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Towards off-the-grid algorithms for total variation regularized

inverse problems

Yohann De Castro -

November 9, 2021

Abstract We introduce an algorithm to solve linear
inverse problems regularized with the total (gradient)
variation in a gridless manner. Contrary to most ex-
isting methods, that produce an approximate solution
which is piecewise constant on a fixed mesh, our ap-
proach exploits the structure of the solutions and con-
sists in iteratively constructing a linear combination of
indicator functions of simple polygons.

Keywords Off-the-grid imaging - Inverse problems -
Total variation

1 Introduction

By promoting solutions with a certain specific struc-
ture, the regularization of a variational inverse prob-
lem is a way to encode some prior knowledge on the
signals to recover. Theoretically, it is now well under-
stood which regularizers tend to promote signals or im-
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ages which are sparse, low rank or piecewise constant.
Yet, paradoxically enough, most numerical solvers are
not designed with that goal in mind, and the targeted
structural property (sparsity, low rank or piecewise con-
stancy) only appears “in the limit”, at the convergence
of the algorithm.

Several recent works have focused on incorporating
structural properties in optimization algorithms. In the
context of ¢1- based sparse spikes recovery, it was pro-
posed to switch from, e.g. standard proximal methods
(which require the introduction of an approximation
grid) to algorithms which operate directly in a continu-
ous domain: interior point methods solving a reformu-
lation of the problem [Candeés and Fernandez-Granda,
2014, Castro et al., 2017] or a Frank-Wolfe / conditional
gradient algorithm [Bredies and Pikkarainen, 2013] ap-
proximating a solution in a greedy way. More generally,
the conditional gradient algorithm has drawn a lot of
interest from the data science community, for it pro-
vides iterates which are a sum of a small number of
atoms which are promoted by the regularizer (see the
review paper [Jaggi, 2013]).

In the present work, we explore the extension of
these fruitful approaches to the total (gradient) varia-
tion regularized inverse problem

min T (u) = 5 1®u—y||* + A [Dul (R?),  (Px)

uw€L2(R?)

where ®: L2(R?) — R™ is a continuous linear map such
that

Vu € L*(R?), du = /R2 u(z) p(x) de, (1)

with ¢ € [L2(R?)]™ N C°(R?,R™) and |Du|(R?) de-
notes the total variation of (the gradient of) u. Such
variational problems have been widely used in image
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processing for the last decades, following the pioneering
works of Rudin, Osher and Fatemi [Rudin et al., 1992].
One would typically solve (P,) to produce an approx-
imation of an unknown image ug from the knowledge
of y = ®ug + w, where w € R™ is some additive noise.

Many algorithms have been proposed to solve (Py).
With the notable exception of [Viola et al., 2012], most
of them rely on the introduction of a fixed discrete grid,
which yields reconstruction artifacts such as anisotropy
or blur (see the experiments in [Tabti et al., 2018]). On
the other hand, it is known that some solutions of (Py)
are sums of a finite number of indicator functions of
simply connected sets [Bredies and Carioni, 2019, Boyer
et al., 2019], yielding piecewise constant images. Our
goal is to design an algorithm which does not suffer
from some grid bias while providing solutions built from
the above-mentioned atoms.

2 Preliminaries

In the following, for any function u : R? — R, we shall
use the notation

[0 et {zeR?|u(z) >t} ift>0,
B {m € R? ‘u(x) < t} otherwise.

2.1 Functions of bounded variation and sets of finite
perimeter

Let u € L}, .(R?). The total variation of u is given by

J(u) Lt sup

—/ udivz s.t. ||z]|eo < 1.
2€C5° (R2,R?) R2

If J(uw) is finite, then w is said to have bounded varia-
tion, and the distributional gradient of u, denoted Du,
is a finite vector-valued Radon measure. We moreover
have |Du|(R?) = J(u) < +o0.

A measurable set £ C R? is said to be of finite
perimeter if P(E) = J(1g) < +o0. The reduced bound-
ary 0*E of a set of finite perimeter F is defined as the
set of points z € Supp (|D1g|) at which

def. 7. DlE(B(x7T))
ve(r) = M — o B @)
exists and is moreover such that ||vg(z)| = 1.

From [Giusti, 1984, Proposition 3.1], we know that
if E has finite perimeter, there exists a Lebesgue repre-
sentative of E with the property that

Vo € OF, 0 < |[EN B(z,r)| < |B(z,r)|.

In the following, we always consider this representative
and consequently obtain Supp(D1g) = 0*E = OF.

If ECR? has finite perimeter, [Ambrosio et al.,
2001, Corollary 1] states that it can be decomposed
into an at most countable union of its M-connected
components (which are pairwise disjoint), i.e.

E =|J E; with P(E) =Y _ P(E;) and Vi, |Ej| > 0.
el iel

Each M-connected component E; can in turn be de-
composed as

E; =int(y")\ | int(v;),
Jj€J:

with P(E;) = P(int(y})) + Y P(int(;)).
j€J;

where for alli € I and j € J;, fyj' and -, ; are rectifiable
Jordan curves. We say that a set of finite perimeter F is
simple if it has a single M-connected component which
is moreover the interior of a rectifiable Jordan curve.

2.2 Subdifferential of the total variation

In the rest of this document, J is considered as a map-
ping from L?(R?) to R U {+oc}. This mapping is con-
vex, proper and lower semi-continuous. One can prove
it is in fact the support function of the closed convex
set

{—divz|z € L*(R* R?), divz € L*(R?), ||2]|z~ < 1},

which is hence the subdifferential of J at 0. We also
have the following useful characterizations

dJ(0) = {77 € L%(R?) s.t.

Yu € L%(R?),

fom
R2
2J(0) = {77 € L?(R?) s.t. VE C R? 0 < |E| < 400

1g
— (<1,
fri =)
Moreover, the subdifferential of .J at u € L?(R?) is given
by

< |Du|<R2>},

and P(E) < 400 =

0.7 (u) = {n € 9.7(0) ‘ /]R nu = |Du|(R2)} .

We also have the following useful result:
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Proposition 1 (see e.g. [Chambolle et al., 2016])
Let u € L2(R?) be such that J(u) < oo and n € L2(R?).
Then n € 8J(u) if and only if n € J(0) and the level
sets of u satisfy

V>0, P(UW) :/ 0,
Ut) (2)
vt <0, P(UW) = 7/ n
U@

2.3 Dual problem and dual certificates

The Fenchel-Rockafellar dual of (P)) is the following
finite dimensional problem

A .
max (p,y) = 5 [lp|* st @ped0), (Dy)

peR™

which has a unique solution (it is in fact equivalent to
the projection of ¥ on the closed convex set of vectors p
such that ®*p € 9J(0)). Moreover, strong duality holds
as stated by the following proposition

Proposition 2 Problems (Py) and (D)) have the same
value and any solution wy of (Py) is linked with the
unique solution py of (D) by the extremality condi-
tion

CI)*p)\ c GJ(U)\),

3
sz—i(q’ux—yf )

Remark 1 Proposition 2 implies in particular that all
solutions of (Py) have the same total variation and the
same image by ®.

2.4 Distributional curvature

We denote by H! the 1-dimensional Hausdorff measure
on R2, and for every Borel set A C R?, by H!' L A the
measure H' restricted to A, i.e. such that for every
Borel set E we have

(H'LA)(BE)=H'(ANE).

If E C R?is a set of finite perimeter, then the distri-
butional curvature vector of Eis Hg : C°(R?,R?) — R
defined by

VT € C°(R%,R?), (Hp,T) = divg T dH',

o*E
where divg T denotes the tangential divergence of T'
on E given by

diVET =divT — (DTVE) Vg,

where DT denotes the differential of T. E is said to
have locally integrable distributional curvature if there
exists a function Hg € L}, (0*E;H') such that

loc
Hp = HpvgH'LO*E.

For instance, if E is an open set with C? boundary, it
has a locally summable distributional curvature which
is given by the (classical) scalar mean curvature.

3 A modified Frank-Wolfe algorithm

In the spirit of [Bredies and Pikkarainen, 2013, Boyd
et al., 2017, Denoyelle et al., 2019] which introduced
variants of the conditional gradient algorithm for sparse
spikes recovery in a continuous domain, we derive a
modified Frank-Wolfe algorithm allowing to iteratively
solve (Py) in a gridless manner.

3.1 Description

The Frank-Wolfe algorithm (see Algorithm 1) allows
to minimize a convex differentiable function f over a
weakly compact convex subset C' of a Banach space.
Each step of the algorithm consists in minimizing a lin-
earization of f on C, and building the next iterate as
a convex combination of the obtained point and the
current iterate.

Algorithm 1: Frank-Wolfe algorithm

Data: objective f, domain C, starting point x¢g € C
Result: point z*
1 while true do

2 find sp € Argminf(zx) + df (zr) [s — zx];
seC
3 if df(l‘k) [Sk — Ik] =0 then
4 ‘ output z* < xg, which is optimal;
5 else
6 ke i3
// tentative update
7 Zpy1 < Tk +Ye(Sk — Th);
// final update
8 choose any x;41 such that
fxr+1) < f(@rt1);
9 end
10 end

An important feature of the algorithm is that while
the classical update (Line 8) is to take z;11 to be equal
to T41, all convergence guarantees are preserved if one
chooses any zp41 € C such that f(zgy1) < f(Zps1)
instead.

Even though T) is not differentiable, it is possible to
recast problem (P, ) into that framework by performing
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an epigraphical lift (see Appendix A). In this setting,
the linear minimization step which is at the core of the
algorithm amounts to solving the following problem

min v st |[Dul(R?*) <1, 4
amin, [ IDul (R?) < (W
for an iteration-dependent function n € L?(R?). Denot-
ing ul*! the k-th iterate, this function is given by

—%fb* (@u[k] - y) .

As is usual when using the Frank-Wolfe algorithm, we
notice that since the objective of (4) is linear and the
total variation unit ball is convex and compact (in the
weak L2(R?) topology), at least one of its extreme points
is optimal. A result due to Fleming [Fleming, 1957] (see
also [Ambrosio et al., 2001]) states that those extreme
points are exactly the functions of the form +1g/P(FE)
where E C R? is a simple set with 0 < |E| < +o0. This
means the linear minimization step can be carried out
by finding a simple set solving the following geometric
variational problem:

|Jel

EC]R2 P(E)

k] et

st. 0 <|E| < 400, P(E) <+4oc0. (5)

Since Problem (5) is reminiscent of the Cheeger prob-
lem [Parini, 2011], which, given a domain 2 C R?, con-
sists in finding the subsets F of {2 minimizing the ra-
tio P(E)/|E|, we refer to it as the “Cheeger problem”
in the rest of the paper, and to any of its solutions as
a “Cheeger set”.

In view of the above, we derive Algorithm 2, which
produces a sequence of functions that are linear com-
binations of indicators of simple sets, and which is a
valid application of Algorithm 1 to (P,), in the sense
that Proposition 3 holds. The operations performed at
Lines 13-15 are discussed in the next subsection

Remark 2 We use here a so-called “fully corrective”
variant of Frank-Wolfe, meaning that instead of choos-
ing the next iterate u**t1 as a convex combination
of +1p, /P(FE.) and the previous iterate ul*! as in Line

7 of Algorithm 1, we optimize (Line 10 of Algorithm 2)
the objective over Vect ((1Ei)i:1,...,N[k]+1)7 which ob-
viously decreases the objective more than the standard
update (and hence does not break convergence guaran-

tees).

Remark 3 Computing a*+ at Line 10 of Algorithm 2
amounts in most cases to solve a LASSO-type problem.
Indeed, given N € N* and FEi,...,En a collection of
simple sets, assuming that we have

N
D (Z a; 1E1>
i=1

N

R?) = Z |a;| P(E;), (6)

i=1

Va € RY,

Algorithm 2: modified Frank-Wolfe algo-
rithm applied to (Py)

Data: measurement operator ®, observations v,
regularization parameter A
Result: function u*
1 ul 0
2 NI ;
3 while true do
4 nlkl fid)* (<I>u[k] — y);

|/ ™| :
5 E. Aérbglgalx ey St 0< |E| < 4o00;
ple
6 if ‘f n[k]‘ < P(E.) then
7 ‘ output u* <+ ul¥l, which is optimal;
8 else
k k
o Bt (M BV B
+1
10 alk* 1)« argmin Ty > ai 1y |
a€RNH 41 i=1 i
11 remove atoms with zero amplitude;
12 NIE+1] « pumber of atoms in EF+1];
13 perform a local minimization of
NF+1]
(a, E) — T > ailE,,) initialized with
i=1

(alk+1, ElE+11) to find (as, E i)1<i< NIk
s.t. E; is simple and |E;| < +oo for all 4
with moreover

NIk+1] N[F+1]
T)\ Z a; 1Ez S T>\ Z a [k+1] 1 k+1 5

i=1 i=1
14 EF+1 « R
15 repeat the operations of Lines 10-12;
NIF+1]
16 wlk 1l Z a[ Tt ]1E[k+]];
=1 i
17 end
18 end

then we get that

T\(u) = —||<I>Ea—y||2+/\ZP ) lail,
i=1
with
T
Py = / ; e RM*NV
B (Ei% 1<i<N
152m

Hence finding the vector a minimizing T (u) with the
sets F1, ..., En fixed amounts to solving a finite dimen-
sional least squares problem with a weighted ¢! norm
penalization (the weights are here the perimeters of the
sets (Ey)i=1,...N)-

Identity (6) however does not always hold. It does
as soon as HY(0*E; N 9*E;) = 0 for all i # j (since
in that case the measures (D1g,)i=1,... n are mutually
singular). However, given a function u of the form given
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above, we stress that it is always possible to find an-
other collection of simple sets such that (6) holds (with
a constraint on the sign of the (a;)i1<i<n). This can
indeed be done by writing u as a linear combination
of indicator functions of its level sets, and then by ap-
plying the decomposition mentioned in Section 2.1 to
each level set. We can hence assume (up to a change
of the sets Ey, ..., Ex) that (6) holds while carrying on
the minimization at Line 10 (note however that from
a computational point of view, detecting that (6) does
not hold for a given function v and finding another rep-
resentation of u for which it does might be difficult).

Remark 4 The stopping condition is here replaced by

[Je "] L

ap WET | _ 1 <q> k] _ )

SUD b 5 u™ —y),
which is equivalent to n* € 9.J(0). Since the optimal-
ity of al*! at Line 10 (and hence at Line 15) always en-
sures [o, n*lulkl = J(uM), this yields n*! € 9.7 (ulF)
and hence (3) holds, which means u*! solves (Py).

<1, with n[k] =

3.2 Sliding step

Several works [Bredies and Pikkarainen, 2013, Boyd
et al., 2017, Denoyelle et al., 2019] have advocated for
the use of a special final update, which helps identify
the sparse structure of the sought-after signal. Loosely
speaking, it would amount in our case to, at the very
end of an iteration, run the gradient flow of the map-

ping

N e+

Z ailp, (7)

initialized with (al*+1, EF+1]) 50 as to find a set of
parameters at which the objective is smaller. Formally,
this would correspond! to finding a curve

t (ai(t), Bi(t))1<i<nik+1)
such that for all ¢

a’4 ==X ign a; P Ez — s
10 < ana:(1)) P(E:(1)) /E . n(t)) .
Vi(t) = =X ai(t)| (Hpg, @) — sign(ai(t)) n(t)) ,

where V;(t) denotes the normal velocity of the boundary
of E; at time ¢ and

(G,E) = T)\

1 NIE+1]
n(t) = =5 & (@u(t) - ailt

1=

)1E ) -

=

1 The formulas given in (8) can be formally obtained by
using the notion of shape derivative, see [Henrot and Pierre,
2018, Chapter 5].

Proving that such a curve exists for a given initial
set of parameters is a difficult question. Even if one
could prove its existence, the result is likely to hold
up to some time, past which singularities could appear.
Letting these issues aside, what we need to perform
this sliding step is simply to find (a;, F;)q<;< nis+11 such
that F; is simple and |E;| < +oo for all 7 with

NlF+1] N le+1]

T Z a; 1g, Z a
i=1

The sliding step (Line 13 of Algorithm 2) was first
introduced in [Bredies and Pikkarainen, 2013]. It al-
lows in practice to considerably improve the conver-
gence speed of the algorithm, and also produces sparser
solutions: if the solution is expected to be a linear com-
bination of a few indicator functions, removing the slid-
ing step will typically produce iterates made of a much
larger number of indicator functions, the majority of
them correcting the crude approximations of the sup-
port of the solution made over the first iterations.

In [Denoyelle et al., 2019], the introduction of this
step allowed the authors to derive improved conver-
gence guarantees (i.e. finite time convergence) in the
context of sparse spikes recovery. Their proof relies on
the fact that at every iteration, a “critical point” of the
objective can be reached at the end of the sliding step.
In our case, the above mentioned existence issues make
the adaptation of these results difficult. However, if the
existence of a curve (formally) satisfying (8) could be
guaranteed for all times, then one would expect it to
converge when t goes to infinity to a critical point of
the mapping defined in (7), in the sense of the following
definition.

Definition 1 Let N € N*, ¢ € RN and Ey, ..., Ex be
subsets of R? such that |E;| < +oo, P(E;) < +oo for
alli € {1, ..., N} and (6) holds. We say that (a;, E;)1<i<n
is a critical point of the mapping

(G,E) — T\ (i ailEi>

i=1

< Ty E[k+1] . (9)

if for all ¢ € {1, ..., N} we either have a; # 0 and

P(E;) = sign(a;) /E Kz (10)
HEi = Sign(ai) m,

or a; =0 and ’fE 77’ < P(E;), where

e 1 €
nd:f'—X(I)* (<I>u— y df ZallE .
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In Remark 6, we discuss how assuming a critical
point is indeed reached at the end of the sliding step
for every iteration could be used to derive additional
properties of sequences produced by Algorithm 2. We
stress that if, for a given iteration, a critical point is
reached at the end of the sliding step, then Line 15
can be skipped, since the first equality in (10) and the
inequality given above in the case of a zero amplitude
ensure al*T1 is already optimal for the problem to be
solved.

3.3 Convergence results

As already mentioned, Algorithm 2 is a valid applica-
tion of Algorithm 1 to (P,), in the sense that the fol-
lowing property holds (see [Jaggi, 2013]):

Proposition 3 Let (ul*)>o be a sequence produced by
Algorithm 2. Then there exists C' > 0 such that for any
solution u* of Problem (P,),

VEk € N*, Ty (ul*) — T\ (u*) <

=1Q

(11)

Remark 5 As discussed in [Jaggi, 2013], the linear min-
imization step (solving (4) or equivalently (5)) can be
solved approximately. In fact if there exists 6 > 0 such
that for every k the set computed at Line 5 is an €g-

maximizer of (5) with e, = 7750, then
2y
Vk € N*, Th(ul?) - Th(u*) < —=(1+4 12
€ N*, T (u!™) ()k:+2(+) (12)

where + is the curvature constant of the objective used
in the reformulation of (Py). One can in fact show that
this curvature constant is smaller than a quantity which
is proportional to [|®? (||y||? /)\)

We first provide a general property of minimizing se-
quences (see e.g. [Iglesias et al., 2018] for a proof), which
hence applies to the sequence of iterates produced by
Algorithm 2.

Proposition 4 Let (up)n>0 be a minimizing sequence
for (Py). Then there exists a subsequence (not rela-
beled) which converges weakly in L2(R?) and strongly
in L} (R?) to a solution u. of (Pr). Moreover, we
have Du,, X Du,.

We now provide additional properties of sequences
produced by Algorithm 2. We first begin by noticing
that if (u[k])kzo is such a sequence, then the optimality
conditions at Lines 10 and 15 ensure

/ oI
EF

Vk, Vi€ {1,..,NFY, P(EM) =

But from Proposition 3 and Proposition 4 we have the
existence of a (not relabeled) subsequence which con-
verges strongly in LlOC(RQ) and weakly in L2(R?) to-
wards a solution u* of (P,). The weak convergence
of (ulf)g>¢ in L?(R?) implies that nEIJrrlooq)u[k] = du*,

which in turns yields the strong convergence in L2?(R?)
of (n*)>0 towards the solution n* of (Dy). We can
then use the following lemma to show all the sets Eim

are included in some common ball.

Lemma 1 Let (nx)k>0 be a sequence of functions con-
verging strongly to 1. in L2(R2?). For all k > 0, we

denote
3

and F = Up>0Fi. Then there exist positive real num-
bers R and C such that

Fr = {E simple| 0 < |E| < 400, P(E) =

Mk
E

VE€F, P(E)<C and E C B(0,R).

Proof. This proof is based on [Chambolle et al., 2016,
Section 5].

Upper bound on the perimeter: the family of func-
tions {n?, k € N} U {n%} being equi-integrable, for
all € > 0 there exists Ry > 0 such that

vk, / 17,3 < €2,
R2\B(0,R1)

Let E € F. Then there exists k s.t. P(E) = | [, nx| and
we have:
M| < / M|+ / Mk
B ENB(0,R,) E\B(0,R,)
< VIB(0, Ry)| anHL2

+VI|E\ B(0, Ry)]
R?\B ORl)

< sup [l7ll22 V/1B(0, Ru)| + e /|E\ B0, Ry)|.

Moreover,

VIENB(O, B)| < %(P(E) + P(B(0.Ry))).

def. . . . .

where ¢y = 4w is the isoperimetric constant. Hence
def. c

taking € = ¥5* and defining

of. 1
¢ 2 (VIO sup s + 3 P(BO. 1)),

we have P(E) < $P(E) + & and hence P(E) < C.
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Inclusion in a ball: we still take ¢ = @ and fix a

real Ry > 0 such that fRQ\B(O Ro) ni < € for all k. Now
let £ € F and k such that

P(E) =

M| -
E

Let us show that F N B(0, Ry) # 0. By contradiction,
if EN B(0, R2) = 0, we would have:

/ M| < / i VIE|
E\B(0,Rz) R2\B(0,R2)

< —P( ).
NG
Dividing by P(E) (which is positive since 0 < |E| < o0)
yields a contradiction. Since F is simple, the perimeter
bound yields diam(E) < C, which shows E C B(0, R)
with R = C + R,. O

P(E) =

We have now shown there exists R > 0 such that for
all k& we have Supp(u*) ¢ B(0, R), which means the
strong L, . convergence of (ul*);q towards u* is in fact
a strong L' convergence. This slightly improved conver-
gence result is summarized in the following proposition:

Proposition 5 Let (u,)n>0 be a sequence produced by
Algorithm 2. Then there exists a (not relabeled) sub-
sequence and R > 0 such that Supp(u,) C B(0,R)
for all n. Moreover, this subsequence converges strongly
in LY(R?) to a solution u. of (Py) (and by Proposi-
tion 4 weakly in L2(R?), with moreover Du,, = Du,,).

Corollary 1 Let (un)n>0 be a subsequence such as in
Proposition 5. Up to another extraction, for almost ev-
ery t € R, we have

lim UOAUP | =0 and oUL C lim inf 0U
n—r+00 n—+o00
where?

lim inf QUM = {z e R? |lim sup dist(z, JUWY) = 0}.

n—-+oo n—-+oo

Proof. The strong convergence of (un)n>o towards a
solution u, in L'(R?) and Fubini’s theorem give

/ o0 A0 dr.
R

‘Un N U*| - ngg}oo

0= lim
n—-+oo R2

Hence, up to the extraction of a further subsequence,
that we do not relabel, we get that

lim |U®A Ut | =0 for almost every t € R.

n—-4o0o

2 For more details on this type of set convergence, see e.g.
[Rockafellar and Wets, 1998, Chapter 4].

We now fix such ¢t € R and let x € 8U,£t). We want to

show that = € liminf 8U7(f)7 which is equivalent to
n—-+4oo

lim sup dist(:c, aUT@) =0.

n—-+o0o

By contradiction, if the last identity does not hold, we
have the existence of > 0 and of ¢ such that

Vn € N, B(x,r) ﬂaU(t) m =0
Hence for all n, we either have

or B(z,r) c R2\ U

(t)
B(x,r) C Uw(n o(n) -

If B(x,r) C Ug&l) for a given n then

‘U(t) AU@‘ > ‘U“) \U,S”‘ > ’B 2,7\ UD
> C|B(a,r)].

The last inequality, which is a weak regularity property
of Uit), holds for all r smaller than some r¢g > 0, for
some constant C' that is independent of r and = (see
[Chambolle et al., 2016, Prop. 7]). We can in the same
way show

‘U%)A UP| > ¢|B(z,r)|

if B(z,r) C R?\ U;t()n) and hence get the inequality
for all n. Using that lim |U7(Lt)A U*(t)| =0, we get a
n—-4o0o

contradiction. O

Remark 6 As mentioned in Section 3.2, the introduc-
tion of the sliding step is supposed to allow the deriva-
tion of improved convergence properties. If its output
is a critical point in the sense of Definition 1, a first
remark we can make is that for all i € {1,..., NI*} the
set El[k] has distributional curvature sign(agk]) n*l. This
can be exploited to obtain “uniform” density estimates
for the level sets of ul*l in the spirit of [Maggi, 2012,
Corollary 17.18]. One could then wonder whether this
weak regularity of the level sets could be used to prove

lim sup U C Ut (13)

n—-+oo

where
) dc

lim sup oU,, (t

n—-+oo

= {zeRr? |11m1nf dist(z, U = 0}.
n—) o0

This, combined with the result of Corollary 1 and the

fact (8U7(lt))n20 is uniformly bounded would mean that

lim OU™(t) = oU

n—-+oo
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in the Hausdorff sense (see [Rockafellar and Wets, 1998]
for more details).

A major obstacle towards this result is that, al-
though Lemma 1 provides a uniform upper bound on
the perimeter of the atoms involved in the definition of
the iterates, to our knowledge, it does not seem possi-
ble to derive such a bound for the perimeter of their
level sets, which prevents one from using the potential
weak-* convergence of DlUét) towards D1U£¢>.

4 Implementation

The implementation® of Algorithm 2 requires two or-
acles to carry out the operations described on Lines 5
and 13: a first one that, given a weight function 7, re-
turns a solution of (5), and a second one that, given a
collection of real numbers and simple sets, returns an-
other such collection with a lower objective value. Our
approach for designing these oracles relies on polygonal
approximations: we fix an integer n > 3 (that might be
iteration-dependent), look for a maximizer of 7 defined
by

among simple polygons with at most n sides, and per-
form the sliding step by finding a collection of real num-
bers and simple polygons satisfying (9). This choice is
mainly motivated by our goal to solve (P)) “off-the-
grid”, which naturally leads us to consider purely La-
grangian methods which do not rely on the introduction
of a pre-defined discrete grid.

4.1 Polygonal approximation of Cheeger sets

In the following, we fix an integer n > 3 and denote
X, ={z¢€ R"*2 ’ [x1,22], ..., [Ty, 21] is simple} .

We recall that a polygonal curve is said to be sim-
ple if non-adjacent sides do not intersect. If x € A,
then? U™, [z;, z;41] is a Jordan curve. It hence divides
the plane in two regions, one of which is bounded. We
denote this region E, (it is hence a simple polygon).
When z spans X,,, E, spans P,,, the set of simple poly-
gons with at most n sides. The sets we wish to ap-
proximate in this section (in order to carry out Line 5
in Algorithm 2) are the maximizers of J over P,,. We
prove their existence in Appendix B.

3 A complete implementation of Algorithm 2 can be
found online at https://github.com/rpetit/tvsfw (see also
https://github.com/rpetit/PyCheeger).

. def. .
4 If i > n we define £; ‘= T; mod n, i.€. Tntl = T1.

The approximation method presented thereafter con-
sists of several steps. First, we solve a discrete version
of (4), where the minimization is performed over the
set of piecewise constant functions on a given mesh.
Then, we extract a level set of the solution, and obtain
a simple polygon whose edges are located on the edges
of the mesh. Finally, we use a first order method ini-
tialized with the previously obtained polygon to locally
maximize J.

4.1.1 Fized mesh step

Every solution of (4) has its support included in some
ball (indeed if u solves (4), then there exists a such
that an € 0J(u), and the result follows from Proposi-
tion 1 and Lemma 1). We can hence solve (4) in [ R, R]?
for a sufficiently large R > 0. We now proceed as in
[Carlier et al., 2009]. Let N be a positive integer, and
define h = 2R/N. We denote E" the set of N by N
matrices. For u = (ui ;)i 5)en, Nz € E" we define

h def. h def.
Opuiy = Uir1j — Uiy  Oyuij = uijy1 —ui;  (14)

for all (i,7) € [0, N]?, with the convention w;; = 0 if
either 7 or j is in {0, N + 1}. We now define

thi,j dg (8;%1-,]-, afjui,j) s

and set
N N

') =Y N IVl = AV 2
i=0 j=0

We then solve the following discretized version of (4)
for increasingly small values of h

min A% (7", u) st JM(u) <1, (15)

ucEh

where 7" = (h—l2 fch 77) and (Cf)(ij)e[l N2
"/ (i) €[1,N]? R

is a partition of [~ R, R]? composed of squares of equal
size, i.e.

Ch < [—R+4(i—1)h, —R+ih] x[-R+(j—1)h, —R+7jh] .

.
For convenience reasons, we will also use the above ex-
pression to define C{fj if ¢ or j belongs to {0, N + 1}.
In practice we solve (15) using the primal-dual al-
gorithm introduced in [Chambolle and Pock, 2011]: we
take (7, o) such that 7 o || D||? < 1 holds with D = AV
and define

¢t ¢" +o Du"),

un-{—l — (un _ TD*¢n+1) _ Th2 —h7 (16)
’L_Ln+1 _ 2un+1 o un

= ProX, ., .. (

Y
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where prox, is given by:

al-ll2,00

Proxg“.HQ’m((Zs) = ¢ — TProj(|.,, <1} (f) '

See [Condat, 2016] for the computation of the projec-
tion onto the (2, 1)-unit ball.

The following proposition shows that, when the grid
becomes finer, solutions of (15) converge to a solution
of (4). Its proof is almost the same as the one of [Car-
lier et al., 2009, Theorem 4.1]. Since the latter however
gives a slightly different result about the minimization
of a quadratic objective (linear in our case) on the total
variation unit ball, we decided to include it for the sake
of completeness.

Proposition 6 Let u" be the piecewise constant func-
tion on (Oﬁj)(tj)e[l,N]Q: extended to 0 outside [— R, R)?
associated to a solution of (15). Then there exists a (not
relabeled) subsequence converging strongly in L'(R?) and
weakly in L2(R?) to a solution u* of (4) when h — 0,

. *
with moreover Du" = Du.

Proof. We first notice that for any function v that is
piecewise constant on (Cj ;) (; jyeq1,n)2 and that is equal
to 0 outside [~ R, R]?, we have J(v) = h ||V"v]|1 1 where
by abuse of notation V"v is given by (14) with v; ; the
value of v in C; ;. Hence J"(uh) < 1 for all h implies
that J(u") (and hence ||u”||12) is uniformly bounded
in h. There hence exists a (not relabeled) subsequence
that converges strongly in L}, .(R?) and weakly in L?(R?)
to a function u, with moreover Du" = Du.

Let us now take ¢ = (¢, ¢(?)) € C°(R?,R?) such
that ||¢||cc < 1. The weak-* convergence of the gradi-
ents give us that

R2 22
Jen nct, oW d
ho ;JE:O (fcgfjmc;f ¢ dH? J

One can moreover show there exists C' > 0 such that
for h small enough and all (7, j) we have:

[/th nCck (b(l) dH1‘| ¢(1 ( Lit1 j+1) < ChQ,
i+1,5

‘ [/C; h 6@ dHl} h ¢ (zf T )| < Ch?,
ale i1

with z; ; def. (=R +ih,—R + jh). We use the above

inequalities and the fact ||¢(z)|| < 1 for all 2 to obtain
the existence of C > 0 such that for A small enough

and for all (7, 7) we have:
. ¢(1) dH?Y
fcﬁijQl,]’ @) L <h /1+C'h.
fcjfjmcﬁﬁl o dH 2

oM dH
®? dH

fch nch,

i4+1,5

This finally yields
Ch

1
h, h
1V (o
i,j+1

N N
<SS RVIFOR VM| = VI ORI (W),

i=0 j=0

which gives

ng dDu < lim sup 1+ C'h J"(u

h—0

") <

‘We now have to show that

Yo € LA(R?), J(v) <1 = nug/ nv.
R2 R2

Let v € C*°([—R, R]?) be such that J(v) < 1. We define

s (e e

One can then show that

1

)
(5.4)€[1,N]2

2

lim J"(v")

h—0

so that for every 6 > 0 we have J" ( ) <1 for h

small enough. Now this yields

[
[7R’R]2

nu’
[7R7R]2

u = lim
h—0

ol

< lim "1

h—0

[7R7R]2

[-R.R]?

Since this holds for all § > 0 we get that

/ nu < / nv.
[—R,R)? [—R,R)?

Finally, if v € L2(IR?) is such that v = 0 outside [ R, R]?
and J(v) < 1, by standard approximation results (see
[Ambrosio et al., 2000, remark 3.22]) we also have that
(17) holds, and hence u solves (4). Finally, since u solves
(4), its support is included in [~ R, R]?, which shows the
strong L}, .(R?) convergence of (u”) towards u* in fact
implies its strong L!(R?) convergence. O

v

1+6°

(17)

Since we are interested in finding a simple set E
that approximately solves (5), and now have a good
way of approximating solutions of (4), we make use of
the following result:

Proposition 7 Let u be a solution of (4). Then the
level sets of u are such that for allt € R* with [U®)| > 0,
the set UM solves (5).
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Proof. This is a direct consequence of Proposition 1.
O

If we have v converging strongly in L'(R2) to a

solution v* of (4), then up to the extraction of a (not
relabeled) subsequence, for almost every ¢t € R we have
that

lim |V AV < 0.

h—0

The above results hence show we can construct a se-
quence of sets (Ej)r>o0 such that |EpAE,| converges to
0, with E, a solution of (5). However, this convergence
only implies that

lim sup J(Ey) < J(FE.),
k—o0

and given that Fj is a union of squares this inequality is
likely to be strict, because the perimeter of Fjy will not
converge to the perimeter of F,. From Remark 5, we
know we have to design a numerical method that allows
to find a set at which the value of J is arbitrarily close
to J(E,). This hence motivates the introduction of the
refinement step described in the next subsection.

As a final remark, we stress that, even for k large
enough, Ej could in general be not simple. However,
since for every set of finite perimeter F, J(F) is a con-
vex combination of the

(j(int(fy;’)))iel, (j(int(%_,j)))iemeh ’

it is always possible to find a simple set F' in the decom-
position of E which is such that J(F) > J(F). We can
hence assume that the output of the fixed mesh step is
a simple set.

4.1.2 Refinement step

We use a shape gradient algorithm (see [Allaire et al.,
2021]) to refine the set produced by the fixed mesh step
described above. It consists in iteratively constructing
a sequence of simple polygons by finding at each step a
displacement of steepest ascent for 7, along which the
vertices of the previous polygon are moved to obtain
the next one. Given z! € X,, and a step size o, we
define the next iterate by:

it x§ +at 9;- ,
1
¢ def. t t
ej - W(P(Ext)aarea,j + |:/E 77:| aper,j) ’

lef. t— ¢t t+ ot
area,j — Wj Vj—lerj Vis

per,j = 7(7_; - T;—l)a

(18)

where, for all 7, T; and Z/Jt- are respectively the unit tan-
gent and outer normal vectors on [z}, 2% ,] and

|z — 5l

t+4 def. / 1
wit = () g 4" (),
/ [w;,w§+1] H'rz - $§»+1||

wo [ )
[I;1x§'71]

One can actually show that the displacement 6¢ we ap-
ply to the vertices of E, ¢ is such that
J(Ext-&-(w) — j(Ext)

6" = Argmax lim , (19)
llolj<1 a—0F @

e =l

|25 — 254 ]

i.e. that it is the displacement of steepest ascent for J
at E,:. We provide a proof of this result in Appendix C.

The weights w?‘, wé_ and the integral of n over E ¢
are computed using numerical integration methods. We
found that integrating the weight function 7 on each
triangle of a sufficiently fine triangulation of E,: yields
good numerical results (this triangulation must be up-
dated at each iteration, and sometimes re-computed
from scratch to avoid the presence of ill-shaped trian-
gles).

Comments. Two potential concerns about the above
procedure are whether the iterates remain simple poly-
gons (i.e. 2t € &, for all t) and whether they converge
to a global maximizer of J over P,. We could not prove
that the iterates remain simple polygons along the pro-
cess, but since the initial polygon can be taken arbi-
trarily close to a simple set solving (5) (in terms of the
Lebesgue measure of the symmetric difference), we do
not expect nor observe in practice any change of topol-
ogy during the optimization. Moreover, even if J could
have non-optimal critical points®, the above initializa-
tion allows us to start our local descent with a polygon
that hopefully lies in the basin of attraction of a global
maximizer. Additionally, we stress again that to carry
out Line 5 of Algorithm 2, thanks to Remark 5, we only
need to find a set with near optimal value in (5).

An interesting problem is to quantify the distance
(e.g. in the Hausdorff sense) of a maximizer of J over P,
to a maximizer of J. We discuss in Section 6 the sim-
pler case of radial measurements. In the general case, if
the sequence of polygons defined above converges to a
simple polygon FE,, then F, is such that

wi =w; = }[f%:) tan (923) (20)

5 Here critical point is to be understood in the sense that
the limit appearing in (19) is equal to zero for every 6 such
that ||0]| is small enough.
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for all 7, where §; is the j-th exterior angle of the poly-
gon (the angle between z; — x;_; and x;11 — x;). This
can be seen as a discrete version of the following first
order optimality condition for solutions of (5):

n= j)f?En) Hg on O"E. (21)

Note that (21) is similar to the optimality condition for
the classical Cheeger problem (i.e. with 7 =1 and the
additional constraint E C {2), namely Hgy = P(E)/ |E|
in the free boundary of E (see [Alter et al., 2005] or
[Parini, 2011, Prop. 2.4]).

4.2 Sliding step

The implementation of the sliding step (Line 13 in Al-
gorithm 2) is similar to what is described above for
refining crude approximations of Cheeger sets. We use
a first order method to locally minimize the following

mapping

N
(a,z) — T (Z a; 1E”> . (22)

i=1

t t N t t
, a vector a* € RY and zf,..., 2%

Given a step size «
in X,, we set uf & Zfil af1p_, and perform the fol-
lowing update:

t+1 def. ¢ t ot
i o= a; —a h;,

n (@1p,, @l —y) 4 AP () siam (af)

t41 def. ¢
g = Tig

def. .
95,]' = af [Qéata,i,j - /\81gn(a§) (Tit,j - Tit,j—l)] )

a

t pt
-« Gm-,

¢ of. oz t—\ ¢ t+\
Odatari; = (Pu' —y, wi ;) vy q +(Pu" —y, wih) v,

t t

where 7 ;. v; ; are respectively the unit tangent and
outer normal vectors on the edge [z} ;,} ;] and
: ||z — @} 1l
ati [ ) ),
[ j52% 5 4] @i~ Tl
_ def. ||;U—:L’t)»_1”
[x,fi‘d.,zi:,jil] i,j i,j—l

Comments. We first stress that the above update is
similar to the evolution formally described in (8). Now,
unlike the local optimization we perform to approxi-
mate Cheeger sets, the sliding step may tend to induce
topology changes (see Section 5.2 for an example). This
is of course linked to the possible appearance of singu-
larities mentioned in Section 3.2. Typically, a simple set
may tend to split in two simple sets over the course of

the descent. This is a major difference (and challenge)
compared to the sliding steps used in sparse spikes re-
covery (where the optimization is carried out over the
space of Radon measures) [Bredies and Pikkarainen,
2013, Boyd et al., 2017, Denoyelle et al., 2019]. This
phenomenon is closely linked to topological properties
of the faces of the total (gradient) variation unit ball:
its extreme points do not form a closed set for any rea-
sonable topology (e.g. the weak L?(R?) topology), nor
do its faces of dimension d < k for any k € N. As a
result, when moving continuously on the set of faces of
dimension d = k, it is possible to “stumble upon” a
point which only belongs to a face of dimension d > k.

Our current implementation does not allow to han-
dle these topology changes in a consistent way, and
finding a way to deal with them “off-the-grid” is an
interesting avenue for future research. It is important
to note that not allowing topological changes during the
sliding step is not an issue, since all convergence guar-
antees hold as soon as the output of the sliding step
decreases the energy more than the standard update.
One can hence stop the local descent at any point be-
fore any change of topology occurs, which avoids having
to treat them. Still, in order to yield iterates that are as
sparse as possible (and probably to decrease the objec-
tive as quickly as possible), it seems preferable to allow
topological changes.

5 Numerical experiments
5.1 Recovery examples

Here, we investigate the practical performance of Al-
gorithm 2. We focus on the case where ® is a sampled
Gaussian convolution operator, i.e.

2
Vr € R?, o(z) = <exp <||x?||)>
20 i€{l,...,m}

for a given o > 0 and a sampling grid (7;)ie(1,...,m}-
The noise is drawn from a multivariate Gaussian with
zero mean and isotropic covariance matrix 72 I,,. We
take A of the order of \/2log(m) 2.

Numerically certifying that a given function is an
approximate solution of (P,) is difficult. However, as
the sampling grid becomes finer, ® tends to the convolu-
tion with the Gaussian kernel, which is injective. Rely-
ing on a I'-convergence argument, one may expect that
if ug is a piecewise constant image and w is some small
additive noise, the solutions of (Py) with y = ®ug + w
are close to ug, modulo the regularization effects of the
total variation. We also assess the performance of our
algorithm by comparing its output to that of a primal
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dual algorithm minimizing a discretized version of (Py)
on a pixel grid, where the total variation term is re-
placed by the so called discrete isotropic total varia-
tion®.

Our first experiment consists in recovering a func-
tion ug that is a linear combination of three indica-
tor functions (see Figures 1 and 2). During each of the
three iterations required to obtain a good approxima-
tion of ug, a new atom is added to its support. One
can see the sliding step is crucial: the large atom on the
left, added during the second iteration, is significantly
refined during the sliding step of the third iteration,
when enough atoms have been introduced.

The second experiment (see Figure 3) consists in
recovering the indicator function of a set with a hole
(which can also be seen as the sum of two indicator
functions of simple sets). The support of ug and its gra-
dient are accurately estimated. Still, the typical effects
of total (gradient) variation regularization are notice-
able: corners are slightly rounded, and there is a “loss
of contrast” in the eye of the pacman.

The third experiment (Fig. 4) also showcases the
rounding of corners, and highlights the influence of the
regularization parameter: as A decreases, the curvature
of the edge set increases.

Finally, we provide in Fig. 5 the results of an ex-
periment on a more challenging task, which consists in
reconstructing a natural grayscale image. In this set-
ting we obviously do not expect the solution of (Py)
to be close to the original image. It indeed has a non-
zero background, which suggests Neumann boundary
conditions would be more suitable than the Dirichlet
boundary conditions we use in (P,).

5.2 Topology changes during the sliding step

Here, we illustrate the changes of topology that may
occur during the sliding step (Line 13 of Algorithm 2).
All relevant plots are given in Figure 6. The unknown
function (see (a)) is the sum of two indicator functions:

uo = 1p((~1,0),0.6) T 1B((1,0),0.6) s

and observations are shown in (b). The Cheeger set
computed at Line 5 of the first iteration covers the two
disks (see (c)).

6 We stress that there exists more sophisticated discretiza-
tions of the total variation (see [Chambolle and Pock, 2021]
for a review). Our choice to compare our algorithm with a
method using the isotropic scheme is hence debatable, but is
motivated by the fact this discretization is widely considered
as a baseline against which new numerical methods should be
tested.

In this setting, our implementation of the sliding
step converges to a function similar to (f)7, and we ob-
tain a valid update that decreases the objective more
than the standard Frank-Wolfe update. The next itera-
tion of the algorithm will then consist in adding a new
atom to the approximation, with negative amplitude,
so as to compensate for the presence of the small bot-
tleneck.

However, it seems natural that the support of (f)
should split into two disjoint simple sets, which is not
possible with our current implementation. To investi-
gate what would happen in this case, we manually split
the two sets (see (g)) and let them evolve indepen-
dently. The support of the approximation converges to
the union of the two disks, which produces an update
that decreases the objective even more than (f).

6 The case of a single radial measurement

In this section, we study a particular setting, where the
number of observations m is equal to 1, and the unique
sensing function is radial, i.e. the measurement opera-
tor is given by (1) with ¢ : R? — R a radial function®.
We first state a proposition about the solutions of (Py)
in this setting, before carrying on with results that will
require more assumptions on ¢. Unless otherwise spec-
ified, sets that differ by a Lebesgue negligible set and
functions that are equal almost everywhere are identi-
fied.

For every u € L?(IR?), we define the radialisation @
of u by

ia) = [ (el e)dr!e).

We note that in our setting ®u only depends on w
through @, that is:

<I>u=/ gou:/ pu.
R? R2

Using the fact |Di|(R?) < |Du|(R?) for any u € L?(R?)
such that |Du|(R?) < +oo with equality if and only if
u is radial (see Appendix D.1 for a proof of this state-
ment), we may state the following result:

Proposition 8 FEuvery solution of (P») is radial, and
there exists a solution that is proportional to the indi-
cator of a disk centered at the origin.

7 This only occurs when X is small enough. For higher val-
ues of A, the output is similar to (d) or (e).

8 We say that f:R? - R is radial if there ex-
ists g : [0, +00[— R such that f(z) = g(||z||) for almost ev-
ery r € R2.
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" Po Do Pa Pal

Fig. 1: From left to right: observations, unknown function, output of Algorithm 2, output of the fixed grid method

—0.02

ull (before sliding) ull wy — ull Supp(Dul), Supp(Dug)
2
. @0 & . 2/ O
—2

u? (before sliding) ul? up — ul? Supp(Dul?), Supp(Duy)
2
Ry B 2/ @ O
—2

ul! (before sliding) ul? wy — ub Supp(Dul!), Supp(Duy)

P P s

Fig. 2: Unfolding of Algorithm 2 for the first experiment (ul®l denotes the k-th iterate)
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€CC€ECC

Fig. 3: From left to right: unknown function, observations, output of the fixed grid method, output of Algorithm
2, gradients support (red: output of Algorithm 2, black: unknown)

A=1.10"
—— A=510"2
— A=110"2
— A=1.10""
4 —— ground truth

Fig. 4: Left: unknown function, middle: observations, right: output of Algorithm 2 for different values of A

111

Fig. 5: From left to right: original image, observations, iterates ul*! (k € {4,10}) produced by Algorithm 2,
output of the fixed grid method

(2) (b) (c) (d)

Fig. 6: Topology change experiment. (a): unknown signal, (b): observations, (c): weighted Cheeger set, (d,e,f,g):
sliding step iterations (with splitting), (h): final function.
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Proof. The first part of the result is a direct conse-
quence of the above statements. Then, using and [Boyer
et al., 2019, Corollary 2 and Theorem 2], we have that
there exists a solution of (P) which is proportional
to the indicator function of a simple set. The result fol-
lows from the fact that every simple set whose indicator
function is radial is a disk centered at the origin. O

We will now assume ¢ is positive, continuous and
decreasing” along rays. For any r € R, we will denote
by an abuse of notation @(r) the value of ¢ at any
point z € R? such that ||z| = r. We may also invoke
the following assumption:

Assumption 1. The function f : r — r@(r) is contin-
uously differentiable on R* ,  f(r) — 0 when 7 — o0,
and there exists pp > 0 such that f/'(r) > 0 on ]0, po|
and f'(r) < 0 on ]pg, +ool.10

In the rest of this section we first explain what each
step of Algorithm 2 should theoretically return in this
particular setting, without worrying about approxima-
tions made for implementation matters. Then, we com-
pare those with the output of each step of the practical
algorithm.

6.1 Theoretical behavior of the algorithm

The first step of Algorithm 2 consists in solving the
def 1 1,

Cheeger problem (5) associated to n = + 1y = Yo (or

equivalently to ¢). Using the Steiner symmetrization

principle, and denoting by B(0, R) the disk of radius R

centered at the origin, we may state!!

Proposition 9 All the solutions of the Cheeger prob-

lem (5) associated to n d:efgo are disks centered at the
origin. Under Assumption 1 the unique solution is the
disk B(0, R*) with R* the unique mazimizer of

/ORrgé(r) dr

Proof. We first stress that existence of solutions was
already briefly discussed in Section 3.1 (it can either be
obtained by purely geometric arguments, or by showing
the existence of solutions of (4) by the direct method

R~ /R.

9 In all the following, by decreasing we mean strictly de-
creasing.

10 Assumption 1 is for example
by ¢ : & — exp (—||z||2/(202)) for any o > 0.

11 This result can be proved using the radialisation opera-
tion previously introduced. We here however rely on classical
arguments used in the analysis of geometric variational prob-
lems, which we will moreover also use later in this section.

satisfied

of calculus of variations and then using Krein-Milman
theorem).

Now if E C R? is such that 0 < P(E) < +o0
and v € S!, denoting ES the Steiner symmetrization
of E with respect to the line through the origin and
directed by v, we have (see Lemma 9)

fEn < fEn

P(E) ~ P(ES)’

with equality if and only if |EAE]| = 0. Hence if E*

solves (5), arguing as in [Maggi, 2012, section 14.2],

we get that E* is a convex set which is invariant by

reflection with respect to any line through the origin,

and hence that E* is a ball centered at the origin.
Now for any R > 0 we have

L[ et

and the last part of the result follows from a simple
analysis of the variations of G under Assumption 1,
which is given in Appendix D.

de. s (0,R) ¥

G(R) = prete

O

The second step (Line 10) of the algorithm then
consists in solving

2
e 1 .

inf 2(a/*¢—y) FAP(E") Jal, (23)
where E* = B(0, R*). The solution a* has a closed form

which writes:

o =580 (1,

Jpe ¥

where 7 = max(x, 0).

The next step should be the sliding one (Line 13).
However, in this specific setting, one can show that the
constructed function is already optimal, as stated by
the following proposition:

P(E*)
[ © ) ’ 24

Proposition 10 Under Assumption 1, Problem (Py)
has a unique solution a* 1g~ with E* = B(0, R*) the
solution of the Cheeger problem given by Prop. 9, and a*
given by (24).

Proof. If u* € L?(IR?) solves (P,) then

O*p* =prp € dJ(u),

with p* = —%(@u* — y). Now from Proposition 1 we
know p*¢ € 9J(u*) implies that p*p € 0J(0) and that
the level sets of u* satisfy

/U,f”p @"

PULY) =
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This means that the non trivial level sets of u* are all
solutions of the Cheeger problem associated to p*¢ (or
equivalently to ¢), and are hence equal to B(0, R*).
This shows there exists a € R such that u* = a1p(,r-),
and the result easily follows.

To summarize, with a single observation and a radial
sensing function, a solution is found in a single itera-
tion, and its support is directly identified by solving the
Cheeger problem.

6.2 Study of implementation approximations

In practice, instead of solving (5), we look for an el-
ement of P, (a simple polygon with at most n sides)
maximizing J, for some given integer n > 3. It is hence
natural to investigate the proximity of this optimal poly-
gon with B(0, R*). Solving classical geometric varia-
tional problems restricted to the set of m-gons is in-
volved, as the Steiner symmetrization procedure might
increase the number of sides [Pélya and Szego, 1951,
Sec. 7.4]. However, using a trick from Pélya and Szego,
one may prove:

Proposition 11 Letn € {3,4}. Then all the mazimiz-
ers of J over Py, are reqular and inscribed in a circle
centered at the origin.

Proof.

Triangles: let £* be a maximizer of 7 among triangles.
Then the Steiner symmetrization of E* with respect to
any of its heights through the origin (see Figure 7) is
still a triangle, and Lemma 9 ensures it has a higher
energy except if this operation leaves E* unchanged.
As a consequence, E* must be symmetric with respect
to all its heights through the origin. This shows E*
is equilateral and inscribed in a circle centered at the
origin.

Quadrilaterals: we notice that if E is a simple quadri-
lateral, then its Steiner symmetrization with respect to
any line perpendicular to one of its diagonals (see Fig-
ure 8) is still a simple quadrilateral. We can then pro-
ceed exactly as for triangles to prove any maximizer E*
of J over P, is symmetric with respect to every line
through the origin and perpendicular to one of its di-
agonals. This shows E* is a rhombus centered at the
origin. We can now symmetrize with respect to any line
through the origin perpendicular to one of its sides to
finally obtain that E* must be a square centered at the
origin. O

Our proof does not extend to n > 5, but the follow-
ing conjecture is natural:

Conjecture 1 The result stated in Proposition 11 holds
for all n > 3.

For n € {3,4} or if Conjecture 1 holds, it remains
to compare the optimal polygons with B(0, R*). If we
define G(R) = J(B(0,R)) and G,(R) the value of J
at any regular n-gon inscribed in a circle of radius R
centered at the origin, then we can state the following
result (its proof is given in Appendix D.3):

Proposition 12 Under Assumption 1, we have that

1
16, - Gl =0 (1)

Moreover, if f is of class C% and f"(po) < 0 , then for
n large enough G, has a unique mazimizer R} and

1
|[R: — R*|=0 () .

n
If ¢ is the function defined by
o w e eap (—||ol2/(20%))

then this last result holds for all n > 3.

Now, the output of our method for approximating
Cheeger sets, described in Section 4, is a polygon that
is obtained by locally maximizing 7 using a first order
method. Even if we carefully initialize this first order
method, the possible existence of non-optimal critical
points makes its analysis challenging. However, in our
setting (a radial weight function), the simple polygons
that are critical points'? of J coincide with its global
maximizers over P, (at least for small n). The proof of
this result is given in Appendix D.4.

Proposition 13 Let n € {3,4}. Under Assumption 1,
if f is of class C? and f"(po) < 0, the elements of P,
that are critical points of J are the reqular n-gons in-
scribed in the circle of radius R}, centered at the origin.

We make the following conjecture:

Conjecture 2 The result stated in Proposition 13 holds
for all n > 3.

If n € {3,4}, or if Conjecture 2 holds, we may there-
fore expect our polygonal approximation to be at Haus-
dorff distance of order O (1) to B(0, R*).

1
n

12 We recall that critical point is here to be understood in
the sense that the limit appearing in (19) is equal to zero for
every 6 such that ||0]] is small enough.
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Fig. 8: Steiner symmetrization of quadrilaterals

7 Conclusion

As shown in the present exploratory work, solving to-
tal variation regularized inverse problems in a gridless
manner is highly beneficial, as it allows to preserve
structural properties of their solutions, which cannot
be achieved by traditional numerical solvers. The price
to pay for going “off-the-grid” is an increased complex-
ity of the analysis and the implementation of the al-
gorithms. Furthering their theoretical study and im-
proving their practical efficiency and reliability is an
interesting avenue for future research.

Acknowledgements The authors thank Robert Tovey for
carefuly reviewing the code used in the numerical experiments
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cantly improved the results presented therein.
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A Derivation of Algorithm 2

See [Denoyelle et al., 2019, Sec. 4.1] for the case of the sparse
spikes problem.

Lemma 2 Problem (P») is equivalent to

min T (u, t) def

1
Z||Pu — yl||? + At
(u,t)eC 2” y”

(Px)

with

def.

C = {(u,t) € L*(R?) x R||Du|(R?*) <t < M}.

def.

and M = ||y||2/(2X), i.e. if u is a solution of (Px) then we
have that (u, |Du|(R?)) is a solution of (Px), and conversely
any solution of (Py) is of the form (u,|Du|(R?)) with u a
solution of (Px).

Proof. If u* is a solution of (Py), then
T (u™) < Ta(0) = [yl|*/2.

Hence we have that |Du*|(R?) < M, which shows the fea-
sible set of (Px) can be restricted to functions u which are
such that |Du|(R2%) < M. It is then straightforward to show
that the resulting program is equivalent to (75>\), in the sense
defined above.

The objective T of (Py) is now convex, differentiable
and we have for all (u,t) € L2(R?) x R

dT(u,t): L2(R?) x R —» R

(v,5) = {/R{Z(I)*(@u—y)v} + s

Moreover, the feasible set C' is weakly compact. We can there-
fore apply Frank-Wolfe algorithm to (P»). The following re-
sult shows how the linear minimization step (Line 2 of Algo-
rithm 1) one has to perform at step & amounts to solving the

Cheeger problem (5) associated to n et —%@*(@u[’“] —y).

Proposition 14 Let (u,t) € C and n = —%@*(@u —y).
We also denote

def. |fE 77|
a =" sup s.t. 0<|E| < 400, P(E) < 4oco. (25)

Then, if a < 1, (0,0) is a minimizer of dTx (u,t) over C. Oth-
erwise, there exists a simple set E achieving the supremum
in (25) such that, denoting € = sign (fE n), (;(7]\;5) 1g, M) 18

a minimizer of dT(u,t) on C.
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Proof. The extreme points of C' are (0,0) and the elements
of

M
{(iﬁlE’M) ‘ E is simple, 0 < |E| < +OO} .

Since dT’» (u, t) is linear, it reaches its minimum on C at least
at one of these extreme points. We hence have that

(0,0) € Argmin dT» (u,t)(v, s)
(v,s)eC

or that a minimizer can be found by finding an element of

M
Argmin <<I>u -y, €7@1E> + AM

E simple P(E)
ee{—1,1}
€
= Argmin ( du —y, ——®1
E s%mple < v )\P(E) E>
ee{—1,1}

Argmin —* / Lo* (@u—y)
= rgmin - u — .
E s%n\ple P(E) B A Y

ec{—1,1}

This last problem is equivalent to finding an element of

1

Argmax —— / ) dx
5 simple P(E)‘ En( )

)

in the sense that E* is optimal for the latter if and only if
the couple (E*,sign (fE* 77)) is optimal for the former. We
can moreover show that (0,0) is optimal if and only if for
all E C R? such that 0 < |E| < +oco and P(E) < +oo we
have:

<1.

%‘/En(w)dx_

B Existence of maximizers of the Cheeger ratio
among simple polygons with at most n sides

Let n € L2(R?) N C°(R?) and n > 3. We want to prove the
existence of maximizers of the Cheeger ratio J associated
to n among simple polygons with at most n sides. We will
in fact prove a slightly stronger result, namely the existence
of maximizers of a relaxed energy which coincides with J
on simple polygons, and the existence of a simple polygon
maximizing this relaxed energy.

We first begin by defining relaxed versions of the perime-
ter and the (weighted) area. To be able to deal with polygons
with a number of vertices smaller than n, which will be useful
in the following, we define for all m > 2 and = € R™*? the
following quantities:

P@) Y Joipr —wil] and A(z) / e
R2

i=1

where x4 (y) denotes the index (or winding number) of any
parametrization of the polygonal curve [z1,z2],..., [Zm,Z1]
around y € R2. In particular, for every € X,, (i.e. for every
z € R™ defining a simple polygon), we have

P(x) = P(E,) and |A<m>\:] / n‘

and hence, as soon as P(x) > 0:

|A(2)]
Px)

J(Ez) =
This naturally leads us to define

Vi E {z e R™¥2 | P(2) > 0}

and to denote, abusing notation, J(z) = |A(z)|/P(z) for
every £ € Ym.
The function X, is constant on each connected compo-

nent of R? \ I, with I, et U™ [zs, zi41]. It takes values
in {—m,...,m} and is equal to zero on the only unbounded
connected component. We also have 9 supp(xa) C . More-
over Xz has bounded variation and for H!-almost every y € I,

there exists u}f(y), up (y) in {—m,...,m} such that
Dxo = (uf, —up v, H' LT,

Now we define
o sup J(x).
Tx€EY,

If n» = 0, then the existence of maximizers is trivial. Oth-
erwise, there exists a Lebesgue point z¢ of n at which 7 is
non-zero. Now the family of regular n-gons inscribed in any
circle centered at xo has bounded eccentricity. Hence, if z,,
defines a regular n-gon inscribed in a circle of radius r cen-
tered at x, Lebesgue differentiation theorem ensures that

and the fact that o > 0 easily follows.

Lemma 3 Let C > 0. There exists R > 0 and ¢ > 0 such
that

Ve € Vn, J(x) > C = P(z) > c and ||z;|]| < R for all i.

Proof. The proof is similar to that of Lemma 1.

Upper bound on the perimeter: the integrability of n?
yields that for every e > 0 there exists R; > 0 such that

/ 2 <e. (26)
R\ B(0,R,)

Let € > 0 and Ry > 0 such that (26) holds. We have

1
P@) < L 1A@)
1
<z nXe| + X
||/r20B (0, R) R2\ B(0,R)
1
< & [Imles el VIBO, BT + € xalus]
17 1
< & [l 0 TBO. ) + € D (8]
17T 2n
<= 2 /|B(0, R)| + ¢ —~P(z)] .
< & [l n VIO R + e Zp(o)
Now, taking

or. O/ 2
e ZFZ and ¢ = Znll: VIBO.R),
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we finally get that P(z) < ¢’.

Inclusion in a ball: we take ¢ = ‘/:? and fix R2 > 0 such

1
that [, ) n? < €2. Let us show that

\B(0, R,
supp(xz) N B(0, R2) # 0.

By contradiction, if supp(xs) N B(0, R2) = 0, we would have:

1
P() < = [A@)
1

NXx
c /RQ\B(O,RQ)

,// 72 X le
R2\B(0,R5)

¢ 2y < 2 iy
< JSIDxal®) < Z=P@).

Dividing by P(z) > 0 yields a contradiction. Now since

IN

dsupp(xe) C Iz,
we have diam(supp(xz)) < P(z) < ¢’ which shows
supp(xz) C B(0, R) with R < ¢/ 4+ R».

This in turn implies that ||a;|| < R for all 4.

Lower bound on the perimeter: the integrability of n?
shows that, for every € > 0, there exists § > 0 such that

VECR?, |E| <6 = )/ 2l <e
E

def.

Taking € = C'\/c2/2, we obtain that if |[supp(xz)| < &

[
supp(Xz)

n? v/|supp(xz)|

1 1
P) < & MA@ = &

1
<

c supp(Xa)

< c;@ P(supp(xz))

C\/cz

the last inequality holding because 0 supp(x«) C I'z. We get
a contradiction since P(z) is positive. O

< P(z),

Applying Lemma 3 with e.g. C = /2, and defining

! {z e R"*?|P(z) > cand ||z;|]| < R for all i},
we see that any maximizer of J over Y/, (if it exists) is also
a maximizer of J over ), and conversely.

Lemma 4 Let x € R™"%2. Then for every a € R? we have

A(z) = Z sign(det(z; —a zi41 — a)) n
i=1

aQx;Tit1

= det(wi —a zit1—a) [ n((@i—awiy1 —a)y)dy,
i=1

T

where ax;x;+1 denotes the triangle with vertices a,x;, xit1
def.

and T1 = {(, B) € (R4)? !a + B < 1} is the unit triangle.

Proof. Let us show that for all a € R? we have

Xa = Z sign(det(z; — a zi+1 — a)) loz, 2y, (27)
i=1

1=

almost everywhere. First, we have that y € R? is in the (open)
triangle ax;z;+1 if and only if the ray issued from y directed
by y — a intersects |z;, x;41[. Moreover, if y is in this triangle,
then

sign(det(z; — a xi41 — a)) =sign ((y — a) - (wi41 — xz)l) .

The above hence shows that, if y € R2 \ U, [z;, T;41] does
not belong to any of the segments [a, z;], evaluating the right
hand side of (27) at y amounts to compute the winding num-
ber xz(y) by applying the ray-crossing algorithm described in
[Hormann and Agathos, 2001]. This in particular means that
(27) holds almost everywhere, and the result follows. O

From Lemma 4, we deduce that A is continuous on R™*?2.
This is also the case of P. Now )/ is compact and included
in Yy, hence the existence of maximizers of J over Y/, which
in turn implies the existence of maximizers of J over V,.

Let us now show there exists a maximizer which belongs
to X,,. To do so, we rely on the following lemma

Lemma 5 Let m > 3 and © € YV, \ Xm. Then there ex-
ists m’ with 2 <m’ <m and y € YV such that

JI(x) <T(y).

Proof. If x € Ym \ Xm then [z1,x2], ..., [Tm, T1] is not simple.
If there exists ¢ with x; = x;+1 then

Yy = (xlz ey Ljy Ti4-2, 7517771,)

is suitable, and likewise if 1 = x,, then

Y= (1, s Tm—1)

is suitable. Otherwise we distinguish the following cases:

If there exists ¢ < j with x; = x;: we define

Y= (T1y ooy T, Tjp1, ey Tyn) € RMTETH

z= (x5, Tit1,...,Tj—1) € RI—%.

We notice that 2 < j—i<mand 2 <m— (j —i) < m.

If there exists ¢ < j with z; €]z, z;41[: we necessarily
have (i,j) # (1,m). We define

Y= (L1, 0y Ti, i1, ooy Tm) € RMTUTH

z= (i, Tit1, ...,{L‘j) € RITHHL,

We again have 2 < m — (j —4) < m, and since (i,j) # (1,m),
we have j —¢ < m — 1 which shows 2 < j—i4+1 < m.

If there exists ¢ < j with z; €]z;,x;4+1[: we necessarily

have j > i + 1. We define

Y= (Ilz ey Ty T,y axm) € Rm*uii)*»l )

2= (Tit1,rxj) ERITL,
We again have 2 < j — i < m, and since j > 7 + 1 we obtain
that 2<m—(j—i)+1<m.

If there exists ¢ < j with &’ €]z, zi41[N]z;, zj41[: if we
have j = i+1 then either z;42 €]z, ziy1[0or T; €E]Tiq1, Tita|
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and in both cases we fall back on the previously treated cases.
The same holds if (¢,7) = (1, m). Otherwise, we define

Y= (21, ., Ti, ', Tj41,.0; Tm) € R~ G =D+

z= (2, %it1,...,T5) € RI 1

Since j > i+1and (i, j) # (1,m) weget 2 < m—(j—i)+1 <m
and2<j—i4+1<m.

Now, one can see that in each case we have P(x) = P(y) + P(z2)
and X = Xy + X almost everywhere, which in turn gives
that A(z) = A(y) + A(z). We hence get that P(y) = 0 or

P(z) = 0, and in this case J(z) = J(y) or J(z) = J(z), or
that P(y) > 0 and P(z) > 0, which yields

[A@)| _ A+ [A2)]
P() = Pl)+P()
Ply) AWl P(z)  |A()

T Py)+P() Ply) Pl +PR) Pk

Hence J(z) is smaller than a convex combination of J(y)
and J(z), which gives that it is smaller than J(y) or J(z).
This shows that y or z is suitable. O

We can now prove our final result, i.e. that there ex-
ists x4« € X, such that

Vr € Vn, J(xs) 2 T ().

Indeed, repeatedly applying the above lemma starting with a
maximizer x . of J over ),,, we either have that there exists m
with 3 <m < n and 2/, € X, such that J(z.) = J(x,), or
that there exists y € Yo such that J(z«) < J(y), which is
impossible since in that case J(y) = 0 and J(z+) = a > 0.
We hence have z/, € X, such that

Ve € Y, J(z)) =T (x) 2 T (x).

We can finally build /) € X, such that J(z)/) = J(x,) by
adding dummy vertices to x/,, which finally allows to con-
clude.

C First variation of the perimeter and
weighted area functionals for simple polygons

We stress that since X, is open, for every x € X,, the func-
tions h— P(Ezqn) and h — [, ., 1 are well-defined in a
neighborhood of zero (for any locally integrable function 7).
We now compute the first variation of these two quantities.

Proposition 15 Let x € X,,. Then we have

n

P(Eztn) = P(Ez) = ) (hi,7i = 7iz1) +o (IR, (28)
=1
where 1; = ”i’:%g” is the unit tangent vector to [, Ti4+1].

Proof. If ||h|| is small enough we have:

P(Egzyn) = Z lzit1 — i + hiy1 — hil|
i=1

\/||£L'i+1 —T; + hi+1 - h1H2

[
M=

-
Il
_

-

(Tig1 — @i, hit1 — hq)
oz 0D

llziyr — a4l <1 +

1

o
Il

P(Es) + Y (i, hiv1 — hi) +o(|Al),

i=1

and the result follows by re-arranging the terms in the sum.
O

Proposition 16 Letx € X,, andn € C°(R?). Then we have

fo=1,
Eoyn E

where v; is the outward unit normal to Ey on |z, x;4+1] and

n+ > (hiywiviea +wfwi) +o(lbll), (29)
=1

£d

lz — it

wi & / n(x) dH (z),
[, @ip1] ||'Tl _xi-l,-l”

w; et / n(z) M dH (z).
[wi_1,2] ”a:z 7$i71”

Proof. Our proof relies on the following identity (see Lemma 4
for a proof of a closely related formula):

/E 1 = sign <Z det(x; xi+1)> Z w(@s, Tit1),

z =1 1=1

with
w(a1,az) = det(ar a2)/ n((a1 a2)y)dy,
T

ef.

where Ty < {(e, B) € (R4)? |a + B < 1} is the unit trian-
gle. Assuming n € C1(R2?) and denoting adj(A) the adjugate
of a matrix A, we have:

w(a1 + h1,a2 + h2)

— w(ar,az) + det(as az) /T Vn((ar a2)y) - ((ha ho)y) dy

+ tr (adi(ar a2)7 (b ha)) /T n((ar az)y) dy + o([[1])
= w(a1,a2)
+ sign(det(a1 a2))/o

tr (adj(ar az2) (k1 h2))
|det(a1 az2)]|

Vn(y) - ((h1 h2) (a1 a2)™")y) dy

aaz

/ n(y) dy + o(|h]) -
Oajiay

def.

Denoting g(y) = (h1 h2)(a1,a2)"!y, we obtain:

w(ar + h1,a2 + h2)

= w(a1,a2)

+ sign(det(a1 a2)) [Vn - g+ ndivg] + o(||R|])

Oajas

= w(a1,a2)

n(g-voaya,) dH" +o(||hl]),
9(Oajas)

+ sign(det(a1 a2))

where we used Gauss-Green theorem to obtain the last equal-
ity. Now if ||k is small enough then

Zdet(mi + hl Ti4+1 + hi+1) and Zdet(:ci Z‘i_t,_l)

i=1 i=1

have the same sign, so that, defining

gy ((hi hip1)(@s zig1) ),
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we get Proof. From Lemma 6 we get
4 (/ 77) (@).h =€) sign(det(z; zit1)) wi, (D, ¢) = /]R2 udive = /Rz udive.
E, i=1
Using polar coordinates, defining
with

€ d;f' sign <Z det(zi l'i+1)> y

i=1
def.
Wi = / U(gi 'VOIiIi+1)dH1 .
0" (Oz;wiy1)
Then one can decompose each integral in the sum and show

the integrals over [0, z;] cancel out each other, which allows
to obtain

([ )@=

But now if y € [z, z;41] then

1 <||@/ - $i+1|\)
lziv: — x| ly — ] ’

and the result follows by re-arranging the terms in the sum.
One can then use an approximation argument as in [Maggi,
2012, Proposition 17.8] to show it also holds when 7 is only
continuous. O

n(gi - vi)dH! .

it1]

(z4 $i+1)71y =

D Results used in Section 6

D.1 Properties of the radialisation operator

The goal of this subsection, based on [Dautray and Lions,
2012, 11.1.4], is to prove the following result:

Proposition 17 Let u € L2(R?) be s.t. |Dul(R?) < +oo0.
Then |Da|(R2?) < |Du|(R2?) with equality if and only if u is

radial.

First, one can show that for every u € L2(R?), the radi-
alisation @ of u defined in Section 6 by

(@) = [ el e)an’ ) (30)

is well defined and belongs to L2(R?). Then a change of vari-
ables in polar coordinates shows that, as stated in the follow-
ing lemma, the radialisation operator is self-adjoint.

Lemma 6 We have
Yu,v € L2(R?), / u(z)v(z)dr = / u(z) o(z) dz .
R? R?

‘We now state a useful identity:

Lemma 7 For every ¢ € C°(R? \ {0}, R?), we have:

i) = (Pu “’T||>

where ¢ - ”— denotes the mapping T +— («p(m) —‘)

def.

h(r,0) ‘=" (rcos(),rsin(6)),

we get

(dive) (h(r,0)) = %%(r(wr o h))(r,0)

(31
+ 22 s om)(r,0),

where ¢, and g respectively denote the radial and orthora-
dial components of ¢, i.e.

or(z) = p(z) - and ¢ (z) = p(z) -

x
[l || x|

The second term in (31) has zero circular mean. Interchanging
derivation and integratlon we get that the radialisation of the
first term equals 1 -2 (r (i, o h)), which yields

'r'Br

(%) (@) = div (ﬂ%) ().
O

‘We now introduce the radial and orthoradial components

of the gradient, which are Radon measures on U <" R2 \ {0}
defined by

Vi € C°(U), (Dradu,?¥) = <Du,w i |>

<Dorthu,w> = <DU7¢J | | >

Proposition 18 There exist two |Du|-measurable mappings
from U to R, denoted graqa and gorth, such that

92.q + 92.en < 1 |Dul-almost everywhere

and

¥ € C2(U), (Draats ) = [ 4(2) graa(a) diDul(2),
U

(32)
<Dommhw>::/;wcmgmﬂmx)aDuuxy

Proof. The existence of the |Du|-measurable mappings grad
and gorth, as well as (32), come from Lebesgue differentiation
theorem and the fact Dyaqu and Dep¢nhu are absolutely con-
tinuous with respect to Du. Now for every open set A C U
we have:

IDul(4) = sup {(Du, @) | ¢ € CZ(A,R?), [lgflow < 1}
:S“p{<D“ P ||> <D “E ||>
poeC (@), ot + el <1}
= Sup{ (Dradt, 1) + (Dorthu, p2) s.t.

pi € CZ(A), [|ef +¢il < 1}.
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Hence for ¢; € C2°(A) such that ||¢? + 3|, < 1 we have: Proof. We have
+oo too

[ 10> [ (a1 + g o2) Dl =] sz aa= [Tz g0 A,

N A A 0 0

. S
If we had g2, + 2., > 1 on a set of non zero measure |Dul, For all t > 0 there exists a such that {f > t} = [, a], so
rad T Jorth ~ * that we have
we would have a contradiction. O
{f >t} NAl =|[-a,a]N Al <min(2a,|A])
We can now prove Proposition 17. Indeed, since {0} is = |[~a, o] N [=|A]/2, |A]/2]]
H!-negligible, we have that ' s ’
=N{f =z tpnAs.

[Du|({0}) = [Da|({0}) = 0, Hence

and moreover
ID@|(R? \ {0}) < |Draqu|(R? \ {0}) < [Du|(R*\ {0}). (33)

The first equality comes from Lemma 7, while the second
is easily obtained from the definition of D;,q. Now if we
have |Dyaqu|(U) = |Du|(U), then we get

/gradd|Du|:/ \/Mdmm:/ dDu.
U U U

This yields gorth = 0 (and |graa] = 1) |Dul-almost every-
where. Hence Dgrenu = 0.

Let us now show this implies that u is radial. If we de-
fine A dg']O7 +oo[x] — m, 7[, then we have that the mapping
given by h : (r,0) — (rcosf,rsin@) is a C°°-diffeomorphism
from A to R?\ (R_ x {0}). Now if £ € C°(A) we have
that £o h™! € C2°(h(A)) and

0= (Dorenu,E0h™ 1)

:/Rzudiv ((@h*ﬁﬁ)
_ 0+°O /:; (wo h) (r,0) G%(g)(r,e))rdedr.

This means that %(u o h) = 0 in the sense of distributions,
and hence that there exists'® a mapping g :]0, +0co[— R such
that for almost every (r,0) € A, (uoh)(r,0) = g(r). We finally
get u(x) = g(||z||) for almost every « € h(A), which shows u
is radial.

D.2 Lemmas used in the proof of Proposition 9

We take n et o and keep the assumptions of Section 6.

Lemma 8 Let f : R — R4 be square integrable, even and
decreasing on Ry. Then for every measurable set A such
that |A] < 400 we have

[1<] 1

def.
where AS ‘= [——“3‘,—‘2"].

only if |AAA®| = 0.

Moreover, equality holds if and

13 To see this, notice that if we convolve u o h with an ap-
proximation of unity p., then we have

0
59 (woh)xpe) = (uoh)x — pc =0,
hence the smooth function (u o h) * pe is equal to some func-

tion g that depends only on r. Letting ¢ — 01, we see that
for almost every (r,0), u o h only depends on 7.

—+ oo
[ <[ THrzanatia= [ .
A 0 As
Now if [AAA®| > 0 then |A\ A%| = |A®\ A| > 0 and we have

/sf:/:quﬁf_F/Ah\Af
>/msf+f(%) 45\ 4]

2 o Lt =L

which proves the second part of the result. O

Lemma 9 Let E C R? be s.t. 0 < |E| < 0o and P(E) < co.
Then for any v € S', denoting ES the Steiner symmetriza-
tion of E with respect to the line through the origin directed
by v, we have

fEﬁ n S fE n
P(E3) ~— P(E)’
with equality if and only if |[EAES| = 0.

Proof. From [Maggi, 2012, theorem 14.4] we know that we
have P(E$) < P(E). We now perform a change of coordinates

in order to have ES = {(xl,:cz) eER?||za] < #} with

Ep, < {22 €R|(21,22) € E}.

Now we have

/EW = /::0 (/:r: n(x1,x2) 1E(9U17902)d002) dxy
-/ (/E 77(%-)) day

with E;, = {z2 € R|(21,2z2) € E}. For almost every 1 € R
we have that E,, is measurable, has finite measure, and
that n(z1,-) is nonnegative, square integrable, even and de-
creasing on Ry. We can hence apply Lemma 8 and get that

/Enz /_*: </(Em)s77(x1,.)> da, :/Ei,,, (34)

Moreover, if [EAEZ| > 0, then since

+ oo “+ oo
‘EAEﬁ‘ = / (/ |1E(:El,2132) — 1E;‘ (11,$2)| d$2> dl’l
0 0

= /0+oo (/0+°° ’1E (z2) — 1(Ezl)s(x2)‘ dmz) dz1

—+ oo
= [T IEan ()] o,

we get that £ ({z1 € R| |Ez, A (Eg,)®| > 0}) > 0 and hence
that (34) is strict. O

z1
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Lemma 10 Under Assumption 1, the mapping

1 R

G:Rw— —/ ro(r)dr
R Jo

has a unique maximizer.

Proof. Since ¢ (and hence ¢) is continuous, we have that G
is C1 on R and

R(RG(R)) — [y'r@(r)dr

G'(R) = —

Now an integration by part yields that for any continuously
differentiable function h :]0,+o0co[— R and for any « > 0 we
have

x x
H(z) = zh(z) - / h= / th'(t) dt,
0 0
which shows H'(z) = x h/(z). This means the mappings
R
R R(RH(R)) — / r3(r)dr and B — f(R) = RG(R)
0

have the same variations. Under Assumption 1, it is then
easy to show there exists Ro > 0 such that G'(Ro) =0, G’
is positive on ]0, Ro[ and negative on |Ro,+oo[, hence the
result. O

D.3 Proof of Proposition 12

We define

get. cos (7/n)
Bn(0) = R cos ((6 mod 27 /n) — m/n)’

so that in polar coordinates an equation of the boundary of
a regular n-gon of radius R with a vertex at (0,0) is given by
r(0) = R, (6). Under Assumption 1 we have, for all R > 0:

=2 1G(R) — G ()

tan (7/n 2r (R
= & / / r@(r) drdo
m/n 0 0
27 rR,(6)
f/ / r@(r) dr dG’
0 0
27 R
= / / r@(r) drdo
0 R, (0)

_ (1 _ %) /02” /Och,Zv(T) drd@‘

27R

< |27 sup |R—Rn(0)|flloo
6€[0,27]
+ (1 - M) 27rR||fHoo}
T/n
<

£l [ (1= con e/ + (1= 22/ )

T/n

We hence obtain that |G(R) — Gn(R)|,, = O (#)
Now assuming f is of class C2 and f/(po) < 0 we want to
prove that for n large enough, G, has a unique maximizer R},

cos(m/n)

and |RX — R*| =0 (%) Denoting an(s) et cos(rs/ny’ We

have:

1 27 R, (0)
QnRzi/ / r@(r) drdo
(R) 2#RW 0 0 (r)

cos(m/n)

1 27 /n R o=/ .
= or R G /m "/ / r@(r) drdo
T —— (0] 0
T/n

1 R a,(s)
= _mn / / r@(r)drds
Rtan (m/n) Jo Jo

- %%/{)Rr Uol n (8)2 G(r am () ds | dr .

Considering Lemma 10 and defining

foiror| [ an©? etantenas].

we see that showing f/ is positive on |0, p1[ and negative
on |p1, +oo[ for some p; is sufficient to prove G,, has a unique
maximizer. Now we have

1
f(r) = /0 an(5)? (B(r an(s)) + 1 an(s) ¢’ (ran(s)) ds.
The image of [0, 1] by s — 7 an(s) is [r cos (7/n) , r]. Since the
mapping r — @(r) + r@’'(r) = (r@)’(r) is positive on 0, po[
and negative on ]po, +0o[, we get that f/ is positive on ]0, po[
and negative on |pg/ cos (7/n) ,+o0o[ and it hence remains to
investigate its sign on [po, po/ cos (7w/n)]. But since f is of
class C2? and f"'(po) < O there exists € > 0 s.t. f'/(r) <0
on ]po — €, po + €[. For n large enough, we hence have

[po cos (m/n) , po/ cos (m/n)] Clpo — €, po + €[,
which implies that
Vr € [po, po/ cos (m/n)], ran(s) €]po — € po + e[,

and hence f//(r) < 0. This finally shows there exists p; such
that f; is positive on |0, p1[ and negative on ]p1,+oo[, and
the result follows as in the proof of Lemma 10.

Now R* and R}, and are respectively the unique solutions
of F(0,R) =0 and F(w/n, R) = 0 with

e | [ ; 7] - ram).

fe(r) et T/o alt,s)? g(ra(t,s))ds,

def. COSt
a(t,s) = .
(&) cos(ts)

One can then show %F(O, R) = 0 if and only if fj(R) =0,
i.e. if and only if R = po. But from the proof of Lemma 10
and the above, it is easy to see neither R* nor R} equals po.
We can hence apply the implicit function theorem to finally
get that |[R* — RX| = O (ﬁ)

D.4 Proof of Proposition 13

D.4.1 Triangles

Let T be a triangle. Up to a rotation of the axis, we can
assume that there exist a < b and two affine functions u,v
such that v > v and u(a) = v(a) with

T ={(z,y) € R?|z € [a,b], u(z) <y < v(2)}.
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The Steiner symmetrization Ts of 1" with respect to the line
through the origin perpendicular to the side {b} x [u(b), v(b)]
is hence obtained by replacing v and v in the definition of T'
by (u —v)/2 and (v — u)/2. For all € [0, 1], we define

def.

ug = (1 —0)u+0(—v),

ve L0 (—u)+(1—0)v,

and

To = {(z,y) €R? |z € [a,b], up(z) <y < wo(z)},

so that Ty /o = Ts. Let us now show that

d

@‘7 (T9)|9:0 < 0,

with equality if and only if 7" is symmetric with respect to
the symmetrization line.

Weighted area term: first, we have:

b v (x)
/ 77:/ / n(\/z2+y2)dy dx .
Ty a ug(x)

Hence
d

b
Frl A —/a (v +v)(2) (92 (Jv](2)) = go (Jul(2))) dz ,

with gz (p) =3 n (\/12 +p2). Our assumptions on 7 ensure
that p — g (p) is decreasing, so that g, (|v|(x)) — g« (Ju|(x))
and |u|(z) — |v|(z) have the same sign. But since

—(u(z) +v(z)) and — (Jul(z) — [v|(z))

also have the same sign, we have that

—(u+v)(®) (g2 (|[v[(%)) — g=(Jul(2))) <O,

unless u(z) = v(z) or u(z) = —v(x). Since u and v are
affine and w(a) = v(a), the first equality can not hold for
any x €la, b| (otherwise we would have u = v on [a,b] and T
would be flat). Moreover, u(z) = —v(z) almost everywhere
on [a,b] if and only if T = T. Hence - ng 77}0:0 < 0 with
equality if and only if T' = T.

Perimeter term: now, the perimeter of Ty is given by

P(Ty) = /b 14 |Vue|? +/b V14 |Vvg|? + vg(b) — ug(b)
= (b—a) (f(Vug) + f(Vve)) + (v(b) — u(d)),

with f(p) " /T + [|p||2, this last function being strictly con-
vex. Now since

Vug = Vu — 0(Vu + Vo),

Vvg = Vv — 6(Vu+ Vv),

we get
d%P(Tg) =(b—a)[VFf(Vu) + VF(Vv)] - [-(Vu+ Vv)]
6=0

=—(b—a)[Vf(Vu) = Vf(=Vv)] - [Vu — (=Vv)],
and the strict convexity of f hence shows

d
2 Pt <o,
g’ (1o

6=0

with equality if and only if Vu = —Vv, which means, up to
a translation, that 7" is equal to 1.

Applying the above arguments to all three sides finally yields
the result.

D.4.2 Quadrilaterals

Let Q be a simple quadrilateral. Up to a rotation of the axis,
we can assume that there exist a < b < ¢ and four affine func-
tions w1, v1, u2,v2 such that

v1 > u1i, v2 > u2,

u1(a) = vi(a), uz(c) = va(c),

u1(b) = u2(b), v1(b) = v2(b),
with @ = T7 UT> and
T; = {(z,y) € R? |2 € [a,b], ui(z) <y < vi(e)}
For all 6 € [0,1] and ¢ € {1, 2}, we define

def.

Ui = (1 — 9) u; + 0 (—vi),

vio L0 (—ui)+ (1—0)v;,
and Qg = Tlﬁg U T27g with
Tio = {(z,y) €R? |z € [a,b], uio(x) <y <vspx)},

so that the Steiner symmetrization Q° of ) with respect
to the ligne through the origin perpendicular to the diago-
nal {b} X [u1(b),v1(D)] satisfies Q1,2 = Q°.

Weighted area term: the fact (ng er 77|9:0 < 0 with equal-
ity if and only if Q = Q*° can easily be deduced from the case
of triangles using the fact that er n=Jr, ,n+ fT2 L1

Perimeter term: now, the perimeter of Qy is given by:

b b
P(Qg):/ ,/1+|Vu1,9|2+/ J1 4 [Vor.ol?
ac aC
+/ \/1+|Vu2,9|2+/ \/ 1+ [Vvz g]?
b b

=(b—a)(f(Vui,e)+ f(Vv1,e))
+ (c=b) (f(Vuz,0) + f(Vvz,9))

with f(p) o Tt lp||? as before. We then get

d
@P(Qe) -

=—(b—a)[Vf(Vu1) = Vf(=Vuv1)] - [Vur — (=Vov1)]
—(c=b) [Vf(Vuz) = Vf(=Vv2)] - [Vuz — (=Vw2)],

and the strict convexity of f hence shows

d
@P(Qe) <0

6=0

)

with equality if and only if Vu; = —Vwv; and Vus = —Vwg,
which means, up to a translation, that @ is equal to Q°.
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