keisler style theorems (Theorems [6] and [7). Indeed, their proofs
rely greatly on the compactness of first—order logic, which is lost if we move from first—order
logic to second—order logic. In fact the automata—based proof techniques used to prove the van
Benthem characterization theorem for the modal mu—calculus for example, which is shown to be
the fragment of monadic second—order logic invariant under bisimulation, are quite different [26].
In any case, we believe that our overall approach and methodology is the right track to follow if
we want to explore and study non—classical logics in a systematic and comprehensive way, in
particular because it relies on a class and hierarchy of logics which are naturally well defined and
articulated and which have already been well studied.

'[7] differs very slightly from [6]. It essentially corrects minor mistakes and typos and proves that the rule of
associativity is derivable in GGLc.

61



References

[1] Gerard Allwein and J. Michael Dunn. Kripke models for linear logic. The Journal of
Symbolic Logic, 58(2):514-545, June 1993.

[2] Carlos Areces, Patrick Blackburn, and Maarten Marx. Hybrid logics: Characterization,
interpolation and complexity. J. Symb. Log., 66(3):977-1010, 2001.

[3] Carlos Areces, Raul Fervari, and Guillaume Hoffmann. Relation-changing modal operators.
Logic Journal of the IGPL, 23(4):601-627, 2015.

[4] Peter Arndt, Rodrigo de Alvarenga Freire, Odilon Otavio Luciano, and Hugo Luiz Mariano.
A global glance on categories in logic. Logica Universalis, 1(1):3-39, 2007.

[5] Guillaume Aucher. Displaying Updates in Logic. Journal of Logic and Computation,
26(6):1865-1912, March 2016.

[6] Guillaume Aucher. Towards universal logic: gaggle logics. Journal of Applied Logics —
IfCoLog Journal of Logics and their Applications, 7(6):875-945, 2020.

[7] Guillaume Aucher. Selected Topics from Contemporary Logics, chapter Towards Universal
Logic: Gaggle Logics, pages 5-73. Landscapes in Logic. College Publications, October
2021.

[8] Guillaume Aucher, Johan van Benthem, and Davide Grossi. Modal logics of sabotage revis-
ited. J. Log. Comput., 28(2):269-303, 2018.

[9] Jean-Yves Béziau. Logica Universalis, chapter From Consequence Operator to Universal
Logic: A Survey of General Abstract Logic. Birkhéduser Basel, 2007.

[10] Jean-Yves Béziau. Editorial: Introduction to the universal logic corner. J. Log. Comput.,
19(6):1111, 2009.

[11] Katalin Bimbé and J. Michael Dunn. Generalized Galois Logics: Relational Semantics of
Nonclassical Logical Calculi. Number 188. Center for the Study of Language and Informa-
tion, 2008.

[12] Patrick Blackburn, Maarten de Rijke, and Yde Venema. Modal Logic, volume 53 of Cam-
bridge Tracts in Computer Science. Cambridge University Press, 2001.

[13] C. C. Chang and H. J. Keisler. Model Theory. Studies in Logic and the Foundations of
Mathematics. Elsevier, 1998.

[14] Maarten de Rijke. A note on graded modal logic. Studia Logica, 64(2):271-283, 2000.

[15] J Michael Dunn. Gaggle theory: an abstraction of galois connections and residuation, with
applications to negation, implication, and various logical operators. In European Workshop
on Logics in Artificial Intelligence, pages 31-51. Springer Berlin Heidelberg, 1990.

[16] J. Michael Dunn. Philosophy of Language and Logic, volume 7 of Philosophical Perspec-
tives, chapter Perp and star: Two treatments of negation, pages 331-357. Ridgeview Pub-
lishing Company, Atascaredo, California, USA, 1993.

[17] J. Michael Dunn and Gary M. Hardegree. Algebraic Methods in Philosophical Logic. Num-
ber 41 in Oxford Logic Guides. Clarendon Press: Oxford, 2001.

62



[18] J. Michael Dunn and Chunlai Zhou. Negation in the context of gaggle theory. Studia Logica,
80(2-3):235-264, 2005.

[19] Herbert B. Enderton. An Introduction to Mathematical Logic. Academic Press, 2001.

[20] Raul Fervari, Francisco Trucco, and Beta Ziliani. Mechanizing bisimulation theorems for
relation-changing logics in coq. In Luis Soares Barbosa and Alexandru Baltag, editors,
Dynamic Logic. New Trends and Applications, DaLi 2019, volume 12005 of Lecture Notes
in Computer Science, pages 3—18. Springer, 2019.

[21] Marta Garcia-Matos and Jouko Vidndnen. Abstract model theory as a framework for uni-
versal logic. In Jean-Yves Béziau, editor, Logica Universalis, pages 19-33, Basel, 2007.
Birkhiuser Basel.

[22] Robert Goldblatt. Semantic analysis of orthologic. Journal of Philosophical Logic, 3:19-35,
1974.

[23] Rajeev Goré. Substructural logics on display. Logic Journal of IGPL, 6(3):451-504, 1998.

[24] Viktor Grishin. On a generalization of the Ajdukiewicz-Lambek system. In A. I. Mikhailov,
editor, Studies in Nonclassical Logics and Formal Systems, pages 315-334. Nauka, Moscow,
1983.

[25] Helle Hvid Hansen, Clemens Kupke, and Eric Pacuit. Neighbourhood structures: Bisimilar-
ity and basic model theory. Log. Methods Comput. Sci., 5(2), 2009.

[26] David Janin and Igor Walukiewicz. On the expressive completeness of the propositional
mu-calculus with respect to monadic second order logic. In Ugo Montanari and Vladimiro
Sassone, editors, CONCUR ’96, Concurrency Theory, 7th International Conference, Pisa,
Italy, August 26-29, 1996, Proceedings, volume 1119 of Lecture Notes in Computer Science,
pages 263-277. Springer, 1996.

[27] Saul A. Kripke. Semantical analysis of modal logic, i: Normal propositional calculi.
Zeitschrift fiir Mathematische Logik und Grundlagen der Mathematik, 8:113—-116, 1963.

[28] Saul A. Kripke. Formal Systems and Recursive Functions, chapter Semantical Analysis of
Intuitionistic Logic, I, pages 92—130. North Holland, Amsterdam, 1965.

[29] Natasha Kurtonina and Maarten de Rijke. Bisimulations for temporal logic. Journal of
Logic, Language and Information, 6(4):403-425, 1997.

[30] Joachim Lambek. The mathematics of sentence structure. American mathematical monthly,
65:154-170, 1958.

[31] Michael Moortgat. Symmetries in natural language syntax and semantics: the lambek-
grishin calculus. In Logic, Language, Information and Computation, pages 264-284.
Springer, 2007.

[32] Grigory K. Olkhovikov. Model-theoretic characterization of intuitionistic predicate formu-
las. J. Log. Comput., 24(4):809-829, 2014.

[33] Grigory K. Olkhovikov. On expressive power of basic modal intuitionistic logic as a frag-
ment of classical FOL. J. Appl. Log., 21:57-90, 2017.

63



[34] Grigory K. Olkhovikov. On generalized van Benthem-type characterizations. Ann. Pure
Appl. Log., 168(9):1643-1691, 2017.

[35] Graham Priest. An introduction to non-classical logic. Cambridge University Press, 2011.
[36] Arthur Prior. Past, Present and Future. Oxford: Clarendon Press, 1967.
[37] Greg Restall. An Introduction to Substructural Logics. Routledge, 2000.

[38] Joseph J. Rotman. An Introduction to the Theory of Groups, volume 148 of Graduate texts
in mathematics. Springer, 1995.

[39] Lutz Schroder, Dirk Pattinson, and Tadeusz Litak. A van Benthem/Rosen theorem for coal-
gebraic predicate logic. J. Log. Comput., 27(3):749-773, 2017.

[40] Johan van Benthem and Kees Doets. Higher-order logic. In Dov Gabbay and F. Guenthner,
editors, Handbook of Philosophical Logic, volume 1, pages 275-329. Reidel Publishing
Company, 1983.

[41] Paul Wild, Lutz Schroder, Dirk Pattinson, and Barbara Konig. A van Benthem theorem
for fuzzy modal logic. In Anuj Dawar and Erich Grédel, editors, Proceedings of the 33rd
Annual ACM/IEEE Symposium on Logic in Computer Science, LICS 2018, Oxford, UK, July
09-12, 2018, pages 909-918. ACM, 2018.

64



	Introduction
	Classical and Non-Classical Logics
	Classical Logics
	Non-Classical Logics
	Modal Logic
	Lambek Calculus
	Modal Intuitionistic Logic
	Temporal Logic
	Many–valued Logics

	Common Logical Notions
	On the Relative Expressivity of Logics

	Protologics, Atomic and Molecular Logics
	Protologics
	Atomic Logics
	Molecular Logics
	Boolean Negation

	Relative Expressivity of Protologics, Molecular and First–order Logics
	Atomic Logics versus FOL
	Pure Predicate Logics in Atomic Logics
	First–order Logics in Atomic Logics

	Molecular Logics versus Protologics

	Automatic Bisimulations for Atomic and Molecular Logics
	Atomic Logics
	Molecular Logics

	Basic Model Theory of Atomic and Molecular Logics
	Ultrafilters, Ultraproducts and Ultrapowers
	A Generic van Benthem Characterization Theorem
	Two Generic Keisler Axiomatizability Theorems

	Applications to First–order Logics
	Pure Predicate Logic
	First–order Logic

	The Role of Boolean Negation
	Related Work
	Comparison with Olkhovikov's Work
	Other Related Work

	Conclusion
	References

