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UNIFORMLY ACCURATE SCHEMES FOR DRIFT-OSCILLATORY
STOCHASTIC DIFFERENTIAL EQUATIONS

IBRAHIM ALMUSLIMANI!, PHILIPPE CHARTIER?, MOHAMMED LEMOU® AND FLORIAN
MEHATS*

ABSTRACT. In this work, we adapt the micro-macro methodology to stochastic differential
equations for the purpose of numerically solving oscillatory evolution equations. The models
we consider are addressed in a wide spectrum of regimes where oscillations may be slow or
fast. We show that through an ad-hoc transformation (the micro-macro decomposition), it
is possible to retain the usual orders of convergence of Euler-Maruyama method, that is to
say, uniform weak order one and uniform strong order one half.

Keywords: highly-oscillatory, stochastic differential equations, micro-macro decomposition,
uniform accuracy.

AMS subject classification (2010): 65L20, 74Q10, 35K15.

1. Introduction

In this paper, we aim at constructing uniformly accurate numerical schemes for solving It6
stochastic differential equations (SDEs) with a (possibly highly) oscillatory drift term of the
form

dX () =f (X (X))dt + o(X(£)dW (t), X(0) = Xo € RY, (1.1)

where X (t) is a stochastic process with values in R?, the drift function (6,2) € TxR? — fy(x)
is assumed to be 1-periodic with respect to 6 (we shall denote accordingly the torus by T =
R/Z = [0,1]), and the diffusion function o is defined as a smooth function = € R? s o(z) €
R™ . Finally, W(t) = (Wi (t), ..., Wn(t))T is an array of m independent one-dimensional
Weiner processes. Precise regularity assumptions on f and ¢ are made in Assumption 1.2.
Let us emphasize that € is here a parameter whose value can freely vary in the interval ]0, 1]
and that equation (1.1) is not restricted to its asymptotic regime where € tends to zero.
Analogously to the case of deterministic differential equations, in the highly-oscillatory
(stiff) regime (e < 1), standard numerical methods for SDEs, such as Euler-Maruyama
method, face a severe time step restriction (At = O(€)) when applied directly to (1.1). This
issue is well documented in the literature for deterministic ODEs [18], and several classes of
methods were introduced in order to deal with stiffness [5, 8, 10, 11, 12]. However, none of the
methods introduced therein qualify as uniformly accurate methods as they do not produce
numerical approximations with an accuracy and at a cost both independent of the value of
e €]0,1]. This motivated the introduction of a new methodology based on averaging tech-
niques and exposed in [9]: there, the authors elaborate a new technique enabling standard
numerical methods to retain their non-stiff order with uniform accuracy for all € €]0,1]. In
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the case of stiff SDEs, as for ODEs, we can differentiate between two kinds of stiffness: stiff
dissipative SDEs and highly-oscillatory SDEs. While for stiff dissipative SDEs, many inter-
esting integrators were introduced in the last two decades with nice stability and convergence
properties [1, 2, 4, 3], the numerical solution of highly-oscillatory (drift) SDEs has not re-
ceived so much attention except, for example, [20] in which the author derives weak second
order multirevolution composition methods which are accurate only for very small values of
€ and fail for € ~ 1. This contribution is, up to our knowledge, the first attempt to adapt the
technique of micro-macro decomposition to the SDE context in order to construct a uniformly
accurate integrator that works well for every e €]0, 1].

More precisely, we focus , in the present paper, on constructing uniformly accurate methods
for highly-oscillatory SDEs in the spirit of the methodology explained in [9]. We derive a
micro-macro system by introducing a change of variable that leads us to treat the average
decay and the fast oscillations separately. We show that applying Euler-Maruyama method
to the micro-macro system gives an approximation of uniform weak order 1 and strong order
1/2 for any value of € € (0, 1] and with no restriction on the time step. In more mathematical
terms, we prove that, under appropriate assumptions, the Euler-Maruyama scheme for solving
the micro-macro system derived from (1.1), provides approximations X,, on a uniform grid
{t,}N_, such that

Yn=0,...,N, |E(¢(X(tn)) —E(¢(X,))| < Ch and E(|X (t,) — Xn|?)Z < Ch2,

where h = t,+1 — t,, (for simplicity we consider constant time step size) and the constant C
is independent of n, h and e. We prove as well that the same result can be obtained using the
integral scheme introduced in Section 2. After Noticing the simplicity of implementation and
the uniform accuracy of the integral scheme, a natural question arises: why do we consider
the micro-macro decomposition? The answer is, interestingly, deriving the micro-macro
method gives insight about possible generalizations to higher-order schemes inspired from
deterministic averaging theory developed in [9].

The rest of the paper is organized as follows. In the next subsection, we fix the main
notations used throughout the paper and we make assumptions. In Section 2 we introduce
the integral scheme and we prove its uniform convergence (weak and strong) with respect to
the parameter €. In Section 3 we derive the micro-macro scheme, and we show its uniform
convergence properties. Finally, in Section 4 we present some numerical experiments that
illustrate the efficiency of the schemes.

Notations and Assumptions. Noteworthy, our results are obtained under quite standard
assumptions that we recall below. In particular, we shall constantly suppose that Assumption
1.2 below holds true in the sequel.
Definition 1.1. Let ¢ € N, we define Czoly
R? — R whose all derivatives up to order q have at most polynomial growth. We define as
well Clqm in the same way but with linear growth instead of polynomial.

as the set of q-times differentiable functions from

Assumption 1.2. The functions x — o;;(x), i = 1,...,d, 7 = 1,...,m are Lipschitz
functions of the set Czoly' The function (0,z) — fo(x) € R? is defined on T x R? and it is
uniformly Lipschitz continuous with respect to x (i.e with Lipschitz constant independent of 0).
In addition, its components (fp(+))i, i =1,...,d, are functions of C’;Loly NC2 . Furthermore,
f is continuously differentiable with respect to 0 and x +— 0Opfg(x) is uniformly Lipschitz
continuous with respect to the variable x.
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Remark 1.3. The Lipschitz continuity of fg and o ensures the existence and uniqueness of
the solution of (1.1) in C([0,T]; L?(R)). It ensures in addition a linear growth, that is to say

V(0,2) € TxRY, | fo(x)] + |o(x)] < K(1 + |),
where K is a constant independent of 6.

Notations. The derivative with respect to the space variable x will be denoted by a prime.
For example, f4(z) = Oy fo(x) (and gradient or Jacobien when needed), and f}(x) = 02 fo(x)
(Hessian matriz or second derivative tensor when needed). The letter L will be used throughout
the paper as the maximum Lipschitz constant of the concerned functions. The constants
represented by the capital letter C' (indexed or not) are generic constants. We denote by | - |
the Euclidean norm of R%.

We will conduct all our analysis for m = 1 in (1.1). This comes for the sake of simplicity
and ease of presentation, and to avoid any confusion due to the heavy computations done
in the proofs. However, we emphasize that our results apply straightforwardly to SDEs of
the form (1.1) with any number of Weiner processes. Hence, o will denote a function from
R? — R? and W (t) will denote a standard one-dimensional Weiner process.

2. Integral scheme

Let T > 0 be a given final time, N € N\{0}, and h = T//N, and let t, = nh, n=10,...,N.
We consider the integral scheme
tn+1/€
Xnt1 =Xy + b (f) (Xn) + 6/ / (fo(Xn) — {f) (X0n))dO + o (Xn) AW, (2.1)
tn/€

where (f) (z) is the value at = of the average of f defined as

) (@) = /T fol)do,

and AW, = W(tpy1) — W(tn) ~ N(0,h) which can be replaced by v/h¢ where & ~ N(0,1).
Note that the integral term in (2.1) can be rewritten as e(Fy, ,, /(Xn) — Fy, /e(Xn)), where

[}
Fyx) = /0 (@) — (f) (@) dr.

Theorem 2.1. Consider the integral scheme (2.1), where t, = nh forn = 0,...,N, and
N € N\{0}. Let X(t) be the solution of (1.1). Then, for all ¢ € C% there exists C > 0

poly’
independent of h, n and € € (0,1] such that,
Vn € {07 cee 7N}7 ‘E(QS(X(tn))) - ]E((z)(Xn))‘ < Ch7 (2'2)
Vn e {0,....N}, E(X(t.) — X,|2)2 < Cho. (2.3)

Lemma 2.2. Under the assumptions of Theorem 2.1, one has for allmn=0,...,N —1

([ ) - x| < o (24)
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Proof. We first rewrite the integrand f; /(X (t)) — fi /(X (t5)) of (2.4) as

so that

B ([ o) - sgcxeniar)| < [ ([ [ [sceensxe

XX (). o X)) st )

_|_

e ( / XX () (s ) |

and using Fubini’s theorem, we get the following upper-bound of the left-hand side of (2.4)

/ e ( / X)X () d

where O(h?) is bounded thanks to the polynomial growth assumptions and the boundedness
of the moments. The expectation in previous integral is an expectation of a stochastic integral,
hence it is null since X (s) is independent of the increments of W for times above s. g

+O(h?),

Lemma 2.3. Under the assumptions of Theorem 2.1, we have for alln=0,...,N —1
E(|X(t) = X(ta)]? 5 X(tn) = 2) < C(x)(t — ta).
Proof. From the integral form of equation (1.1)
t
X (¢ / fsye(X(s)ds +/ o(X(s))dW (s).

we may write

fuye(X())ds + / o(X(5))dW (s)

t’!L

E(IX(t) = X(ta)* ;s X(tn) =2) =E (

)
<2(t =) [ By (X ()25 +2 [ Blo(X ()
<2(t —ty) tK(1+E(]X(tn)|2))ds+2 tK(l + E(|X (tn)|?))ds

tn tn

< O()(t = tn),

where we have used, between the first and second lines, the Young’s inequality, then the
Cauchy-Schwarz inequality for the first integral, and Ité isometry for the second integral.
Finally, we have used the bound E(|X (s)|?) < K(1 + |z|?), borrowed from [13], between the
third and the fourth lines. ]

Proof of Theorem 2.1. We hereby follow the methodology introduced in [19], which consists in
bounding the moments (first step), then proving the weak convergence of the scheme (second
step) and finally establishing its strong convergence (third step).
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Step 1. In order to bound the moments of X,, of arbitrary order, we shall resort to [17,
Lemma 2.2, p. 102], which requires the following estimates

tnt1/€
E <e /tn/E fg(l‘)dﬂ) |

tnt+1/€
< e/ K(1+ [2))d0 = K(1 + |2)h,
tn/€

E(Xnt1 — Xu|Xn = 2)| =

and

tn+1/6
Xpar — Xo| = e / Fo(X)d0 + o (Xn) AW,
t

'n/€

|AW,|
vh

where M, = K (\/ﬁ + %) which is of bounded moments since A\/V%" ~ N(0,1).

<K+ [XuDh+ K1+ X)) Vh < My(1+ | Xn|)Vh,

Step 2. Let ¢ € C';loly be a test function. For X(¢,) = X, = x, by performing Taylor

expansion of ¢ with integral remainder, it can be shown that

IE(G(X (tns1)) — d(Xns1))| < ‘E [cb’(x) (/t:n+l(ft/e(X(t)) - ft/e(X(tn)))dt>] ‘

e[ oxr-mas) ([ x|

1

+ G‘E [/01(1 — 736 (2 + 7(X (tns1) — 2))dr (X (1) — x)‘ﬂ '

1
+1]E [ / <1—T>3¢<4><a:+7<xn+1—x))dﬂxnﬂ—x)‘*] L on
6 0

= [HITHITI+IV + Ch2,

where C is independent of ¢ and the term Ch? comes from the remaining expectations of
the second and third derivatives of ¢ applied to the integrals, which are zero for odd number
of stochastic integrals, and bounded by Ch? otherwise. By Lemma 2.2, Lemma 2.3 and the
boundedness of the moments, the terms I, IIT and IV are O(h?). As for the integrand of the
second term, we have using It6 formula

o(X(0) - o (X (1)) = | (a’<X<s>>fs/e<X<s>>
n ;afo(s))(o(X(s)),U<X<3>>>>ds

+ / o' (X ()7 (X (s))dW ().

where we use the notation: for z € R?, o(x) = (01(2),...,om(z)) € R>*™ with o, € R, r =
1,...,m. Hence, using the Lipschitz-continuity of o, the polynomial growth of ¢”, Lemma
2.3, and the following consequence of It isometry

Vg, h € L2,([a,b] x Q), E [(/abg(t)dvv(t)> </abh(t)dW(t)>] —E [/abg(t)h(t)dt}
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we have

11 < C(2)|E

([ oo -atcamaro) ([ eexw) - e

w2 [ otxenaro) |

B[([ oo - otz |

e [([7 e xm) - x|

o oo L]
~2e [otx( (LMLX DfugelX )+Mu¢¢&»¢mﬁwﬂ\
o fraassms]

The first expectation after the last equal sign is clearly O(h?). The second one is equal to zero
since X (t,,) is independent of the increments W (r) — W (s) for ¢,, < s < r. The boundedness
of the moments and the local weak order 2 imply the global weak convergence of order 1 by
a theorem from [16] (see also [17, Chapter 2.2]).

= C(x)

+2C(x)

Step 3. We first derive an upper-bound of E(| X (¢,11) — Xn11]% X (t,) = 2) as follows

<‘/tn+1 SOV = et /t:nﬂ(U(X(t)) —o(z))dW(t) 2) 2
)

§%<£MWwW@%%MWﬁ3+m(£wwww%meW®
ZQ

tnt1 2 tn+1
SQhE(/ dt)—i—?]E(/
tn tn

tnt1 tnt1
< 2L*(h + 1)/ E(|X (t) — X (t,)|*)dt < 2L*(h + 1)/ C(t — tp)dt < Ch?,
tn tn

ft/e(X(t)) - ft/e(X(tn))

o(X (1)) — o(X(tn))

where we have used Lemma (2.3). Finally, we conclude that E(|X (t,4+1) — Xn+1|2)% < Ch.
A well-known theorem by Milstein [15] then allows to establish inequality (2.3). O
Remark that for the integral scheme we can relax the assumption (fp(.));, i =1,...,d €

Cooty N Ciip to (fo())iyi=1,...,d € Cp,,.

3. Micro-Macro method

The integral scheme, despite its uniform accuracy, does not generalize to higher order
methods. For this reason, and inspired by [9], we will introduce and analyze a micro-macro
separation of scales that leads the standard Euler-Maruyama method to retain its usual weak
and strong orders of convergence. We believe that this will be an excellent starting point and
a good insight to try to develop higher order micro-macro methods in future works.
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Let us introduce the change of variables @, defined, for all 0 < € < 1, by the formula

Bo(a) =2+ eFafe) =+ [ (o) (1) @) (31)
Separating slow and fast scales as follows
X=&(X)+Y (3.2)
leads to the micro-macro system of the form
dX = (f) (X)dt + o(X)dW, X(0) = Xo, (3.3)
aY = (fiye (®1/e(X) +Y) = fiye(X) = €F},(X) () (X) (3.4)

€
—SF(X) (0(2), o)) ) dt
+ (0(@1e(X) +Y) = 0(X) = F, (X)o (X)) AW, Y(0) = 0.
Remark 3.1. The existence and the uniqueness of the solution Y (t) of (3.4) is an immediate

consequence of the existence and the uniqueness of the solutions X (t) and X(t) of (1.1) and
(3.3), and the decomposition (3.2).

We use the same uniform discretization as for the integral scheme. Our aim is now to prove
a uniform (in €) convergence result for the following micro-macro scheme, which is nothing
but the Euler-Maruyama method applied to (3.3, 3.4)

Xn+l = ln +h <f> (Xn) + ﬂo’(&n)fu XO = X07
Y1 = Yo+ h (fiye (Do, /e(X,) +Y) = fr, /(X))

et (L0 () () + 5P ) (). 0(,))

VI (0(@4, ye(X,) + Ya) = 0(X,,) = B 1(X,)o(X,)) & Yo =0,

where the increment £ is a random quantity sampled from a normalized Gaussian centered
at zero and with variance 1.

3.1. Main result.

Theorem 3.2. Consider the Euler-Maruyama scheme (3.5, 3.6) for solving the micro-macro
system (3.3, 3.4) and let
Xp = q)tn/e(zn) +Y,

form =0,...,N. Let X(t) be the solution of (1.1). Then, for all ¢ € C’;foly,
C > 0 independent of h, n, and €, such that, one has

Vn € {0,....N}, [E(3(X(tn))) — E(3(Xn))| < Ch, (3.7)
Yne{0,...,N}, E(X(t,) — X.|?)2 < Chz. (3.8)

there exists

Again, the proof of the theorem follows the usual steps from [19]. Note that the main
novelty of our result lies in the fact that estimate (3.7) is uniform w.r.t. e € (0,1]. The
following lemma will be needed in the proof of Theorem 3.2.

Lemma 3.3. There exists ¢ > 0 such that for all e € (0,1] and all t € [0,T], one has
E(Y (1)) < ce.
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Proof. First, note that we have for all ¢ € [0,7] and all positive integer m (see [13])
E(IX(6)PP™) < K(1+]Xo/*™).

Moreover, we have

(v o) <2ee ([
(P () (K60 + 5 F XN (X9, 0(X(0))
=1y
<uf'e (
+4t62/0 IE(

+ 4/0 E < 0 (Dy/e(X(s)) + Y (s)) — o(X(s))

= 4t A + 4te’B + 4C + 4€°D.

fs/e(q)s/e(g(s)) +Y(s)) - fs/e(l(s))

2
ds)

0(Rs/e(X(s5)) + Y (s)) = 0(X(s)) — €Fy,(X(s))o(X(s)) dS)

2
)ds

oe(X(s))o(X(5))

fs/e( s/e( ( )) + Y(S)) - f5/€<X(3))

1K) () (X)) + 5 FLY (X () (0(X(9)), 0(X(5))
i S 2 t i S
>d + 4e /0 E( >d

In the first inequality, we have used the Cauchy-Schwarz inequality for the first term and
It6 isometry for the second one. We have also used the triangular inequality as well as Young’s
inequality. Given that E(|X(s)|*™) < +oco and that the components of Fy are in C? oty DY
Assumption 1.2, we can conclude that the terms B and D are uniformly bounded. Now, by
definition of the change of variables (3.1) and the uniform Lipschitz continuity of fy and o,
we get

2 t eF S 2 S 2 t € S 2 S
4tA+ 40 < AtL /0 E(leFy, (X (s)) + Y (s)[*)ds + 4L /0 E(leFy, (X (s)) + Y (s)[)d
§8L2(T+1)e2/ ]E(]FS’/E(X(s))F)ds+8L2(T+1)/ E(]Y (s)|?)ds
0 0

t
<O +02/ E(|Y (s)[2)ds.
0

Therefore, E(|Y (t)|?) satisfies the following inequality

E(Y (H)2) < Csé? + C /OtE(\Y(s)F)ds.

Gronwall’s lemma imply that E(|Y ()?) < c2€2. Finally, E(|Y (t))? < E(]Y (¢)|?) = c?¢2, thus
E(|Y(t)|) < ce where ¢ is a positive constant independent of € and ¢.
O

Proof of Theorem 3.2. We begin by the proof of the weak convergence: Collecting the
variables X and Y into Z = (X,Y’) and similarly z = (z, y), we may rewrite the micro-macro
system (3.3, 3.4) as

dZ = g)e(Z)dt + Sye(Z)dW



UNIFORMLY ACCURATE SCHEMES FOR DRIFT-OSCILLATORY STOCHASTIC DIFFERENTIAL EQUATIONS9

where
B (f) (z)
g0(2) = ( fo (®g(z) +y) — folz) — eFj(z) (f) (z) — §Fy(z) (o(z), 0(z)) >

and

B o(z)
Yo(z) = < o(Pg(z) +y) —o(z) — eFy(z)o(x) >

and accordingly equations (3.5), (3.6) as
it = Zn + 0, je(Zn) + VR, je(Zn)n

where the &, ~ N (0, I,,,) are independent Gaussian random variables.

Step 1. Since the vector fields g,/ and %, /. have uniform linear growth in 2 (this follows from
the linear growth of f, o, ®, F, F’, and F"), the proof of the boundedness of the moments of
the numerical solution can be obtained following the same arguments as in Milstein’s lemma
for the non-oscillating case (e = 1). As a matter of fact, we have that
(i) E(]Zo|*™) < 400 since Zy = (Xo,0) € R?? (deterministic);
(ii) |E(Zn+1 —Zn | Zn = Z)| = h|gtn/e(z)| < K(l + |Z|)h§
(iii) |Zn+1 - Zn| < h’Qtn/e(Zn” + |Etn/e(Zn)HAWn| < Mn(l + |Zn|)\/ﬁv with AW, =
W (tpt1) — W(tn) ~ N(0,h) and M, = K]A—\%"\ has clearly bounded moments uni-
formly in n.
We have used the fact that g and 3 grow linearly in Z thanks to Assumption 1.2. Under the
above conditions, Lemma 2.2 from [17, p. 102] implies the boundedness of the moments of
arbitrary order of Z,.

Step 2. We define, for a function 1 that depends explicitly on 6 and z,

(Lot)(2) = Bpb(6, ) + 066, 2)an(z) + 50200, 2) (Bu(2). Ba()) . (39)

We have for any test function ¢ € C*  (independent of theta)

poly
E(¢(Zn+1)|Zn = 2) < ¢(2) + h(Ly, 1ed)(2) + Ch?

1
+ 38 ([ 4= P60 + 7B = ir (B = 9| 2 =2).

where, as in the proof of Theorem 2.1, the constant C' is independent of ¢ and where the
term Ch? comes from the remaining expectations of the second and third derivatives of ¢
applied repeatedly to hg + VhXE,, which are zero for odd moments of &,, and bounded
by Ch? otherwise. For the part of the remainder coming from the above first order Taylor
expansion of the expectation of ¢(Z,41), it is clearly bounded by Ch?, where the constant
C is independent of €. This stems from the polynomial growth of the test function ¢ and its
derivatives up to order 4, as well as from the bound |Z,, 11 — Z,| < M, (1 + | Z,|)Vh.

Performing the Taylor expansion of the expectation of the test function ¢ applied to the
exact solution leads to

E(¢(Z(tns1))1Zn = 2) = 6(2) + h(Ly, je¢)(2) + R,
where, according to [16, P. 26] 1

R=E (/t:"“ (/t:(cz/e¢)(2(7))d7> ds|Z(t) = z> .

IThere are three other terms with vanishing expectations.
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Let us notice that the derivative with respect to 6 will not appear in £, /¢ because our test
function ¢ does not depend explicitly on time. However, it will appear in £t2n /Eqb owing to the
explicit dependence of g;/. and X/, on ¢, and only because of this derivation with respect to
0, we will have terms of order O(1) that need to be bounded.

Let gi and gZ be the two components of gg (both belong to R%), then Oggo(z) =

(D0g5 (), 0093 (2))" = (0,095 (2))", with

O0(3(2)) = Bo(aB (. )) = 00 ®yse) ) + - 1) (Buyela) + )0y (2)
1

— ~O0fyye(z) — OoFyye(2) (f) ()
_ %39 B (2)(0(2), o).

Using the same notations for 3y (z), we have

00(53.(2)) = <0/ (By7c(z) +9)0yyel) — DyFY ()0 ().

It remains to bound the difference

SO0 f (@ (X () Y () — ~00f (X (7)), (310)

since all other terms are bounded independently of e thanks to the smoothnes of fy, o and
their derivatives with respect to the space variable, and using the fact that 9p® /(X ) = O(e).
Now, taking into account the uniform Lipschitz continuity of dp fy, the polynomial growth of
the test function ¢, and the above lemma, we have

L |0, (X(r) + Y(r) - X(7)|

€

IN

‘IE <109f7/6(q>7/€(X(r)) +Y(7)) — 189fT/E(X(T))> ’

IN

VB |eF,(X()| + CE [V (7)

=LE ‘FT/E(X(T))‘ + Lc
<LIKQI+E|X(7)]) +¢) < +o0

independently of the value of e. Hence, we have

e ([ ([ @onzinr) iz, )| < o

and the local order 2 is proved.

Step 3. The boundedness of the moments and the local weak order 2 imply the global weak
convergence of order 1 by a theorem from [16] (see also [17, chap2.2]).

We have proved, for any test function ¢ € C’;Oly(]RM, R), for all n =0,1,..., N, that

[E(¢(Z(tn)) — &(Zn))| < Ch,

where Z = (X,Y) and C is independent of n and e. We need to prove that for any test
function ¢ € C;; (R%,R), for all n = 0,1,..., N,

[E(O(X (tn)) = ¢(Xn))| = [E(&(Ps, (X (tn)) + Y (tn)) = ¢(Py,,/e(X,,) + Ya))| < Cih.
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where C is independent of n and €. Let ¢ € R4, R), for each fixed parameter § € T,

we consider the test function

poly(

VYo(Z) = ¢(Pg(X) +Y).

R4 ,R), since &g € c4

Note that ¢ € Cpy, ( poly

n=20,1,..., N, we have
E(¥r, /e (Z(tn)) = U1, 7e(Zn))| = [E(S(Pr,, (X (tn)) + Y (tn)) — (s, /(X)) + Ya))]
|

(R4, R%) (by assumption on fg). Hence, for each

where C7 = C.

Strong convergence. For the strong convergence with order 1/2 (for Z), in addition to the
bounded moments and the local weak order 2, using [15], it is sufficient to show first order
strong convergence after one step, i.e,

E(|Z(tns1) = Znsal* Z(tn) = 2)? < Ch, (3.11)

where the generic constant C' is independent of n, h, and e. By Wagner-Platen expansion [16,
chapl.2.2], we have

tn+1 s tnt1 S
Z(tn-l-l Znt1 / AT/E T/G(Z< ))dW / ‘CT/GZT/E(Z(T))deW(S)
tn tn

4 / SAT/EgT/6<Z<T>>dW<T>d<s>+ / SzT/EgT/AZ(T))de(s)

n n n n

where Apg(z) = ¢)(2)3g(z), Lo is defined in (3.9) and
(Ag¥)(2) = ¥/ (2)Zg(2).

The only terms we need to bound are the derivatives with respect to 6 of go(Z) and ¥y(Z) at
¢ = 7 /e arising from the application of the differential operator £,/ to g./(Z) and ¥./(2)
respectively. It can be checked that the other terms in the integrals are again uniformly
bounded by the regularity assumptions, Lemma 3.3, and the boundedness of the moments of
Z(t). Once this is done, we can conclude that (3.11) is satisfied. The uniform boundedness
of 9pg;/(Z) was already proved in the weak convergence case. Now, we have 9pX; /.(Z) =
(0,0p33(2)), and

0052, (2) = 20 (®17(X) + Y) 0, (X) — 04 (X)o(X)

The right hand side is uniformly bounded since 9p®g(x) = O(e) (thanks to the periodicity
of fg with respect to 6 and the definition of (f)), o'(x) and JdyFy(x) have at most polynomial
growth, and ¢ has linear growth. It follows that, after several applications of the It isometry,
the Cauchy-Schwarz and the Young inequalities,

E(’Z(tn—&-l) - Zn-&-l‘z) < Chza

and thus E(|Z (tp+1) — Zn+1|2)% < Ch.

Now we conclude the local strong order 1 for X. First, note that

E(|Z(tn+1) = Znt1]?) = E(| X (tns1) — X [) + E([Y (tng1) — Yoy [?) < CR?,
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which implies that each component of Z, 1 = (X, ,1,Y,41) converges strongly with local
order 1 to the corresponding component of Z(t,+1) = (X (tn+1), Y (tn+1)). Next, for a given
X(tn) = X, we have

E (1X (to1) = Xni1 ) =B (@1, (X (1)) + Y (bns1) = @,y /e (Kin) = Y[
<E (|94 (X tn11)) = iy fe( X)) + B (1Y (1) = Yo P)

+ 2B ([(Py, 4y /e(X (1)) = P,y 7e(X 1)) (Y (En1) = Yagn)])

< LB (|X(ts1) = Xot[*) +E (1Y (bat1) = Yorr?)

1

+ 2B (|94, /(X (tns1)) = @1y /e Xni)[F) T E (1Y () = Yo )
< Oh? + Ch* +2(Ch)(Ch) < Ch®.

D=

Therefore,

N

E (1X(tns1) = Xni1?)* < Ch
and the local strong order 1 is proved. O

Remark 3.4. When applying the Euler-Maruyama method directly to (1.1), a term that
contains %agft/E(X(tn)) will appear in the remainder. This term causes the local truncation

error to be of order O(%) which causes instability in the high frequency regime (¢ < 1)
even when Assumption 1.2 is satisfied. In contrast, applying Euler Maruyama method to the
micro-macro system (3.3,3.4) leads instead of %(%ft/e(X(tn)) to the term (3.10) which can be
bounded independently of € using Assumption 1.2.

4. Numerical experiments

Throughout this section (except for the last experiment) we will focus on the Hénon-Heiles
model (see |7, 14]). We consider the Hamiltonian

2 2 2

2
H(p,q) = %+%+%+%+q%w%q§’-
Let
X1 (t) =cos (L) q1(t) —sin (L) p1(¢),
Xa(t) = ga2(2),
X3(t) = sin (£) q1(t) + cos (£) p1(t),
Xy(t) = p2(2).

It can be checked that the variable X (¢) satisfies the following ODE [9]

L0 = fylx),
with,
fa(X) = 2sin6(X; cos 0 + X3sin6) X,
f5(X) = Xu,
f3(X) = —2cos0(X cos 0 + X3sin )Xo,
fo(X) = —2(X; cosf + X3sin0)? + X3 — Xo.
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Now, we consider the SDE
dX = fi/(X)dt + o(X)dW (t). (4.1)

In all our experiments € = 27%, i = 2,3,4,5, final time 7' = 1; M denotes the number of
computed samples and At denotes the time step size.

4.1. Weak convergence. In this section we use X° = (0.7,0.7,0.7,0.7), At = 27% i =
1,...,5, M =10%

4.1.1. Multiplicative noise. We consider the above SDE (4.1) with multiplicative noise where
o(X) =0.2(0,0, X1, X2)T. We use the test function ¢(X) = X; to measure the weak conver-
gence. In Figure 1A we plot the weak error with respect to the time step for different values
of e (left figure) using the micro-macro method (3.5)-(3.6). We can see that the convergence
behavior looks almost the same, with weak order one, for all the different values of . The
right picture of Figure 1A shows that for a fixed time step, the weak error remains almost
constant when varying e. The above description applies also to the integral scheme (see Figure
1B).

4.1.2. Additive noise. The weak error of the micro-macro scheme (3.5)-(3.6) applied to the
SDE (4.1) with additive noise is shown in Figure 2. We set o(X) = (0,0,0.2,0.2)7, and we
perform the test with two different test functions. We see again the uniform weak order one.

4.2. Strong convergence. In this section we use X° = (0.12,0.12,0.12,0.12), At = 27¢ i =
4,...,8, M =102

4.2.1. Multiplicative noise. We consider the above SDE (4.1) with multiplicative noise where
o(X) = 0.5X. Figure 3 shows the uniform strong order } for both methods.

4.2.2. Additive noise. We consider the above SDE (4.1) with additive noise where o(X) =
(0,0,0.5,0.5)7. In addition to the uniform convergence, Figure 4 shows strong order one for
the micro-macro method (3.5)-(3.6) since when the noise is additive, Euler-Maruyama method
coincides with Milstein method of strong order one. This applies to uniformly accurate
methods too.

4.3. Inefficiency of Euler-Maruyama method for particular time steps. Although
Euler-Maruyama method seems to work quite well, it still fails for some particular choices of
time steps, while the Micro-Macro method (3.5)-(3.6) does not. We recall that the importance
of uniformly accurate methods appears more when using higher order schemes. See Figure 5.
We consider the logistic SDE

X = <X(1 — X)) +sin t) dt +0.2XdW(t),  X(0)=2.
€

We set € = 0.1 and we plot in Figure 5A the reference solution (in blue) calculated with very
small time step using the integral scheme and the solution obtained using EM with time step
At = 0.99(2me). In Figure 5B, we plot the reference solution (in blue) calculated with very
small time step using the integral scheme and the solution obtained using UA (3.5)-(3.6) with
time step h = 0.99(27e).
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10°
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107 "
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102
€

(B) Integral scheme.

F1GURE 1. Weak convergence with multiplicative noise for the micro-macro

method (3.5)-(3.6) and the integral scheme(2.1) .

In this work, we have introduced two uniformly accurate methods for solving numerically
oscillatory differential equations of stochastic nature. The first one is the so-called integral
scheme (2.1) and can be derived quite straightforwardly, whereas the second one is obtained
through a more elaborate transformation, namely a micro-macro decomposition (3.3, 3.4).
Both schemes exhibit weak-order 1 and strong-order 1/2, as proved in the corresponding
sections and confirmed numerically in Section 4. Given their comparable performance, the
first scheme is arguably better for its simplicity. However, it is our belief that the micro-
macro scheme exposed here could be generalized to higher order methods which would be the

5. Conclusion

stochastic counterpart of existing deterministic UA methods [6, 9].
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(B) ¢(X) = Xj_; X

FIGURE 2. Weak convergence with additive noise for the micro-macro method

(3.5)-(3.6).
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