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Abstract

We show that the Kantorovich-Rubinstein quasi-metrics dxr and dipy of
Part I extend naturally to various spaces of previsions, and in particular
not just the linear previsions (roughly, measures) of Part I. There are nat-
ural isomorphisms between the Hoare and Smyth powerdomains, as used
in denotational semantics, and spaces of discrete sublinear previsions, and
of discrete normalized superlinear previsions, respectively. Turning to the
corresponding hyperspaces, namely the same powerdomains, but equipped
with the lower Vietoris and upper Vietoris topologies instead, this turns into
homeomorphisms with the corresponding space of previsions, equipped with
the so-called weak topology. Through these isomorphisms again, the two
powerdomains inherit quasi-metrics dy and dg, respectively, that are remi-
niscent of the well-known Hausdorff metric. Then we show that the Hoare
and Smyth powerdomains of an algebraic complete quasi-metric space are
again algebraic complete, with those quasi-metrics, and similarly that the
corresponding powerdomains of continuous complete quasi-metric spaces are
continuous complete. Furthermore, in the continuous complete case, the dy-
Scott topology coincides with the lower Vietoris topology, and the dg-Scott
topology coincides with the upper Vietoris topology.
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1. Introduction

This is a sequel to [12], where we explored quasi-metric variants of the
Kantorovich-Rubinstein metric on spaces of measures, or rather of continuous
valuations. The basic variant, dgg, is defined by the formula:

dyr (v, V') ' sup max (/ h(x)dv —/ h(:E)dV/,O) : (1)
heLs X reX veX

where £, X is the collection of 1-Lipschitz continuous maps from a given
quasi-metric space X, d to R, = R, U{+oo}, and v and v/ are two continuous
valuations on X. (We also agree that (+00)—(+00) = 0, and that (+o00)—t =
+oo for every t < +o00.) This is close to the usual Kantorovich-Rubinstein
metric, in which we would write an absolute value sign instead of max(_, 0);
in fact, if the chosen quasi-metric d on X is a metric, then dkgr is also a
metric, and changing max(_, 0) into an absolute value in (1) would not make
a difference [12, Equation (12)].

For every continuous valuation v on X, the map G: h — freX h(z)dv is
a Scott-continuous and linear functional, and one may rewrite (1) as follows:

dxr(G,G") = sup max(G(h) — G'(h),0). (2)

hel1 X

This makes sense for every pair of functionals G, G'. The goal of this paper
and of its sequels is to explore properties of this quasi-metric on certain
spaces of functionals on X, called previsions in [6], which are not necessarily
linear, and which are used to give semantics to mixed, probabilistic and
non-deterministic forms of choice in programming languages!.

Outline. We recapitulate some preliminary definitions and notions in Sec-
tion 2. This is copied almost verbatim from Section 2 of Part I [12].

In this paper, we will deal with the purely non-deterministic forms of
choice, although we will also prepare the grounds for the mixed non-deterministic
and probabilistic forms of Part III and Part IV, by stating a few completeness
theorems about dkxr on general spaces of previsions in Section 4. Those are
natural extensions of similar theorems given in Part I for linear previsions,
or equivalently, continuous valuations [12].

L An unpublished version of that work is available on arXiv [9]. The present paper
roughly covers Sections 10.1, 10.2, 10.3, 12, and 13.



There are three canonical powerdomains: the Hoare, Smyth and Plotkin
powerdomains. We will concentrate on the first two. The Plotkin powerdo-
main will be dealt with in Part IV.

The Hoare powerdomain H.X serves to model angelic non-determinism,
and consists of all the (non-empty) closed subsets of X, ordered by inclusion.
The Smyth powerdomain QX serves to model demonic non-determinism,
and consists of all the non-empty compact saturated subsets of X. We will
see in Section 3 that there is a natural way to associate a prevision F'¢ with
every closed subset C', and a prevision F with every element @) of QX so
that HX and QX are in bijection with certain spaces of so-called discrete
previsions.

The Hoare hyperspace is HX with the so-called lower Vietoris topology,
and we will see that the bijection we just alluded to turns into a homeomor-
phism between the Hoare hyperspace and a certain space of previsions with
the so-called weak topology. A similar phenomenon will happen with the
Smyth hyperspace.

The above bijection allows us to transport the dxr quasi-metric, and
a bounded variant dfp, to certain quasi-metrics on the Hoare and Smyth
hyperspaces, and those quasi-metrics will be our main object of study.

In order to study them, we first study dkr and diy in a general setting
in Section 4. Notably, we show that the space PX of previsions on a quasi-
metric space X, d is complete with respect to dkg, resp. dig, either when
X, d is Lipschitz regular (Theorem 4.8 and Theorem 4.16—the Lipschitz reg-
ular case is probably not that interesting per se, but is a crucial technical
tool in our developments), or under a certain condition on supports (Propo-
sition 4.25). The latter condition will be discharged on a case-by-case basis
in subsequent sections, in Part III and in Part IV.

We deal with the Hoare hyperspace, specifically, in Section 5. We intro-

duce a quasi-metric dy;, defined by dy(C,C") & SUp,cco d(z,C’). In metric

spaces, d(z,C") = inf ccr d(x, y), and therefore dy (C, C") = sup, ¢ inf ecr d(x, y),
which shows that dy is essentially one half of the definition of the Hausdorff
metric; in quasi-metric spaces, d(x, C") has a slightly different definition. We
will see that the bijection C' + F¢ between HX and a certain set of discrete
previsions induces an isometry that relates dy with dkgr, and that HX, dy
is algebraic complete if X, d is algebraic complete, and continuous complete
if X,d is continuous complete. Finally, we will show that, in those cases,
the dy-Scott topology on HX coincides with the so-called lower Vietoris



topology.

The Smyth hyperspace is the subject of Section 6, and will be dealt in an
entirely similar fashion. There dgg will match a quasi-metric dg, which can
be thought of being the other half of the Hausdorff metric.

2. Preliminaries

2.1. General topology

We refer the reader to [7] for basic notions and theorems of topology,
domain theory, and in the theory of quasi-metric spaces. The book [5] is the
standard reference on domain theory, and I will assume known the notions of
directed complete posets (dcpo), Scott-continuous functions, the way-below
relation <, continuous posets and dcpos, and so on. Additionally, this paper
will heavily rely on [13] for additional results on quasi-metric spaces, on
[10] for formal ball monads, and on [11] for results on spaces of Lipschitz
continuous maps; we will recall the required results as needed.

A family D in a poset is directed if and only if it is non-empty, and every
pair of elements of D has an upper bound in D. Symmetrically, a filtered
family is a non-empty family D such that every pair of elements of D has a
lower bound in D.

The Scott topology on a poset consists of the Scott-open subsets, namely
the upwards-closed subsets U such that every directed family that has a
supremum in U must intersect U. A Scott-continuous map between posets
is one that is monotonic and preserves existing directed suprema, and this is
equivalent to requiring that it is continuous for the underlying Scott topolo-
gies.

The focus of the present paper is on quasi-metric spaces. Chapters 6
and 7 of [7] are a recommended read on that subject. The paper [13] gives
additional information on quasi-metric spaces, which we will also rely on.

As far as topology is concerned, compactness does not imply separation.
In other words, we call a subset K of a topological space compact if and
only if every open cover of K contains a finite subcover. This property is
sometimes called quasicompactness.

We shall always write < for the specialization preordering of a topological
space: x < y if and only if every open neighborhood of x is also an open
neighborhood of y, if and only if x is in the closure of y. As a result, the
closure of a single point y is also its downward closure |y. In general, we
write [ A for the downward closure of any set A, 1A for its upward closure,
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and Tz for {z}. A saturated subset of a topological space is a set that is
the intersection of all its open neighborhoods; equivalently, it is an upwards-
closed subset in its specialization preordering.

In a topological space, TA is also equal to the saturation of A, namely the
intersection of all the open neighborhoods of A. If K is compact, then so is
its saturation 1K, and we will usually use the letter ) for compact saturated
subsets.

2.2. Quasi-metric spaces

Let R, be the set of extended non-negative reals. A quasi-metric on a set
Xisamapd: X x X — R, satisfying: d(z,r) = 0; d(x, 2) < d(z,y)+d(y, 2)
(triangular inequality); d(x,y) = d(y,z) = 0 implies = y. The pair X, d is
then called a quasi-metric space. Given X, d, there is an ordering <% on X
given by x <? y if and only if d(z,y) = 0.

A trivial example is R} itself, with the quasi-metric dg defined by dg(z, y) aof

0if x <y, dr(+00,y) LIRS if y # 400, dr(zx,y) d:efx—y if x > y and

x # +00. Then <9 is the usual ordering <.

The space of formal balls B(X, d) of a quasi-metric space X, d is probably
the single most important artifact that has to be considered in the study of
quasi-metric spaces [17, 3]. This has a very simple definition: a formal ball
is syntax for an actual ball, namely a pair (z,r) where z € X (the center)
and r € R, (the radius). B(X,d) comes with an ordering <?" defined by
(z,7) <" (y,s) if and only if d(x,y) < r — s.

Given a quasi-metric space X, d, the open ball Bpff, < With center x € X
and radius » € Ry is {y € X | d(x,y) < r}. The open ball topology is the
coarsest that contains all open balls, and is the standard topology on metric
spaces.

In the realm of quasi-metric spaces, the d-Scott topology is the topology
we shall always consider, unless specified otherwise. This is defined as follows.
We equip B(X, d) with the Scott topology of <4" There is an injective map
nx: x +— (2,0) from X to B(X,d), and the d-Scott topology is the coarsest
topology that makes it continuous. This allows us to see X as a topological
subspace of B(X,d).

The specialization ordering of X, d, whether with the open ball topology
or with the d-Scott topology, is just <¢. This does not cause any conflict with
the notation <" for the ordering on B(X, d), since <" i5in fact the ordering



deduced from a quasi-metric d* on B(X,d), defined by d*((z,7), (y, s)) dof

max(d(z,y) —r +s,0).

The d-Scott topology coincides with the familiar open ball topology when
d is a metric [7, Proposition 7.4.46], or when X, d is Smyth-complete [7,
Proposition 7.4.47]. Tt coincides with the generalized Scott topology of [1]
when X d is an algebraic complete quasi-metric space [7, Exercise 7.4.69] (see
below for the definition of “algebraic complete”). On R, the dg-Scott topol-
ogy coincides with the Scott topology of the usual ordering <; its non-trivial
opens are the open intervals |r,+o00], r € R,. The d"-Scott topology also
coincides with the familiar Scott topology on B(X,d), see [10, Lemma 3.6]
or [7, Exercise 7.4.53].

We say that X, d is complete (or Yoneda-complete) if and only if B(X, d)
is a dcpo. We take this as a definition, although this is really a theorem, due
to Kostanek and Waszkiewicz, see [15] and [7, Theorem 7.4.27].

Outside complete spaces, we would like to avoid certain pathologies and
we will therefore concentrate on standard quasi-metric spaces [13, Section 2].
X,d is standard if and only if, for every directed family of formal balls
(24,7i);cp, for every s € Ry, (24,7),c; has a supremum in B(X,d) if and
only if (x;,7; + s),c; has a supremum in B(X,d). Writing the supremum of
the former as (z,r), we then have that r = inf,c; r;, and the supremum of
the latter is (x,r 4+ s)—this holds not only for s € Ry, but for every s > —r.
If X,d is standard, then the radius map (z,r) — r is Scott-continuous from
B(X,d) to RY (R, with the opposite ordering >), and for every s € R, the
map -+ s: (z,7) — (x,7 + s) is Scott-continuous from B(X, d) to itself [13,
Proposition 2.4]. Moreover, and we will use that fact several times, the set
A {(z,r) € B(X,d) | r < €} is Scott-open for every € > 0, whenever X, d
is standard. This is because V is the inverse image of the Scott-open subset
[0, e[ of RY by the radius map.

All complete quasi-metric spaces are standard. Also, all metric spaces
are standard. Even posets X, which can all be seen as quasi-metric spaces
X,d<, by defining d<(z,y) as 0 if x < y, 400 otherwise, are all standard.
Note that R, dg is standard, being complete.

Directed complete posets (dcpos) come into further varieties: algebraic
dcpos, continuous dcpos, notably, and that extends to algebraic posets and
continuous posets. The same happens with quasi-metric spaces. We say that
X, d is a continuous quasi-metric space if any only it is standard and B(X, d)
is a continuous poset. Hence it is continuous complete if and only if B(X, d)



is a continuous dcpo. The latter is originally a theorem, not a definition [15].

For the sake of completeness, let us recall what a continuous poset is.
The way-below relation < on a poset is defined by x < y if and only if every
directed family that has a supremum above y contains an element above .
(We will often say “above” for “larger than or equal to”, and similarly for
“below”.) A basis of a poset is a subset B such that every point z of the
poset is the supremum of a directed family of elements of B. A continuous
poset is a poset with a basis. In that case, the poset itself is a basis, namely
the largest one. We write $z for the set of points y such that z < y. If Bis a
basis of a poset X, the sets Tz with z € B form a base of the Scott topology.

A point z € X is a center point of a quasi-metric space X, d if and only
if Bfl; 0),c 18 Scott-open in B(X, d) for every e > 0. The notion coincides with
that of a d-finite point, provided that X, d is standard, see Lemma 5.7 of [13].
A standard quasi-metric space X, d is algebraic if and only if every point is
a d-limit of a Cauchy net of d-finite points, or equivalently of a Cauchy-
weightable net of d-finite points—see the comments after Example 5.3 of
[13]—or equivalently, if and only if for every z € X, there is a directed
family (x;,7;),c; of formal balls such that each ; is a center point and whose
supremum is (x,0). Yet another equivalent definition is: a standard quasi-
metric space X, d is algebraic if and only if the open balls Bg,: 0),e where x
ranges over the center points and ¢ > 0, form a base of the Scott topology
on B(X,d) [13, Definition 5.11, Theorem 5.16]. Every (standard) algebraic
quasi-metric space is continuous. Moreover, for every center point z, we have
(z,t) < (y,s) if and only if d(z,y) < t — s; more generally, (y,s) < (z,r) if
and only if there is a center point z and some ¢ € R, such that (y,s) <" (z,t)
and d(z,x) <t —r [13, Proposition 5.18].

In a metric space, those complications vanish, as every point is a center
point. Every point is a center point in a Smyth-complete space as well, but
we will not be concerned with Smyth-completeness. One has to be careful
with R, dg already: the center points of R, , dg are the elements of R, but
not +o0o. Indeed, B?foo,o),q is the set of formal balls (+o0,r) with r < ¢,
and that is not Scott-open, since (+00,0) for example is the supremum of
the chain {(¢,0) | t € Ry}, but no point (¢,0) with ¢ € R, is in B?foo,()),<5'
The space R, dg is algebraic complete, with R, as set of center points.

__ Given a d-Scott open subset U of X, there is a largest Scott open subset
U of B(X,d) such that U = UNX. (We silently equate X with a sub-

space of B(X,d).) The assignment U + U is monotonic; being left-adjoint



to the map V +— V N X, it preserves arbitrary meets (namely, interiors of
intersections), but it satisfies no other remarkable property in general. A
quasi-metric space X, d is Lipschitz reqular if and only if that assignment is
Scott-continuous. This is defined and studied in Section 4 of [10]. If that is
the case, then X, d is finitarily embedded in B(X, d); see [4] for more informa-
tion on finitary embeddings. For algebraic complete quasi-metric spaces, Lip-
schitz regularity is equivalent to having relatively compact balls, a stronger
requirement than local compactness. This displays Lipschitz regularity as a
rather strong requirement. In spite of this, the space of formal balls B(X, d)
of any quasi-metric space X, d, with the d* quasi-metric, is Lipschitz regular
[10, Theorem 4.12].

Given a map f from a quasi-metric space X,d to a quasi-metric space
Y, 0, f is a-Lipschitz if and only if O(f(x), f(y)) < ad(z,y) for all z,y € X.
(When a = 0 and d(z,y) = +00, we take the convention that 0 times +o0
equals 0.)

For every o € R, and every map f: X,d — Y, 0, let B*(f) map (z,r) €
B(X,d) to (f(x),ar) € B(Y,0). Then f is a-Lipschitz if and only if B*(f)
is monotonic.

Contrarily to the case of spaces with the open ball topology, a Lipschitz
map need not be continuous. For example, on posets seen as quasi-metric
spaces through d(z,y) = 0 if z < y, +oo otherwise, the Lipschitz maps
are the monotonic maps [13, Example 6.1], and the continuous maps, with
respect to the underlying d-Scott topologies, are the Scott-continuous maps.

We say that a map f: X,d — Y,0 between quasi-metric spaces is a-
Lipschitz continuous if and only if B*(f) is Scott-continuous [10, Defini-
tion 2.3]. While “a-Lipschitz continuous” should be thought of as one ep-
ithet, not as the conjunction of “a-Lipschitz” and “continuous” in general,
we have the following. When both X,d and Y, 0 are standard, f: X — Y
is a-Lipschitz continuous if and only if f is both a-Lipschitz, and contin-
uous from X with its d-Scott topology to Y with its d-Scott topology [10,
Proposition 2.5].

Given any topological space X, a map h: X — R, is lower semicontinu-
ous if and only if it is continuous from X to R, with its Scott topology. We
write £X for the space of all lower semicontinuous maps from X to R, , with
the Scott topology of the pointwise ordering. For every open subset U of X,
the characteristic map yy, which maps every element of U to 1 and all other
elements to 0, is lower semicontinuous.

Given any standard quasi-metric space X, d, every a-Lipschitz continuous
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map from X,d to Ry,dg is lower semicontinuous. We write £, (X,d), or
simply £, X, for the subspace of LX consisting of all a-Lipschitz continuous
maps. Note that this is indeed a subset: every a-Lipschitz continuous map
from a standard quasi-metric space X, d to R, is lower semicontinuous; and
this allows us to give L, (X, d) the subspace topology induced by the inclusion
in £LX.

We also write L(X,d) or L X for the space of all Lipschitz continuous
maps, namely UaER+ L.(X,d), still with the subspace topology from L£X.

Given a map h: X — R, where X, d is standard, define 2': B(X,d) —

def

R U {+o0} by A (z,7) = h(x) — ar. Then h is a-Lipschitz if and only if
R’ is monotonic, and h is a-Lipschitz continuous if and only if A’ is Scott-
continuous [10, Lemma 2.7].

The Lipschitz continuous maps from a standard quasi-metric space to
R, ,dr enjoy the usual closure properties [13, Proposition 6.7]: if f is /-
Lipschitz continuous then af is af-Lipschitz continuous; if f is a-Lipschitz
continuous and ¢ is [-Lipschitz continuous then f + g is (a + [)-Lipschitz
continuous; if f, g are a-Lipschitz continuous, then so are min(f,g) and
max(f, g); if (fi);c; is any family of a-Lipschitz continuous maps, then the
pointwise supremum sup,.; f; is also a-Lipschitz continuous; if o < 3 and f is
a-Lipschitz continuous then f is -Lipschitz continuous; every constant map
is a-Lipschitz continuous. Moreover, if f: X — Y is a-Lipschitz continuous
and g: Y — Z is f-Lipschitz continuous, then go f is a5-Lipschitz continuous
[10, Lemma 2.9].

Finally, for every map f: X — R, from a standard quasi-metric space
X, d to R, there is a largest a-Lipschitz continuous map f(® below f. When
f is lower semicontinuous, the family ( f ("‘))ae]R+ is a chain, and sup,cg, f (@) =
f, where suprema are taken pointwise [13, Theorem 6.17].

3. Previsions and Hyperspaces

We have introduced previsions in a somewhat loose fashion in the intro-
duction. Let us fix the vocabulary. The linear previsions are in one-to-one
correspondence with continuous valuations (i.e., measures, up to some de-
tails), as studied in Part I [12]; the normalized linear previsions correspond
to probability continuous valuations, and the subnormalized linear previsions
to subprobability continuous valuations. The sublinear and superlinear pre-
visions will be the topic of Part III. In this paper, we will be particularly
interested in the discrete sublinear (resp. superlinear) previsions.
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Definition 3.1 (Prevision). A prevision on a topological space X is a Scott-
continuous map F from LX to R, that is positively homogeneous, namely:
F(ah) = aF(h) foralla € Ry, he LX.

It 1s:

e sublinear if F'(h+ k') < F(h) + F(R') holds for all h,h' € LX,

superlinear if F'(h+ h') > F(h) + F(h') holds,

linear if it is both sublinear and superlinear,

subnormalized if F(a.1+h) < a+ F(h) holds, where 1 is the constant
1 map,

normalized if F(a.1+ h) = a+ F(h) holds,

e discrete if F(f o h) = f(F(h)) for every h € LX and every strict
f € LR, —a map f is strict if and only if f(0) = 0.

As for discreteness, we note that a map f € LR, is, equivalently, a Scott-

continuous map from R, to R,. We write PX for the set of previsions on
X.

3.1. Closed sets and discrete sublinear previsions

We first show that closed sets are related to discrete sublinear previsions.
This is similar to Lemma 4.7, item 1, of [8].

Proposition 3.2. Let X be a topological space. For each subset C' of X, let

FC(h) & sup,ec h(z). (We agree that this is equal to 0 if C' =10.)
1. If C is closed, then FC is a discrete sublinear prevision.

2. Conversely, every discrete sublinear prevision is of the form F€ for
some unique closed set C.

Moreover, F is normalized if and only if C' is non-empty.

PROOF. We start with the last claim, and show that F¢ is normalized if
and only if C' is non-empty. If C' = (), F¢ = 0 is not normalized. Otherwise,
FOa.1+h) = sup,ec(a+ () = a + sup,cc h(z) = a + FE(h).
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1. F¢ is clearly a prevision. We check that F¢ is discrete. If C' = 0,
then /¢ = 0 and for every strict f € LR, FE(foh) =0 = f(F°(h))—
because f is strict. Otherwise, f(FY(h)) = sup,cc f(h(x)) because every
non-empty family in R, is directed, and because f is Scott-continuous. Since
sup,ec f(h(z)) = F(f o h), we conclude that F¢ is discrete.

Cleatly, FO(h-+ ') — sup,cc(h(x) + '(x)) < sup,c hlx) +sup,ce H(2),
so F¢ is sublinear.

2. Let now F' be an arbitrary discrete sublinear prevision on X. Let F be
the family of open subsets U of X such that F'(xy) = 0. F contains the empty
set, hence is non-empty. If U C V and V' € F, then U is in F because F' is

monotonic. For every directed family (U;),.; of elements of F, letting U &f
Uics Ui, (xv,);e; 1s a directed family of lower semicontinuous maps whose
supremum is xy. Since F' is Scott-continuous, F(xy) = sup,e; F(xv,) = 0,
so U is in F. We have shown that F is Scott-closed.

We observe that F is directed. Take any two elements U;, U, of F. Since
Fis sublinear, F(XU1) + F(XU2> = F(XUl + XUz) = F(XUIUU2 + XU10U2> =
F(xu,uts ), so the latter is equal to 0, meaning that U; U Uy is in F.

F being Scott-closed and directed, it has a largest element Uy, and there-
fore F is the set of open subsets of Uy.

We can now prove item 2. If F = F¢ then F is the family of open
subsets that do not intersect C, so Uy is the complement of C. This shows
the uniqueness of C.

As far as existence is concerned, we are led to define C' as the complement
of U().

We check that F' = FC. Let h be a lower semicontinuous map from X to

R.. For every t € R, let f o X]t,+o0] and notice that this is a strict lower
semicontinuous map. Since F' is discrete, F/(f o h) = f(F(h)). Noting that
foh = xy where U is the open set h™!(Jt,+o0]), U € F is equivalent to
f(F(h)) = 0. In other words, h™!(]t, +o0]) C Uy if and only if F(h) <t. We
notice that F“(h) < t if and only if h(x) < t for every z € C, if and only if
every x € X such that h(x) > ¢ is in U, (by contraposition), if and only if
h=1(Jt,+o0]) C Uy. Therefore F¢(h) < t if and only if F(h) < t, for every
t € R,. It follows that FC(h) = F(h). O

The Hoare powerdomain HX on a topological space is usually defined
as the depo of all non-empty closed subsets of X, ordered by inclusion [5,
Section TV-8]. We will also consider HoX, the depo of all, possibly empty,
closed subsets of X. The bijection of Proposition 3.2 is an order-isomorphism
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between HyX and the set of discrete sublinear previsions on X, ordered by
the pointwise ordering.

One can also consider HoX, resp. HX, as a space with the so-called
lower Vietoris topology. In that case, we will speak of the Hoare hyperspace.

That topology is generated by subbasic open sets CU o {Cl1CNnU # 0},
where U ranges over the open subsets of X. We will need the following
definition, inspired from a similar definition on the probabilistic powerdomain
[12, Section 9.

Definition 3.3 (Weak topology). The weak topology on any space Y of
previsions on a topological space X s the coarsest topology such that F'
F(h) is lower semicontinuous for every h € LX.

In other words, the weak topology has subbasic open sets of the form [h > a],
defined as the set of previsions F' € Y such that F'(h) > a, for each h € LX
and a € R,.

Lemma 3.4. Let X be a topological space. The map C — FC is a home-
omorphism of HoX (resp., HX ) with the lower Vietoris topology onto the
space of discrete sublinear previsions on X (resp., that are normalized) with
the weak topology.

ProoOF. This is a bijection by Proposition 3.2. Fix h € LX, a € R,. For
every C' € HoX, F is in [h > a] if and only if sup,c h(x) > a, if and only
if h(x) > a for some z € C, if and only if C intersects h~!(]a, +0o0]), namely,
C € ©h7Y(Ja, +o0]). Therefore the bijection is continuous.

In the other direction, for every open subset U, OU is the set of all
C € HoX such that C intersects xg;'(]1/2,+0q]), i.e., such that F¢ is in
[xu > 1/2]. The case of HX is similar. O

3.2. Compact saturated sets and discrete superlinear previsions

Dually to the Hoare hyperspace, we have the Smyth hyperspace. The
following proposition is inspired from [8, Lemma 4.7, item 2|. For the no-
tion of sober space, see [7, Chapter 8]. We will use the Hofmann-Mislove
theorem: every Scott-open filter of open subsets of a sober space is the filter
of open neighborhoods of a unique compact saturated subset @) [7, Theo-
rem 8.3.2]. All Hausdorff spaces are sober, all continuous dcpos are sober
in their Scott topology [7, Proposition 8.2.12]; more centrally to the themes
of this paper, all continuous complete quasi-metric spaces, in particular all
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algebraic complete quasi-metric spaces, are sober in their d-Scott topology
[13, Proposition 4.1].

Proposition 3.5. Let X be a topological space. For each non-empty subset
def .

Q of X, let F(h) = inf,eq h(x).
1. If Q 1is compact saturated and non-empty, then Fg is a normalized
discrete superlinear prevision; moreover, the infimum defining Fq is
attained, namely Fo(h) = mingeq h(x) for every h € LX.

2. Conversely, if X 1is sober, then every normalized discrete superlinear
prevision 1s of the form Fg for some unique non-empty compact satu-
rated set ().

PROOF. 1. For every h € LX, {h(z) | * € Q} is compact in R, with its
Scott topology, and non-empty, hence has a least element. It follows that
there is an = € @) such that h(z) = Fg(h). This justifies the second subclaim,
that Fg(h) = mingeq h(z).

Fg is clearly positively homogeneous and monotonic. To show Scott-
continuity, let ~ be written as the supremum of a directed family (h;),.; in
LX. Fg(h) > sup,c; Fo(h;) is a consequence of monotonicity. If the inequal-
ity were strict, then there would be a number r € Ry such that Fy(h) >
r > sup,c; Fo(hi). The inequality Fg(h) > r, equivalently min,eq h(z) > r,
means that the image of @) by h is contained in the Scott-open |r, +00]. For
every x € Q, h(x) = sup;c; hi(x) > r, so h;(z) > r for some i € I. It follows
that @ is included in the union of the open subsets h; ' (Jr, +0oc]). Since Q is
compact and the family of the latter open subsets is directed, @) is included
in one of them, say h; '(Jr,+oc]). That means that the image of Q by h;
is included in |r,4o0], and that implies that Fy(h;) = mingeq hi(z) > r,
contradicting r > sup,c; Fo(hi).

We check that Fy, is discrete. Let x € @ be such that h(xz) = Fg(h). For
every f € LR, (strict or not), Fo(f o h) = mingcq f(h(2')) is trivially less
than or equal to f(h(z)). For every 2/ € Q, h(z') > h(z), so (f o h)(z') >
f(h(z)), from which it follows that Fi(foh) = mingcq(foh)(z") > f(h(x)) =
F(Fo(h)).

Since this holds even when f is not strict, it holds for the map f(x) aof
a+ z, for any a € Ry. In other words, Fp(a.1 + h) = o + F(h), showing
that F is normalized.
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Finally, we show that F{ is superlinear. Fix h,h’ € LX. Then Fg(h +
h') = mingeq(h(z) +h(z')) > mingeg h(x) +min,eq ' (z) = Fo(h)+ Fo(R).

2. We now assume that X is sober, and we let F' be a normalized discrete
superlinear prevision on X. Let F be the family of open subsets U of X such
that F'(xy) = 1. F is upwards-closed. Since F' is normalized, F contains X
itself, hence is non-empty.

Note that, for every open subset U of X, F/(xy) is either equal to 1 or to
0. This is because F is discrete: for every t €]0, 1], F(xv) = F(Xjt,4+00OXU) =
Xt oo (F (xv)) € {0, 1}

Using discreteness again and superlinearity, we show that, if U C V', then
F(xv)+ F(xv) = F(xu+xv)- The right-hand side is larger than or equal to
the left-hand side by superlinearity. Let us imagine that it is strictly larger.
Let f € LR, map any ¢t < 1/2t0 0, any t €]1/2,3/2] to 1, and any t > 3/2 to
2. By discreteness, F'(xu +xv) = F(fo(xuv+xv)) = f(F(xv+xv)), which
shows that F(xu + xv) € {0,1,2}. Since F(xv) + F(xv) < F(xv + xv),
F(xv) and F(xy) cannot both be equal to 1, and since F(xy) < F(xv),
at least F'(xy) is equal to 0. Hence F(xv) < F(xv + xv). Since F(xu +
xv) < F(2xy), we obtain that F(xy + xv) is a number in {0, 1,2} between
F(xv) (exclusive) and 2F(xy) (inclusive). This implies that F(xy) = 1

and F(xuy + xv) = 2. We now let f o X]3/2,+0c]; and we observe that
folxv+ xv) = xv. Therefore F(f o (xv + xv)) = F(xv) = 0. By
discreteness, F(f o (xu + xv)) = f(F(xv + xv)) = f(2) = 1, contradiction.

Using that, we show that F is a filter of open sets. The only thing that
remains to be shown is that for any two elements U, Uy of F, Uy N U; is
also in F. Since U; N Uy C U; U Us,, by the equality we have just shown,
F(xuum,) +F(xoinre) = F(Xoov, + Xoines) = F(Xo, +Xo, ), which is larger
than or equal to F(xy,) + F(xu,) by superlinearity, that is, to 2. Hence
F(xu,nu,) = 2 — F(xu,uu,) > 1, where the latter inequality comes from the
fact that F'(xu,ur,) can only be equal to 0 or to 1. Since F'(xy,nu,) can only
be equal to 0 or to 1, its value is 1, so Uy N U; is in F.

Finally, F is Scott-open, meaning that for every directed family (U;),.,
of open subsets whose union is in F, some U; is in F. This follows from
the Scott-continuity of F'. By the Hofmann-Mislove Theorem, F is the filter
of open neighborhoods of a unique compact saturated subset (). Then, for
every open subset U, Q C U if and only if U € F if and only if F(xy) = 1.
Since F'(0) = 0, the empty set is not in F, so ) is non-empty.

We check that F' = F. Let h € LX. For every t € R, let f &f XJt,+-00]-

14



Since F' is discrete, F(f o h) = f(F(h)). Let U o h=(]t, +o0]), so that
foh = xy. Then F(h) > t if and only if f(F(h)) = 1, if and only if
F(xy) =1lifand only if Q C U. If Q C U, then Fg(h) = mingeq h(z) > t,
and conversely. Therefore F'(h) > t if and only if Fy(h) > t, for all h and ¢,
whence F' = Fy.

Finally, uniqueness is obvious: if F' = Fj for some non-empty compact
saturated subset (), then ) must be such that for every open subset U,
@ C U if and only if F(xy) = 1. O

The Smyth powerdomain QX of X is the set of all non-empty compact
saturated subsets @) of X, ordered by reverse inclusion [5, Section IV-8].
When X is sober, the bijection ) — F( is an order-isomorphism between
QX and the set of normalized discrete superlinear previsions on X with the
pointwise ordering.

As with the Hoare powerdomain, one can also consider QX as a space
with the so-called upper Vietoris topology, whose basic open sets are OU &
{Q | Q C U}, where U ranges over the open subsets of X. This is the Smyth
hyperspace.

Lemma 3.6. Let X be a sober space. The map QQ — Fy is a homeomor-
phism of QX with the upper Vietoris topology onto the space of normalized
discrete superlinear previsions on X with the weak topology.

Proor. This is a bijection by Proposition 3.5. Fix h € LX, a € R,. For
every @ € QX, Fy isin [h > a] if and only if min,cq h(z) > a, if and only if
h(z) > a for every x € @, if and only if @ € Oh~!(Ja,+00]). Therefore the
bijection is continuous. In the other direction, for every open subset U, OU
is the set of all () € QX such that F € [xy > 1/2]. O

4. The Kantorovich-Rubinstein Quasi-Metrics on Spaces of Previ-
sions

Let X, d be a quasi-metric space, with its d-Scott topology.

4.1. The Unbounded Kantorovich-Rubinstein Quasi-Metric
We repeat the definition of the introduction.
Definition 4.1 (dgr). Let X, d be a quasi-metric space. The Kantorovich-
Rubinstein quasi-metric on the space of previsions on X s defined by:
din(F, F') < sup_dw(F(h), F'(h)). (1)

hel1 X
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This is a quasi-metric on any standard quasi-metric space, and F' < F” if
and only if dxg(F, F') = 0 [12, Lemma 3.7].

Lemma 3.10 of [12] characterizes the ordering on spaces B(Y, dxgr), where
Y is any space of previsions on X as follows.

Lemma 4.2. Let X,d be a standard quasi-metric space, let F', F' be two
previsions on X, and let r, r' be two elements of Ry. The following are
equivalent:

1. (F,r) <dkr (F'.¢');
2. r>r" and, for every h € L1(X,d), F(h) —r < F'(h) —r';
3. r>7r"and, for every h € L,(X,d), « >0, F(h) —ar < F'(h) — ar’.

Recall that £, X has the subspace topology from L£X. Let us introduce
the following variant on the notion of prevision. We do this, because our
completeness theorem will naturally produce L-previsions, not previsions, as
dgr-limits. Showing that every L-prevision defines a unique prevision will
be the subject of Proposition 4.5.

Definition 4.3 (L-prevision). Let X,d be a quasi-metric space. An L-
prevision on X is any continuous map G from Lo(X,d) to Ry such that
G(ah) = aG(h) for all « € Ry and h € L(X,d).

The notions of sublinearity, superlinearity, linearity, normalization, subnor-
malization, discreteness, carry over to L-previsions, taking care to quantify
over h, k' € Lo X and over f strict in L,R,. We write LPX for the set of
all L-previsions on X, and equip it with a quasi-metric defined by the same
formula as Definition 4.1, and which we denote by dkgr again.

Every F' € PX defines an element F|;_x of LPX by restriction. Con-

versely, for every G € LPX, let G(h) dof SUDgeRr, G(h'®)). We will see that

these two constructions are inverse of each other. We need the following
lemma.

Lemma 4.4. Let )ﬁ, d be a standard quasi-metric space, o, 5 € Ry. For all
heLX and f € LR, @ oh®) < (foh)ed,

PROOF. f(®oh® is af-Lipschitz continuous. For every x € X, @ (h9(x)) <
F(RB(z)) < f(h(x)), so £ o h® is less than or equal to f o h, hence also
to the largest af-Lipschitz continuous map below f o h, (f o h)@5), a
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Proposition 4.5. Let X, d be a standard quasi-metric space.
1. For every G € LPX, G is a prevision.

2. The maps G € LPX — G € PX and F € PX — Fo_x € LPX are
inverse of each other.

3. If G is sublinear, resp. superlinear, resp. linear, resp. subnormalized,
resp. normalized, resp. discrete, then so is GG.

4. Conversely, if G is sublinear, resp. superlinear, resp. linear, resp. sub-
normalized, resp. normalized, resp. discrete, then so is G.

PRrROOF. This is Proposition 3.13 of [12], except for the preservation of dis-
creteness in items 3 and 4. Accordingly, we only deal with those two points.

4. This is obvious, since by item 2, G is the restriction of G to Loo(X, d),
and since every strict map in L. (X, d) is also a strict map in £X.

3. Let G be a discrete prevision on X. We fix h € LX, and we let
f € LR, be strict. Note that for every 8 € R, f is strict, too, since
0< fP<f.

We have G(f o h) = sup,egr, G((f o h)(®). The map fV® o hV®) is
a-Lipschitz continuous and below (f o k) by Lemma 4.4. Therefore G(f o
h) > sup,eg, G(fV® o Vo). For all 8, v in Ry, B and v are less than
or equal to \/a for a sufficiently large, so G(f o h) > SUDg HeR G(f® o
h) = sup,cp, supsep, fP(G(h)) (using the fact that G is discrete) =
sup,cg, f(G(h)) = f(sup,cg, G(h")) (since f is lower semicontinuous
from R to itself, hence Scott-continuous) = f(G(h)).

Conversely, foh is the supremum of the directed family (f® o h()) BveR, "
This is directed because both (f() ser, and (R) ek, are chains, and every

¥ is monotonic (remember that every S-Lipschitz continuous map is lower
semicontinuous, and that every lower semicontinuous map is monotonic).

Moreover, for every x € X, supg cg, FOR(2)) = SUD,cRr, SUDgeR, FO R () =

sup, ez, (0 (@) = f(supyen, KO(2)) = f(h(a))

Using that, we show that G(f o h) < f(G(h)), from which the equality
will follow. For every a < G(f o h), since G is Scott-continuous by item 1,
and using the previous observation, there are 3,7 € R, such that a <
G(f® ohM). Since f® o isin L, (X,d), G(fP o h) = G(fP o nM).
Since G is discrete, the latter is equal to f?)(G(h())), which is less than or
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equal to f(G(h")), hence to f(G(h)) (recall that f is lower semicontinuous
hence monotonic). Since a is arbitrary, G(f o h) < f(G(h)). O

We can equip LP X with a quasi-metric defined by formula (1), which we
will again denote by dkxg. Recall that an isometry is a map that preserves
distances on the nose. The map F' € PX — F|; _x € LPX is an isometry,
by definition.

If two maps f: X,d — Y,0 and ¢g: Y,0 — X,d are mutually inverse
isometries, then they are not only 1-Lipschitz but also 1-Lipschitz continuous.
Indeed, B'(f) and B'(g) are order-isomorphisms, and therefore are both
Scott-continuous. (This is a standard exercise.)

It follows that, for the purpose of quasi-metrics, of the underlying d-Scott
topologies, and for the underlying specialization orderings, LP.X and PX can
be regarded as the same space under dkg.

Next, we need the following lemma.

Lemma 4.6. Every function f € Lo R, is continuous from Ry to R, with
its usual Hausdorff topology.

PROOF. Let f € L3R, , B > 0. The Hausdorff topology on R, is generated
by the Scott-open subsets ]a,+o00] and the subsets of the form [0,b]. Since
LsR, C LR, (owing to the fact that R, ,dg is standard), f~!(]a,+o0])
is Scott-open hence open in R,. And f~([0,b]) is open because f is -
Lipschitz: for every € f71([0,0]), let € > 0 be such that f(z) + € < b; for
every @’ € [0,x+¢€/p[, f(2') < f(x)+Pdr(a’,x) < f(x)+e < b,so [0,x+¢€/0]
is an open neighborhood of x contained in f~1([0, b]). O

The following proposition almost shows that our spaces of previsions are
complete, and gives a simple formula for the supremum (G, r) of a directed
family of formal balls (G, 7;);.;- I say “almost” because G is not guaranteed
to be continuous. We address that problem in the subsequent Theorem 4.8.

Proposition 4.7 (Naive suprema, dkgr case). Let X, d be a standard quasi-
metric space, and (G, 7;);c; be a directed family in B(LPX, dgg). Let r o
inf,err; and, for each h € L,(X,d), a > 0, define G(h) as the directed

supremum sup,c;(G;(h) + ar — ar;). Then:
1. G is a well-defined, positively homogeneous function from Lo X to R, ;

2. for any upper bound (G',r") of (Gi,7:);e;, ' < v and, for every h €
Lo(X,d) with a >0, G(h) < G'(h) + ar — ar’;
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3. if G is continuous, then (G,r) is the supremum of (G, 7i),cr;
4. if every G; is sublinear, resp. superlinear, resp. linear, resp. subnormal-
1zed, resp. normalized, resp. discrete, then so is G.

We call (G,r) the naive supremum of (Gy,7;),.;. By abuse of language, we
will also call G itself the naive supremum of (G, 7;),.;-
PRrROOF. This is Proposition 4.2 of [12] (or rather, the part about dkg ), except
for discreteness in item 4, which we deal with here. In the proof of that
proposition, we noted that G is well-defined, although the definition looks
ambiguous, because G(h) is in fact the limit of the net (G;(h)),.; in Ry
with its usual Hausdorff (not Scott) topology, for every h € |, La(X, d).
For every strict map f € LRy, we then have f(G(h)) = f(lim;e; Gi(h)) =
lim;e; f(G;(h)) by Lemma 4.6, and this is equal to lim;e; G;(foh) = G(foh).
([
The following is not quite the completeness result we are after, because
of the awkward assumption that the topology of L. (X,d) is determined by
those of L, (X, d), a > 0, or equivalently that: any subset U of L..(X, d) such
that U N L, (X, d) is open in L,(X,d) for every a > 0 is open in L(X,d),
or also that: every map G: L(X,d) — Z, where Z is any topological
space, whose restriction to L, (X, d) is continuous for every o > 0, is itself
continuous.

Theorem 4.8 (Completeness). Let X, d be a standard quasi-metric space,
and assume that the topology of L (X, d) is determined by those of L, (X, d),
a > 0.

Then PX,dgg is complete, and all suprema of directed families of formal
balls of previsions are naive suprema, as described in Proposition 4.7.

The same result holds for the subspace of previsions satisfying any given
set of properties among: sublinearity, superlinearity, linearity, subnormaliza-
tion, normalization, and discreteness.

PROOF. We use the assumptions, notations and results of Proposition 4.7. It
remains to show that the naive supremum G, as defined there, is continuous
from L.(X,d) to R,. For that, by the assumption that the topology of
L.(X,d) is determined, it suffices to show that the restriction Gz, x of G

is continuous from L£,(X,d) to R, for any a > 0. Fix a € R. We must
def

show that U = {h € L,(X,d) | G(h) > a} is open in L,(X,d). Using the
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definition of G, we write U as the set of maps h € L,(X, d) such that G;(h)+
ar —ar; > a for some i € I. Therefore U = |J,, GﬁéaX(]ajLam —ar, +00]),
which is open. O

Remark 4.9. As in [12], our strategy for establishing more interesting com-
pleteness theorems will be to embed X, d into a better behaved quasi-metric
space Y,0. We let i: X — Y be the embedding, and we will observe later
that every prevision G on X yields a prevision Pi(G) on'Y by the formula
Pi(G)(k) = G(k oi). (For a linear prevision, equivalently a continuous val-
uation, this formula yields the so-called push-forward, or image measure of
G by i.) Our proof strategy will require the following two properties: (i)
the topology of L (Y,0) is determined by those of L,(Y,0), a > 0, so that
Theorem 4.8 will apply on Y,0; (ii) the naive suprema (G,r) computed in
B(PY, 0) of directed families (Pi(F;),r;),c; is such that G = Pi(F) for some
prevision F' on X, and then (F,r) is the supremum of the directed family
(E; ri)z‘el‘

ForY, 0, we will take B(X,d),d": as shown in [10, Theorem 4.13], this is
always a so-called Lipschitz reqular quasi-metric space, and Proposition 8.2 of
[11] states that for any Lipschitz reqular quasi-metric space Y, 0, the topology
of Loo(Y,0) is determined by those of L,(Y,0), a > 0. This will take care of
(i). The case of property (ii) will require specific work.

4.2. The bounded Kantorovich-Rubinstein quasi-metrics

In [12, Definition 3.4], we also introduced a so-called a-bounded form dp
of dxr. The point was that, given a continuous complete quasi-metric space
X, d (and even a complete metric space X, d) the weak topology on the space
V1X of probability continuous valuations on X does not coincide with the
dxr-Scott topology in general, but does coincide with the dj,z-Scott topology.
The diy variant also extends to previsions, as we will see below.

Such a bounded form diy will be less interesting than the unbounded
form dkgr here, but we need to explore this variant nonetheless, because we
will require it in Part III, and we only need little additional effort to deal
with it now.

For every quasi-metric space X, d, for every a € Ry ~\ {0}, let £2(X,d),
or L2 X be the subspace of £,X of those a-Lipschitz continuous maps from
X, d to R, that take their values in [0, aa).

20



Definition 4.10 (dgg). Let X,d be a quasi-metric space, and a € Ry
{0}. The a-bounded Kantorovich-Rubinstein quasi-metric on the space of
previsions on X is defined by:

din(F,F') Y sup da(F(h), F'(h)). (3)

heLsx

This is a quasi-metric on any standard quasi-metric space, and F < F’ if
and only if df, (F, F') = 0 [12, Lemma 3.7].

In order to deal with diy, we will need the following further refinement
of an L-prevision. We write £ (X, d) for the space of all bounded Lipschitz
continuous maps from X to KJF.

Definition 4.11 (L -prevision). Let X, d be a quasi-metric space. An L°-
prevision on X is any continuous map H from L% X to R, such that H(Sh) =
BH(h) for all B € R, and h € LE_X.

Let £°P X be the set of all £L°-previsions on X. We define linear, superlinear,
sublinear, subnormalized, and normalized L£P-previsions in the usual way.
Finally, we say that H is discrete iff it satisfies H(foh) = f(H(h)) for every
strict map f € £% R, (not LR,) and every h € L2 (X, d).

Every G € LP X defines an element G5 x of LPP X by restriction. Con-

versely, for every H € LPPX, let ﬁ(h) o supg.o H(min(h, #)) for every
he Loo(X,d).

Lemma 4.12. Let X, d be a standard quasi-metric space, and a > 0.
1. For every H € L°PX, H is an L-prevision.

2. The maps G € LPX — G x € LPPX and H € L°PX — H € LPX
are inverse of each other.

3. For every G € LPX, G is linear, resp. superlinear, resp. sublinear,
resp. subnormalized, resp. normalized, resp. discrete, if and only if
ngox 18.

PROOF. This is Lemma 3.18 of [12], except for the preservation of discrete-
ness in item 3, on which we concentrate.
If G € LPX is discrete, then clearly G5 x is discrete, too. Conversely,

let H € L°PX be discrete. In order to show that H is discrete, let f €
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LR, be strict, h € L,(X,d), and let us show that ﬁ(f oh) = f(ﬁ(h))
The left-hand side, ﬁ(f o h), is equal to supg. H(min(f o h,3)), hence to
supg.o H(fzoh), where fg dof min(f, 3). Since fz is Scott-continuous and H
is the restriction of a Scott-continuous map G: L(X,d) — R, (by item 2),
ﬁ(f oh) is also equal to supg_,~o H(fs omin(h,v)). We know that min(h, )
is in £ (X,d), and that fs is in £2R,. Since H is discrete, H(f o h) is
therefore equal to supg .- fs(H(min(h,v))) = SUD,~0 f(H (min(h,v))). Now

[ is Scott-continuous, so this is equal to f(sup.,.o H(min(h,v))) = f(H(h)).
O
The following is part of [12, Lemma 3.10].

Lemma 4.13. Let X,d be a standard quasi-metric space, a > 0, let F, F'
be two previsions on X, and r, v’ be two elements of R.. The following are
equivalent:

1. (F,r) <% (F',1");
2. r>7r" and, for every h € LY(X,d), F(h) —r < F'(h) —1/;
3. r>r"and, for every h € L%(X,d), « >0, F(h) —ar < F'(h) — ar’.

We can equip LPX and £PP X with a quasi-metric defined by formula (3),
which we shall again denote by diy. The maps F' € PX — F; _x € LPX
and G € LPX — Gp x € LPPX are isometries by definition.

Lemma 4.14. Let X, d be a quasi-metric space. The maps:

F'ﬁF\EooX GléGggoX
PX LPX LPX LPX
G<~——G H~—+H

are isometries between PX, LPX and LOPX with the dxr quasi-metrics,
and with the d%p quasi-metrics, for every a > 0. O

It follows that, for the purpose of quasi-metrics, of the underlying d-Scott
topologies, and for the underlying specialization orderings, LPX, £L°PX, and
PX can be regarded as the same space under dkg, or under diy.
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Proposition 4.15 (Naive suprema, diy case). Fiza > 0. Let X,d be a
standard quasi-metric space, and (H;, ;),c;
Let r ¥ infierr; and, for each h € L%(X,d), a > 0, define H(h) as
sup;e;(H;(h) + ar — ar;). Then:

1. H is a well-defined, positively homogeneous functional from L°PX to

R+ ;

2. for any upper bound (H',r") of (Hi,7;);c;, ' < 1 and, for every h €

LE(X,d), >0, Hh) < H'(h) + ar — ar’;
3. if H is continuous, then (H,r) is the supremum of (H;,r;),c;;
4. if every H; is sublinear, resp. superlinear, resp. linear, resp. subnor-
malized, resp. normalized, resp. discrete, then so is H.

Note that H is indeed defined on the whole of £ (X, d), since £5 (X, d) =
Uas0 £6(X,d) [11, Lemma 3.5]. We again call (H, ) the naive supremum of
(Hi 1) ie -

PROOF. The proof is as for Proposition 4.7. Proposition 4.2 of [12] (the
part on dy, now) proves all the statements except those on discreteness; in
item 4, H is discrete whenever every H; is, using Lemma 4.6, as before. O

We deduce the following theorem with exactly the same proof as for
Theorem 4.8, using Proposition 4.15 instead of Proposition 4.7.

Theorem 4.16 (Completeness). Let X, d be a standard quasi-metric space,
and fir a > 0. Assume that the topology of L° (X, d) is determined by those
of L2(X,d), a> 0.

Then PX,d%y is complete, and all suprema of directed families of formal
balls of previsions are naive suprema, as described in Proposition 4.15.

The same result holds for the subspace of previsions satisfying any given
set of properties among: sublinearity, superlinearity, linearity, subnormaliza-
tion, normalization, and discreteness. O

4.3. Supports

Our previous completeness theorems for spaces of previsions make a
strong assumption, namely that the topology of L2 (X, d) is determined by
those of £2(X,d), o > 0. We show that we also obtain completeness under
different, and more natural, assumptions.
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Supports were crucial in Part I, and are essential here as well. The notion
of a support of a measure is well-known, and it is not hard to generalize it
to any prevision.

Definition 4.17 (Support). A subset A of X is a support of a prevision
G on a topological space X if and only if for all g,h € LX with the same
restriction to A (i.e., such that gia = hja), then G(g) = G(h).

We also say that G is supported on A in that case.

Following Remark 4.9, we define Pi(F') as mapping every h € LX to
F(hoi), for any subspace inclusion ¢. This is a special case of a more general
definition, which we will study in Lemma 4.21.

Lemma 4.18. Let X be a topological space. A subset A of X is a support
of a prevision G on X if and only if there is a prevision F on the subspace
A such that G = Pi(F'), where i is the inclusion map of A into X. If so, F
is unique, and F(f) = G(f) for every f € LA, where f is the largest lower
semicontinuous extension of f to X.

Proor. If G = Pi(F) for some prevision F' on A, then for all g,h € LX
with the same restriction to A, g o is equal to hoi, so G(g) = F(goi) =
F(hot)=G(h).

Conversely, let us assume that G is supported on A. We note that every
map f € LA extends to a lower semicontinuous map from X to R,. This is
because R, is a continuous complete lattice, hence an injective topological
space [16]. Explicitly, there is even a largest lower semicontinuous extension
f: X = R, of f, and for every z € X, f(z) = supy inf f[U N A], where
U ranges over the open neighborhoods of = in X, and f[U N A] denotes the
image of U N A by f [5, Proposition 11-3.9]; see also the proof of 2.11, page
109, in [16].

For every a € R, &L\f = af. Indeed, if & = 0, both sides are equal to the
zero map. Otherwise, « f is lower semicontinuous, below af, hence below
the largest lower semicontinuous/n&p af below af. Replacing o by 1/ and

[ by f we obtain 1/a.af < 1/a.oof = f, from which the reverse inequality

af < f follows. R R
If there exists F' such that G = Pi(F), then G(f) = F(f o1) = F(f) for
every f € LA, so F is unique.

For the existence part, we define F': LA — R, by F(f) & G(f). Since
Q@ f =« f , F' is positively homogeneous. The map f +— f is monotonic, so F
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is monotonic as well. However, it is not Scott-continuous in general, namely
unless 7 is a finitary map, see [4, Theorem 2.7.2]. Hence we need a different
argument to show that F' is Scott-continuous. Let ( fj)je ; be a directed

family with supremum f in LA. Let g o f and h & SUpje s fj. We have
goi=foi=f= sup,cy fj = supjej(fj 0i) = hoi. Hence by assumption
G(g) = Gi(h) But G(g) = G(f) = F(f), and G(h) = G(supjlej) =
sup;c; G(f;) = sup,c; F(f;), showing that F' is Scott-continuous.

Therefore F' is a prevision on A. Finally, for every g € LX, Pi(F)(g) =
F(goi) = G(g/o\z'). Let h & g/\oz': h extends ¢ o4, namely hoi = goi, so
G(g) = G(h), by assumption. It follows that Pi(F")(g) = G(g). Since g is
arbitrary, Pi(F) = G. O

The situation simplifies when A is an open subset V' of X.

Lemma 4.19. Let X be a topological space. An open subset V' of X is a
support of a prevision G on X if and only if for every g € LX, G(g) =

G(gxv)-

PrOOF. Clearly, g and gxy have the same restriction to V. Hence if V' is a
support of G, then G(g) = G(gxv). Conversely, if G(g) = G(gxv) for every
g € LX, then for all g,h € LX with the same restriction to V', gxv = hxv,
so that G(g) = G(gxv) = G(hxv) = G(h). Hence V is a support of G. O

Implementing the program of Remark 4.9, item (ii), we will define (G, 1)

as the naive supremum of (P7x(F}),r;),.;, where nx is the embedding x —
def

(x,0) of X into Y = B(X,d). That means that:

G(k) = sup(F;(k o nx) + ar — ar;) (4)
iel

for every k € L,(B(X,d),d"), a > 0 (resp., for every k € L%(B(X,d),d") if
we are interested in dp rather than dkgr). For that to make sense, we will
need to study Pnx, and we will do this in Section 4.4. For the time being,
we note that G(k), as defined by (4), only depends on k o nx. In particular,
this looks like saying that G is supported on X, hence that G = Pnx(F)
for some prevision F' on X, implementing (ii). That is not the case, because
(4) is valid only for Lipschitz continuous maps k, and we need a statement
that applies to all lower semicontinuous maps. Using Proposition 4.5 is not
quite enough, and the best we can say is the following. We recall that

v, {(z,r) € B(X,d) | r < €} is Scott-open for every € > 0, whenever X, d
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is standard. It should be clear that the L-prevision G defined by (4) satisfies
the assumptions of the following lemma.

Lemma 4.20. Let X,d be a standard quasi-metric space. Let G be an L-
prevision on B(X, d) that is supported on X in the sense that for every o > 0,
for all f,g € Lo(X,d) such that fonx = gonx, G(f) = G(g). Then, for
every € > 0, G is supported on V..

PROOF. We use Lemma 4.19. Let g be any lower semicontinuous map from
B(X,d) to Ry. We claim that G(g) = G(gxv.). Since gxyv. < g, we have
G(gxv.) < G(g). In the converse direction, we must show that G(g™) <

G(gxv,) for every a > 0.
Corollary 4.11 of [12] states that, given that X,d is standard, for all

B € Ry and € > 0 such that fe > 1, Xg,ﬁ) ony = X%/B%Ve onyx. Taking

v B(X,d), so that xy = 1 and therefore XE/B) = 1, it follows that for
every 5 > 1/e, XEZ) onyx = 1, and therefore ¢(® ony = (g(o‘)Xg:)) onx.
We fix 8 > 1/e, and also such that 4 > 1. Then ¢(*) and g(a)xg) are

both af-Lipschitz continuous. By our assumption on G (with a3 instead of
a), G(g") = Glg"xi).
(,3))'

Since G coincides with G on Lipschitz continuous maps, G(g'®) = G(g'“xy;

The function g(a)xg) is less than or equal to gxv., so G(g'®) < G(gxy,). O

It is frustrating that we are not able to say that G is supported on X
directly, although X = (., V.. In [12], we solved that problem for lin-
ear L-previsions on continuous complete quasi-metric spaces by extending
the associated continuous valuation to a measure. We will need different
arguments in the case of each hyperspace, in Sections 5, and in 6.

4.4. The action of P on Lipschitz continuous maps

We have already introduced the notation Pi(F') for a prevision F' on a
subset A of a space X, where 7 is the embedding of A into X. This is a special
case of the definition of a map Pf: PX — PY, for every continuous map
f: X =Y, asin (5) below. One may wonder whether this defines a functor
on the category of standard quasi-metric spaces and 1-Lipschitz continuous
maps. For now, we have the following partial result.

Lemma 4.21. Let X,d and Y, 0 be two quasi-metric spaces, and f: X,d
Y, 0 be an a-Lipschitz continuous map, where a > 0. Then Pf: PX dxr —
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PY, Okr, defined by:
Pr(F)(k) < Fko f) (5)

for every k € LY, is a well-defined, a-Lipschitz map, which maps previsions
to previsions, preserving sublinearity, superlinearity, linearity, subnormaliza-
tion, normalization, and discreteness.

A similar result holds for P f, seen as a map from PX,d}y to PY, O%p,
for every a € Ry, a > 0.

PROOF. It is easy to check that Pf(F) is a prevision, which is sublinear,
resp. superlinear, resp. linear, resp. subnormalized, resp. normalized, resp.
discrete, whenever F' is.

In order to show that P f is a-Lipschitz from P X, dkxr to PY, Okgr, we as-
sume that dxg (F, F') < r, and we wish to show that Oxr(Pf(F),Pf(F")) <
ar. To this end, we let k£ € £1(B(Y,d),0") be arbitrary, and we attempt to
show that Pf(F)(k) < Pf(F')(k)+ar. Since ko f isin L,(X,d), 1/a(ko f)
is in £1(X,d). We expand the definition of dxg in dxr(F,F’) < r, and we
obtain that F'(1/a(ko f)) < F'(1/a(ko f))+r. Using positive homogeneity,
we deduce F(ko f) < F'(ko f) + ar, which is what we wanted to prove.

The proof that P f is a-Lipschitz from PX, diy to PY, 0%y is the same,
noticing that if k£ is bounded by a, then k o f is also bounded by a. a

The one thing that is missing in order to show that P is a functor, in
a category whose morphisms are 1-Lipschitz continuous maps, is continu-
ity. For now, we have the following approximation, which shows that naive
suprema are preserved.

Lemma 4.22. Let X,d and Y, 0 be two quasi-metric spaces, and f: X, d —
Y,0 be a 1-Lipschitz continuous map. For every directed family of formal
balls (F;,1i), i € I, in B(PX,dgg) (resp., d%p), with naive supremum (F,r),
(Pf(F),r) is the nawe supremum of (Pf(F;),r;),e; in B(PY,0gg) (resp.,
)

PROOF. By definition, r = inf;c;r;, and F(h) = sup;c;(Fi(h) + ar — ar;)
for every h € L,(X,d) (resp., in L%(X,d)), for every a € Ry, o > 0.
It follows that, for every k € L,(Y,0) (resp., in £(Y,0)), and using the
fact that ko f is in L£,(X,d) (resp., in L2(X,d), since k o f is bounded by
aa, just like k), Pf(F)(k) = F(ko f) = sup;e;(Fi(k o f) + ar — ar;) =
sup;er(Pf(F) (k) + ar — ar;). =
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If X, d is standard, then nx is 1-Lipschitz continuous [10, Lemma 3.8]. In
fact, it is the unit of the formal ball monad B on the category of standard
quasi-metric spaces and 1-Lipschitz continuous maps [10, Theorem 3.14].
(Note that the latter implies that B preserves standardness, hence that
B(X,d),d" is standard.) Hence Lemma 4.21 implies that Pnx(F) is a pre-
vision on B(X,d),d", which one can see as an extension of F' from X to
the superspace B(X, d). Moreover, Py is 1-Lipschitz, so B} (Pnx) is mono-
tonic. This implies that for every directed family (£}, r;),.; in B(PX, dkr),
(Pnx (F;),75);c; is also a directed family, this time in B(P(B(X,d)), d"kr).
Because B(X, d), d* is Lipschitz regular [10, Theorem 4.12], and standard, as
we have noticed, (Pnx(F}),7i),c; has a supremum (G, r), as an application of
Theorem 4.8. That supremum (G, ) is the naive supremum, which is to say
that r = inf;c; r;, and G satisfies Equation (4), for every k € L,(B(X,d),d"),
a >0 (resp., L2(B(X,d),d"), in the diz case).

Lemma 4.23. Let X,d be a standard quasi-metric space, (F;,r;)..; be a

iel
directed family in B(PX,dgg) (resp., d%g), let r i infierr; and G be the

prevision on B(X, d) defined as the naive supremum of (Pnx(F;),ri),c;- For
every € > 0, G is supported on V.
PRrROOF. Direct consequence of Lemma 4.20. O

We make the stronger assumption that G is supported on X in the fol-
lowing proposition.

Proposition 4.24. Let X,d be a standard quasi-metric space, (F,r;),c; be

a directed family in B(PX,dgg) (resp., d%g), let r & inf,e;r; and G be the
prevision on B(X,d) defined as the naive supremum of (Pnx(F;),7:),e;- If
G is supported on X, then:

1. G =Pnx(F) for some unique prevision F' on X;

2. if G is superlinear, resp. sublinear, resp. linear, resp. subnormalized,
resp. normalized, resp. discrete, then so is F';

3. (F,r) is the nawe supremum of (F;,r;),c; in B(PX,dgg) (resp., d%g);

4. (F,r) is the supremum of (F;,7;),c; in B(PX,dgr) (resp., dip).
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A

Proor. 1. This is Lemma 4.18, which also shows that F(f) = G(f) for
every f € LX.

2. One may observe that item 2 is a consequence of item 3, using Propo-
sition 4.7, item 4, to show that naive suprema of directed families of for-
mal balls of previsions on B(X, d) preserve superlinearity, sublinearity, etc.
However, a direct proof is equally simple. Using the fact that g + h and
m have the same restriction g + h to X, we obtain that F' is superlin-
ear, resp. sublinear, resp. linear, resp. subnormalized, resp. normalized if
G is. It remains to show that If G is discrete, then F' is discrete as well.
Let f be any strict map in LR,. Then F(f o h) = G(f/o\h). We have
m(x, 0) = f(h(z)) = f(/f;(x, 0)), so ﬁ and f o h have the same restric-
tion to X. It follows that F(foh) = G(foh) = f(G(h)) = f(F(h)), showing
that F' is discrete.

3. For every h € L,(X,d) (resp., LL(X,d) in the case of dkg), a > 0,

F(h) = G(ﬁ) by definition. Let k: B(X,d) — R, be defined by k(z,7) &

max(h(x) — ar,0). In other words, k(x,r) = max(h'(x,r),0); h': (z,r) —
h(x) — ar was introduced in Section 2.2, and is Scott-continuous as soon as
h is a-Lipschitz continuous [10, Lemma 2.7]. Hence k is Scott-continuous.

It turns out that the d™-Scott topology on B(X,d) coincides with the
Scott topology of <", see [7, Exercise 7.4.53] or [10, Lemma 3.7]. Since the
dr-Scott topology on R also coincides with the Scott topology, k is contin-
uous from B(X,d) with the d*-Scott topology to R, with the dg topology.

We claim that k is a-Lipschitz. Since B(X, d),d" is standard, as we have
recalled before Lemma 4.23, and since R, dg is standard (since complete),
and k is continuous, this will imply that k is a-Lipschitz continuous. For
every a € Ry, if d™((z,7),(y,s)) < a, namely if d(z,y) < r — s + a, then
h(z) —ar < h(y) + a(r — s +a) — ar = h(y) — as + aa, so k(z,r) <
max(h(y) — as + aa,0) < max(h(y) — as + aa, aa) = k(y, s) + aa, showing
that k is a-Lipschitz.

Taking r & 0 in the definition of k, we see that k(x,0) = h(z), hence
that konx = h.

Since k is a-Lipschitz continuous, we can use (4), to the effect that G(k) =
sup;er(Fi(konx) +ar —ar;) = sup;c;(Fi(h) + ar —ar;). (In the case of diy,
this requires the verification that k£ is bounded from above by «a, which is
obvious, since that is already the case for h.) Now G = Pnx(F') by item 1,
so G(k) = F(konx) = F(h), whence F(h) = sup;c;(F;(h) + ar —ar;). That
shows that F is the naive supremum of (F),.,.
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4. By Proposition 4.7, item 3 (and the isomorphism between LPX and
PX that ensues from Proposition 4.5, and the similar isomorphism that
ensures from Lemma 4.12 in the case of dfy), any naive supremum of a
directed family that happens to be continuous, such as F', is the supremum.

U

We recap what we know as follows. As we said, the remaining, nagging

assumption on supports will have to be taken care of in each special case.

Proposition 4.25 (Conditional completeness). Let X, d be a standard
quasi-metric space. Let S be any subset of the following properties on pre-
visions: sublinearity, superlinearity, linearity, subnormalization, normaliza-
tion, discreteness; let Y denote the set of previsions on X satisfying S, and
Z be the set of previsions on B(X,d) that satisfy S.

If every element of Z that is supported on Vi on for every n € N is in fact
supported on X, then Y, dgr is complete, and directed suprema in B(Y, dgr)
are computed as naive suprema.

The same result holds for d%p in liew of dgr, for any a > 0. a

5. The Hoare Hyperspace

5.1. The dy Quasi-Metric

Through the bijection C' + F¢ of Proposition 3.2, it makes sense to define
a quasi-metric dy on HoX, and on HX, by dy(C,C") = dgr(FC, F¢"). We
will show that (provided X, d is standard), it is equivalent to define dy; as in
Definition 5.3 below, which should be reminiscent of one half of the Hausdorff
metric.

For every open subset U of X (with its d-Scott topology), and every point

r € X, we define the distance from z to the complement C T of U by
d(z,C) € sup{r € R, | (z,r) € U} [13, Definition 6.10]. (The supremum of
the empty set is 0, the supremum of an unbounded set is +00.) We recall

that U is the largest open subset of B(X, d) such that UNnX=U.
The following laws hold [13, Lemma 6.11]:

Fact 5.1. If X,d is standard, then for all x,y € X and for every closed
subset C' of X: d(z,C) = 0 if and only if v € C; d(x,C) < d(z,y) +d(y,C);
the map d(_, C') is 1-Lipschitz continuous from X,d to R, dg.
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Additionally, d(z,C) < inf ecd(x,y), with equality if C = |E for some
finite set E, or if x is a center point [13, Proposition 6.12]. The latter will
be important, and we state it as a fact.

Fact 5.2. If X, d is standard, then for every center point x of X, d, for every
closed subset C' of X in its d-Scott topology, d(x,C) = inf cc d(z,y).

Since every point in a metric space (or in a Smyth-complete quasi-metric
space) is a center point, we retrieve the familiar definition d(x, C') = inf, e d(z, y)
of the distance of a point to a closed set, when d is a metric or a Smyth-
complete quasi-metric; but beware that this definition is not the one that
we need in more general quasi-metric situations, except when z is a center
point.

An equivalent definition, working directly with closed sets, is as follows.
For a closed subset C' of X, let ¢lg(C') be its closure in B(X, d)—the smallest
closed subset of B(X, d) that contains C, seeing X as a subspace of B(X, d).
If U is the complement of C, then clg(C) is the complement of U in B(X, d).
Then d(z,C) = sup{r € R, | (z,7) & clg(C)}, and d(x,C) = 0 if and only
if z € C (Fact 5.1).

Definition 5.3 (dy). Let X,d be a standard quasi-metric space. For any

two closed subsets C, C" of X, let dy(C,C") i sup,eo d(z, C").

Lemma 5.4. Let X, d be a quasi-metric space. For every x € X and every
closed subset C' of X, d(z,C) = inf{r € Ry | (z,7) € clg(C)}, where the
mfimum of an empty set of elements of Ry is taken to be +oc0.

Moreover,

1. the infimum is attained if d(z,C) < +00;

2. for every r € Ry, d(z,C) < r if and only if (z,r) € clg(C).
ProOOF. Let A & {r € R, | (z,r) € cl(C)}, B = {r € R, | (z,7) €
clg(C)}. A and B partition R, and since clg(C) is downwards-closed, A is
downwards-closed, B is upwards-closed, and for all a € A, b € B, we must
have a < b. It follows that sup A = inf B, proving the first claim.

B is also closed under (filtered) infima. Indeed, for any filtered family
(73);e; of elements of B with infic;r; = 7, (z,7),c; is a directed family in
B(X, d), whose supremum is (z, 7). (The upper bounds of (z,7;),.; are those
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formal balls (y,s) such that d(z,y) < r; — s for every ¢ € I, namely the
elements above (z,7).) That implies that r is in B.
It follows that, if B is non-empty, then it is an interval of the form [b, +o0],

where b < inf B = d(xz,C). This shows item 1.
For item 2, if d(z,C) < r € R,, then B is non-empty and r > b, so r is
in B, that is, (z,7) € clg(C). Conversely, if (x,r) € clg(C), then r is in B,
so B is non-empty and r > b, meaning that d(z,C) < r. O
In the following, we will need to know a few elementary facts about the
closure operation clg. For a subset A of B(X,d), and every a € R, we agree
that A + a denotes {(x,r +a) | (z,7) € A}.

Lemma 5.5. Let X,d be a standard quasi-metric space.
1. For every Scott-closed subset C of B(X,d), C + a is Scott-closed.

2. For every subset A of B(X,d), clg(A) +a = clg(A+ a).

PrOOF. 1. For every formal ball (z,r) below some element (y,s + a) of
C+a (viz., (y,s) isin C), d(z,y) < r—s—a, sor > s+ a > a, and
(z,r —a) <% (y,s). Since C is downwards-closed, (z,7 — a) is in C, hence
(z,r) is in C + a. This proves that C + a is downwards-closed. For every
directed family (z;,7; 4+ a),.; in C+a, (x;,7;),c; is also directed, and in C. If
(z4,7; + a);c; has a supremum, then (x;,7;),.; also has a supremum (x,7), by
the definition of standardness, and the supremum of (z;,7; + a),.; is (x,7+a).
Since C is Scott-closed, (z,r) is in C, so (x,r + a) is in C + a.

2. Since clp(A) + a is Scott-closed, and since it obviously contains A+ a,
it contains clg(A+a). For the reverse inclusion, we use the fact that the map
_+ a is Scott-continuous, since X, d is standard, and that for a continuous
map, the closure of the image of a set contains the image of the closure. O

In accordance with our convention that X is equated with a subspace of
B(X,d) through the embedding nx: x — (z,0), we also agree that, for any
subset C' of X, C'+ a denotes {(z,a) | z € C}.

Lemma 5.6. Let X,d be a standard quasi-metric space. For every closed
subset C' of X, for every a € R,

1. dg(C)NX = C;
2. cg(C)+a=clg(C+a).
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PrROOF. 1. Let U be the complement of C' in X, so that clg(C) is the
complement of U in B(X,d). Since UnXx =U, by taking complements
cdp(C)NX =C.
2. By Lemma 5.5, item 2. a
Those preliminary lemmas allow us to give the following, practical tools
to work with dy.

Lemma 5.7. Let X,d be a standard quasi-metric space.

1. For every C € HoX, for every closed set C', for every a € R,,
dy(C,C") < aif and only if C +a C clg(C");

2. dy is a quasi-metric on HoX, and its specialization ordering < is
inclusion;

3. the ordering <% on B(HoX,dy) is given by (C,r) < (C',+') if and
only if C+r Cclg(C' +1").

PROOF. 1. By definition, dy(C,C") < a if and only if, for every x € C,
d(z,C") < a, if and only if, for every z € C, (z,a) is in clg(C"), by Lemma 5.4,
item 2. That is equivalent to C' + a C clg(C").

2. By item 1, dy(C,C") = 0 if and only if C' C clg(C’). The latter is
equivalent to C' C ¢lg(C") N X, hence to C' C ', using Lemma 5.6, item 1.
This shows immediately that dy(C,C") = dy(C’,C) = 0 implies C' = ',
and that inclusion will be the specialization ordering <% of d.

It still remains to show the triangular inequality, namely dy(C,C") <
dyu(C,C") 4+ dyu(C',C"). 1If the right-hand side is equal to +oo, then the
inequality is obvious. Otherwise, let a dof dyn(C,C"), o = dy(C",C"), both
elements of R,. By item 1, C4+a C clg(C") and C'+a’ C clg(C"). Therefore
C+a+d Ccg(C')+d = clg(C'+ ') (by Lemma 5.6, item 2) C clg(C").
By item 1 again, this implies that dy(C, C") < a+ad’, which proves our claim.

3. (C,r) <% (C’,7') if and only if r > ' and C +r — ' C clg(C"),
by item 1. Adding 7’ to both sides, C' + r — v’ C clg(C") if and only if
C+r Ceg(C') 41", and clg(C') + 1" = clg(C" +1’) by Lemma 5.6, item 2.

O

We can now show that dy and dkxr are related as expected.

Proposition 5.8. Let X,d be a standard quasi-metric space. The bijection

C +— F© is an isometry between HoX and the set of discrete sublinear pre-
visions on X : for all closed subsets C, C', dy(C,C") = dgr(FC, F").
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Proor. This is a bijection by Proposition 3.2.

We take h < d(-,C") in the definition of dkxr (Equation (1)), and we

recall that this is 1-Lipschitz continuous. We obtain that dxg(F¢, F¢") >
dg (sup,ec d(x, C"),sup,cor d(y, C')) = dr(dy(C, C"), dn(C', C")) = dr(dx(C, C"),0)
(using Lemma 5.7, item 2) = dy(C,C").

For the reverse inclusion, fix h € £4(X, d), and let us check that sup, .- h(z) <

sup,ecr h(y) + dy(C,C"). If dy(C,C") = +oo, this is clear, so we assume

0 dy(C,C") < +oo. We fix z € C. Our aim is to show that h(z) —a <

sup,ccr h(y). Note that the left-hand side is h'(z,a), where h': (z,1) —
h(z) — t is Scott-continuous. For every b < h'(x,a), the formal ball (x,a)
is in the Scott-open set k'~ '(]b, +0c]). Using Lemma 5.7, item 1, and the
fact that a = dy(C,C"), C' + a is included in clg(C"), so (z,a) is in clg(C").
Therefore h'~'(]b, +o0]) intersects clg(C"), hence also C’. Let y be in the
intersection. Then h'(y,0) = h(y) > b, which shows that sup, e h(y) > b.
As b < I (x,a) is arbitrary, we conclude. O

Remark 5.9. By using similar arguments, one can show that d%p(F¢, F) =
d§,(C,C"), where d3,(C,C") is defined as min(a, dy(C, C")), for every a € Ry,

a > 0. In one direction, dip(FC F) < dgp(FC, F) = dy(C,C") by

Proposition 5.8, and d%y(F€, FY") < a by definition. In the other direction,

we take h = min(a,d(-,C")) in the definition of d%y (3), check that h €

L4(X,d), and therefore obtain that d%p(FC, F®") is larger than or equal to

dg (sup,ec min(a, d(z, C")), sup,ccr min(a, d(y, C'))) = min(a,d(C,C")), us-

ing Fact 5.1.

5.2. Completeness

We wish to apply Proposition 4.25. To this end, we verify its funny
condition on supports. We require the following folklore lemma.

Lemma 5.10. For every topological space Y, for every subset A of Y, for
every lower semicontinuous map h:Y — R U {—o00,+oo}, sup,cqh(y) =

SUDycci(A) h(y).

PROOF. Since A C cl(A), supyeq h(y) < supyeqea) h(y). If that inequality
were strict, then there would be a real number a such that sup,c 4 h(y) < a <
SUP, () M(y). In particular, h~'(Ja, +-00]) would intersect cl(A), hence also
A. Therefore, there would be an y € A such that h(y) > a, which contradicts
sup,e4 h(y) < a. 0
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Lemma 5.11. Let X,d be a continuous complete quasi-metric space. For
every closed subset € of B(X,d) such that F'¢ is supported on Vijan for every
n €N,

1. € is equal to clg(C'), where C' is the closed set €N X;
2. For every k € L(B(X,d)), F¢(k) = FC(konx);
3. FC is supported on X .

PROOF. We first note that for every (Scott-)open subset U of B(X,d) that
intersects €, for every n > 0, € also intersects Y NV},. Indeed, since UNE # 0,
F%(xu) = 1. We use our assumption that F'® is supported on V;on, where
we choose n so large that 1/2" < n: since x; and Xunv, coincide on Vj/on,
F%(xunv,) = 1. Therefore € also intersects U N'V,.

1. Clearly ¢lg(C) C €. In the reverse direction, we assume for the sake of
contradiction that € is not included in ¢lg(C'). There is a formal ball (x,r)
in € that is in some Scott-open subset ¢ (namely, the complement of cig(C))
such that & N X does not intersect C'.

By our preliminary remark, € must also intersect U NV, say at (yo, So)-
Since B(X,d) is a continuous dcpo, (Yo, So) is the supremum of a directed
family of formal balls way-below (¥, s9), so one of them, call it (z¢, 7o), is in
UNVy. Tt is also in €, since every Scott-closed set is downwards-closed.

Since (z0,70) < (Yo, 50), €N F(zo,70) is non-empty. By our preliminary
remark again, ¢ must intersect F(zg, 7o) N Vija, say at (yi,s1). As above,
there is formal ball (21,71) < (y1, 51) in € N F(w,70) N Vija.

We proceed in the same way: € N T(ml,rl) is non-empty, hence € N
T(a:l,?"l) N Vi4 contains a formal ball (y2,s2), and that allows us to find
(ZEQ, 7"2) < <y27 82) in€nN T(l’l, 7”1) N ‘/1/4

Inductively, we obtain formal balls (z,,7,) in €NV; o» with the property
that (xg,r0) < (x1,711) € -+ < (Ty,rn) < -+, and (zg,79) € U. Let
(y,s) &of SUP,en(Tn, n). Since s < ry, and (z,,7,) € Vijon, s is less than or
equal to 1/2™ for every n € N, hence zero. Since € is Scott-closed, (y,s) =
(y,0) is in €, so y is in C. Because U is upwards-closed and (xg,7¢) is in U,
(y,0) must also be in ¢. But that contradicts the fact that & N X does not
intersect C.

2. Let k € L(B(X,d)). We have F*(k) = sup(, ,yce k(2,7) = SUD(, rycag () K (2, 7)
by item 1, so F*(k) = sup,ec k(,0) by Lemma 5.10, and that is exactly
FO(k onx).
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3. Let g, f € L(B(X,d)) be such that gx = fx, that is, gonx = fonx.
By item 2, F¥(g) = F9(gonx) = FO(f onx) = F(f). =

Proposition 5.12 (Completeness, Hoare hyperspace). Let X, d be a stan-
dard Lipschitz reqular quasi-metric space, or a continuous complete quasi-
metric space. Then HoX,dy and HX, dy are complete.

Suprema of directed families of formal balls of previsions are naive suprema.

Proor. Through the isometry of Proposition 5.8, we only have to show that
the spaces of discrete sublinear previsions (resp., the normalized discrete sub-
linear previsions) are complete under dggr. If X, d is standard and Lipschitz
regular, this follows from Theorem 4.8. Otherwise, this follows from Propo-
sition 4.25, whose assumption on supports is verified by Lemma 5.11. 4

Remark 5.13. Under the same assumptions, for every a > 0, HoX, d3, and
HX,df, are complete, and directed suprema of formal balls are naive suprema.
The quasi-metric df, was introduced in Remark 5.9. The argument is similar
to Proposition 5.12, replacing Proposition 5.8 by Remark 5.9.

Remark 5.14. For a > 0, it is clear that the specialization ordering <% is
again inclusion: d3,(C,C") = 0 if and only if min(a, dy(C,C")) = 0 if and
only if dy(C,C") =0, if and only if C C C' by Lemma 5.7, item 2.

5.8. dy-Limats

Suprema of directed families of formal balls in HyX and in HX are naive
suprema, but the detour through previsions makes that less than explicit.
Let us give a more concrete description of those suprema, i.e., of dy-limits.

Lemma 5.15. Let X,d be a continuous complete quasi-metric space. For
every directed family (Cj,ri),c; in B(Ho(X, d),dy), its supremum (C,r) is

gien by r ) inf,c;r; and C ) c(U,e; Ci +mi — )N X.

PrROOF. By Proposition 5.12, that supremum is the naive supremum, so
r = inf,c; r; in particular. One might think of writing down the naive supre-
mum explicitly and simplifying the expression, but a direct verification seems
easier.

Let A & Uie Ci +71i —r and € & clg(A). Let also i C j if and only

if (Cy,r;) < (Cj,7;), making (Cj, 7;),c; - a monotone net. The core of the
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proof consists in showing that € = clg(C) for C “enx , and we shall

obtain that by showing that F'¢ is supported on every V., € > 0.

For every k € L(B(X,d)), F*(k) = sup(, e k(x, s) by Lemma 5.10. By
definition of A, and another recourse to Lemma 5.10, F*(k) = sup;c; sup,c¢, k(z, ri—
T) = SUD;e; SUD (4 5)ecln (Citri—r) K(T,8). 10 T j then dy(C;, Cy) < rp —1j =
(ri—r)—(r;—r), whence (Cy, 7, —1) <di; (C;,rj—r) and therefore C;+r;—r C
clg(Cj +r; —r) by Lemma 5.7, item 3. In particular, sup,cq, k(z,r; — 1)
is smaller than or equal to sup,ec, k(2,7 — 1) = SUP( g)ectyy (¢ 4+r,—r) K(T, 8)-
This shows that the outer supremum in F(k) = sup,c; sup,ec, k(z,r; — 1)
is a directed supremum.

For any ¢y € I, the subfamily of all 7 € [ such that ¢y C ¢ is cofinal in I,
hence F¢(k) is also equal to sup;c; ;s SUP,ec, k(@, 75 — 7).

For every € > 0, if g and f are two elements of £(B(X,d)) that coincide
on V., and since r = inf,¢,,, there is an ¢y € I such that r; —r < € for every
i €1,i C i Then g(x,r; —r) = f(x,r; —r), and the formula we have
just obtained for F®(k) shows that F¢(g) = F(f). In other words, F€¢ is
supported on V,. By Lemma 5.11, € is equal to clg(C), where C “enXx.

For every i € I, C;+r; C clg(C + r), since clg(C + 1) = clg(C) + r
(by Lemma 5.6, item 2) = € + 7 = clg(U,; Ci + ;) (by Lemma 5.5, item 2,

and the definition of €). Hence (C,r) is an upper bound of (Cj, r;),.;, using
Lemma 5.7, item 3.
Let us consider any other upper bound (C’,r’) of (Cj,7;),c;. Then r" <

inf,err; = r, and C;+1r; C clg(C'+1') for every ¢ € I, by Lemma 5.7, item 3.
Let © be the set of formal balls (y,s) such that (y,s +r) € cg(C’ + /).
Since X, d is standard, the map (y,s) — (y,s + r) is Scott-continuous, so
® is closed in B(X,d). Since r; > r, the inclusion C; + r; C clg(C" + 1)
rewrites as C; +r; — r C ®. Taking unions over ¢ € I, then closures, we
obtain € C 3.

Since € = clg(C), C is included in D, too, and that means that C' +r C
cls(C' + r'). By Lemma 5.7, item 3, (C,r) <% (C’,7'), so (C,r) is the least
upper bound of (Cj,7;),c;. a
5.4. Algebraicity

We will show that if X, d is algebraic complete, then so is HoX, dy. In
order to show that, we will need the following, rather miraculous, result:
when X, d is continuous complete, for every a > 0, L,(X,d), with the sub-
space topology from L£X, is stably compact [11, Lemma 7.3, item 4]; more-
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over, for every finite family of center points xi, ..., z, of X, d, the maps
h +— max? , h(x;) and h — min?_, h(z;) are continuous from L,(X,d)? to
(R.)¢ [11, Corollary 7.7, item 2]. (When n = 0, we take the max to be 0, and
the min to be +00.) We use the notation Y, for a stably compact space Y,
to denote its de Groot dual: a space with the same points, and whose closed
sets are the compact saturated subsets of Y. See Chapter 9 of [7] for stably
compact spaces. It will be enough to know that, given a stably compact
space Y, with specialization ordering <, we can build its patch space Y P3tch,
which is Y with the coarsest topology containing all the open sets of Y and
of Y | and that YP*" is compact Hausdorff. R, , with its Scott topology, is

stably compact; the open subsets of Ki are the intervals [0, 7], 7 € R, plus

the whole space; and EftCh is R, with its usual Hausdorff topology.

Lemma 5.16. Let xq, ..., x, be finitely many center points in a continu-
ous complete quasi-metric space X,d, F be a prevision on X, and a € R,..
The sets {h € L1(X,d) | maxj_, h(x;) < F(h) +a} and {h € L1(X,d) |
min_, h(x;) < F(h) + a} are open in (L1(X,d))Po*.

PROOF. Let V be the first of those sets (the case of the other one is dealt with
similarly), f be the map h — max?_; h(z;), and g be the map h — F(h)+a.
For each h € £,(X,d), h is in V if and only if there is a non-negative real
number r such that f(h) < r and r < g(h), so V = U, 4o, r[) N
g *(Jr, +o0]). Now f=1([0,7[) is open in (£;(X,d))? since f is continu-
ous from L,(X,d)? to (R;)¢ for any o > 0, as we have recalled above.
Hence it is also open in (£;(X,d))P**". Additionally, g=*(]r, +00]) is open in
L1(X,d), because g is Scott-continuous and the topology on L;(X,d) is the
subspace topology from £X (whose topology is the Scott topology). Hence
g (Jr, +00)) is also open in (L£;(X, d))P . O

Lemma 5.17. Let X,d be a continuous complete quasi-metric space. For
all center points 1, ..., Tn, {x1, -+, 2} 15 a center point of HoX, dy, and
also of HX,dy if n > 1.

PROOF. Let Cy & Wy, -+ an}. Forevery h € LX, FO(h) = max?_, h(x;),

def

+
where the maximum is taken to be 0 if n = 0. Let U = ij;go 0).<c" U is

upwards-closed: if (FC,r) <%= (FC ') and (FC,r) € U, then dxp(FC, FY') <
r—r and dgg(F, F€) < ¢ —r, so dgr(F, F¢) < ¢ — ' by the triangular
inequality, and that means that (F¢',7/) is in U.
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In order to show that U is Scott-open, we consider a directed family
(Ci,7i) e in B(HoX, dy) (resp., B(HX,dy)) with supremum (C,r), and we
assume that (F'¢,r) is in U. By Proposition 5.12, directed suprema of formal
balls are naive suprema, so r = inf;c; r; and C' is characterized by the fact
that, for every h € £1(X,d), FO(h) = sup;c;(FC (h)+r—r;). Since (FY,r) is
in U, dgr(F, F°) < e—r,s0 € >r and F(h)—e+r < FY(h). Therefore,
for every h € £1(X,d), there is an index i € I such that F¢(h) —e+r <
F%(h) +r — r;, or equivalently:

mféf( h(z;) < F%(h) +€—r;. (6)
]:

Moreover, since € > r = inf;c; r;, we may assume that ¢ is so large that ¢ > r;.

Let V; be the set of all h € £;(X, d) satisfying (6). By Lemma 5.16, V; is
open in (£1(X,d))P*". The latter is compact (and Hausdorff), and we have
just argued that (V;),., is an open cover of that space. Hence we can extract
a finite subcover (V;),.,: for every h € £,(X,d), there is an index 7 in the
finite set J such that (6) holds. By directedness, one can require that i be
the same for all h. This shows that (F% r;) is in U, proving the claim. O

Remark 5.18. A similar result holds for d$, instead of dy, a € Ry, a > 0:
on a continuous complete quasi-metric space X,d, and for all center points
T, ..o, Tp, WX, 20} is a center point of HoX, d5,, and also of HX,d3,
if n > 1. The proof is as for Lemma 5.17.

A strong basis of a standard quasi-metric space X, d is any set B of center
points of X such that, for every x € X, (z,0) is the supremum of a directed
family of formal balls with center points in B (see Definition 7.4.66 of [7],
which is stated with d-finite points and Cauchy nets instead of center points
and directed families of formal balls). The standard space X, d is algebraic
if and only if it has a strong basis. The largest strong basis is simply the set
of all center points.

Lemma 5.19. Let X,d be a standard algebraic quasi-metric space, with
strong basis B. For every e > 0, the open balls Biq withx € Band0 <r <e
form a base of the d-Scott topology on X.

Proor. We recall that every standard algebraic quasi-metric space is con-
tinuous, so B(X,d) is a continuous poset. Let U be any open subset of X,
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and y € U. Then (y,0) is in UNV,, and is the supremum of a directed family
of formal balls of the form (z,r) with € B and (x,r) < (y,0). Hence
one of them is in U N V.. Since it is in V,, r < ¢, and since (z,7r) < (y,0)
where z is a center point in a standard algebraic space, d(z,y) < r, so y is in

B¢ .. Moreover, B¢ _ is open, still because z is a center point, and because
B, =B, ,NX. Finally, B! _ is included in H(z,7) N X CUNX =U.

O
We will prove the algebraicity of Hoare hyperspaces by relying on the

following lemma. We will reuse it for Smyth hyperspaces, as well as in
Part IV.

Lemma 5.20. LetY, 0 be a standard quasi-metric space, By be a set of center
points of Y, 0, and let also T be a topology on the setY , satisfying the following
assumptions:

(i) every open ball centered at any point of By is T-open;

(i1) for every e > 0, for every T-open neighborhood U of z, there is an open
ball Bg’Q included in U and which contains z, for some y € By and

some 0 <1 < €

(111) for ally,z €Y, if y < z in the specialization preordering < of T, then
y <9 2, namely d(y, z) = 0.

Then Y, 0 is algebraic, By is a strong basis, and T coincides with the 0-Scott
topology.

Conditions (i) and (ii) say that, for every € > 0, the open balls BY . with
y € By and 0 < r < € form a base of the topology 7. We prefer to make

those conditions explicit, as this is in this form that we will use them.

PROOF. Let z be any point of Y. We need to show that (z,0) is the supre-
mum of some directed family D of formal balls with centers in By. We let
D be the family of formal balls (y,r) with y € By such that d(y, z) < r, or

equivalently such that z € Bg <

By assumption (ii) with U L'y and e arbitrary, D is non-empty. We also
note that D contains formal balls (y,r) with arbitrarily small radii r.

We claim that D is directed. Let (y1,71) and (y2,72) be two elements of
D. We have 0(y;,2) < r; and 0(ya,2) < r2. Let € be some number such
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that 0 < € < min(r,72) and J(y1,2) < 11 — €, (y2,2) < 19 — €. Then

U BY ., _.NBY . . isaT-open neighborhood of z, by assumption (i).

By assumption (ii), there is an open ball Bg’ < included in U, and which
contains z, for some y € By and 0 < r < e. In particular, (y,r) is in D.
Since y is in BZ‘;’le_e, O(y1,y) <r —e€ Since r <€, Ay,y) <ry—r, so
(y1,m1) <27 (y,r). Similarly, (y2,72) <?" (y, 7). Therefore D is directed.
For every (y,7) € D, d(y,z) <, so (y,r) <?" (2,0). Hence (z,0) is an
upper bound of D. We claim that it is the least upper bound of D. Let
(2, s) be any upper bound of D. Since D contains formal balls of arbitrarily
small radii, s must be equal to 0. For every 7-open neighborhood U of z, by
assumption (i) there is an open ball B _, included in U and which contains
z, for some y € By. Then d(y, z) < r, so d(y,z) < r — € for some € such that
0 < e <r. It follows that (y,r —€) is in D. Since (2’,0) is an upper bound
of D, (y,r—e) <P (2/,0), so that d(y, 2') < r—e < r. It follows that 2’ is in

Bg, <> hence in U. We have just shown that every 7-open neighborhood of z

contains 2, so z < z/. By assumption (iii), d(z, ') = 0, so (z,0) <" (2,0).
Finally, we show that 7 coincides with the 0-Scott topology. We have
just shown that By is a strong basis. By Lemma 5.19, the open balls Bg, <r
with y € By form a base of the 0-Scott topology on Y. By assumptions (i)
and (ii) they also form a base of the topology 7, so 7 coincides with the
0-Scott topology. a
Lemma 5.6 of [12] states that, for any standard algebraic space X, d,
with strong basis B, B(X,d) is a continuous dcpo, with a basis consisting
of the formal balls (x,r) with € B; and that, moreover, for every x € B,
(x,r) < (y,s) if and only if d(x,y) < r —s. This implies that, given any
open neighborhood V' of any formal ball (y, s) in B(X,d), there is a formal
ball (z,7) in V such that = € B and such that (z,7) < (y, s), namely such
that d(z,y) <r —s.
Lemma 5.21. Let X, d be a standard quasi-metric space, and Cy o Hey, -y
xn}, where each x; is a center point of X,d. For every r > 0, the subsets
B and N, OB2 _, of HoX (resp., HX if n > 1) coincide. Similarly

Co,<r Tq,<r
with d, (a > 0) in place of dy, provided that r < a.

Proor. For every r > 0, Bdc’gv -, is the set of closed subsets (resp., non-
empty) C such that dy(Co,C) < r, equivalently such that d(z;,C") < r

for every i, 1 < i < n. By Fact 5.2 and since each z; is a center point,
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d(z;,C") is equal to inf,ecr d(z;,y). Therefore, d(z;, C") < r is equivalent to
the existence of a point y; € C’ such that d(z;,y;) < r, hence to the fact that
C’ intersects BE _ . It follows that BE _ =N, OB _.

Given any a > 0, we recall from Remark 5.9 that df,(Cp,C) = min(a,
dy(Co, C)), so that, if r < a, Bg{f?q = Bgﬁ‘KT. O
Theorem 5.22 (Algebraicity of Hoare hyperspaces). Let X, d be an al
gebraic complete quasi-metric space, with strong basis B. The spaces HoX, dy
and HX,dy are algebraic complete.

Every closed set of the form {x1,--- ,x,} where every x; is a center
point (and with n > 1 in the case of HX) is a center point of HoX,dy
(resp., HX,dy ), and those form a strong basis, even when each x; is taken
from B. The dy-Scott topology coincides with the lower Vietoris topology.

PROOF. HoX,dy and HX, dy, are complete by Proposition 5.12, and {{z1, - - -
x,} is a center point as soon as every x; is a center point, by Lemma 5.17.
We let By be set of all center points of the form |{z;,--- ,x,} where each
x; is in B, and 7 be the lower Vietoris topology on HyX, resp. HX. The

conclusion will follow from Lemma 5.20, provided we verify its assumptions.

(i) Let Cy def W1, -+ ,xn} where @y, ..., x, are in B. Then B _ is

Co,<r
equal to the lower Vietoris open set (., <>Bfgli7 < by Lemma 5.21.

(i) Let € > 0, C' € HoX (resp., HX), and U be a lower Vietoris open
neighborhood of C'. There are finitely many open subsets Uy, ..., U, of X
such that C € ﬂ?zl QOU; CU. For each i, 1 < i < n, C intersects U;, say at
y;. By Lemma 5.6 of [12] (recalled right before Lemma 5.21), (y;,0) is the
supremum of a directed family of formal balls in B(X, d), with centers in B,
all of those formal balls being way below (y;,0). One of them, call it (z;,t;), is
in the Scott-open set U;. Since (z;,t;) < (y;,0) and since z; is a center point,
by the same Lemma 5.6 we have d(z;,y;) < t;. Let r be such that 0 < r < e
and d(z;,y;) < t; —r for every i, 1 < i < n. Hence (z;,t; — 1) < (y;,0).
We repeat the same argument as the one that just allowed us to find (z;,t;):
there is a formal ball (z;,7;) < (4, 0) in the Scott-open set T(z,t; — )NV,
such that z; is in B.

Since (z;,7;) < (y;,0) and since x; is a center point, d(z;,y;) < r;, and
since (z;,7;) € V;., r; < r. Therefore y; is in Bgi’q. Since y; is in C for each

i, Clisin (., OB By Lemma 5.21, the latter is equal to B _  where

x;,<r: Co,<r’
def

Co = i{l‘h T 7$n}.
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It remains to show that Bgﬁo{,« =i, OB _, is included in (), OU;,
hence in U. In order to do so, it is enough to prove that, for every ¢ with

1 <i<n, BS _ isincluded in U;. Let z be any point of B¢ Then

T, <T x;,<r:

d(z;,2) < r. Since (z;, 1) is in T(z,t; — r), and since z; is a center point,
d(zi,z) < ti—r—1; <t;—r,sod(z,z2) <t;—r+r=t. It follows that
(2:,1;) < (2,0), and since (z;, ;) is in U;, so is (z,0). Therefore z is in U;.

(iii) The specialization preordering < of the lower Vietoris topology is
inclusion. This is well-known, but here is a quick proof nonetheless. If
C < ' then C € OU implies C' € OU, where U is the complement of C’, so
C C . Conversely, if C' C €, then C' € (_, OU; means that C' intersects
every U;, hence C” does, too, so that C” is in [;_, OU;. We conclude since
<% is also the inclusion ordering, by Lemma 5.7, item 2. O

Remark 5.23. The same result holds for df,, for everya € Ry, a > 0: when
X, d is algebraic complete, Ho X, d3, and HX,d3, are algebraic complete, with
the same strong basis, and the dg,-Scott topology coincides with the lower
Vietoris topology. The proof is the same, except for the following points. In
(i), the argument only applies if r < a; when r > a, Bg%’q 18 simply the
whole space. In (ii), we choose r such that r < min(a, €), not just r < €, in
order to ensure that (;_, OB

. ds
H
2.<r 18 equal to B

Co,<r-*

5.5. Continuity

We can now deduce the continuous case from the algebraic case. The
key is that the continuous complete quasi-metric spaces are exactly the 1-
Lipschitz continuous retracts of algebraic complete quasi-metric spaces [13,
Theorem 7.9]. A 1-Lipschitz continuous retraction of Y,0 onto X,d is a
pair of two 1-Lipschitz continuous maps r: Y,0 — X, d (itself called the
retraction) and s: X,d — Y, 0 (the section) such that r o s = idy. If that is
the case, then X, d is a 1-Lipschitz continuous retract of Y, 0.

Writing f[C] for the image of C' by f, we have the following.

Lemma 5.24. Let X,d and Y,0 be two continuous complete quasi-metric

spaces, and f: X,d — Y,0 be a 1-Lipschitz continuous map. The map

Hf: HoX,dy — HoY,dy defined by Hf(C) o c(f[C)) is 1-Lipschitz con-

tinuous. Moreover, F*(C) = P f(F®) for every C € HoX.
Similarly with H instead of Ho, or with df, instead of dy.
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PROOF. We first check that F*/(©) = P f(FC). For every h € LX, F*/(©)(h) =
SUpyeasic) P(Y) = subyesicy M(y) by Lemma 5.10. That is equal to sup,c x h(f()).
We also have Pf(F¢)(h) = F(hof) = sup,cx h(f(x)). Therefore F*/(€) =
P f(F°), which shows that the isometry of Proposition 5.8 is natural.

By Lemma 4.21, Pf is 1-Lipschitz, so B*(Pf) is monotonic. Also, P f
maps discrete sublinear previsions to discrete sublinear previsions, and nor-
malized previsions to normalized previsions. By Proposition 5.12, Ho X, dy
and HX,dy are complete, hence through the isometry of Proposition 5.8,
the corresponding spaces of discrete sublinear previsions are complete as
well. Moreover, directed suprema of formal balls are computed as naive
suprema. By Lemma 4.22, B'(Pf) preserves naive suprema, hence all di-
rected suprema. It must therefore be Scott-continuous, and using the (nat-
ural) isometry of Proposition 5.8, BY(Hf) must also be Scott-continuous.
Hence H f is 1-Lipschitz continuous.

In the case of df,, the argument is the same, except that we use Re-
mark 5.13 instead of Proposition 5.12. a

Let X,d be a continuous complete quasi-metric space. We have noted
that X, d is a 1-Lipschitz continuous retract of some algebraic complete quasi-
metric space Y, 0. Let r be the retraction and s be the section.

By Lemma 5.24, Hyr and Hys are also 1-Lipschitz continuous. Also,
Hor o Hos = idy,x: through the isometry C' + F¢, that boils down to
ProPs = id, which is easily checked since Pr(Ps(F©))(h) = Ps(F%)(hor) =
FC(horos)= FCh), for all C and h. Therefore HoX,dy is a 1-Lipschitz
continuous retract of HoY,0y. (Similarly with d}, and 04,.) Theorem 5.22
states that HoY, 0y and HY, 0y (resp., 0f,, using Remark 5.23 instead) is
algebraic complete, whence:

Theorem 5.25 (Continuity for Hoare hyperspaces). Let X, d be a con-
tinuous complete quasi-metric space. The quasi-metric spaces HoX, dy and
HoX,d§, (a € Ry, a>0) are continuous complete. Similarly with HX. O

Together with Lemma 5.24, and Theorem 5.22 for the algebraic case, we
obtain the following.

Corollary 5.26. H,dy defines an endofunctor on the category of continu-
ous complete quasi-metric spaces and 1-Lipschitz continuous map. Sitmilarly
with H instead of Ho, with d; instead of dy (a > 0), or with algebraic instead
of continuous. a
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5.6. The lower Vietoris topology

We will show that, when X,d is continuous complete, the dggr-Scott
topology on HyX coincides with the weak topology. We will first use the
following general result on spaces of previsions. We recall that the sets
[h > a] = {F | F(h) > a} form a subbase of the weak topology, where
a € Ry and h € LX. Since h is the supremum of the chain of maps h(®,
a € Ry {0}, [h>a] = UaeR+\{o}[h(Q) > al = UQGR+\{0}[1/a.h(O‘) > a/al.
Since 1/a.h(® is 1-Lipschitz continuous, the sets [h > b] with h € £,(X, d),
now, and b € R, , form a smaller subbase of the weak topology. The proof of
the following is exactly as for Proposition 9.1 of [12].

Proposition 5.27. Let X, d be a standard quasi-metric space, a,a’ > 0 with
a <da'. Let S be a subset of the following properties on previsions: sublinear-
ity, superlinearity, linearity, subnormalization, normalization, discreteness;
and let' Y denote the set of previsions on X satisfying S.

Assume finally that the spaces Y, d%p, Y,d‘}éﬂ, and Y,dgr are Yoneda-
complete and that directed suprema in their spaces of formal balls are com-
puted as naive suprema.

Then we have the following inclusions of topologies on Y :

weak C dfp-Scott C d%R—Scott C dgpg-Scott.

PROOF. First inclusion. We use yet another topology, this time on B(Y, dy).
Let [h > b]T be defined as the set of those formal balls (F,r) with F € Y
such that F(h) > r +b. The weak™ topology on B(Y,d%y) has a subbase of
open sets given by the sets [h > b]T, for every h € L£{(X,d) and b € R,.

[h > b]* is upwards-closed in B(Y,d%g). Indeed, assume that (G,r) €
[h > b]*, where h € £2(X,d), and that (G,r) <%k (G',7'). By Lemma 4.13,
item 2, G(h) —r < G'(h) — r'. Since G(h) > r + b, G'(h) > r’ + b, namely
G € [h>0".

In order to show that [h > b]* is Scott-open in B(Y, diy), let (Gj, i), be
a directed family with (naive) supremum (G, r) in B(Y, d%g) and assume that
(G,r) € [h > b]T. Since G(h) = sup;c;(Gi(h)+r—r;)) >r+0b, G;(h) > r;+b
for some i € I, i.e., (Gy, ;) is in [h > b]T.

We can now proceed to show that [h > b] is d§g-Scott open, for every
h € L£{(X,d). Equating Y with the subset of all formal balls (G,0), G € Y,
[h > 1] is equal to Y N [h > b]". Since [h > b]" is Scott-open, [h > b] is
dir-Scott open.
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Second and third inclusions. The proofs of the second and third inclusions
are similar. We rely on the easily checked inequalities dy < d&yr < dkg, for

a < a'. This implies that: (x) (F,r) <dir (F',s) implies (F,r) Sdgl;f (F')s),
and that (F,r) < (F',s) implies (F,r) <%= (F',s).

Let U be a Scott-open subset of B(Y, d§y). Since U is upwards-closed in
§d?<§, it is also upwards-closed in gdﬁ'ﬁ by (%). Assume now that (F,r) € U
is the supremum in B(Y,dgy) of a family (Fj,r;),., that is directed with
respect to < dikr. By (%) again, (F, 7:);e; 1s directed with respect to < dig.

Therefore (Fj,7;),.; has a supremum (F”,7") in B(Y,d§g) that is uniquely

characterized by r’ % infic; i, F'(h) o sup;e;(Fi(h) +r — 1;) for every

h € L{(X,d), since suprema are assumed to be naive. However, by naivety
again, this time applied to the definition of (F,r), r = inf;c;r; and F(h) =
sup,c;(Fi(h) +r — ;) for every h € £ (X,d). This holds in particular for
every h € L{(X,d), so FF = F'. We have therefore obtained that (F,r)
is also the supremum of the directed family (Fj,7;),.; in B(Y, dkg). Since
(F,r) € U, some (F;,r;) is also in U since U is Scott-open in B(Y, dky).
This shows that ¢ is Scott-open in B(Y,dfy). Similarly, we show that every
Scott-open subset of B(Y, d&%g) is Scott-open in B(Y, dkr).

By taking intersections U MY, it follows that every djp-Scott open is
d‘féR—Scott open, and that every d‘féR—Scott open is dkgr-Scott open. O

Considering Lemma 3.4, Remark 5.9, and Proposition 5.12, Proposi-
tion 5.27 then entails that, if X, d is standard and Lipschitz regular, or
continuous complete, then:

lower Vietoris C dj,-Scott C d;‘{'—Scott C dy-Scott.

iel

We can say more if we focus on continuous complete quasi-metric spaces.
The following fact is justified by the equality Pf~!([h > b]) = [ho f > b].
Fact 5.28. Let S be any subset of the following properties on previsions:
sublinearity, superlinearity, linearity, subnormalization, normalization, dis-
creteness. For every continuous map f: X — Y, Pf is continuous from the

space of all previsions on X satisfying S to the space of all previsions on'Y
satisfying S, both spaces being given the weak topology.

We also observe the following easy fact.

Fact 5.29. If A is a space with two topologies O1 and Os, and both embed
into a topological space B by the same topological embedding, then O = Os.
O
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Theorem 5.30 (dy quasi-metrizes the lower Vietoris topology). Let
X, d be a continuous complete quasi-metric space. The dy-Scott topology, the
dg,-Scott topology, for every a € Ry, a > 0, and the lower Vietoris topology
all coincide on HoX, resp. HX.

Proor. X,d is the 1-Lipschitz continuous retract of an algebraic complete
quasi-metric space Y,0. Let us call s: X — Y the section and r: Y — X
the retraction. Using Proposition 5.8, we confuse HyX with the correspond-
ing space of discrete sublinear previsions, and similarly for HX, HyY, HY .
Then Ps and Pr form a 1-Lipschitz continuous section-retraction pair by
Lemma 4.21, and in particular Ps is an embedding of HyX into HyY with
their dy-Scott topologies (similarly with #H, or with d}, in place of dy).
However, s and r are also just continuous, since 1-Lipschitz continuous maps
between standard quasi-metric spaces are continuous. Hence Ps and Pr also
form a section-retraction pair between the same spaces, this time with their
weak topologies (as spaces of previsions), by Fact 5.28, that is, with their
lower Vietoris topologies, by Lemma 3.4. Since Y, 0 is algebraic complete, we
know from Theorem 5.22 and Remark 5.23 that the two topologies on HyY
(resp., HY') are the same. Fact 5.29 then implies that the two topologies on
HoX (resp., HX) are the same as well. O

6. The Smyth Hyperspace

6.1. The dg Quasi-Metric

Our developments concerning the Smyth hyperspace QX are almost en-
tirely parallel to our study of the Hoare hyperspace HX. However, instead
of defining a specific quasi-metric on such subsets, as we did with dy on the
Hoare hyperspace, we shall reuse dkgr, on the isomorphic space of discrete
superlinear previsions on X.

Definition 6.1 (dg, d3). Let X,d be a quasi-metric space. For any two
non-empty compact saturated subsets Q, Q" of X, let do(Q, Q") ) dxr(Fo, Fo).
We also let d4(Q, Q") d:efd‘}(R(FQ,FQ/), for every a > 0.

We give a more concrete description of dg in Lemma 6.3. We start with
an easy observation.

Lemma 6.2. Let X,d be a standard quasi-metric space. For every point
' € X, the map d(_,z') is in L1(X,d).
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PROOF. Let h & d(_,z’). This is a 1-Lipschitz continuous map [7, Exer-

cise 7.4.36], hence it is 1-Lipschitz continuous, since X, d is standard. Alter-
natively, h is also equal to the map d(_, C') where C'is the closed set |z’, and
that is 1-Lipschitz continuous by Fact 5.1. a

Lemma 6.3. Let X,d be a standard quasi-metric space. For all non-empty

compact saturated subsets Q, Q', do(Q, Q") = sup,co d(Q, 2"), where d(Q, x") el

inf,cq d(z, 2’).

PROOF. We first show that do(Q, Q") < sup,/co d(Q,z’). It suffices to show
that for every r € R, such that r < do(Q,Q'), r < d(Q,z") for some
' € Q. Since r < dg(Q, Q') = dxr(Fg, Fgy), there is an h € £1(X, d) such
that Fy(h) > Fg/(h) +r. Let 2/ € Q' be such that Fgy(h) = h(z'), using
Proposition 3.5, item 1. For every =z € @, h(x) > h(z') 4+ r, so, since h is
1-Lipschitz, d(z,2") > r. It follows that d(Q,z") > r.

In the reverse direction, we fix 2’ € @', r < d(Q,z’), and we show that

there is an h € £4(X, d) such that Fg(h) > r + Fg/(h). Since r < d(Q,z'),

d(xz,z') > r for every x € Q. Let h of d(_,z'). This is in £4(X,d) by

Lemma 6.2, and h(z) > r for every z € (. It follows that Fy(h) =
min,ecq h(z) > r, whereas Fy(h) < h(z') = 0. O
Lemma 6.3 means that dgo(Q, Q') is given by one half of the familiar
Hausdorff formula do(Q, Q") = sup,.cq infecq d(x,2’). The quasi-metric dy
is given by a formula that is almost the other half, sup, g inf,eq d(x, ).

Remark 6.4. We also have d(Q, Q") = min(a,do(Q,Q")), for every a €
Ry, a> 0. In one direction, d(Q, Q") = diz(Fo, For) < a and dy(Q, Q') =
dp(Fo, For) < drr(Fo, For) = do(Q, Q') s0 dy(Q, Q") < min(a, do(Q, Q"))
In the other direction, we fix r < min(a,dgo(Q,Q")). In particular, r < a and
there is an x' € Q' such that r < d(Q,z'), whence d(x,z") > r for every x €
Q. Let h & min(a,d(_ 2')) € £3(X,d): Fo(h) = min(a, mingeq d(z, 7')) >
r, and Fgo/(h) =0, so d4(Q, Q") = dir(Fg, Fg) > r. Since r is arbitrary,
min(a, do(@, Q') < dy(Q, Q).

Lemma 6.5. Let X,d be a standard quasi-metric space. For every non-
empty compact saturated subset QQ of X, for every x' € X, the following
hold:

1. thereis anx € Q) such that d(Q,x") = d(z,2'); d(Q, z') = min,eq d(z, 2');
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2. d(Q,x") =0 if and only if ' € Q;
3.d(Q,x") <d(Q,y") +d(y,x") for every y' € X.

PROOF. 1. Because d(_,z’) is in £4(X,d) C LX (Lemma 6.2), it reaches its
minimum on the compact set Q).

2. Let € @ be such that d(Q,2") = d(x,2"), by item 1. If d(Q,2") =0,
then d(x,2') = 0, so x < 2/, and since @ is saturated, 2’ is in (). Conversely,
if ' € @, then d(2',2") = 0 implies that d(Q,z") = 0.

3. Let ¢ be an arbitrary point of X. For every z € Q, d(z,z') <
d(x,y') +d(y',y), and we obtain the result by taking minima over = € @ on
both sides. a

Lemma 6.6. Let X, d be a standard quasi-metric space. For all non-empty
compact saturated subsets Q, Q' of X, do(Q, Q") =0 if and only if Q 2 Q'.

PROOF. do(Q, Q') = 0 if and only if sup,.co d(Q,2") = 0 by Lemma 6.3, if
and only if d(Q,z") = 0 for every 2’ € @)’. By Lemma 6.5, this is equivalent
to requiring that 2’ € @ for every 2’ € Q'. O

Remark 6.7. Because of Remark 6.4, it also follows that for every a € Ry,
a>0,ds5(Q,Q") =0 if and only if Q 2 Q'.

6.2. Completeness

Lemma 6.8. Let X,d be a standard quasi-metric space. For every compact
saturated subset Q of B(X,d) such that Fg is supported on Vijon for every
neN,

1. Q s included in X ;
2. Q is a compact saturated subset of X;

3. Fg is supported on X.

Proor. If Q is empty, this is obvious, so let us assume that Q is non-empty.

For any two real numbers r, s > 0, xv, and xy, coincide on V o», where
n is any natural number large enough that 1/2" < r,s. Therefore Fg(xv,) =
Fo(xv,). It follows that Fg(xv,) is a value a that does not depend on
r > 0. The union UTER+\{O}‘/7‘ is the whole space of formal balls, so
SUp,er, {0} Xv, = 1. Since Fg is Scott-continuous, sup,eg, (o} Fo(Xxv.) =
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Fg(1) =1 (since Q is non-empty), and that is also equal to sup,cg, (o} @ = a.
We have obtained that Fg(xyv.) = 1 for every r > 0, namely that Q C V,
for every r > 0. As a consequence Q is included in (,.,V, = X, showing
item 1. Item 2 follows from the easily checked fact that a compact saturated
subset Q of a subset X of a space Y is also compact saturated in X, seen as
a subspace. Item 3 is now obvious. a

By Proposition 3.5, if X is sober in its d-Scott topology, then the bijec-
tion @ — Fg is an isometry of QX dg onto the set of normalized discrete

superlinear previsions on X, with the usual dkxr quasi-metric.

Proposition 6.9 (Completeness, Smyth hyperspace). Let X, d be a sober
standard quasi-metric space. Then QX, dg is complete.
Suprema of directed families of formal balls of previsions are naive suprema.

Proor. This follows from Proposition 4.25, since the assumption on sup-
ports is verified by Lemma 6.8. a

Remark 6.10. Similarly, when X, d is standard and sober, QX,d} is com-
plete for every a € Ry, a > 0.

As a first example of sober standard quasi-metric spaces, one can find all
metric spaces. They are all standard, and they are sober since Hausdorff.
They are also continuous, and even algebraic, because every point is a center
point in a metric space.

A second family of sober standard quasi-metric spaces consists in the
continuous complete quasi-metric spaces, in particular all algebraic complete
quasi-metric spaces. We have already mentioned that all complete quasi-
metric spaces are standard [13, Proposition 2.2]; that continuous complete
quasi-metric spaces are sober is Proposition 4.1 of [13]. Sobriety could be
dispensed with it we worked directly on normalized discrete superlinear pre-
visions, instead of the more familiar elements of QX.

Remark 6.11. Sobriety cannot be dispensed with in Proposition 6.9. In
order to see this, recall that every poset X can be seen as a quasi-metric
space, by defining d<(x,y) as 0 if x < y, 400 otherwise. Then X, d< is
standard. It is complete as a quasi-metric space if and only if it is a dcpo
[13, Ezample 1.6]. Using Lemma 6.3, one can check that dg is d>, so that
QX,dg is a complete quasi-metric space if and only if QX 1is a dcpo under
D. Now consider Johnstone’s space J, a famous counterexample in domain
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theory [14]. We will not describe it here. It suffices to know that its points

are pairs (m,n) where m € N and n € NU {w}, that it is a dcpo, and that

A def (m,w) | m € A} is an element of Q(J) for every non-empty subset

A of J [7, Ezercise 8.3.9]. Then the elements Qnni1,.y, n € N, form a
chain without any upper bound in Q(J), showing that J,d< is a complete
quasi-metric space whose Smyth hyperspace is not complete under d< 4.

6.3. do-Limits

As for Lemma 5.15, there is a more direct expression of directed suprema
of formal balls over QX do, i.e., of do-limits, than by relying on naive
suprema. Recall that @ + r is the set {(z,7) | z € Q}.

We will use the following results. First, we define the radius r(Q) of a
non-empty compact saturated subset Q of B(X,d) as sup{r | (z,r) € Q}
When X, d is standard, (z,7) +— 7 is continuous from B(X,d) to (R, ),
this supremum is reached; in particular, r(Q) < +o0.

Then, we need the following, from [2]. An LCS-complete space is any
space that is homeomorphic to a G5 subset of a locally compact sober space
Y. A typical example is given by continuous complete quasi-metric space
X in their d-Scott topology [2, Theorem 4.1, together with Proposition 3.3],
since X, d embeds as a G subset in the continuous dcpo Y = B(X, d). By |2,
Theorem 17.4, Remark 17.1], the non-empty compact saturated subsets of X
are exactly the filtered intersections [,.; Q; of non-empty compact saturated
subsets Q; of B(X,d) such that inf;c; 7(Q;) = 0.

We will also use the fact that every sober space is well-filtered, meaning
that given any filtered family (Q;),., of compact saturated subsets and any
open subset U, if (,.; @ € U then for some i € I, Q; C U [7, Proposi-
tion 8.3.5].

Lemma 6.12. Let X, d be a sober standard quasi-metric space. Then:

1. In B(QX,dg), (Q,r) Sdz (Q',r") if and only if Q' + 1" C 1(Q + 1),

where g is upward closure in B(X, d).

2. If X, d is continuous complete, then for every directed family (Q;,7);c
the supremum (Q, ) is given by r = infic;ry and Q = (o, Te(Qi +ri—

r).

Proor. 1. If (Q,r) < dg ° (@, ’) then do(Q, Q') < r —1r', sor > 1" and for
every ' € @', d(Q,2') < r —1r', by Lemma 6.3. Using Lemma 6.5, item 1,
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there is an = € @ such that d(x, 2’) < r —7'. In particular, (z,7) <" (/7).
This shows that every element of Q" + 7" is in 15(Q, 7).

Conversely, if every element of Q" + 7’ is in 15(Q, ), then in particular
r > r’. Indeed, since )" is non-empty, we can find 2’ € @', and (2/,7") €
15(Q,7). There is an = € @ such that (z,7) <*" (2/,r'), and that implies
r>r.

We rewrite the inclusion Q' 4+ 1’ C 15(Q + ) as: for every 2’ € ', there
is an © € Q such that (z,7) <*" (2/,7'), i.e., d(z,2') < r—1'. It follows that
do(Q, Q") <r —r" by Lemma 6.3, whence (Q, ) <dg Q' r".

2. Let r % inf;cr 7 and Q dof Nic; T8(Qi +7r; — 7). Since X, d is standard,
the map _+ r; — r is Scott-continuous for every ¢ € I, and since ny is also
continuous, the image of ); + r; — r of ); by their composition is compact
in B(X,d). Hence 15(Q; + r; — r) is compact saturated in B(X, d).

Let ¢ C j if and only if (Q;, ;) <5 (Qj,rj). If i T j then (Q;,r; —1) <5
(Qj,rj —1), 80 Tg(Qi +1; — 1) 2 1g(Q; +r; —r) by item 1. It follows that
the family (15(Q; + ri — 1)), is filtered, with respect to inclusion.

The radius of 15(Q; + r; — r), as defined above, is equal to r; — r, and
inf,c;(r; — ) = 0. Therefore, by the result cited above, @) is non-empty,
compact, and saturated in X, hence an element of QX.

We claim that 15(Q + 1) = (,c; T8(Qi + ;). For every element (z,7) of
Q+r (ie,x €Q), for every i € I, (z,0) lies above some element (z;,7; — 1)
where z; € Q;; so d(x;,x) < r; — 7, which implies (z;,7;) <* (z,7), hence
(z,7r) € Tg(Qi+7ri). That shows Q+r C (,.; Tg(Qi+7;). Since the right-hand
side is upwards-closed, 15(Q + 7) is also included in ;¢ T8 (Qi + ;). In the
reverse direction, it is enough to show that every Scott-open neighborhood U
of 15 (Q+7) contains (., T (Qi+7;). Since X, d is standard, the map _+7 is
Scott-continuous, so (-4 r)~!(U) is Scott-open. Since @ + 7 is included in U,
Q is included in (- +7)~'(U). Since X, d is continuous complete, B(X,d) is
a continuous dcpo, hence is sober, hence well-filtered, so, using the definition
of Q, Q; +r; —ris included in (_+7)~Y(U) for some i € I. That means that
Q; + r; is included in U, hence also 15(Q; + r;) since every Scott-open set is
upwards-closed. Therefore, U indeed contains (., g(Qi + 7i).

We can now finish the proof. Since @ + r is included in 15(Q; + ),
(Qi,74) ng (Q,r) by item 1. For every upper bound (@', ') of (Qs,74);cs,
r <infie;r; =7, and Q' + 1’ is included in 15(Q; + r;) for every i € I, by
item 1. Hence Q'+ 7 is included in (,.; 1g(Q; + i) = 1s(Q + ), showing
that (Q,r) <do (@Q',r"), by item 1 again. a

52



Remark 6.13. One can rephrase Lemma 6.12, item 2, as follows. Let X, d
be a continuous complete quasi-metric space. Let (Qi)iel,z be a Cauchy-
weightable net in QX,dg, and (Qiari)ief,; be some corresponding Cauchy-
weighted net. Then the dg-limit of (Qi);c; - is Q is the filtered intersection
Nic; T8(Qs + 1i). Since Q is included in X, this is also equal to ()., (X N
1%5(Q:i +1:)). Note that X NAg(Q; + ;) is the set Q7™ of points {x € X |
Jy € Q;.d(y,z) < r;} that are at distance at most r; from Q;. (Beware that
there is no reason to believe that Q" would be compact.) Hence Q is the
filtered intersection (;c; Q7.

6.4. Algebraicity
The following is proved just like Lemma 5.17.

Lemma 6.14. Let X,d be a continuous complete quasi-metric space. For
all n > 1, and center points xy, ..., x,, Hx1, - ,z,} is a center point of
0X,dg.

Proor. First, we recall that every continuous complete quasi-metric space

is sober.

Let Qo def Nzy, -+ 2.} For every h € LX, Fy,(h) = min;?:1 h(x;).

Let U & B(%&,o),«- U is upwards-closed: if (Fy,r) <%= (Fg,r') and
(Fg,r) is in U, then dgr(Fg, Fo) < r— ', and dgr(Fg,, Fg) < € — 1, so
dxr(Fo,, For) <r—1r'+e€—r =¢e—1', showing that (Fg,r’) isin U.

In order to show that U is Scott-open, we consider a directed family
(Qi,7i);e; in B(QX, dg), with supremum (@, r), and we assume that (Fg,r)
is in U. By Proposition 6.9, this is a naive supremum, so r = inf;c;7;
and () is characterized by the fact that, for every h € £,(X,d), Fo(h) =
sup;e;(Fo,(h) +r —1;). Since (Fg,r) is in U, dxr(Fg,, Fg) < e—r,s0€>r
and Fg,(h) —e+1r < Fg(h) for every h € L£1(X,d). Therefore, for every
h € L£1(X,d), there is an index ¢ € I such that F,(h)—e+r < Fg,(h)+r—r;,
or equivalently:

Zigl h(z;) < Fo,(h) +e—ri (7)

j
Moreover, since € > r = inf;c; r;, we may assume that 7 is so large that € > r;.

Let V; be the set of all h € £1(X, d) such that (7) holds. Each V; is open in
L1(X, d)P**" by Lemma 5.16. Hence (V;),.; is an open cover of £1(X, d)P**".
The latter is a compact (Hausdorff) space. Hence we can extract a finite
subcover (V;),o,: for every h € £1(X,d), there is an index 7 in the finite set
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J such that (7) holds. By directedness, one can require that ¢ be the same
for all h. This shows that (Fy,,;) is in U, proving the claim. a

Remark 6.15. A similar result holds for QX,d¢ for any a € Ry, a > 0,
and the argument is the same as for Lemma 6.14.

Lemma 6.16. Let X,d be a standard algebraic quasi-metric space, with
strong basis B. For every compact subset QQ of X, for every open neigh-
borhood U of @), and for every e > 0, there are finitely many points x1, ...,
Ty in B and radii 0 < ry,...,m, < € such that Q C |J)_, B¢ cCU.

T, <r; —

ProoF. Every y € @ has an open neighborhood of the form Bi < With

x € Band 0 < r < € by Lemma 5.19. We then extract a finite subcover,
using the compactness of Q. O

Lemma 6.17. Let X, d be a standard quasi-metric space. Let () be a compact
saturated subset of X. For all center points x1, ..., x,, and for every r >
0 such that Q@ C U;nzl B4 there is an ¢ > 0, € < r, such that ) C

T;,<r’
m d
Uj:l B"l‘j,<1”7€ :

. def
PROOF. Foreache > 0, € < r, we consider the open subset U, = U;n:l B

T, <r—e’
(We recall that By _,_, <r—c N X, which
is Scott-open since‘a:j is a center point.) For every x € @, z is in some open
ball Bgﬁ <, by assumption, so d(x,z;) < r. This implies that there is an
e > 0 such that d(z,z;) < r—e (in particular € < r), hence that x € U.. The
family (Ue)y..., is then a chain that forms an open cover of Q. Since @ is

compact, () is included in U, for some ¢ > 0 with € < r. a

. . e e +
is open, since it is equal to ngj,o)

Lemma 6.18. Let X, d be a standard quasi-metric space, and Q) ) Ny, -,
Tn}, where n > 1 and each x; is a center point of X,d. For every r > 0,
Ble  — O(Ur, B _,). Similarly with d% (a > 0) in place of dg, provided

Qo,<r x;,<r
that r < a.

PROOF. For every (Q € Bgﬁq, we have dg(Qo, Q) < r, so using Lemma 6.3,

for every element y of @, there is an x € @)y such that d(x,y) < r. Given such
an z, we have z; <z for some i, 1 <i < n, so d(z;,y) < d(z;,z) +d(z,y) <
0 + 7 = r. This shows that every y € Q is in the open ball B _ for some

xi,<r

i, hence that Q € O(J;_, BZ _,). Conversely, for every Q € O(J;, B _,),

z;,<r x;,<r
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we show that @ is in Bg‘i <, as follows. By Lemma 6.17, there is an e such
that 0 < e < rand Q C J, Bgi7<r_e. Hence, for every y € @), there is an

index ¢ such that d(x;,y) < r — €, so d(Qo,y) < r — e. Taking suprema over

RS Q7 dQ(QO:Q) ST_€<T-
For every a > 0, d%(Qo, Q) = min(a,do(Q,Q’)) by Remark 6.4, whence

d d .
Q — Q
Ov.<r = Bog < I < a. O

B

Theorem 6.19 (Algebraicity of Smyth hyperspaces). Let X,d be an
algebraic complete quasi-metric space, with a strong basis B.

The space QX,dg is algebraic complete.

Every non-empty compact saturated set of the form Hxq,--- ,x,}, where
every x; is a center point, is a center point of QX,dg, and those sets form
a strong basis, even when each x; is taken from B. The dg-Scott topology
coincides with the upper Vietoris topology.

PrROOF. We first recall that every algebraic complete quasi-metric space is
continuous complete, and that every continuous quasi-metric space is sober.
Then Q,dg is complete by Proposition 6.9, and §z1, - ,z,} (with n > 1)
is a center point as soon as every x; is a center point, by Lemma 6.14. We let
By be the set of all center points of the form {xy,--- ,x,} where n > 1 and
each x; is in B, and 7 be the upper Vietoris topology on QX. The conclusion

will follow from Lemma 5.20. Let us verify its assumptions.

(i) Let Qo dof Nz, -+ ,x,} where xy, ..., z, are in B and n > 1. By

Lemma 6.18, Béﬁ@ is equal to the upper Vietoris open set O(|J;_, Bgi,<r)’
for every r > 0.

(i) Let € > 0, @ € QX, and U be an upper Vietoris open neighborhood
of Q. By definition of the latter topology, and since DU N OV = 0(U NV)
for all open subsets U and V' of X, there is an open subset of () such that
@ € OU CU. We apply Lemma 6.16 in order to obtain finitely many points
21, .., 2p in B and radii ¢y,...,t, > 0 such that @ C |J;_, B¢ CU. By

2k, <t —
Lemma 6.17, there is a number r such that 0 <r <t;,--- ¢, and such that

QU B ; we may also require that » < e. We apply Lemma 6.16

2k, <tp—r)
once again in order to obtain finitely many points z1, ..., x, in B and radii

0 < riy,...,m < 7 such that Q € U, BY ... € Uj_, B Since

2k, <tp—T"

r; < r for every j, @ is included in U;.lzl B4 We verify that the latter

T, <r’
is included in U. For every z € U;;l B;lj <, We have d(z;,z) < r for some

4, 1<j<mn, and z;isin J;_ BY -, ., so d(z, x;) < t), —r for some k,
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1 <k < p. Therefore d(zx,2) < tx —r+r= tk, Showmg that z is in B¢
hence in U. ThlS finishes to show that (Jj_,

that O(U;-, Bs, 4 ) is 1ncluded in OU.
In summary, @ € O(J;_, By %,.<r) ©OU CU. By Lemma6.18, O(Uj_,

is the open ball Bgi -, and this finishes to establish (ii).

(iii) The specialization preordering of the upper Vietoris topology is re-
verse inclusion. Although this is well-known, here is a quick proof. If Q 2 @',
then certainly @) € OU implies (' € OU, for every open set U. Conversely,
@ € OU implies ' € OU, for every open set U, then Q' is included in every
open neighborhood of @, hence in their intersection, which happens to be
@, since () is saturated. Now the specialization preordering of the dg-Scott
topology, <92, is also reverse inclusion by Lemma 6.6. O

2, <ty

x <r is included in U, hence

Remark 6.20. The same result holds for d&, for every a € Ry, a > 0:
when X, d is standard algebraic, QX, d} is algebraic complete, with the same
strong basis. The proof is mostly the same. We invoke Remark 6.10 instead
of Proposition 6.9 in order to obtain completeness, then Remark 6.15 in-
stead of Lemma 6.1 for center points, and finally Remark 6.7 instead of by
Lemma 6.6 concemmg the specialization preordermg The rare differences
are that, in (i), BQ < 15 only equal to O(U;_, BS. _,) when r < a; otherwise
it is the whole of QX As a consequence, in proving (ii), we need to make
sure that r is also smaller than or equal to a, not just to €, t1, ..., t,.

6.5. Continuity

We proceed exactly as in Section 5.5 for the Hoare hyperspaces.
We start with an easy fact.

Fact 6.21. For every topological space Y, for every subset A of Y, for every
monotonic map h: Y — R U {—o00, 400}, infyea h(y) = infyera h(y). O

Writing f[Q)] for the image of @ by f, we have the following.

Lemma 6.22. Let X,d and Y,0 be two continuous complete quasi-metric
spaces, and f: X,d — Y,0 be a 1-Lipschitz continuous map. The map

Qf: OX,dg — QY,dg defined by Qf(Q) = e 1f1Q) is 1-Lipschitz contin-
uous. Moreover, Fgyq) = P f(Fg) for every Q € QX.
Similarly with dg mstead of do.
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PRrROOF. We first check that Forq) = P f(Fg). Forevery h € LX, For)(h) =
inf,eqr10) R(y) = infycriq) h(y) by Fact 6.21. That is equal to infyex h(f(x)).
We also have P f(Fy)(h) = Fy(ho f) = inf,ex h(f(z)). Therefore Fgrq) =
Pf(Fp).

By Lemma 4.21, Pf is 1-Lipschitz, so B*(Pf) is monotonic. Also, Pf
maps normalized discrete superlinear previsions to normalized discrete super-
linear previsions. By Proposition 6.9, QX dg is complete, hence through the
isometry of Proposition 5.8, the corresponding spaces of normalized discrete
superlinear previsions are complete as well. Moreover, directed suprema
of formal balls are computed as naive suprema. By Lemma 4.22, B'(Pf)
preserves naive suprema, hence all directed suprema. It must therefore be
Scott-continuous. Hence Qf is 1-Lipschitz continuous.

In the case of d%, the argument is the same, except that we use Re-
mark 6.10 instead of Proposition 6.9. a

Let X, d be a continuous complete quasi-metric space. There is an alge-
braic complete quasi-metric space Y, 0 and two 1-Lipschitz continuous maps
r:Y,0 — X,dand s: X,d — Y,0 such that r o s = idy.

By Lemma 6.22, Qr and Qs are also 1-Lipschitz continuous, and clearly
Oro Qs = idgyx, so QX,dg is a 1-Lipschitz continuous retract of QY 0.
(Similarly with d& and 9%.) Theorem 6.19 states that QY,dqg (resp., 03,
using Remark 6.20 instead) is algebraic complete, whence the following.

Theorem 6.23 (Continuity for the Smyth hyperspace). Let X, d be a
continuous complete quasi-metric space. The quasi-metric spaces QX,dgo and
QX,dy (a € Ry, a>0) are continuous complete. a

Together with Lemma 6.22, and Theorem 6.19 for the algebraic case, we
obtain the following.

Corollary 6.24. Q,dg defines an endofunctor on the category of continuous
complete quasi-metric spaces and 1-Lipschitz continuous map. Similarly with
b instead of dg (a > 0), or with algebraic instead of continuous. a

6.6. The upper Vietoris topology

Lemma 6.25. Let X, d be a standard quasi-metric space that is sober in its
d-Scott topology, and a,a’ > 0 with a < a’. We have the following inclusion
of topologies:

upper Vietoris C dg-Scott C d‘é—Scott C dg-Scott.
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Proor. Considering Lemma 3.6, this is a consequence of Proposition 5.27.
Note that the latter applies because directed suprema of formal balls are
indeed naive suprema, due to Proposition 6.9. O

Theorem 6.26 (dg quasi-metrizes the upper Vietoris topology). Let
X, d be a continuous complete quasi-metric space. The dg-Scott topology, the
dg-Scott topology, for every a € Ry, a > 0, and the upper Vietoris topology
all coincide on QX.

PrOOF. The proof is as for Theorem 5.30. X, d is the 1-Lipschitz continu-
ous retract of an algebraic complete quasi-metric space Y, 0. Call s: X — Y
the section and r: Y — X the retraction. We confuse QX with the cor-
responding space of discrete sublinear previsions. Then Ps and Pr form a
1-Lipschitz continuous section-retraction pair by Lemma 4.21, and in par-
ticular Ps is an embedding of QX into QY with their do-Scott topologies
(similarly with dg in place of dg). However, s and r are also just continu-
ous, since 1-Lipschitz continuous maps between standard quasi-metric spaces
are continuous. Therefore Ps and Pr also form a section-retraction pair be-
tween the same spaces, this time with their weak topologies (as spaces of
previsions), by Fact 5.28, that is, with their upper Vietoris topologies, by
Lemma 3.6. (Recall that X and Y are sober since continuous complete.)
The final claim of Theorem 6.19 is that the two topologies on QY are the
same, since Y, 0 is algebraic complete. Fact 5.29 then implies that the two
topologies on QX are the same as well. O

7. Open Problems

1. We have obtained that Hgy, H all map continuous complete spaces to
continuous complete spaces, and algebraic complete spaces to algebraic
complete spaces. Is the Hoare hyperspace of a (merely) complete quasi-
metric space complete again? Proposition 5.12 does not answer the
question. Note that a similar question for Smyth hyperspaces has a
full answer, see Proposition 6.9 and Remark 6.11.

2. Is Smyth-completeness preserved by Hg, H, Q7

3. For general spaces of previsions, it is frustrating that Proposition 4.25
is only a conditional completeness theorem. Is there a general argument
to the effect that its condition on supports is always true, namely that
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every element of Z supported on V9 for every n € N is supported on
X7
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