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Méthode de Gakerkine discontinue basée sur
des flux de Riemann pour la propagation des
ondes électromagnétiques harmoniques

Résumé : Dans ce rapport, nous construisons une méthode de Galerkine
discontinue pour la propagation des ondes électromagnétiques dans un milieu
homogene. Les flux numériques sont déduits de la résolution de probleme
électromagnétique 1D. Des simulations numériques illustrent la précision de
la méthode.

Mots-clés : Equations de Maxwell, ondes électromagnétiques, Elements
Finis, Galerkine Discontinue, solveur de Riemann
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Introduction

Discretization of time harmonic problems with classical methods [19] relies
on the solution of a very large linear system. In the context of three dimen-
sional modeling, this is really problematic due to the increase of memory
consumption for LU decomposition.

An alternative consists in resorting to a domain decomposition based on a
Trefftz method. Instead of one big problem, we have to solve numerous small
problems. This strategy allows us to strongly reduce the memory usage and
to make the computations less expensive.

One particularity of Trefftz methods [1§], which generalizes the Ultra-Weak
Variational Formulation [B], is to use solutions of the time harmonic Maxwell
equations as basis functions [4]. Plane wave approximations are taken as
basis functions in most of Trefftz solvers [20]. This leads to a major draw-
back since the involved linear system that has to be inverted is really poorly
conditioned [, [10]. A possible solution is to compute the plane waves ap-
proximations thank to an auxiliary solver. We call this type of methods quasi
Trefftz methods [[14].

In this report, we present one possible auxiliary solver : Discontinuous
Galerkin Method based on numerical fluxes computed thanks to a Riemann
solver. This method has the main advantage to be based on the time har-
monic version of the first order hyperbolic system [15, B, 12, 9] which involves
the electric field E and the magnetic field H, both needed for Trefftz solver.

This report aims at presenting a Discontinuous Galerkin method, see [, [11]
for a general presentation. The method has been taken out from former
works about Discontinuous Galerkin with general fluxes. These methods are
associated to numerical fluxes which are defined thanks to four parameters
which can be tricky to determine. In this work, we propose to resort to a
Riemann solver [22, 2] to determine these coefficients. This avoids the opti-
mization process to determine these parameters which can be a crucial step
for the efficiency of the method.

The report is organized as follows. In the first section, we recall some well
known results for the solution of time harmonic Maxwell system. In the
second section, we present the variational formulation associated to the Dis-
continuous Galerkin method based on a time harmonic hyperbolic system
of PDE. In the third section, we compute the numerical fluxes thanks to a
Riemann solver. In the fourth section, we devise the final variational formula-

Inria



Discontinuous Galerkin Method for the Mazwell System )

tion. The final section is devoted to the implementation and some numerical
illustrations.

1 The functional framework for time harmonic
Maxwell equations

For this subsection, the reader can refer to [21].

1.1 The normalized Maxwell equations

Let us consider a propagation domain 2 with boundary 0€2. We suppose
that the domain is sufficiently regular (it will be clarified in hypothesis
of subsection @) We recall that the homogeneous time domain Maxwell
system [24] takes the form

~ OH
rot(E) = ~lo in €,
OE W
I'Ot(ﬁ) = 50@ in €.
It can be normalized by considering the following change of variables
H = HHand E = EyE (2)

with ¢ =

the speed of light, Ej the characteristic electric magnitude
€oMo
and H, the characteristic magnetic magnitude which are related by

Vi Ho = /g9 Eo. (3)

The time domain normalized Maxwell equations are given by

10H
e T
10E
wt(H) = C5

where E is the normalized electric field and H is the normalized magnetic
field.

Let w be a wave angular frequency. We suppose that the solution is time
harmonic, which mathematically means

E(x,t) = R(exp(iwt)E(x)),
H(x,t) = R(exp(iwt)H(x)).

RR n° 9431



6 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

This leads to the time harmonic Maxwell equation (k = £>
c
rot(E) = —ikH,
(4)
rot(H) =  ikE.

This system of equations is often equipped with an impedance boundary
condition imposed on the boundary 0f of 2

YvE + vH = %@, with0<Y <1, (5)

where @ is a source term and the two tangential trace operators v; and 7y
are defined by

HWE=E—(E-njn and ~vE=nxE (6)

with n the unit outward normal to 0f).
The first one is called the tangential component and the second one is also
simply called the tangential trace.

1.2 Functional framework

Definition 1.2.1. The nabla operator Vg on the boundary 02 of a function
¥ : 2 — C is defined by

Vootp = 7 V.

Definition 1.2.2. The divergence operator divgg on 0€ is defined by

éQ(diVaQ?)w = — m?‘vasﬂb-

This definition is given in the sense of distributions for ¢ € C*°(9f2) and for
? in the following functional space

Cr(00) = {? = %? such that E} € (C’OO(Q))?’}.

Definition 1.2.3. We define a surface rotational operator rotyn which acts
on tangential vector fields of ? 0 —C?

rOtaQ(%?) = ’Yn(rOt(?)) with 7713 = 3'11,

where n is the unit outward normal to 9.

Inria
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We also have the following formula

rotoa(1 @) = divea( @ x n).

Its adjoint is denoted by rotsn. In the sense of distributions, it satisfies

/ (roton (@)Y = / %@ - Totggth and Totpn(¥) = n x Vaqur.  (7)
o0 o0

We introduce the following functional spaces on 2 and on 0f) :
3
. L2(09) = {?e <L2 asz) ‘a‘-n:o},

e H(rot,Q) = {E € <L2(Q)>3 rot(E) € (LQ(Q)>3}7

» 1H200) = {e| o € H' (@)},
. i 00) = {7 e (1)
. H3(00) = (%(39))

L

. Ht_%(rotag,(?Q {? € ( ))3,r0t393 € Ht_%((‘?Q)},
o« H, %(dlvdg,f)ﬂ {? € ( é ) ,divea @ € Ht_%(ﬁﬁ)}

1 1
Remark 1. The Hilbert space H, 2 (divsq, 092) is the dual space of H, ? (I’OtaQ, o0).

Moreover xn defines an isomorphism between H, (I‘OtaQ, 0Q) and H, (diV@Q, o0).
The operator v; is continuous when equipped with the following functional
framework

1
H(rot, Q) — H, *(rotsq, 0f2).
Therefore, the trace operator v, can be defined as a continuous mapping

from H(rot, ) to Ht_%(diVaQ, o).
This allows to extend the bilinear form

/ ’}/tE . (n X E/)
[2}9]

to H(rot, Q) x H(rot,2) even if it is not anymore an integral but a duality
pairing.

Remark 2. In the context of finite element methods, E and H are regular
and the duality pairing is simply an integral.

RR n° 9431



8 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

1.3 The Stokes formula theorem

The Stokes formula is the main ingredient to derive variational formulation
for the Maxwell system. It is analogue to the divergence theorem for the
Laplace equation.

Lemma 1. Let E € H(rot,) and H € H(rot,2). We have

/rotE-H—/E-rotH:—/ Y E - v H,
Q Q 1)

or equivalently

/ rotE - H — / E - rotH = v E - vH, (8)
Q 0 )

where the last integral should be interpreted as a duality paring between
H, *(rotaq, dQ) and H, (divgg, 00).

Remark 3. If the functions E and H are in H;,,,,(Q2) (we define H,,,(£2) in
the next subsection) then the duality pairing becomes simply an integral.

Proof. The Stokes theorem is a corollary of the divergence theorem

/rotE-H—/E-rotH: (Ex H) - n, 9)
Q Q o9

since

div(E x H) = rot(E)-H —rot(H) - E. (10)

The conclusion follows from
(ExH) n = (nxE)-H. (11)

]

1.4 Existence and uniqueness of the solution

We consider the Maxwell equations on the domain €2 with the impedance
boundary condition [24]

YnWE + vH = %?

with @ in L2(09).

Inria



Discontinuous Galerkin Method for the Mazwell System 9

We are looking for E := (E, H) in the functional space

Hipp(Q) = {E — (E,H) € H(rot, Q) x H(rot, Q)

such that 1,E € L}(09) and v, H € L?(@Q)} (12)

The extra condition that the two tangential traces are L?(0)) is an im-
portant hypothesis for the existence of the solution. Indeed, this condi-
tion is more restrictive than the ones imposed by H(rot, (), that are 1, E €
H; 2 (rotag, 9Q) and v H € H; *(divaq, 99).

Theorem 2 (see [21]). For every 5 @ € L2(9Q), there exists a unique E =
(E,H) € H,,, such that

rot(E) = —ikH in €,
rot(H) = kE in €, (13)

YvWE + vH = ’yt? on 0f).

1.5 The unique continuation theorem for the Maxwell
system

In this subsection we suppose that €2 is a bounded domain. We suppose
moreover that €2 fulfills the following regularity property.

Hypothesis 3. Every vectorial function E € H(rot, €2) such that E = 0 on
09 can be extended to all R* as E € H(rot, R*) defined by

= (14)

E=Ein Q,
E = 0 outside of €.

Remark 4. A polyhedral domain defined thanks to a non degenerated mesh
satisfies this hypothesis.

Theorem 4. If E € H(rot, ) and H € H(rot, ) are solution of
rot(E) = —ikH,
rot(H) =  ikE,
and satisfies on the boundary
vE =0 and 1, H = 0 on 012, (15)
then E=0 and H=0 in .

RR n° 9431
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Proof. Let us introduce the vectorial functions E and H defined over all R?
by

E=E and H=H i Q, (16)
E=0 and H=0 outside of Q.
The computation of the curl operator of these functions in the sense of gen-

eralized functions leads to

rot(E) = —ikH,
N N (17)
rot(H) = kE.
Applying the divergence to this equation, we have div(rot(:)) =0
div(E) = 0,
N (18)
div(H) = 0.

We can therefore compute the vectorial laplacian A = grad(div(-))—rot(rot(-)).
We obtain that both vectorial functions satisfy the vectorial Helmholtz equa-
tion

AE + k’E = 0 and AH + k*H = 0 in R?, (19)

and

E = H = 0 outside of . (20)

The classical unique continuation theorem ensures that

E=H=0inQ. (21)

The result follows. O]

2 The variational formulation of the numeri-
cal method

2.1 Geometrical definitions and numerical functional
framework

We consider Maxwell equations on a three-dimensional domain 2. We use

a mesh which partitions €2 domain into elements. The set of all elements is

denoted by K, where each element K C Q, with  referring to the adherence
of the domain [13].

Inria
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Element boundaries are decomposed into faces. The set of all faces F' in the
mesh is denoted by F. An element K has its own set of faces denoted by
Fi. Faces of an element K can either be on the boundary of the domain 0f2
or be the interface with another element K’ of the mesh. These two types of
faces lead to two sets of faces in the mesh F := Fj; U Fout

o internal faces denoted by F;,; : a face F' € F;,; if and only if there
exist two elements, denoted by K} and K such that F' is one of their
faces,

o exterior faces denoted by F..; : a face F' € F,,; if and only if F'is a
face of an element K and F' C 0f).

The functional framework for a discontinuous Galerkin method [6] is defined

as follows
X = H Xx

with the following Hilbert space defined for each element K

Xy = Hinp(K).

2.2 First step, toward the numerical fluxes

Let us consider an element K whose boundary is 0K. The solution E =
(E,H) is in X. This means that the restriction of E to K can be written as
following

EK = (EK,HK) € XK. (22)

It satisfies the Maxwell system

I'Ot(EK)+Zk?HK = 0,

(23)
We denote by E' = (E', H') € X the test function restricted to K
Ex = (B, Hy) € Xk. (24)
We first multiply the Maxwell system written on K by a test function
/ rot(Ex) - Hy, + ikHy - Hy, = 0,
. (25)

/ rot(Hy) - B, + ikEx - B = 0.
K
RR n° 9431



12 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

Then, summing over all the element K € I, we get

Z/ rot(Eg) - Hy + ikHg - Hye = 0,
Kek (26)
Z/ —rot(Hg) - E + ikEg - E); = 0.

KeK

We can then use the Stokes formula

Z/EK rot ")+ ikHg - H’ Z/ %EK'VXH_/K,
Kek VK

Kek - o o (27)
> | —Hy -rot(Ey) + ikEy - Ef; = —Z/ vH - 7 E.
Kek /K Kek Y OK

It remains to take into account the boundary condition and the continuity
of the solution.
We recall that the boundary 0K of K can be decomposed into faces

We will define the numerical tangential traces (also called numerical fluxes)
of the solution on every face F' C 0K.
This face F' can either be internal in F;,; (shared by two elements K;f and

K1) or be a boundary face in F,; (a subset of 0K and 0%2).
These numerical fluxes will be denoted by

%EF and '7tI/:IF7 (29>

and have the same value for interior faces shared by two elements K> and K.
This is reasonable since the solution is continuous. For the exact solution
(but not for the numerical solution), we will have for internal faces

vEr = %EK; = %EK; and v Hr = %HK; = ’YtHKl;,
and for boundary faces

vEp = %EKF and Hp = %HKF.

In the right hand side of equation (@), we replace the tangential traces v, E
and v,Hg by numerical fluxes

Z/ Ej - rot(H)) + ikHy - Hjo >y / YWEp 7. H,

Kek KeK FeFK
Z/ —Hp - rot(E )+zkEK E’K = Z Z /%HF'WXE_/K-
Kek KeK perk /¥

(30)

Inria
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The last step of this subsection consists in doing a reverse Stokes formula

Z/ rot EK K—Hk’HK H_’K = Z/ %EF—%EK> VXHK,
0K

Kek Kek
Z/ —rot(Hg) - K—l—zkEK E_’K = — Z/ vHp —%HK> - yx Bl
Kek Kek
(31)
Separating the interior and the exterior faces, we have
S [ worlBr) Hy vkt H = Y S [ (uBe - k) 5T
Kek KeKk FeFk,
£ 5 [ (e - i) L
KeK rerk,
Z/ —rot(Hg) - Ej +ikEx By = > > / (%HF —%HK> A EL
KeK KeK FeFkK,
+ Z Z / ('7>< F_’YXHK> "VtE/K~
KeKk FerkE,

\

(32)
In the next subsection, the numerical fluxes will be determined thanks to a
Riemann solver. These numerical fluxes will not have the same value if F is

an interior face or a boundary face.

3 Riemann solver

Since meshing the domain causes discontinuities, we have to ensure the con-
tinuity of the solution across interfaces F' € F. A Riemann solver can be
used to find the solution of a problem with a discontinuous initial condition.
In our case, the starting point of our problem is to know that the solution
satisfies the Maxwell problem in each element K of the mesh. We then want
to construct the solution in the whole domain. That is the reason why we will
use the Riemann numerical fluxes to ensure the continuity between elements.
Firstly, 1D case of Maxwell hyperbolic system will be considered. Then we
deal with the case of a plane separating two 1D media. Finally, we consider
the Riemann solver associated to a boundary condition.

3.1 1D Maxwell system as an hyperbolic system

Any wave propagation problem can be seen as an hyperbolic system. In
particular, the solution E of the Maxwell system (4) defined on all R? is also

RR n° 9431



14 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

satisfying the following general hyperbolic system

IE OE OE IE

—(x,t) = A —(x,1 Ag—(x,t As—(x,t 33
ot (X’ ) laxl(xv )+ 28$2(X’ )+ 361’3()(7 )7 ( )
where x € R?, t € R, ¢ is the speed velocity in vacuum, and where we adopt
the notation

Ey
Ey
E;
H,y
Hy
Hj

(34)

To determine numerical fluxes at interfaces, we have to get a continuity rela-
tion between elements. Before formulating this relation in three-dimensional
coordinates, let us first consider the one related to 1D Maxwell equations.
To get rid of two dimensions, let us suppose that initial conditions are inde-
pendent of x5 and x3. That means

E(z1, 29, 23,0) = E(z1,0) and H(zy, 9, 23,0) = H(x1,0).
Due to isotropy, the solution of the system is also independent of x5 and x3
E(z1,z9,x3,t) = E(x,t) and H(xq, x9, 23,t) = H(xy, ).

Assuming these independences, the hyperbolic system becomes

OE OE
- — A==
5 (7100 = A (), (35)

whose solution is also solution of the 1D Maxwell equation
rot(E(zq,t)) = —ikH(xy,1),

(36)
rot(H(z1,t)) = ikE(xq,1).

Inria
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Theorem 5.
E(‘xht) = El(xho)
B, + H
o2 a0
2
By — H
+ %(Il + ct, O)

\

Proof. The Maxwell system reads

(OB, 0E,  10H,
dxy  Ozy ¢ Of
OE, 0E;  10H,

\ 9z Om ¢ ot
0E, OFE,  10H,

| 0z, Oz, ¢ Ot

S OO = Ol

_ OO OOk, O OO0 0o o

\

The solution of the 1D Maxwell equation is given by

0
0
0
+ Hl(‘rho) 1
0
_O_
“ 0]
0
Es — H. 1
%(xl —ct,0) 0
-1
L 0 -
o
0
Es + H 1
%(m +et,0) |,
1
_O_
OH; B OH, 1%
0xs Ors ¢ Ot
0H, B OH3 1%
Ors Oxry ¢ Ot
OH, B OH, 1%
0xy 019 c Ot

Taking into account that the solution is independent of x5 and x3, we can

simplify, thus leading to :
( 10H,

c Ot
(9E3 1 (9H2

_(9_1:1_ c Ot
8E2 18H3

( 01y

c Ot

¢

\

1B,
Tt
OH; 10E,
S Oxy ¢ Ot
OH, 10E;
Oz, c ot

It follows that H; and FE; are time-independent. Then they are constant and

equal to the initial condition for all ¢

RR n° 9431



16 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

H\(7,t) = Hi(7,0) and E\ (7, t) = E,(7,0).
The other coordinates verify the 1D hyperbolic system

ou ou
t Al — t
ot (1'1, ) c 1ax1(x17 )7
with
Ey 0 00 -1
| Es |0 01 0
U= H, and A; = 0 10 0 (37)
Hj -1 00 0
We diagonalize the matrix A;
1 0 1 0 -1 0 00
. 0 1 0 1 0 -1 0 0
AP = PA with P = 0 -1 0 1 and A = 0 0 10 (38)
1 0 -1 0 0 0 01
We introduce the orthogonal basis of eigenvectors W,
1 0 1 0
0 1 0 1
E?I = 0 ﬁg == 1 ﬁg = O w4 - 1 (39)
1 0 -1 0

We have A;w; = A\;w;. More precisely, we have
MWy =T, AWy=-0s AWs=+T AWi=+Ta

The solution U can be decomposed in the introduced basis thanks to coeffi-
cients (&;)i=1.4

4
$1a E 52 1‘1,
=1

Inserting this formula into the 1D hyperbolic system it follows

4
881 agz
5 (21, =c E >\ :cl,

i=1
Therefore, the coordinates e;(x1,t) Solves
Os; Os;

ot (x17t) = C)‘ia_xl(xht)a

Inria
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isovalue of 1 and &5

isovalue of €3 and ¢4

t
x1 + ct = cte xr1 — ct = cte

x1

Figure 1: Isovalue of functions ¢;, i = 1, 4.

which is a transport equation whose solution is g;(xy,t) = g;(x; + A\;ct, 0).
It leads to

El(l’l,t) 281(1’1—Ct,0>, 82($1,t) 282($1—Ct,0>,
53(I1,t) = 53(1‘1 + Ct, O), 54(ZL'1, t) = 64(ZL’1 + Ct, 0)

Functions €; and &9 are propagating in x; direction with velocity c¢. In a
similar way, functions £3 and 4 are propagating in —z; direction with velocity

¢ (see Fig.[l)).
Since || W,]|? = 2, we can also normalize the basis thus leading to
U(xy,t) - 05
ez, 1) = %
2
Therefore, we have
( Uz, t)- Wy Ey+ H E,+ H
U(xy,t) - Wy By — H Es — H.
eo(a1,t) = (I1,2) > _ L3 - 2 (21, 1) = %(561 — ct,0),
U(z,t)- Wy Ey—H E, — H.
63(1’1,15) - (xl 2) > = 2 9 S(xlat) = %(Il + Cta())a
U(zy,t)- Wy B3+ H Fs+H
lw,ty = S0 T Bot Bt o)

The expression
U(xy,t) = e1(xq — ct, 0)?1 + e9(x1 — e, O)ﬁg

+ eg(xy + ct,0)Ws + eq(xy + ct,0) Wy, (41)

RR n° 9431



18 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

isovalue of €; and &9

isovalue of €3 and &4

(231,25)

T

Initial condition t =0

r1 —ct r1 +ct

Figure 2: Characteristic lines involved in the computation of U(z1,t) for an
interior interface.

can then be evaluated thanks to (@) The formula (@) can then be graphi-
cally interpreted. The solution at point (z1,t) is given thanks to the values
of ¢; functions which are evaluated on the characteristic lines

1. x — ct = cte for 1 and €3 (red color in Fig.@),
2. x + ct = cte for e5 and ¢, (blue color in Fig.@).

The theorem follows.

3.2 Riemann solver for interior interfaces

The interior fluxes are the information going through an interior face ' &€
Fine- If we consider a face F' interfacing two elements K; and K, and take
aine € R and B;,; € R, interior fluxes on F' can be written as following

%EF = {%E}r + am[v«H]F, (42)
vHr = {vwH}r+ Bin[7<E]r,

where we adopt the following notations

HET +vE”

{%E}F = #7

['xE]r = n= xE +n" x ET,

with n* (resp. n™) the outward unit normal to K (resp. Kj).

Inria
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3]

R3~ R3+

Figure 3: Two half spaces in R?.

The goals of the present part are to explain why interior fluxes take this form
and to find the constants «a;,; and B;,;. To do so, we consider the assumptions
made on the independence of the initial conditions on x5 and x3. We can
thus use the latter theorem to determine interior Riemann fluxes on interior
faces. In other words, we have to find the values of functions ¢;, for i = 1, 4.
The initial three-dimensional problem governed by the Maxwell equations
and the initial data takes the following form

E(7,0) = E for 7 € R*™ and E(7Z,0) = E* for 7 € R>*,
where R? is decomposed into two half spaces (see Fig. a)

R3+ = {7 € R? such that 7 - n > 0},

R>™ = {? € R3 such that 7 - n < O}.

This decomposition allows us to see the interface between these two-half
spaces as an interior face in the mesh. That is the reason why we choose our
set of coordinates with respect to the normal n

1‘1:?-11.

We denote by x5 and x3 coordinates associated to an orthonormal basis
(?1 =n, ¢, ?3), and we adopt the following notations

E;=E-¢; and H,=H-7¢,

The theorem B is the main ingredient to solve this transmission problem. It
follows that the solution takes three values depending on the values of x;
(see Fig. @) :

RR n° 9431



20 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

t
1 +ct =0 z1—ct=0
xr1+ct <0 x1 —ct >0
Z1

Figure 4: Variables dependant spaces.

e For 1 < —ct since 1 + ¢t <0

Ei(l’l,t) = E; and HZ(Il,t) = H

70

e For —ct < x1 < ct, we have since x1 — ct < 0 and z; + ct > 0

( By = BT E B
E3<:c17t)=E5;E;+H2+;H5,
Hy(an, 1) = HE;FH;JFE;;E:?,

| By = BT BB

in that case, the value of U(z1,t) depends on the four functions prop-
agating in xy and —x; directions, see Fig. P,

e For xy > ct, we have since 0 < x; — ¢t

Ei(xy,t) = E;" and H;(z,t) = H;.

1

The numerical fluxes used in our numerical method are determined by con-
sidering the value of the solution at ; = 0 which is independent of ¢

( E2(07t>:E2_J2rE;_H3+;H§,
Eg(o,t):E5+E?’++H2+;H2_,
HQ(O,t):HQ_;H;JrE;;ES_,

kH3(O’t):H§+H§“_E;—E2_.

2 2
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Remark 5. Particularly, we take into account that

VtE == (07 E27 E3)T7

inE =n" x 7 E = ( )T’
’}/;E =n X ’ytE (0 Eg, Eg) s
n" ;= -—nandn :=n,

which lead to the interior Riemann fluxes

= WEF +yET AfHY o H-

E. —
YthE 9 . 9 ] ’ (43)
I 7H" +H” n Y ET+ 9 ET
YeHlp = 5 5 .
The latter can be condensed into
~ H
wEr = {nE}r— ﬂ7X2 ]]F,
: (44)
%ﬁF = {vwH}r+ w
The values of constants «;,; and [;,; follow
1
Qint = —3,
2
: (15)
52'nt = 5

We point out here that (@) are unoriented formulas. In other words, they
are the same if we switch R** and R*~ domains.

Remark 6. The value of the numerical flux on an interior face F' of an element
K™ is

By = B — WEY =BT AfHY 9 H-
- | HJr2 H- +E+2 E_’ (46)
’YtI/:IF _ ’YtHJr _ Vt g Vi + Tx ;_7>< .
This leads to
- n' x [['VXE]]F [['VXH]]F
Er =vE" —
Yelip = T+ ) 5 ., 2E ) )
~ X
v Hp = vH" + - [[;X I + [hx2 ]]F
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Remarks H and B lead to the following theorem.

Theorem 6. Riemann fluxes for an interior face F' takes the form

«H ~ «E
D i = ey + A2 g

’YtEF = {vE}r —
or equivalently

~ + E H
vEp = %E+ + n'x H'Yx ]]F _ II'VX ]]F

2 2 ’
(49)
3 n’ x [[’YXH]]F [['Yx E]]F
H, =~+H" .
Vg = Yt + 9 + 5

Remark 7. Since every regular solution of the Maxwell problem has zero-
jumps
[v<E]r =0 and [v«H]r =0,

these numerical fluxes applied to the exact solution simply give

vEp =vE|p and  ~Hp = vH]|p.

3.3 Riemann solver for the boundary

Let us now determine boundary Riemann fluxes. Boundary fluxes traduce
the information going through the domain boundary.

For boundary faces we solve the Maxwell problem on the half space Z-n <0.
The initial three-dimensional problem is

10H

rOt(E):_Eaa_t’ for 77 -n <0,
10E

rot(H) = E%_t’ for 7-n§0.

These Maxwell equations are equipped with an impedance boundary condi-
tion

YYHE+9H = @, for Z-n=0,

and the initial value problem
E(7,0)=E~ and H(Z,0) = H".

Let us show that taking a.,; € R and f.,; € R, boundary Riemann fluxes
can be written as

’YtE =1%E" + aep (Y’YtEf +H™ — 7t?>

7 H = 3 H + Bt (V0B +7H =% F).
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isovalue of £; and &9
isovalue of €3 and &4

(xlat)

YYE +vxH=v7¢

T

Initial condition t = 0

Figure 5: Characteristic lines involved in the computation of U(zy,t) for a

boundary interface.

We use the same set of coordinates than before. According to theorem H,
E\(7,t) = Ey and Hy(7,t) = H; are constant. We introduce the notation

U = (E,, E3, Ho, H3)T and we mention the solution we got before

U(l‘l,t) = 61(1‘1 — Ct, O)Ekl + 52(1’1 — Ct, 0)?2

+ 53(1’1 + Ct, O)ﬁg + 84(ZE1 + Ct, 0)?4

(51)

To obtain the values of U(zy,t) for every x; < 0 and ¢t > 0, we need to

determine

e; (1) = ei(xy) for 1y < 0 and 1 < i < 4, see Fig B,
{ e (z1) = &i(zy) for 1 > 0 and 3 < i < 4,see Fig B
These functions will be determined thanks to

« the initial condition for ¢, , 1 < i <4,

o the impedance boundary condition for 5 and ¢ .

Writing (@) at t = 0, we have for x; <0

8 8
T

Y

0
0
0
0

wm‘wgwwb?wh?
/-\E;AA

R

Y
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isovalue of 1 and &5
isovalue of €3 and ¢4

xr1 —ct =cte t
x1 + ct = cte

YWE + vy H =g

T1

Initial condition t = 0

Figure 6: Characteristic lines encountering the initial condition and the
boundary condition.

We have by acting similarly to (@)

€1 (BEy + H3)/2,
wom B (54)
g3 = (Ey —Hjy)/2,
eq = (B3 +Hy)/2

Ey(T,t) = E;,
Es(7,t) = B,
Hy(7,t) = Hy | (55)
Hs(7,t) = H.

Let us determine functions 5 and ¢f. The impedance boundary condition
at vty =0and t > 0 is

0 1 0 0
YyE+7H = 3@ <= |[YE(0,0)] + |0] x [Ha(0,8)| = |a(t)
Y E5(0,t) 0 H;(0,1) Ps(t)
(56)
This means that
{ Y Ey(0,t) — H3(0,t) = ¢oft),
(57)
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We have due to (EI)

U(0,t) = ey (—et) W1 + 5 (—ct) Wa + ef (ct) W3 + e (ct) Wy (58)

E5(0,1) e7 (—ct) + 3 (ct)
B0 [ | e (—et) +ef(et) (59)
H;(0,1) —&5 (—ct) + ef (ct)
H;(0,1) ey (—ct) — &5 (ct)
This leads to the linear system
Y<51_+5§L>—61_+5§r=902 (60)
60
Y(e; +5§f) —e5 +ef = 3.
We deduce € coefficients which are constant
L L 1Y
BTy Iy 61
R £ g (61)
= €y -
Ty T Iy
We denote by R = — the reflexion coefficient. Si L fi
= —— the reflexion coefficient. Since = we
e denote by Ty Ty 5
have . . 5 "
1+ 1+ , + Hy
el = 5 o + Re] = ¢2+R% )
62
1+ R 1+R Ey — Hy
er = 5 @3+ Rey = ¢3+R%.
We recall that for —ct < 1 < 0, U can be evaluated as
Uz, t) = e] W1 + 65 Wo + ef Wy + e W
Therefore, we have thanks to (@) and (@)
By +Hy By +Hy R+1 7
Ey(xy,t) el +eq . +RE 2H +R2 1902
; — Hy , —H, R+
Es(xq,t) ey +ef 3 5 2 + R 5 2+ 5 Ps
- 2 2 2
R bH3%1: ) e — &5 Hy +By _Hy +By R¥1
L 2 2 2 .
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It follows for —ct < z; <0

( E2<x17t):1%R<E+H) +R;_1%02>

| Bt = (B - ) +
Ho(a1,t) = %(H{ - Eg) + R;r Los

\ Hg(:cl,t):¥<H3+E2> _ R2+1s02

Remark 8. We can now deduce the value of the numerical fluxes E and H
thanks to the value of the electromagnetic fields at x1 =0

( EQZ#(E2+H3)+R;1%
A3:¥<E§—H§ +R+1903,
IA{Q_%(H;—E;;) R;l%

\ ﬁ3—¥<ﬂ—+E;>—R;1m.

Taking into account that

’YtE = (0, E27 ES)T7
’}/XE =n X fytE = (07 _E37 EQ)T7

Riemann fluxes for an interface F' take the following form

~ 1+R _ _ 1+ R

Y = T<%E —7xH ) + 7 %? (63)
~ 1—R B N 1+R

vH = T(%H + < E > - T’Yx?-

Remark 9. If the impedance boundary condition

YnE™ +vH™ = %?

is satisfied, then we have %E = vE and %PAI = 7@1.

Indeed, by adding and subtracting fields traces, (63) is equivalent to

~ _ 1+R _ 1+R _  R+1
1B =nE +<T—1>%E —TVXH + 5 e (64)
64
~ _ 1-R _ 1—-R . R+1
W =y H 4 (- D) H 4 B - T

Inria



Discontinuous Galerkin Method for the Mazwell System 27
Since R = 1—7——Y’ we have
I+R 1 1-R Y
2 1+Y’ 2 1+Y’
- R | 1 1+ R B Y
2 1+Y" 2 - 14Y
then
~ B Y B 1 _ %?
E=vft - ———wE ——~H
Tt Tt 1 +Y% 1 _I_YWX + 1 _%Ya (65)
- 1 _ Y _ ’7><
H=+yH- H ——E" — )
YRR Y Ty 1+Y
We can factorize this expression and it leads to
= 1
rE=yE" — 11y (Y’YtEf + 7 H™ — ’Yt?)a
R 1 (66)
wH = H = o (WH - Y3B +7.3)
The second line can be multiplied by nx :
~ 1
1 H =9 H = 0 (V3B + 9 H =9, 3)).
Finally, we have determined the values of constants ae,; and (..
1
Qegt = — 7~
14+Y
B (67)
o L
ext 1 I Y
With remarks H and E we have proved the following result.
Theorem 7. The Riemann boundary fluxes are given by
~ 1+ R _ _ 1+ R
1B = T(’YtE —7xH ) + 5 %E, (68)
~ 1—-R _ _ 1+ R
vH = T(%H +7<E ) - %,
or equivalently
~ 1
HE=vE" — 15y <Y%E_ + 7 H™ — ’Yt?);
_ R ) i (69)
H=7H — H—Y(Y%E +yH — %?),
where the admitance Y is related to the reflexion coefficient R by
1-Y 1-R
R = Ty equivalently Y = TTh (70)
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4 Final variational formulation

The numerical fluxes have been computed thanks to a Riemann solver and
theorems E and H state their values in (47) and (@) As a conclusion, we
have the following numerical fluxes, for F' € F,

ng X [[’YXE]]F _ [['YXH]]F

’YtEF =1 Ex +

2 2 ’
(71)
~ X H E
yHp = v H + 2K H;* Ir [[”2 I2 o P € i,
and
~ 1—-R 1+ R 1+R
"Er =vEg — 5 VB — T’YXHK + 5 %3,
~ 1-R 1+ R 1+ R
v<Hp = v«Hg — 5 viEx — TWXHK + %?, for F' € Feat,
(72)

where nx is the outward unit normal to the face F' of the element K.
These numerical fluxes are then inserted in (B2) to obtain

353 /F(HK X [gWXE]]F B [[Wx;{]]F) S

KeK FeFrk,
1-R 1+ R 1+R —_—
-3 Y [ (5 e+ S - )
F
KeK perFK

ext

Z —l"Ot(HK) E—Z/{ZEKE_,K:

DYDY /F<n;< x [[QVXH]]F N [hxf]]p> L

KeK Ferk,

—Z Z /F<1_R’7tEK+#7><HK_1;R7t?>'m-

2
KeK rFeFk,

\

(73)
Summing the latter equations we get the final variational formulation, which

is
Find E € X such that a(E,E') = ¢(E') for all E' € X, (74)

with
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aB,E) = ) ax(EE) + v™(EE) + ' (E,E)
Kek (75)

, 1+ R _ _
(E) = —— . (%7-%E’+%?-VXH’>-

The bilinear form ay can easily be identified

o (EE) = /rot(EK)-H_}(—rot(HK)~E_}(
K (76)
— z’k/HK-H_’KjLEK-@.
K

The second one takes the form

1+ R —_—
b?t(E’E/) = Z Z/ ’Vt K_‘_TIVXHK)"}/XH/[(

KeK FeFkE,
1+ R —_—
b S [ (e ) B
KeK FeFkK,
(77)
and can be simplified over all faces of the boundary as
1-R 1+R
WEE) = ) 5 1Bk B + 5y Hie - H
F
" 1-R 1+ R
+ > 5Bk 1 Hje + —— =7 Hi B
FeFeut F
(78)

The form on interior faces is

b?t(E,E/) _ Z Z /[['VXH]]F H}(-l-[[ ]]FX—E/K'

KeK Ferk,
H| ——— Elr, ——
n Z Z /IIKX[[7x [r B }(_HKX[[Q’YX ]]F"YXH/](
KeK Ferk,
(79)

and is simplified as

) H -

b EE) = > D /[hx = H’K+” Bl S,
K

KeK perk, (80)

«H|p - tE ><EF tH/
n ZZ/[[W Ir-nEy  [<Elr -~

Kek FeFrk,
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The interior flux goes twice through an interior face interfacing two elements.
That is why we can duplicate this face, and consider it either into K or into
K. Tt follows that

([ int N [[’YXH]]F - T
bF (EaE) - F; p 2 ' <'7><H/K; +’7><H,K}->
[[’YXE]]F - T
+ F; /FT <7><E/K7+7><E/K+>
vE _ +yE (81)
+ Z /II'YXH]]F' fr 9 Br
FeFint F
wH _ +vH
- Y [ e
\ FeFm VT

which leads to

b?t(E7 El) = Z

[v«H]Fr - [v«H]F 1 [v<Elr - [v<E]r

F 2 2
FeFint
+ Y [ ol T e - beBle- T
Fefi'nt

(82)

Theorem 8. The variational formulation of the Discontinuous Galerkin method
based on Riemann fluxes is

Find E € X such that a(E,E') = ((E') forall E' € X (83)
with
a(E,EI) = Z (IK(E,E/) + Z b?t(E,E/) + Z b?t(E,E/>
[]TE’C R FeFint FEFeat
+ _
(E) = —— <'7t? B+ g VXH'> ;
2 Jan
(s4)
and
ag (I, E/) = / rot(Eg) H_’K — rot(Hg) E
/ )

— zk/ Hy -Hy + Ex - Ef |
K
PEE) = [l BE) - DBl Dl
F

[v«H]p - [v<H] + [7«E]r - [7«E]
n /F . ,
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. 1-R — 1+R -
Vi (E,E) = / 5 YEx - v Ey + —5x Hy -7 Hy
r (87)

1-R ___ 1+R -
+/F 5 %EK'WXH/K—FT%HK'%E/K-

5 Discretization of the wvariational formula-
tion
The variational formulation can be discretized and then written as

Find E;, € X}, such that a(Ey, E)) = ¢(E}) for all E, € X, (88)

where X, is the discretized space of basis functions, that will be defined later.
We will see that this discrete problem can then be associated to a matrix
problem. The latter will allow us to solve the main problem and find the
discrete solution E; approximating K.

In order to define the discrete problem, we first introduce a finite element
basis.

5.1 Definition of the finite element basis

5.1.1 The finite element space

Let us take an element K of the mesh defined in part @ Each element
K is a tetrahedron. The set of degrees of freedom (dof) of this element has
dimension #dof. We associate to each degree of freedom X a polynomial
function p. Let Py(K) be the set of polynomials of total degree less than N
defined on K. A polynomial function p : K — C is in Py(K) if an only if

N N-ngy N—ny—ng

pX) =D > D tnnyn XY 2 (89)

nz=0 ny=0 n,=0

Since we are dealing with a discontinuous Galerkin method [16], there is
no continuity relation between two touching elements and the scalar finite
element space is simply the set of functions which are Py (K) in every element
K

Py = [] Pv(K). (90)

The problem involves the unknown E = (E, H) which has 6 components

RR n° 9431



32 S. Pernet, N. Serdiuk, M. Sirdey, S. Tordeux

- — >

X1
v X

Figure 7: The reference tetrahedron.

We introduce the local (on an element K of the mesh) or global vectorial
finite element spaces, which are respectively

XN(K) = (PN<K))6 and XN = (]PN>6. (92)

5.1.2 Geometric transformations

Let K be the reference tetrahedron

~

K = {X:(X,Y,Z)GR3 X4+Y+Z<1, X>0,Y >0, ZZO} (93)

with vertices X; = e; for 1 < i < 3 and X, = (0,0,0)". Any arbitrary
tetrahedron K, with vertices xg, X1, X2, X3, can be seen as the image of K
by an invertible affine mapping i defined by

?K(Xz‘) =X;

with x = ¢ x(X) and K = ¢ x(K).

Any point in the tetrahedron can be written as

—
(ﬁ,y,Z) =X = ¢K(X) = (1 - X-Y - Z)X0+XX1 +YX2 +ZX3. (94)
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Finally, we introduce the Jacobian matrix

or Ox Ox
a_X a_Y (9_Z Ty — Ty T2 — o T3 — Xo
dy 9y Oy
J - |2 Y9 Y9 = _ _ _
P axX 9y 97 Y1 —Y% Y2 —Y Y3 — Yo
2 % % 21— 20 R2— 29 R3— X0
0X Y 07

5.1.3 The basis functions

First we define basis functions in the reference tetrahedron K , and after we
will deal with an arbitrary tetrahedron K.

We use the classical Lagrange polynomial functions associated to the local
Lagrange points Xjioc, itocs itoc; defined in the reference element

iloc; tlocy ilocs
Xilocl,ilocg,ilocg = ( N ' N’ > (95)
We denote 2locy by
iloco = N — iloc; — ilocy — ilocs. (96)

These reference interpolation points Xijoc, iiocs,itocs are indexed by three inte-
gers (ilocy)g=1,3 which satisfy

0 <iloc, <N, for0<k<3. (97)

In the reference tetrahedron, the Lagrange polynomial functions Wie, iiocs itocs
can be written as follows

VViloq silocailocs (Xilocl ,ilocz,iloc;;) = Ziloco (1 _X_Y_Z) Zilocl (X) ZilOCQ (Y)Ziloc;; (Z)

with 1D Lagrange polynomial functions

i—1 k
X - £

Z;(X) =[] 73 fori>1, and Zy(X) = 1.
=0 N TN

The Lagrange polynomial function Wijee, itocs itocs 1S €qual to 1 at interpolation
point Xiioc, itocs ilocs and is equal to 0 at other interpolation points.

On an arbitrary element K, the Lagrange basis is simply defined by
. —
WEK jilocy ,iloca,;locs (X) = Wilocl,ilocz,ilo% <X> with x = 2/} K(X>7
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N 2| 3 4
#dof 4 110 20 | 35
#vectorial dof | 24 | 60 | 120 | 210

—_

Table 1: Number of degrees of freedom (dof) for the scalar and the vectorial
finite element basis on one element.

where we recall that ? K is the invertible affine mapping that enables to go
from the reference tetrahedron to any tetrahedron in the mesh. The triple
index jioc, itocs,ilocs 18 Tather inconvenient to use. That is why we introduce a
new numbering for the basis functions. We will use a unique integer number
1 <iloc < #dof instead of three integer numbers, see table [Il. Thus, the
basis function wg ;. in an arbitrary tetrahedron K is defined by

wK,iloc(X) = wK,ilOCl,’ilOCQ,ilOC:j(X))

(98)
VViloc(X) = I/I/il001,ilOCQ,ilOCg (X)

To perform reordering we use the following algorithm

iloc=1
for ilocl in [0O,N]
for iloc2 in [0,N-iloc1]
for iloc3 in [0,N-ilocl-iloc2]
iloc3_to_iloc(ilocl,iloc2,iloc3)=iloc
iloc_to_iloc3(iloc)=(ilocl,iloc2,iloc3)
iloc=iloc+1
end
end
end.

5.1.4 Solution approximation

To approximate the solution E = (E, H) in K, we introduce the vector-basis
WJK ioe for 1 < j < 6, where j is defined as the non-zero coordinate of E.

We recall that E takes the form (@) Thus, the vectors ﬁkiloc are defined
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as follows
WK iloc 0 0
0 WK iloc 0
1 . _ 0 9 ' _ 0 3 . _ WK iloc
Kiloc 0 ) Kiloc 0 ) K iloc 0 )
0 0 0
0 0 0
(99)
0 0
0 0
%{ iloc — ’ ?{ iloc — " ?{ iloc — "
Jiloc W itoc ) ,iloc 0 ) siloc 0
0 WEK iloc 0
0 0 WK jiloc
(100)

Remark 10. This is clearly not the only choice for the basis functions. How-
ever, this one is really easy to understand and can be quickly coded. A good
idea would have been to use Nedelec finite element [[17, 23] to benefit from
their properties related to an easy evaluation of the tangential traces.

Consequently, the numerical approximation E, of E on the element K is

given by

6

#dof

#dof

Eh|K = Z Z E]}(,ilocw]}(,iloc = Z

7=1 iloc=1

iloc=1

1
EK,iloc

2
EK,iloc

wK,iloc (101)

with Ej ;. (respectively H ;(,iloc) is the value of E% (respectively Hj.) on the
point Xk i for 1 < 4,5 < 3 and #dof is number of degrees of freedom for
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the element K

4 1 _ 1
IE:’K,ilac - EK,iloc’
2 _ 2
I’:T"K,iloc - EK,iloc’
3 _ 3
]E’K,iloc - EK,iloc’ 102
Ekioe = Hj (102)
Kjiloc — Kiloc»
5 _ 2
EK,iloc - HK,iloc’
6 _ 3
\ ]EK,iloc - HK,iloc'

We also introduce the following notation for the restrictions of the electric
and the magnetic fields associated to Ej,

1

B
#dof K iloc
Ev(x) = > | Bk | write(x) forx €K, (103)
oe=t E?(,iloc

1
#dof HK,iloc
H,(x) = Z Hi oo | witoe(x)  for x € K. (104)

iloc=1 3
HI(7

iloc

As mentioned before, {2 domain is split into a set of elements K. Basis
functions of an element K are defined on each of its vertices. They are
then independent to each other. Thus, the basis functions defined on the
whole degrees of freedom of the mesh are also independent to each other.
Consequently, local functions wkiloo can be considered with respect to the
whole domain and they are called global basis functions E?iglob- We define
them as ,

Wigion(X) = Wi goe(x) i x € K,

W igion(X) = 0 if xe K, and K' # K,

where 1glob = 1, #global dof is a global index associated on the element K,
tloc =1,#dof, and j = 1,6.

This global numbering over full domain is constructed thanks to the following
algorithm

(105)

iglob=1
for K=1 to #K
for j=1 to 6

for iloc= 1 to #dof
Kjiloc_to_iglob(K,j,iloc)=iglob
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iglob_to_Kjiloc(iglob)=(K,j,iloc)
iglob=iglob+1
end
end
end .

Therefore, the associated degrees of freedom are defined by
Ez‘glob = ]E]}(,iloc'
Remark 11. We can define the global approximation of [E as

#global dof

Eh (X) = Z ]Eiglobwiglob(x)‘

iglob=1

The global number of degrees of freedom is given by

#global dof = 6 #K #dof,
where # K is the number of elements of the mesh.
We thus define the discretized space X, of basis functions as

#global dof

(106)

(107)

(108)

X, = {Eh 1 Q — CO such that Ey(x) = > Eigzoﬁigng(@}- (109)

iglob=1

5.2 Definition of the involved matrices

The discrete variational formulation (@) enables us to solve the problem.

Indeed, the discrete problem can be written as a matrix problem

AE =F

=

(110)

where A is the matrix associated to the sesquilinear form a, FF is the vector
associated to the linear form ¢, and E is the vector associated to the discrete

approximation [E; of the main problem solution E.

This matrix and theses vectors are defined in the present section.

5.2.1 The global matrix system

We represent a solution E;, of the discretized problem (@) according to ()
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The solution can be written as a vector E and takes the form

E, Ex,
E, Ex,
E = . = . (111)
IE#global dof EK#K
with
E}( J J
E3, Bic Hica
E3 , E}(,Q , H;m
Ex = Hi; , Ej = | , H = : . (112)
H2 . .
f E;(,#dof Hi(,#dof
Hy,

The exact solution is related to the vector E by

F#globaldof

E, = Z Ejgiob W jglob- (113)

jglob=1
Taking as test function E' = ﬁjglob, we have for 1 < jglob < #global dof

F#globaldof

D Eorona(W jgion, Wigion) = C(T jion). (114)

iglob,jglob=1
This system can be written as

#globaldo f
Z Aiglob,jglobIEjglob = IF‘jglob (115>

iglob,jglob=1
with the matrix A and the vector F defined by
Aiglob,jglob - a(ﬁjgloba ﬁiglob) and IFjglob - E(ﬁjglol) (116)

with iglob, jglob = 1, #globaldof .
We have finally defined matrices satisfying the matrix problem ()
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5.2.2 Decomposition of the matrix A

Due to (@), we recall that the sesquilinear form a can be decomposed as
following

aB.E) = > ax®EE) + > WEE) + > bEE). (117)
KeK FeFint FeFeat
Therefore, we follow the same reasoning to decompose the matrix A
= > Ax + Y B+ > BE (118)
KeK FeFint FeFeut

where the different matrices are defined by

(AK )z’glob,jglob = (E?]globa E?zglob)a (119)
(]B?‘lt)iglob,jglob = F (ngloby Wzglob)v (120)
(B?t%glob,jglob = (ﬁ]globy m>zglob)- (121)

5.3 Implementation of the matrix Ay

The matrix A is associated to the form ax defined by (@), recalled here
ak(E,E) = / rot(Eg) - Hy, — rot(Hg) - Ef
K
~ ik [ M H B B
K

This sesquilinear form has to be evaluated for every pair of vectors (ﬁigloby nglob)
in the finite element basis

45 i
(AK)iglob,jglob = aK(E?jglOba E?iglob) = CLK(?]%J- Jjlocs ﬁiéi,iloc% (122)

where ﬁiglob = U%ﬁiloa and wjglob = W%WOC, with K;, K; the elements,
iloc, jloc = 1,#dof, and [;,1; = 1,6 the directions of the basis function, all

respectively associated to iglob, jglob.

We first remark that aK(nglob,ﬁiglob) = 0 except if K; = K; = K, see
Figure

Let us recall () and () They lead to the following formulas, where we
associate a basis function to an electric field and a magnetic field
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( WK jiloc 0
EK[U}{,HOC] = 0 HK[w}(,iloc] = 0
0 0
0 0
EK[ %(,iloc] = WK iloc HK[ %(,iloc] = 0
0 0
0 0
EK[ ;;(,iloc] = 0 HK[ ?(,iloc] = 0
S]K,iloc O (12?))
WK iloc
EK[ﬁ}l(,iloc] = 0 HK[w%(,iloc] = 0
0 0
0 0
EK[wi,ilOC] - 0 HK[w?(,iloc] - WK iloc
0 0
0 0
EK[W%JZOC] 0 HK[W%,HOC] = 0
\ 0 WK iloc

Let us remark that we have Wb ., = Wi iloc?g where ?g is the classical
K.iloc s )
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basis vector. In the same way, we have
( 0 0
rOt(EK[ }(,Z‘ZOC]) = a3wK,ilOC rOt(HK[ }(,iloc]) 0
_a2wK,iloc 0
—O3Wk jloc 0
rOt(EK[w%,iloc]) = 0 rOt(HK[w%,iloc]) 0
aIU)K,iloc 0
aQUJK,z'loc 0
rOt<EK[ﬁ§(,iloc]) = _ale,iloc rOt(HK[m%,iloc]) 0
0 0
0 0
rot(B [Wic o)) = |0 rot (H [0 jioc)) 3WK itoc
0 _a2wK,iloc
0 _03wK,iloc
rOt<EK[w§(,ilocD 0 rOt(HK[ ?(,iloc]) 0
0 aIU)K,iloc
0 aQU)K,iloc
rOt(EK[E}?Qiloc]) = 0 rOt(HK[w?(,iloc]) _aleJlOC
L 0 0
(124)

where 0, . are the partial derivatives associated to Ex and Hyx components.

We introduce the local mass matrix associated to an element K

MK,iloc,jloc = /wK,iloc WK jloc-
K

(125)

Also, we define the first order derivative matrices for 1 < iloc, jloc < #dof

0 WK jloc

= WK iloc a—a
K i

/ 0 WK jloc

- WK jiloc — (>
K dy

o 0 WK jloc
= WEK iloc 0.
K z

1
RK,ilOC,leC

R

2
Kiloc,jloc

R?)

Kiloc,jloc

The matrix Ay is given by
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\

(kM.

0

0

K ,jlocy K iloc

K ,jlocy K iloc

K ,jlocy K iloc

K ,jlocs K iloc

E?K ,jlocs Kzloc

E?K ,jlocs Kzloc

wK ,jlocy K’LZOC

wK ,jlocy K’LZOC

K ,jlocy K iloc

K ,jlocy K iloc

)
)
)
)
)
)
E?K]lom Kzloc)
)
)
)
)
Kylocv Kzloc)
K]locv Kzloc)

0 0
—ikM... 0
0 —ikM..
—R% .. R%..
0 ~Rl..
Rl . 0

3"y

except if K; = K; = K where it takes the values

RS

Kiloc,jlocs
K siloc,jlocy
K ,iloc,jlocy

Rl

K iloc,jlocs
R%( siloc,jlocy

K siloc,jloc)

Kzloc,]loc’
RK ,iloc,jlocy
R%( ,iloc,jloc)
IRK iloc,jloc)

K ,iloc,jloc)

IRK ,iloc,jloc*

0

3
_RK7'7'

2
RKv'?'

—ikM..

0

0

—ZkMK Jiloc,jloc for 1 < 14 < 6

3
RK?'v'

0

1
_RKf?'

0

—ikM..

0

—1kMg ..

(128)

For each element K, here are its non zero blocks of the matrix A g

2 -
RKﬁ?'

1
RKﬁ?'

ERERE

(129)
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Figure 8: Localization of the non zero block of Ag.

ext

5.4 Implementation of the matrix B}

The matrix B%" is corresponding to the form b%*. The latter is recalled here

FEE) - |
F

1-R ___ 1+R -
/F 5 YEx - v Hi + T'YXHK - B

1-R

—_ 1+R —
nEx By + ——Hi -y H
(130)

The matrix is defined by the formula
exr exr exr ¢ i
(BFt)iglonglob = th(wjgloba wiglob) = th(E?IJ{j,jloc’ Eki(ﬁiloc% (131)

where K;, K; the elements, iloc, jloc = 1,#dof, and [;,[; = 1,6 the directions
of the basis function, all respectively associated to iglob, jglob.

We remark that b?t(ﬁjglob, E?iglob) = 0 except if F' € Fopy and K; = K.
When b?t(ﬁjglob, E)iglob) # 0, ie FF € Fepp and K; = K; = K, we use
tangential traces to compute its value. Let us introduce these traces

{ mwE=E— (E -ng)ng,

VfE =ng X ’YtEa
where ng = (ny,n9,n T is the outward normal to element K on face F. To
simplify notations in ([131]) and further in the document, we have taken into
account that
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vxEr = vEE = ng x 4E,

for all vector field E and K € K.
Using () and the above definitions, we define actions of the tangential

trace operator

'YtEK[U}(,iloc] = WK,iloc
%EK[W%J;OC] = WK iloc
710778 [ﬁ%,iloc] = WK,iloc
YEK[W i) = WK jitoe
YWEK[ W itor] = WK it

’YtEK[W?(,iloc] = WK iloc

\

(1—n
—ning
—nins

2

—_
I
S
w

SO OO O OO oo o

)

YeHk [E?}(,iloc} = WK,iloc
’YtHK[wi(yiloc} = WEK,iloc
’YtHK[ﬁ%uoc} = WKiiloc
YHE W e jtoc] = WK e
YHE W 0] = WK st
veHg [E??(,iloc} = WK iloc

—~ O O O O OO O oo

[u—
|
3

— o

~—

—ning
—ning
—ning
(1—mn3)
—MNaoNng
—ning
—Nan3
(1-mn3)
(132)

In the same way, since 7 Ex = ng x v E, we define the cross operator on a
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face F' of element K

( 0 0
T EK[W}QZOC] = WKiloc | T3 Y HK[W}{JJ@C] = Wk iloc | 0
—TN9 0
—n3 0
VB[ joe] = Wicitoe | 0 Ve HE W 0] = Wiitoe | 0
1y 0
N9 0
/YXEK[ ?(,iloc] = WK,iloc | =1 /YXHK[ ?(,iloc] = WKiloc 0
0 0
0 0
< Ek| le(,iloc] = Wk iloc | 0 vxHg| %(,iloc] = WK iloc | N3
0 —TN9
0 —nN3
Yx B ?(,iloc] = Wkiloc | 0 V< Hg| ?(,iloc] = WK iloc 0
0 1
0 Mo
Bk [Wi o) = wEitoe | 0 Vo HE [ W o = Wi itoe | =1
0 0

\

(133)
Hereinafter, we adopt the notation M?’KI for any face F' € K (either interior
face or boundary face)

KK’
MF,iloc,jloc = / WK’ jlocWK jiloc- (134)
F
For a boundary face F' € F,,;, we use K’ = K in the above formula.

From the results above, we can then deduce the following formula. The
matrix involving twice the tangential trace operator 7, is given by

L; 4; ik A KK
/ YExk [ﬁK,jloc] 1Exk [E?K,iloc] = CE,E WK, jlocWK iloc = CK,E,EMF,iloc,jlom
F F

with
1-— n% —ning —Nins 0 0 0
—ning 1 — ng —NaNg 0 0 0
e —nmng —meng 1—nj 0 0 0
REET 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
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The matrix representing the form / v« Hp -'yXH_'K is computed in the same
F

way
, ¢ 0l i
VXHK[w%,jloc] "YXHK[ﬁK,iloc] = CK,H,HMif,iﬁc,jloc? (135)
F
with
0 0 0 0 0 0
0 0 0 0 0 0
o 0 0 0 0 0 0
KHH ) 0 01— n% —niNg —NiNg
0 0 0 —nngy 1-— n% —NaNg
0 0 0 —nins —ngng 1 — n%

The matrix representing the form / YEk - 7xH) is given by
F

£ £ _ ity _ At KK
/ 7 Ex [wK,jloc]"YX Hyg [WK,NOC] = CE,H WK ilocWK jloc = CK,E,HMF,iloc,jloc’
F F

(136)
0 0 0 0 0
0 0 0 0 O

e 0 0 0 0 0 0 (137)
K.EH 0 ng -ns 0O 0 0
—ns 0 m 0 0 0
no —-n; O 0 0 0

The matrix representing the form / v<Hg - 7 E) is given by
F

4; l; Ak _ il K,K
/ vxHg [WK,jloc]"ytEK [WK,’L'IOC] = CH,E WK ilocWK jloc = CK,E,HMF,izoc,jzoca
F F

(138)
with
0 0 0 0 —n3 ng
0 0 0 ng 0 —n
Crkne = 8 8 8 " 72)1 8 (139)
0 0 0 0 0 0
0 0 0 0 0 0
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Theorem 9. The matrix associated to the bilinear form 05" is defined by
(B?t)iglob,jglob — b?%wjgloba wiglob) = 07 (140)

and its coefficients are given by

ex £; il K,K
BF,fgzob,jgzob = C}Z?i,Kj Dy CK ! MF,iloc,jloc? (141)
with
Oﬁé’éj = Oﬁ(i]]E + Cﬁ(%H + Cﬁ(iJIE + Cﬁ(ile ) (142)
Diitz 1-R 1-R 1-R 1+4R 1+4R 1+R ’ (143)
2 2 2 2 2 2
and C§i7Kj = 0 except if F' € F.py and K; = K; = K where we have
F _

Remark 12. The matrix C’ﬁé’zj can be explicitly computed and is given by

1-— n% —ning —NqN3 0 —ns N9
—ning 1 — n% —nN9ns3 n3 0 —n4
Cei’ef B —ning —ngng 1 — n§ —Ny n 0 A
Ko 0 n3 —ny  1—n? —ning —ning (145)
—n3 0 nq —N1N9 1-— ng —MNoNg
N9 —ny 0 —ning —Nagng 1 — n§

with ng = (ny, 12, n3) the outward normal to F, a face of element K.

Remark 13. The ( factor ensures to consider only the faces situated on the
domain boundary.

5.5 Implementation of the matrix B

The matrix B is corresponding to the form b%*

brt(E,E) = /F [v<Hlp - {1E)_} = [Elr - {3H_}

/ [v<H]F - [v«H] + [7<E]F - [7<E']
. 2 |

(146)
+

It is defined by the formula
(B?t)iglob,jglob = b?t(ﬁjglob’ E?iglob) = b?t(w%,ﬂoa w%,iloa) (147)
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i

K [ZZZZZZZZZZ-ZZC

=

Figure 9: Localization of the non zero block of B,

where data is defined as in () To deal with interior faces, we consider a
face F interfacing two elements K- and K. We define the outward normal

n* to element K.

n'i=ngy = (n1,n9,n3)". (148)

We intoduce the mean value and the jump with respect to this orientation
VeBgr + g
2 (149)
+ - Ky Kp
[v<E]r = n™x EK; +n X EK; = Vx EK;: + Y EK;

{nElr =

with n™ = —n™, F is a common face of K} and K, and where we have

HE=E— (E-n")n",
vE'E = n* x yE.
We apply the same reasoning than for the boundary form and we get the
following theorem.
Theorem 10. The matrix B} representing the interior form is given by
1

mn l; 4 . fi,é' &',Z' Ki,K'
BFt(wIéj,jlow wiﬁ,iloc) = 5(5{(1,19 CK]- iy 19%,[@ DKJ-J) Mg ocjtoes (150)
with e o = 0 except if F C {K, K"}, for which we have
&Tf(,K/:lfOI‘K:K/, ﬁf(?K/=1fOI‘K:K/,
(151)
sf(,K’:_]' fOI‘K?éK/, ﬁf(’K/:_l fOI‘K?éK,,
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Figure 10: The non zero blocks IB%’}” .

and Cﬁfl, Dﬁ’f given by

00~ 0.0
CK - C(K,E,E + C(K,H,H’ (152)
DZ,Z’ _ CZ,K’ + CK,Z’

K K,EH KHE"

Remark 14. On one hand, conditions for ¢ values come from the change of
sign that can have the forms /’)’XHK - v El, and /%EK -vxH%,. On

F F
the other hand, the normals involved in the scalar product in the forms

/ M"Ex-vEy and [ v Hg -v<H/)., are each time multiplied to each other
F F
and thus give a positive sign. The only case where they will give a negative

sign is when K # K'. That is the reason why we have defined 5? K-
Remark 15. Taking alternatively K = K, K = Kp, K' = K, and K' =
K, and using (ﬁl), we remark that the non zero blocks of matrix B’" are

1, . . KHKh 1, .. - Kh Kn
JaREh o JaREh o
1. . Ko K+ 1 . Ko Ko
[§<D;( — O )Mp! F] [5(0;( — Dy )Mp! ]
(153)
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5.6 Numerical results

The numerical results were done for different meshes of the cube domain
which has also different sizes depending on the order of approximation. We
impose that the wave number is k£ = 27. That means that the wavelength is
A=1

On figure @, we show the convergence of the method for different orders of
approximation (from 1% order to 4 order). A convergence curve represents
the error in function of the element size h. The error is computed thanks to
the norm of the difference of the exact solution and the numerical solution.
The exact solution can indeed be computed analytically. We can thus com-
pare it to the solution we get with our numerical method. Coming from the
energy fields definition on a face F, the L? norm can be defined as following

B2 = / EP + [HE. (154)

Here, we can point out that our method is converging. Indeed, when the size
of meshes decreases then the L2-norm decreases as well.

The study of memory cost is also an important point. When we decrease the
size of the mesh, we thus have to consider more elements, leading to a memory
cost increase (see Figure @) Therefore, to get a good approxmation of the
solution, that means to get a small norm, we have to use a lot of memory
(see Figure p.0).

Unfortunately, we did not have time to perform the plane wave visualization
on our cube mesh. However, we can ensure the correctness of the code thanks
to those convergence curves.
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Figure 11: Convergence curves for different orders of approximation.
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Figure 12: Memory burden for different orders of approximation.
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Figure 13: Convergence curves for different orders of approximation.

Conclusion

As for any near-field numerical method applied to indefinite systems of PDE
(like Finite Differences, Finite Volumes, Finite Elements), the numerical in-
version by LU direct solver becomes impossible even with HPC architectures
when the size of the domain is larger than 20 wavelengths.

However, this study confirms the excellent convergence property of the Dis-
continuous Galerkin method. The latter enables to get both the electric
and magnetic fields as output without post processing of the numerical
method. In comparison with the method based on the quasi-elliptic for-
mulation (rot(rot(E)) — k*E = 0), the size of the linear system is doubled.
Consequently, in the context of very large domains, we can benefit from
these excellent properties of this DG method within the framework of a
quasi-Trefftz solver [14].
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