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Equilibration for the Poisson problem

Equilibration for the curl—curl problem



The Poisson problem



Poisson problem

Consider a Lipschitz polyhedral domain Q and f € L2(Q).

Our first model problem is to find u € H3(Q) such that
(Vu,Vv)a = (f,v)a

for all v € H}(Q).
up, is the Lagrange FEM approximation of u with degree p + 1.

For the sake of simplicity, | will assume that f = f, € P,(7).



The idea of flux equilibration

Assume that we have a field o, € H(div, Q) such that
V.o,="f,inQ
at our disposal.

Then, we have

(V(u—up),Vv)g =

for all v € H}(Q) and in particular

IV (u=up)lla <llon + Vurla.



Prager-Synge theorem

Equilibrated flux

o, € H(div,Q); V.o,=1f,inQ

Error estimate

IV (u=un)lla < llos + Vus|lo-

8 W. Prager and J.L. Synge, 1947

The particular choice o := —V u saturates the bound.



Local flux constructions

The idea flux would be o := —Vu.

Let's characterize it locally and cook up a discrete computable version.

Let us set

o? = Y,o




Characterization of the local contributions

We know that 0@ := —1,Vu. So that in particular
07 € Hy(div,w,)
where wj, is the set of tetrahedra K € 7, sharing the vertex a, and

V-0 =af, — Vip, - Vu.

As a result, we have the characterization

o? =ar min v+1Y,Vu
g v Ho(div ) | YaVullw,,
Vov=tpaf h— Ve Vu

since the minimum is zero and achieved when v = —,V u.



Discrete construction

Recall that

o =arg min v +1aVul,.
vEHq(div,wa)
Vov=1,f,—V1,-Vu

As a discrete counterpart, we set

a

ol =ar lvi + ¥aVuylw,-

g min
v, ERT .11 (T;7)NHo(div,wa)
V- v,=Yaf—V1,-Vu

This is indeed well-defined since

(Yaf — V- Vup, 1), = (f,%0a)a — (Vun, Viba)w, =0

whenever a ¢ 0Q.



Reliability and efficiency

Summation provides an equilibrated flux:

o ::g o?,

acy,

and reliability follows from the Prager-Synge theorem.

Efficiency

los + Vusllk SV (v = un)lig

The hidden constant does not depend on



The curl—curl problem




The curl—curl problem

For the sake of simplicity, assume that Q is simply connected,
and consider a divergence-free right-hand side J, € RT (7).

Our model problem is then to find A € Hg(curl, Q) such that
(Vx AV xv)g=(Jyv)a, (A, Vq)q =0,

for all v € Ho(curl, Q) and q € H}(Q).

A, € N,(T,) N Ho(curl, Q) is the Nédélec approximation of A.



Prager-Synge theorem

Equilibrated flux

B, € H(curl,Q); VxB,=J

Error estimate

IV x(A=A)lla <|IBr—V x Aplla
The “ideal” flux B := V x A saturates the bound.
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The issue with localization (1/2)

We follow the same steps than for the Poisson problem.

The ideal flux is B :=V x A. If we set B? := 1,V X A, then
V x B =1,J,+ Vi, x V x A,
so that
B? = arg min lv — a2V x All,.

veH(curl,w,)
V Xxv=1,J+V1pax VXA
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The issue with localization (2/2)

Recall that

B? = arg min lv — a2V x All,.
vEHy(curl,w,)
V Xv=1,J,+V1paxV xA

Unfortunately, we can not set

B? := arg min vy — 1YV X A
viLEN,11(T,?)NHo(curl,w,) ” a Hwa
V Xv,=1adp+V1PaxV XA

as the minimization set is empty: the field
Yady + Vipa x V X A

is not divergence-free!
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Possible solutions

An initial idea for lowest-order elements:

[@ D. Braess and J. Schéberl, 2008

Recently developped extensions:

@ J. Gedicke, S. Geevers and |. Perugia, 2019

@ J. Gedicke, S. Geevers, |. Perugia and J. Schéberl, 2020

@ T. Chaumont-Frelet and M. Vohralik, 2021

Here, | will detail the last construction.
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Let 6% := V1, x V x A. There are two important properties:

> 67=0, V-07=-Vi,-J

acy

At the discrete level, we have

D (Vpax VxA)=0, V- (VaxVxA)#-Via-J,

acy
It is tempting to set

0% :=ar lv—V¢axV X Aw,,

g min
VERT ,(T,;?)NHo(div,wa)
Vov=—V1,-J

but it does not sum up to zero.
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Trick #1: Over-constrained minimization

We instead set

~a
0, :=ar min v—ViY,xV xA
2 VERT ,(T7)NHo(div,wa) ” Va e
(v—=Vax VXA, r),,=0 VrePo(T7)
Vov=—V1,J

where the mean-value constrain works because A), solves the discrete
problem. We then set

~ ~a

0h:= > 0,

acy,

Importantly, we have

(01, r)a =0 Vre Po(Th).
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Trick #2: Divergence-free decomposition of 6 (1/2)

~a
The 6, have the correct divergence, but does not sum up to zero.
o~ ~a
We need a divergence-free decomposition of 8/, into contributions 6,

We set for each ac V), and K € 72

it ~
(7] = &Y min v, — 19,0
I & LeRT 1K) I VaBsllx
V-v,=0
v -nK:waa -nk on OK

This is indeed well-posed since

(wa/é g, 1ok = (1
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Trick #2: Divergence-free decomposition of 6 (2/2)

We can then actually show that
= =
>t =0,
acy,

so that setting
~a ~a
02 :=06,— 06, € Hy(div,w,),

we have
V-07=—-Vi, Jy, > 67=0.
acy,
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Local flux contruction and efficiency

Since the 62 have all the required properties, we can now set

B? := arg min Vh— .V x A -
vi €N (T )NHo(curl,w,) I a llwas
V xvy=tal;+6]

and we construct an equilibrated flux as

B, := Z B?.

acy

Efficiency

1By =V x Asllk S IV x (A= An)llz

The hidden constant does not depend on

@ T. Chaumont-Frelet, A. Ern and M. Vohralik, 2021
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