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Stability and Robustness of Locally Homogeneous Abstract Control Systems

Andrey Polyakov*

Abstract. The paper generalizes the concept of homogeneous approximations to a class of unbounded oper-
ators satisfying certain regularity assumptions. Stability and robustness of locally homogeneous
abstract control systems are studied. The viscous Burgers equation and its nonlinear modifications
are considered as illustrative examples.

Key word. abstract control systems; input-to-state stability; distributed parameter systems.

1. Introduction. By the Noether’s Theorem [29] any differential symmetry defines a con-
servation law, so it is expectable that many physical systems are symmetric. Homogene-
ity is a dilation symmetry well-known in mathematics. A function x +— f(z) satisfying
fle*x) = e¥*f(x), Vs € R,Vx, where v € R is a degree, is called homogeneous. This kind
of homogeneity is known today as the standard (or Euler’s) homogeneity and the scaling of
the argument = — ez is referred as the standard dilation. A generalized homogeneity is a
symmetry with respect to a generalized dilation. The famous example of a generalized dilation
in R™ is the so-called weighted dilation (z1, ..., x,) — (e"%21, ..., €*x,,) studied since 1950s.

On the one hand, the generalized homogeneity simplifies an analysis of nonlinear systems
modeled by Ordinary Differential Equations (ODEs) [48], [12], [19],[40], [41], [4], [2] as well
as non-linear controllers/observers design [18], [6], [11], [21], [30], [1], [32], [23]. In particular,
homogeneous system may be finite-time [5] or fixed-time [33] stable dependently of the homo-
geneity degree (see, e.g. [28], [4]). Asymptotic stability of homogeneous system guarantees
its Input-to-State Stability (ISS) with respect to homogeneously involved exogenous pertur-
bations [41], [13], [1]. ISS is an important characteristic of both finite dimensional [43], [45]
and infinite dimensional [16], [25], [17], [26] control systems.

On the other hand, the homogeneity is a rather fragile property in the sense that adding a
small nonlinearity to a homogeneous function may destroy the dilation symmetry. Even more,
a sum of two homogeneous functions with different degrees is a non-homogeneous function.
However, it is expectable that dynamical systems, which are close (in some sense) to homo-
geneous systems, should have similar properties. For the finite dimensional case, this issue
was rigorously studied in [48], [9], [1], [3] by means of the so-called homogeneous approxima-
tions. In this paper, the corresponding results about robustness/stability analysis of locally
homogeneous control systems are obtained for infinite dimensional case. More precisely, we
deal with a semilinear evolution equation in a real Banach space with a nonlinear operator
satisfying some regularity assumptions. Such a model includes various Time-Delay Systems
and Partial Differential Equations (PDEs) as particular cases. An introduction to infinite di-
mensional homogeneous control systems can be found in [39], [38], [37]. Algebraic properties
of homogeneous differential operators are studied in [10].
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University, 197101, Saint-Petersburg, Russia. This work is supported by the Russian Science Foundation under the
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2 A. POLYAKOV

The paper is organized as follows. First, model description and basic assumptions are
presented. Next, elements of the theory of generalized homogeneous systems are revised and
some new results are proven. After that the concept of homogeneous approximation in a
Banach space is introduced and utilized for stability and robustness analysis of nonlinear
evolution equations. Finally, concluding remarks are given.

Notation. R is the field of real numbers; Ry = [0, +00); z -y = > z;y; is the dot product;
B is a real Banach space with a norm || - ||p (we omit the subindex B in the notation of the
norm if the context is clear); for Banach spaces we use also notations X,Y and V; 0 is the
zero element of a Banach space; I (resp. O) denotes the identity (resp. the zero) operator;
L(B1,B2) denotes the Banach space of linear bounded operators By +— Bs with the norm

|Al| = sup %; Sp is the unit sphere in B; Bg(r) is the ball in B of the radius r > 0 centered
x#0 1

at 0; for » > 1 the set Kg(r) C B is defined as follows Kg(r) :=={x € B: 1/r < ||z|lp < r};
D(A) denotes a domain of an operator A : D(A) C B — B; V = (%,...,%),z € R" is
the V-operator; A=V -V =3"" 5972,2 is the Laplace operator; C([t1,t2],B) is the space of
continuous functions z : [t1,t2] — B with the uniform norm |z]lc = maxyef, 1) |2(¢)]| with
—00 <t <ty<+o0; fio fo and fi fo denote a composition of operators fi and fo; C°(Q2, R™)
is a set of infinitely smooth functions R” +— R™ with compact supports in an open connected
set  C R™ with a smooth boundary (or Q@ = R™); HP(Q,R™) is a Sobolev space and H] is a
completion of C2° in the norm of HP; L((t1,t2), B) is the space of Bochner integrable functions
(t1,t2) — B, where —oco < t; < to < +o0; L*®((t1,t2),B) is a space uniformly essentially
bounded Bochner measurable functions with the norm |[|qllec 1= esssup,c(, ) [la(t)[l; K is
a set of strictly increasing continuous functions o : [0,400) — [0, +00) such that ¢(0) = 0;
K> :={o €K :0(s) = +oo as s — +00}; the function 5 : Ry xRy — R belongs to the class
KL if B(-,t) € K and t — [(s,t) is strictly decreasing to zero; &(t) = limy_0 w
time derivative of the function z : R — B, where the limit is understood in the strong topology
of B; E+V(t) = limsup;,_,o+ M denotes the right-hand upper Dini derivative of the
function v : R — R; E+V(m;g) = limsup;,_,o+ w denotes the right-hand upper
directional derivative of the functional V' : B +— R in the direction g € B.

is a

2. Model Description, Basic Assumptions and Main Results. Let us consider the fol-
lowing nonlinear system

(2.1) i =Ar+ f(2,q), t>to, =(to)=wo,

where z(t) € X is the system state at the time instant ¢ > ¢y and X is a real Banach space;
to € R is an initial instant of time and xy € X is an initial state; ¢ € L*°(R, V) is a time-varying
exogenous input which can be treated as a control or a perturbation; V is a real Banach
space as well; A : D(A) C X — X is a linear (possibly unbounded) closed densely defined
operator which generates a strongly continuous semigroup ® of linear bounded operators on
X; f: Dy x V= X is a non-linear (possibly unbounded) closed operator such that f(0,0) =0
and Dy C X is a linear subspace dense in X.

The system (2.1) with ¢ = 0 is referred below as unperturbed system. The non-linear
evolution equations are well-studied in the literature using the theory of strongly continuous
(Co-) semigroups (see, [31, 8, 47] and references therein). We follow this classical framework.
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Definition 2.1. A continuous function x : [tg,t1) — X is said to be a mild solution of (2.1)
if f(w(), Q()) € Ll((t()?tl)?X) and

t
2(t) = ®(t —to)xo +/‘1>(t —s)f(x(s),q(s))ds, Vi€ [to,t1).
to
If this mild solution satisfies (2.1) for (almost) allt € (to,t1) then x is called classical (strong)
solution of (2.1).

The assumption f(0,0) = 0 implies the existence of the zero solution of the unperturbed
system (2.1) with zp = 0. The class of nonlinear operators f considered in the paper is
specified by the following definition.

Definition 2.2. Let B, X,V be Banach spaces. A non-linear operator g : Dy x V — B,
D, C X is said to be M-regular if there exists a linear closed densely defined operator M :
D, C X — X with a bounded inverse M7 X~ D, such that the nonlinear mapping
x— g(M~1z,q) is locally Lipschitz continuous in x € X\{0} uniformly in q. More precisely,
for any r > 1 and for any g > 0 there exists L, > 0 such that

(2.2) lg(M~'21,q) — (M '22,9)|lB < Lrg |71 — 2l

for all x1,x9 € Kx(r) and all ¢ € By(q).

To guarantee the existence of mild solutions of (2.1) with zy # 0, we assume that the operator
f admits some “M-regularization” consistent with A.

Assumption 1. Let f be M -regular and continuous in the second argument, M commutes
with ®:
O(t)Mxzog = MP(t)xg, V>0 and Vg € Dy,

the linear operator M®(t) : X — X is bounded for any t > 0 and there exists a continuous
function w : (0,400) — Ry such that |M®(t)||x < w(t) and fg w(o)do < +o0,Vt > 0.

If Dy = X then M = [ is the identity operator and w(t) = Ce®* with C > 1 and w € R
(see, [31], page 4), i.e. Assumption 1 simply asks a regularity (local Lipschitz continuity) of
f. If Ais a generator of an analytic semigroup ® then to fulfill Assumption 1 the operator
M could be a fractional power of the operator A. In latter case, w(t) = t% with C > 1 and
a € (0,1) (see, e.g. [31], page 195 for more details).

Notice, the closedness of M implies that the linear subspace Y = Dy with the norm
lylly = llyll + | Myl is a Banach space as well. Assumption 1 guarantees the local-in-time
existence and uniqueness of mild solutions of (2.1) on Y\{0} as well as their continuous
dependence on initial conditions (see, [36]for more details).

The robustness (ISS) means a special continuous dependence of global-in-time solutions
of (2.1) on the magnitude of the exogenous input gq. This additionally constrains a class of
admissible nonlinearities. Below we prove ISS of (2.1) under the following assumption.

Assumption 2. There exist x € K> and £ € C ([0, 400),R) such that

1f (@) = [z, 0)lly < &(llzllv)x(llgllv), VzeY, VgeV.
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Notice that Assumption 2 impies that §f = f(z,q) — f(z,0) maps Y x V into Y x V. The
latter implicitely means that components f, which are defined by unbounded operators, are
not perturbed by the input ¢. For instance, one can be shown that f(z,q) = (g—i + q) T
satisfies Assumption 2 with Y = V = H!(R,R), but f(z,q) = (% + m) q does not.

The aim of this paper is to analyze stability and robustness (ISS) properties of (2.1)
assuming that this system is locally or globally homogeneous in a generaralized sense explained
below. This paper generalizes the main resuls of [13] and [1] to the evolution equation (2.1)
with unbounded nonlinear operators satisfying Assumptions 1 and 2. Namely, we prove that

e a homogeneous system (2.1) is ISS if the unperturbed system (¢ = 0) is uniformly
asymptotically stable;

e stability properties of the system (2.1) are defined by homogeneous approximations;

e a homogeneous in the bi-limit system (2.1) is ISS if its homogenenous approximations
are ISS and the unperturbed system (2.1) is globally uniformly asymptotically stable;

e a uniformly asymptotically stable system (2.1) is finite-/fixed-time (input-to-state)
stable provided that its homogeneous approximations at 0 and at oo satisfy certain
conditions.

3. Homogeneous Systems.

3.1. Dilations in Banach Spaces. Elements of the theory of generalized dilations in finite-
dimensional and infinite-dimensional spaces can be found in [48], [20], [15], [19], [39].

Recall [35, Chapter 6] that a one-parameter group of linear bounded operator ?(s) €
L(B,B) is a linear dilation in a Banach space B if it satisfies the limit property: SLi]gloo o(s)]] =

0 and lirJP |o(s)|| = 4+o0. Since we study group with respect to a composition of operators:
S—+00
2(0) =1,0(s+1t) =0(s) 00(t),Vs, t € R then d(s) is invertible and 2(—s) = (3(s)) ™", Vs € R.

Example 1. [38] Let us consider a one-parameter group of linear bounded invertible oper-
ators on the Lebesgue space LP(R™ R™) or the Sobolev space HP(R™ R™) given by

(3.1) 0(s)z)(z) = e*z(e%2), seR, ze LP(R",R™), zecR",

where a, B € R are given. Making the change of the variable in the Lebesgque integral we derive
10(s)z||» = @ PP)3| ||| o. Hence, d is a dilation in LP(R™ R™) provided that o — fn/p >
0. On the other hand, since |[0(s)z||%, = Db, 620‘*5"+2i5||vix|]%2, then 0 is a dilation in
HP(R™,R™) provided that o > $(0.5n/2 —i),i =0,1,...,p.

In this paper, we deal only with strongly continuous dilations. This means, by definition, that
the function s — d(s)u is continuous for each u € B.

Example 2. The dilation d given by (3.1) is strongly continuous in HP(R™,R™). Indeed, for
p =0 and xoc € C°(R™,R™) we derive (0(s)Too —Too, Too) 1.2 :fBRn(C) (€200 (e752) — oo (2)) -
Too(2)dz, |s| < s for some finite ¢ > 0 (dependent of x and sy > 0). Since xo € CF is a
uniformly continuous function then ||Zoo(€7°2) — 200 (2)||rm < (|| 2 — 2||rn) < o(c(e?® —1))
for all z € Bgn(c) and some 0 € K. Hence (0(8)Zoo — Too, Too) Lymn,gm) —+ 0 as s — 0 and
10(8) %00 — Zoo||22 = [0(8)2s0||22 — [|[Zool32 — 2 (0(8)Too—Toos Too) g2 — 0 as s — 0. Taking
into account that C° is dense in HP, the continuity of s — 0(s)x can be shown for any
¢ € HP(R",R™), p=0,1,2,....
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Being a strongly continuous group of linear bounded operators, the linear dilation always
has an infinitesimal generator [31, Chapter 1] that is a closed densely defined linear operator
Gy : D(Gy) C B — B given by Gou = lim,_o X4~y € D(Gy).

Example 3 ([35], Lemma 6.4). The generator Gy of the group ® from Ezample 1 is
(3.2) (Gox)(2) = ax(z) + B(z- V)x(z2), ze€R", zeD(Gy) C HP(R",R™),

where z-V = 216%1 +228%2 +... +zn%, the domain D(Gy) is a completion of C2° with respect
to the norm ||x||gr + ||Gox|| me -

3.2. Homogeneous Spheres, Balls and Cones. Let us consider some basic geometric
objects induced by dilations.

Definition 3.1. The set Sy(r,z9) ={z € B: [0 (—1n(r)) (z — 20)||=1} is a d-homogeneous
sphere of the radius v > 0 centered at zg € B. An open 0-homogeneous ball of the radius r > 0
centered at zo € B is given by By(r,z0) ={z € B: |[o(—In(r)) (z — 20)|| < 1}.

For spheres and balls centered at the origin we use the notations Sy(r) := Sp(r,0) and
By (1) := By(r,0), respectively. Obviously, the unit homogeneous sphere Sy (1) coincides with
the unit sphere in B and the unit homogeneous ball By(1) coincides with the unit ball in
B, but Sy(r) = 0(Inr)Sy(1) and By(r) = 9(Inr)By(1), » > 0. The homogeneous spheres of
different radius have no intersections provided that the dilation is monotone (see below).

Definition 3.2. A set D C B is a 0-homogeneous cone in B if 0(s)u € D,Yu € D,Vs € R.
If 0 is the standard dilation d(s) = e°I, s € R, then the set D is a usual positive cone in B.

3.3. Monotone dilations. The monotonicity of dilation simplifies an analysis and design
of generalized homogeneous control systems [38], [37]. Recall that a linear dilation 0 in B is
monotone if s — ||9(s)z|| is a non-decreasing function. A strict monotonicity [38] asks for the
existence of a number w > 0 such that ||9(s)|| < e¥® for all s <0. In the latter case, d(s) with
s < 0 defines the so-called Cy-semigroup of contractions. By definition, the monotonicity is
linked with the norm in B. It is known [34] that any continuous linear dilation in R" is strictly
monotone under a proper selection of the weighted Euclidean norm. The following theorem
extends this result to Banach spaces.

Theorem 3.3. If D is a strongly continuous linear dilation in o real Banach space B then
there ezist an equivalent norm |||/« in B and an a number w>0 such that |[0(s)||« < e¥*,Vs<O0.

Proof. 1) On the one hand, since 9(s) is a bounded invertible operator for any s € R and
the group 0 satisfies the limit property then there exists sg < 0 such that 0 < ||o(so)|| < 1.
On the other hand, since ?(s) is a strongly continuous group then there exists My € [1, +00):
SUPseo,s0] 10(8)]| < Mo (see [31, Theorem 2.2, page 4]). Notice that any s < 0 admits the

representation s = nsg + 0, where n € {0,1,2,...} and § € (so,0]. Denoting w = W >0
and using the group property of 0 we derive ||[9(s)|| = ||0(0)2"(s0)|| < Mo||d(s0)||"™ = Mpe®*™ =
Myes* =9 < Me®s where M = Mpe %% > 1.

2) Let the norm || - ||« in B be defined as follows ||z||« = supy<o e “*|[0(s)x|. On the one
hand, the function || - ||, satisfies all properties of the norm: ||z, > 0 for = # 0, [|0]|, = 0;
le*z|l« = e*||z||«; || — z||« = ||z« and sub-additivity ||z + y||« < ||z]l« + [|y]l«. On the other
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hand, we have [|z|| < [|z[l« < sups<oe™“?|0(s)|[|x]| < M||z||,Vx € B. Therefore, || - ||« is,
indeed, an equivalent norm in B and for any ¢t > 0 we have
[[o(t)z]|« sup e~ “*[[d(t+s)z|| sup e~ |[o(t+s)z||
_ x s<0 _ t t4+s<t t
L = R e O i e T O I
s<0

The latter theorem proves that any strongly continuous linear dilation in B is strictly
monotone with respect to an equivalent norm in B. This generalizes the main results of the
papers [38], [37] and [36] obtained under the assumption of strict monotonicity.

Example 4. The dilation (3.1) is strictly monotone in LP(R™,R™) if « — Bn/p >0 and
strictly monotone in HP(R™,R™) if a>[(0.5n/2 —i),i=0,1,...,p (see Example 1).

Strict monotonicity of a dilation in a Hilbert space can be established using the generator.

Proposition 3.4. [35, Proposition 6.5] A strongly continuous linear dilation d in a real
Hilbert space H is strictly monotone if and only if there exists v > 0 and a 0-homogeneous
cone D dense in D(Gy) such that

(3.3) (Gox,x) > v||2|>  for any x € D.

Example 5. The generator of the dilation (3.1) is given by (3.2). Using integration by
parts, we derive (Gox, )1, = (o + B(z - V)z,x) 1, = (a - ﬂ—") (x,2),,Vz € D(Gy).

An analog of Theorem 3.3 can be obtained for Hilbert spaces as follows.

Corollary 3.5. If ® is a strongly continuous linear dilation in a real Hilbert Space H then
the inequality (3.3) is fulfilled for the inner product (x,y)« = ff)oo e=25(0(s)x, 0(s)y)ds, where
~v € (0,w) is an arbitrary number and w > 0 is defined in the proof of Theorem 3.3.

Proof. 1) Let us show that (z,y). is an inner product in H. On the one hand, since 0 is a
strongly continuous group in H then the function s — (9(s)z,9(s)y) is a continuous for any
fixed 2,y € H. On the other hand, since v € (0,w) and [|0(s)z|? < M?e*%||z||? for all s <0
and for all z € H, where M > 1 is defined in the proof of Theorem 3.3, then

2

0
/ 2% (0 (s), <Mm<Mﬂwwv' ““%—%ﬁwwww

—0o0
Hence, (z,y). is well-defined for any x,y € H. The linearity (uz, 2)« = (,y)«, (z + Y, 2)x =
(x,2)x + (y, 2)s,Vx,y, 2 € H,Vu € H and the Hermitian symmetry (z,y). = (y, x)s, Vz,y € H
of (-,)x comes from the linearity and the Hermitian symmetry of (-,-). Since the function
s+ ||o(s)x||? is continuous and [|0(0)z|? = ||z||? then (x,z). > 0 for any x # 0.
2) Let us show that the inequality (3.3) holds for the inner product (-, ). Since Ld(s)z =
0(s)Ghx for all © € D(Gh) (see [31, Theorem 2.4, page 4]) then

0 0 d
(Gyz, )« :/ e 215 (0(5) Gy, 0(s)x)ds = / e 2 <dsb(s)x,0(s)x> ds
0 o=2vs 4 —2vs 0 0
:/ ()]s = ——[la(s)alP +v/’e2wm@mW@.

Since v € (0, w) and [[0(s)z]|? < M2e*%||z||?,Vs < 0 then e=27%||0(s)z||> — 0 as s — —oo and
(Gow, z)e = L2 4 y||2]|2 > y||z])2 for all z € D(G,). W
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3.4. The canonical homogeneous norm. In the view of Theorem 3.3, without loss of
generality, we can always assume that any strongly continuous linear dilation in B is strictly
monotone. Such a dilation introduces an alternative norm topology in B by means of the

so-called canonical homogeneous norm || - ||y : B — Ry defined as follows: ||0|| = 0 and

(3.4) |lul[o=e*, where s, € R: [[o(—sy)ul| =1, u#0

(see, [38] for more details). By construction, [[9(s)ulls = e*|lullo, ||ullo = || — ulls for Vu €
B.,Vs € R and ||ully =1 < ||lu|| = 1. Notice that || - |l = || - || provided that ? is the standard

dilation d(s)=e*I, s € R. The following result was originally proven in [38].

Theorem 3.6 ([35], Lemmas 7.1, 7.2). If0 is a strongly continuous strictly monotone linear

dilation then || - ||o is single-valued, positive definite, locally Lipschitz continuous on B\{0}
and there exist n > w > 0, Cy > 1 such that ||0(s)|| < e**,Vs < 0, [|o(s)]] < Che™,Vs > 0,
&l < Nl < lully if w € Bo(1) and |ully < [lull < Gollully if u € B\Ba(1).
The latter means that there exist 0,7 € K : a(||ul]) < ||ullp < T(|Jul]), Yu € B. In [35,
Theorem 7.1]it is also shown that || - ||, is a norm (in the classical sense) for a Banach space B
homeomorphic to B, where B consists of elements of B, but the rules for addition and scalar
multiplication are modified. This justifies the name "norm” for the functional || - |-

Example 6 ([36]).  Since [[09(s)z||%, = Sb_oes@=An/248)|Vig|2, € HP(R",R™) for
the dilation (3.1) then for x # 0 the canonical homogeneous norm in HP is defined as
\|lz|lo,gr = 1/V, where V' > 0 is a unique real positive root of the following equation 1 =

P Va—Pn/2+iB g, where a; = \|Vi:1:H%2(Rn7Rm), x# 0, a>fn/2—if,i=0,1.,p. Hence,
x = ||x|lo,mr s a continuously differentiable function for x # 0.

It is known [24] that the weighted Euclidean norm is a Lyapunov function for any stable
linear system in R™. The canonical homogeneous norm is a Lyapunov function for many
homogeneous systems [34]. The differentiability of the homogeneous norm is important for the
corresponding analysis. In the case of an abstract Hilbert space H, the canonical homogeneous
norm is Frechét differentiable, at least, on the domain of the generator Gy.

Lemma 3.7 ([35], Lemma 7.4). Let d be a strongly continuous strictly monotone linear
dilation in a Hilbert space H then the homogeneous norm || - ||y is differentiable on D(G,)\{0}
and the Fréchet derivative of || - |lom at u € D(Go)\{0} is given by

(O(—1In [lullom) -, (= In[Julom)w)
(Goo(— I ||ullo ) w, 9(—In [Ju|lo,m)w)

Example 7 ([36]). Let us consider again the strongly continuous strictly monotone dilation
(3.1) in HYR™,R™) with a > Bn/2 —iB,i = 0,1. On the one hand, from Ezample 6 we
conclude the Fréchet differentiability of | - |lo,yr on HP(R™,R™)\{0}. On the other hand, for
v € D(Gy) € H'(R™,R) using integration by parts we derive (Gyv,v) g1 = (a—pn/2) (v,v)p, +
(a+B(1=n/2))(Vv,Vv),, , so the Fréchet derivative of || - |l g1 at the point x € H'(R™ R)
is a linear functional D||z||y g1 : H'(R™,R) — R defined as follows

(3.5) (Dlullom) () =

l[wllom

_ <°(_ln”xHa,H1)“’ “>H1 1/mn
(36) (DHx”D,Hl) (u)_ (a—ﬁn/2)IIvIIiQ+(a+5(1—n/2))HVv||2LQ HxHD,H17 ueH (R 7R)>

where v =0 (—In |||y g ) .
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3.5. Homogeneous operators. Homogeneous functionals and operators on B (see [39])
are defined similarly to homogeneous functions and vector fields in R™ (see e.g. [19], [11]).

Definition 3.8. Let d be a dilation. An operator f : D(f) C B — B (a functional h : D(h) C
B — R) is said to be d-homogeneous of a degree v € R if the domain D(f) (resp. D(h)) is a
0-homogeneous cone and

e”*0(s) f(u) = f@(s)u), Vs €R, VueD(f),

(3.7) (resp. h((s)u)=e"*h(u), Vs€R, Vu e D(h)).

We say that an evolution equation (inclusion) is 9-homogeneous of degree v € R if its right-
hand side is a d-homogeneous operator of degree v.

Formally, the latter definition does not require the dilation 0 to be a linear or strongly
continuous. However, we deal only with strongly continuous linear dilations in B. The identity
(3.7) can be understood in the week sense (see, [37] for the more details).

Example 8 ([37]). The Laplace operator A : H*(R",R™) C L?(R",R™) s L?(R",R™) is
0-homogeneous of the degree 23 with respect to the dilation ® given by (3.1). Indeed,
n

(A(D — asz 82x(e/35z) aJrQB) a%ygy) — (62580(8)Ax)(2), sER,z € R™

1=1 y=ebsz

provided that © € D(A). The operator f(x) = (z - V)x is 0-homogeneous as well, since

F(s)z) = (((s)2) - V)(0(s)z) = T (s)((z - V)a).
Many other examples of 9-homogeneous PDEs can be found in [39], [35].

3.6. Symmetry of solutions of homogeneous systems. A Cj-semigroup ® generated by
a closed densely defined linear homogeneous operator in B is homogeneous as well.

Lemma 3.9 ([35], Lemma 8.1). Let a linear closed densely defined operator A : D(A) C
X — X generate a strongly continuous semigroup ® of linear bounded operators on X. If the
operator A is 9-homogeneous of a degree pn € R then ®(t)d(s) = 0(s)P(e!*t), Vt > 0, Vs € R.

Lemma 3.9 proves the symmetry of solutions of (2.1) for f=0:
(3.8) Ty(s)ao (t) = 0(8) Ty (€/°1), s €R,E >0,
where z, denotes a solution of (2.1) with the initial data x(0) = z. This symmetry of solutions

takes a place for any nonlinear d-homogeneous system (2.1) as well.

Theorem 3.10 ([35], Theorem 8.1). Let a linear closed densely defined operator A : D(A) C
X — X generate a strongly continuous semigroup ® of linear bounded operators on X and
f:D(f) c X X. Let A and f be d-homogeneous operators of degree p € R. Ifx : [0,T) — X
1s a mild solution of

(3.9) t=Ax+ f(x), t>0

and z(t) 3 D(f) then for any s € R the function x® : [0,e *T) — X given by z°(t) :=
o(s)z(e!st), t € [0,e 5T is a mild solution of the evolution equation (3.9) and z°(t) e D(f).
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According to the latter theorem, The dilation symmetry expands globally any local property of
solutions, e.g., locally stability of the system (3.9) guarantees its globally stablity, the forward
completeness for small initial data implies the forward completeness for large initial data, etc.
Theorem 3.10 is generalized below to the system (2.1) with perturbations.

Example 9. In the view Theorem 3.10 and Ezample 8, all mild solutions of the system
i=Ax—(z-V)z, t >0, z€ L*(R",R") are symmetric: Ty(s)y,(t) =0(s)zs,(e#5t), s € R,
t >0, where d is given by (3.1) with a = (5.

3.7. Homogeneous Lyapunov function theorem. Since solutions of (3.9) with the M-
regular operator f are well-defined on Y\{0} then it is reasonable to analyze the stability and
robustness of the system (3.9) in Y-topology. In this paper we deal mainly with some notions of
uniform stability in Y typical for homogeneous systems having homogeneous approximations
[1, 3, 35]. For shortness we omit the words ”globally uniformly” in the stability definitions
given below.

Definition 3.11. The system (3.9) is said to be
e practically Lyapunov stable in Y if there exist ¢ > 0 and e € K such that

(3.10) [0 (0)ly < ¢+ e([lzolly), V& =0

for any mild solution x5, : Ry — Y of (3.9) with z(0) = xo;
e Lyapunov stable in Y if it is practically Lyapunov stable in Y with ¢ = 0;
e practically asymptotically stable in Y if it is practically Lyapunov stable in Y with
¢>0and VR > ¢, IT.(R) € Ry : [|zolly < R = ||z, (t)]|y < ¢ for all t > T.(R).
o asymptotically stable in Y if it is practically asymptotically stable for any ¢ > 0
finite-time stable in Y if it is practically asymptotically stable in Y with ¢ =0
practically fized-time stable in Y if it is practically Lyapunov stable with some ¢ > 0
and there exists Tmax(c) > 0 such that ||z, (t)|| < ¢, Vt > Thax(c), Yo € Y;
o nearly fized-time stable in Y if it is practically fixed-time stable for any ¢ > 0;
e fized-time stable in Y if it is practically fized-time stable with ¢ =0

If one of properties mentioned above is fulfilled only for all 2 from a neighborhood of the origin
then the corresponding stability is called local. Below we show that homogeneous systems
as well as systems having a stable homogeneous approximation admit stability properties
mentioned above. The following theorem is the straightforward corollary of Theorem 3.3 and
[36, Theorem 3.

Theorem 3.12 ([36]). Let d be a strongly continuous linear dilation in Y, the evolution
equation (3.9) be 0-homogeneous of degree v € R, and f : Y C X — X satisfy Assumption 1.
Let m > —v be an arbitrary number. The origin of (3.9) is uniformly asymptotically stable
Y if and only if there exists a continuous positive definite functional V : Y — R such that

1) V is 9-homogeneous of a degree m and locally Lipschitz continuous on Y\{0};

2) Ik, k € K™ satisfying

(3.11) k(lzlly) < V(z) < k(lzlly), VzeY,
3) for any mild solution xy, of (3.9) with x(0) = z¢ € Y the inequality

m—+tv

(3.12) DV (02 (1)< — V5 (way (1)), >0
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holds as long as xz,(t) # 0, where ¢ > 0 is a constant.

The latter theorem, in particular, implies that any uniformly asymptotically stable -
homogeneous system (3.9) of negative (resp. positive) degree is globally uniformly finite-time
(resp. nearly fixed-time) stable. For reflexive Banach spaces (in, particular, for Hilbert
spaces), the time derivative of the Lyapunov function along trajectories of the system can be
calculated using the right-hand side of the evolution equation (3.9).

Corollary 3.13 ([36]). Theorem 5.12 remains true even if the condition 3) is replaced with
3) D V(x; Az + f(z)) < =V (z), Va e M~1D(A)\{0},
provided that X is a reflexive Banach space and the set M~YD(A) is dense in Y.

The canonical homogeneous norm is a Lyapunov function for some homogeneous PDEs
(see, e.g. [38], [36], [35, Chapter 9]). In this case, the time derivative of ||z|[o,y computed along
< —c||:v||1+“ The existence of the positive
constant ¢ > 0 satisfying the latter inequality can always be guaranteed for the case of
the uniform asymptotic stability. If homogeneous system (3.9) is asymptotically stable (but
non-uniformly with respect to initial conditions) we should expect inequality like %HCCHD,Y <
—&(@)||zllyy TF for Yo € M—'D(A)\{0}, where the positive definite functional é: Y — R, is
D—homogeneous of degree 0, but inf,cg, é(x) = 0. The latter is possible even for continuous
positive definite functional ¢, since the unit sphere in B is non-compact in the general case.
Inspired by [36], we present the following example.

Example 10. Let us consider the viscous Burgers equation

. 0%z Ox
(3.13) =55 T, t>0, x(0)=ux,
where z(t) € L?(R,R). This equation can be the represented in the form (3.9) with A = aZQ,
X = L*(R,R), D(A) = H*(R,R), f(z) = —2%% and D(f) =Y = H*(R,R). Notice that f is
M -regular with M = % +1 and (M~ 'y)(z) = [ e ~(=9)y(s)ds, y € X, z € R, respectively.
Indeed, the inequality (2.2), obviously, follows from H%M_IHLQ <00 and

.14) |yl <sup [ yts)ids <sup | [0t fe-e-0as =12 vy
Z€R J —o0 z€R \f

(z—5)2
\/Rfjooooef i y(s)ds. Since

1) ,Vt > 0 for some C' > 0, then the system

The Cy-semigroup generated by A is given by (P(t)y)(z) =

O commutes with M and ||M®(t)] < C<

(3.13) satisfies Assumption 1.

The system (3.13) is 0-homogeneous of the degree p = 2 with respect to the dilation
(0(s)z)(z) = e’z(e®z), z € R,z € X. The dilation 0 is strictly monotone and strongly contin-
uous in X and Y (see Ezample 1).

Let us show that the canonical homogeneous norm || - ||y g1 is a d-homogeneous Lyapunov
function of the system. Indeed, for v € M~1D(A) = H3*(R,R) we have

2 2
(0, Av+ f@)gn = (v, 5% —v3) |+ (5 & (55 -08)) , =

7
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2
O 1 o S Y 1 Y [ o 1
2 2
iz Hm—a\% \*f ()=
_ _ 5 e 2y _yoel® L ERTIIL:
H HL2 022 L2 0z2 U(‘)z 2 v +822 12HU||L6'

Using the Gagliardo-Nirenberg-Sobolev inequality (see [7]) we derive H’U”%G < /Flvll7: H%Hig

and conclude (v, Av+ f(v));n < — H HL2 (1 — Y ﬂ/ [l ) . The latter means that, || - || m,

s a local Lyapunov function of the system. Usmg D—homogeneity of operators A, f and the
formula (3.6), for any x € M—1D(A) we obtain

(o(—n|jzll, ;1) (Az+f(x), v)

(Dllzllo 1) (Az + f (2)) = 0.5/[v]2_+1.5]| 22| Il =
Lo Lo
(Av+f(v), v) g || || < - ( )H H1+u ,,( ) H HL2 1— WH H
X X C\T) =
0.5][v]3 ,+1.5/| 32 || 2.H! L 05l +L5] 2|7,

where v = d(—In ||z, Hl)x and ¢ € C(Y\{0},Ry).Obviously, ¢ is d-homogeneous functional
HL2 =1 and Hv|]4L2 <1.
Since H HL # 0 for any x € Y\{O} then é(z) is positive definite. Therefore, || - |loy is

a global 0- homogeneous Lyapunov function for the viscous Burgers equation. However, a

uniform asymptotic stability of (3.13) cannot be guaranteed since inf w(x) = 0.
r€Sy

of degree 0. Taking into account ||v| g1 = 1, we conclude Hv||L2 + H

3.8. Homogeneous systems with perturbations. Certain symmetry of solutions can also
be discovered for the perturbed homogeneous system (2.1). Formally, the following result
generalizes Theorem 4 from [37] to the case of unbounded operator f. However, its proof
literally repeats the proof of the mentioned theorem.

Theorem 3.14 ([37]). Let d be a group of linear bounded invertible operators in X and in
Y, the operator A : D(A) C X — X be d-homogeneous of degree p € R closed densely defined
generator of a strongly continuous semigroup ® of linear bounded operators on X, the operator
f: Dy x V= X satisfies Assumption 1 and

f(s)z,0(s)q) = e"0(s) f(z,q), Vx € Df,VgeV,VseR,

where d is a group of linear bounded operators in V and Dy C B 1s a 0-homogeneous cone.
If 234 : [to,to+ T — Y is a mild solution of the system (2.1) then for any s € R one has

(3.15) To(s)w0,3 (1) =0(8)Tag,q(to+e" (t — ), VEE [to,to+ k5],

where Ty(s)z.,q * [to,to + e #T| = Y is a solution of the system (2.1) for xo € Y replaced with
0(s)xg € Y and g € L>=((to,to +T),V) replaced with G € L*((tg,to + e #T),V) given by

q(t) =0(s)q(to + e"*(t —to)), VtE [to,to+ 5] -
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The following definition of the input-to-state stability is inspired by [43].

Definition 3.15 ([43], [17], [27], [26]). The system (2.1) is said to be
e practically 1SS in Y if there exist 5 € KL, v € K and ¢ > 0 such that

(3.16) 1z20.q(®)lly < Bllzolly, t = to) + ¥ (llall oo (ao,00v)) + ¢ V¢ > to,

for any mild solution x4, 4 of (2.1) with xg € Y;
o [SS inY if (3.16) holds for ¢ = 0;
e locally ISS inY if IF > 0 and 3G > 0 such that (3.16) holds for ¢ =0, Vxo : ||xolly < T
and Vq : ||qll oo ((t0,6),v) < G-
The dilation symmetry simplifies the ISS analysis of the system (2.1) .

Theorem 3.16. Let Assumption 2 and all conditions of Theorem 3.14 be fulfilled for a
strongly continuous linear dilations 0 and d in the Banach spaces Y and V, respectively. If the
system (2.1) with ¢ = 0 is uniformly asymptotically stable in Y then this system is ISS in Y.

Proof. First of all, notice that in the view of Theorem 3.3 the dilations ? and d can assumed
be strictly monotone without the loss of generality. The locally existence of solutions in Y
and their continuous dependence of initial data follow from [36, Lemma 2 and Corollary 2],
which remain valid for the system (2.1).

I. Let ¢ > 0 be an arbitrary positive number. Let r > 1 and § > r be defined for
f(-,0) as in [36, Corollary 4]. Since for ¢ = 0 the origin of (2.1) is assumed to be uni-
formly asymptotically stable in Y then exists 7, > 0 such that xg € Ky(r) = ||2z,0()|ly <
1/r,¥t > to + Ty, and z9 € Ky(r) = ||xz0)|ly < 9,Vt > to. Moreover, [36, Lemma 2]
yields 4,0(t) = 23, o(t) as long as z40(t) € Ky(5). Since 28 o(t) = c1>( o + [

s)fs(x a:oo( 7),0)dr,Vt > to then, for any xp € Y we have x‘;mq(t) = xxoo —i—ft

)(fg( xo,q( T), (T))—f(;(ﬁio’o(T),O))dT. Let k£ = SUPse(o,7;] |®(s)||x and the Llpschltz con-
stant Ls 7, 5 > 0 be defined as in [36, Corollary 2| for all ¢ € L>((to,t0 +717),V) : ||lq|jz < q.
Since f5(z, q) =0 for z ¢ Ky( ) then for any ¢ € L*((to,to + 17), V) : |lg|lr~ < g we have

¢
22,4(t) = 22,01y < L5q Ji 19t = 7)lsc [ M2, o (7) = Mad, o(7)[|y, d7 + Lsg fy || MD(¢ —

7)||x || M, ()= Mxmo o(T HXd7'+ ks fto |2t —7)|lv - x ([|lg(7)|ly) dr for all t € [to, to + T}],
Where M-regularity of f and Assumption 2 are utilized on the last step, ks := max,c[1 /5,5 & (p) -
Since HM‘%O (7)) — Mxmo 0 HX < meo (7)) — xio,O(T)H\\{ and ||®(7)|ly < ||®(7)||x, then us-
ing Gronwall-Bellman 1nequahty forall t € [to, to+7T,] and Vg € L>((to, to+717), V) : ||lgllec < @

we derive |23, ,(t) — 25, o(t)|lv < C(t,to) fto (lg(M)lly) dr, where [|[M®(t — 7)||x < w(t —7)

(see Assumption 1) is utllzed to define the function C(t,to) = kskLs T, g¢ Lo y.q Jyg k(=) d7.
II. By Theorem 3.12, there exists a 0- homogeneous Lyapunov functlon such that for any
xo € Y\{0} we have V(xxo, (h)) = V(220,0(0)) < — fo |Z20,0(T )H Ldr as long as Zzo,0(R) #
0. Let zyp € Ky(r). If h > 0 : x4,0(0),22,4(0) € Ky(0), VH € [0,h] then x4, 0(0) =
20 0(0), Ty q(0) = x5, (0),¥0 € [0,h] and using local Lipschitz continuity of V' we derive

z0,0 0,9

V(%2g,q(to+h) =V (za4,4(t0)) _ V(zag, 0(t0+h)) V(2z4,0(to)) + V(22g,q(to+h)) =V (z4,0(to+h))
B = R
< -3 Hxxo, (1 )H“Hd + M ftﬁh (llg(7)|ly) dr, where Ly is a Lipschitz constant.

Therefore one has D V (g, q(to)) —HxOHH" + C(@)x () for any q : gl oo ((to,t0+e),v) < @5
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where C(g) = Ly limsupy,_,q+ C'(h,0) and € > 0 is arbitrary small number. Assumption 1
guarantees that the function ¢ — C(q) is uniformly bounded on any compact from R . Using
the semigroup property of solutions we conclude

=+ . _
D™V (229,4(1) < ~lzaoaDI6% +C@x (@ i llallzoiranSq Tagqlt) € Kv(6).

III. Let s € R and let d(s)x4,,4(t) € Ky(r) (or, equivalently, x4, 4(t) € 9(—s)Ky(r)) for all
t € [to,to+T)] and some T > 0. From Theorem 3.14 we derive y(s)4, 5(t) =0(8)Zaq q(fo+es (-
to)), Vie [to, to—l—efs] where t := tg+e 5 (t —tg), x Ty(s)ao,d * [t0,to +e #*T] — B is a solution
of the system (2.1) for g replaced with 9(s)zg and g € L*((to,t0 + T'),V) replaced with
q € L™((to,to + e #5T),V) given by §(t) = 2(s)q(to + e“s(t —t9)), Vi€ [to,to+-L]. Since
Ta(ayro a(F) =0(8) T2 g (to+e"(E — t9)) € Ky(r) then D'V (2a(a)egq(8) < —ll7a(eymoa® o +
C(q)x(q) for all £ € [tg,tg + e #*T] and Vg : 141l o< ((tg to+¢),v) < ¢ Taking into account the
0-homogeneity of V and | - [[o we derive V(y(5)20,5(t)) = V(0(8)Tay,q(to +e"*(t — t0))) =
esv(xxoﬂ(t0+6us (f—to))). and H$D(s)xo,q( )H"Hrl =¢€ M+1)SH$IO Q(t0+eus(t - tO))HD y. The latter
means that for any s € R and Vxg € 0(— )Ky( ) we have

DV (204(t) < ~l|zag.q() 35 + e~ TDC(9)E(q)

as long as x4, 4(t) € 0(—s)Ky(r) and ¢ € L®(R,V) : ||6(8)q”Loo((t’t+€)7V) < q. Since C :
Ry — Ry is locally uniformly bounded then 3¢ > 0 : C(q)x(¢) < 0.5. Selecting s =
—1In ||240,4(t) |0,y we derive [[0(8)Tag,q(t)||y = 1 and x4 4(t) €0(—s) Ky (1) for x4, 4(t) # 0. The
dilation 9 is strictly monotone in V, so by Theorem 3.6 there exist 0,7 € K* : ¢ (HqHa,v) <

_ N o (lilloe et
lalv <7 (llals.y) -V €V and the inequality [224(t)]ay > Ul (g re0)

implies that

Hﬁ(— In ”mxov‘I(t)HD:Y)qHLOO((tO,Ha),V) < q. Therefore, we derive

-+ . ~
(317) D V(@aq(t) < ~05aag gy i Neaoq®lloy = ¢ (Ill o ((tire)v)) -

as long as x 4(t) # 0, where € > 0 is an arbitrary small number, z, , is any solution of
(2.1) with an arbitrary ¢ € L*°(R,V) and ¢ = ,,1 @ o~ € K. Repeating the conventional
arguments from [43], [45], [44], [17],[26] we conclude that there exist 5 € KL, v € K such that
2200y < Bllzolly,t = to) + 7 (gl Loc((to,t+e),v)) » VE > to, for any mild solution 24,4 of
(2.1) with zp € Y. Using continuity of x,, 4 in time we derive (3.16) by tending e — 0. W

Example 11 (ISS analysis of a nonlinear viscous Burgers equation using homogeneity). Let
us consider the viscous Burgers equation with nonlinearities and perturbations

. 0%z Ox 4
(3.18) T = 22 2 +q )x— ,o(HxHL2 +@)r+q, t>0, zeR, xz(0)=ux,

where x(t) € L2(R,R), q1(t) € H'(R,R), ¢2(t) € R and q3(t) € L*(R,R). The considered
equation admits the representation (2.1) with A = aZZ,X = L*(R,R),V = HY(R,R) x R x

L2(RaR)7 and f(x7Q) = - (% + QI) $—P(||1’HL2+C]2)$+Q3»33 €Y = Hl(R,R), q= (QquQ’Q?)) €
V. Repeating considerations of Example 10, one can be shown that the considered system
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satisfies Assumption 1 with M = % + 1. Since due to the inequality (3.14) we have ||q1 ||~ <

1
272 | Mqull e for any q1 € H', then || f(z,q) — f(2,0)ly = a2 — pgaz]ly < 2]lq1]lz ]y +
1 . .
| Mai|x||x| L~ + plgz|||lz]y < max {p,25} lgllv||z|y, i.e., Assumption 2 holds as well.

For qi1(t) = 0,q2(t),= 0,q3(t) = 0 and p = 0 the latter system becomes the viscous Burgers
equation studied in Erample 10, where it is shown that the canonical homogeneous norm
| - lo,y %s the Lyapunov function for the Burgers equation provided that the dilation d is given
by (0(s)x)(2) = e*z(e’z), z e R,z € X;s € R.

Repeating considerations of Example 10, for qi(t) = 0,qa2(t) = 0,¢3(t) =0 and p > 0, we
derive that the unperturbed system is d-homogeneous of degree 2 with (3(s)z)(z) = e’z(e®z)
and || - |[o,y is the strict Lyapunov function for the unperturbed system:

oS 1132 15 (1- L+
0.5|[v[|7,,+1.5]| §2

(Dllzllo, 1) (Az + f(2,0)) < 213 g < —gpllly g for all

IZ,
r € M~'D(A)\{0}, where v =20(—In lz|lo 1)z and ||’UH%2 + H%HQLQ =1.

Let the dilation in V be defined as follows 0(s)q = (0(s)q1,e*qo, €**0(s)q3). Then Vs €
R,Vz € Y,Vq € V. one has f(0(s)x,0(s)q) = €**0(s)f(x,q) and, by Theorem 5.16, the non-

linear viscous Burgers equation (3.18) is ISS in'Y if p > 0.

ISS with exponential, finite-time and fixed-time convergence rates is studied in the papers
[14], [42], [22], [26] where additional restrictions to the function 5 € ICL are suggested.

Definition 3.17. An ISS system (2.1) is said to be
o caponentially 1SS if 3C > 1,A >0 : B(r,t) < Ce ™™, Vr.t € R ;
o finite-time 1SS if ¥Vr >0, 3T, > 0: B(r,T,) = 0;
o nearly fized-time 1SS if VBy > 0, 3T, > 0: B(r,T3,) < Bo,Vr € Ry;
o fized-time ISS if it is both finite-time and nearly fized-time ISS.

Corollary 3.18. If the system (2.1) satisfies all condition of Theorem 3.16 then it is
o finite-time 1SS provided that p < 0;
o cxponentially 1SS provided that p = 0;
e nearly fized-time 1SS provided that p > 0;

1

Proof. The inequality (3.17) yields k||@z,q(t)]o,y < ((EHQ;OHD,Y)—M + Oouy —to))iﬁ for

kltn

0.5

p# 0, and kl|wg,q(t) oy < kllzolloye™ k't > 0 for = 0, where k,k > 0 are such that
klz|lo,y < V(x) < k||z|l,y, Vo € Y (see Theorem 3.12). W

4. Homogeneous Approximations.

4.1. Definition and basic properties. To apply homogeneity-based methods of ISS analy-
sis (such as Theorem 3.16) to a non-homogeneous system, the so-called homogeneous approx-
imation can be utilized. The concept of homogeneous approximation can be explained using
the following scalar function f : R — R given by f(z) = —2 + 2> — 23 with © € R. According
to [48], [1], it has the the following standard homogeneous approximations fy(x) = = and
fso = 2% at zero and at infinity limits, respectively. Indeed, the cubic and quadratic term
can be neglected for local stability analysis (close to zero), while the cubic term dominates as
x — oo. Similar considerations can be repeated for M-regular operators in Banach spaces.
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Definition 4.1. Let X be a Banach space and 91, be a strongly continuous linear dilation in
a Banach space Y C X, where L = 0 or L = co. An operator f : Y C B — X (a functional
h:YCX— R) is said to be dp,-homogeneous in the L-limit if there exists a dr-homogeneous
operator f1,: Y C X — X (d1-homogeneous functional hy, : Y C X — R) with degree vy, € R:

(4.1) lim,p sup,eg, [[r="oL(=Inr) fdr(Inr)z) — fr(z)lg =

(resp., lim,_,, SUD e |r™"h(dr(Inr)x) — hr(x)| = 0), where S is the unit sphere in Y. The
operator fr, (resp. the functional hy) is called a 01 -homogeneous approximation of the
operator f (resp. the functional h). If the latter holds for both L = 0 and L = oo then the
operator f (resp. the functional h) is said to be homogeneous in the bi-limit.

The condition (4.1) can be rewritten as };nz SuPyes, () |I770L(=1n r)(f(x)— fr(x))|ly =0,

.Y
where S, ¢(r) =0(Inr)Sg is the 97-homogeneous sphere in Y of the radius r > 0. Without
loss of generality, a linear dilation 97, can be assumed strictly monotone (see, Theorem 3.3).
In this case, the inclusion z € S, ¢(r) simply means that [[z||, g =r.

In the finite dimensional case, if f = fo + foo is @ sum of 0-homogeneous operators with
degrees 1y € R and v > 1y then fy is 0-homogeneous approximation of f in the 0-limit and
foo is D-homogeneous approximation of f in the oco-limit. This may not hold for unbounded
nonlinear operators in Banach spaces.

Example 12. Let X = L?(R,R), the operator f : Y C X — X be defined as follows f(x) =
%x—i— ||| 2 x +x with x € Yy = HY(R,R). The first two terms of f are standard homogeneous
of degree 1: 80137(;)3?01(3)37 = e*01(s) (%x) and [[01(8)x||r201(s)z = €*01(s)(||x| r2x), where
01(s) =e’l,s € R. The last term in f(x) is linear, so it is standard homogeneous of degree 0,
50 foo(x) = aza:—i—HxHLga: is the 01-homogeneous approzimation of the opemtorf at co. Indeed,
Subpes, I 101 (= Inr) F@1(107)2) — fao(@)ly = supyes, 7 ally = 71 — 0 as 7 — oo.

In the finite-dimensional case, the term with smallest homogeneity degree usually defines
the homogeneous approximation in the 0-limit [1]. However, fo(x) = = does not satisfy Def-
wnation 4.1. This is reasonable, since usually an unbounded nonlinear operator cannot be
consistently approzimated by a bounded linear one. To obtain an approximation of f at 0, let
us consider another dilation in B defined as follows (see Example 1): (02(s)x)(z) = ex(e™*2).

Since (%gif”az(s)x)( ) = (0a(s) [222]) (2) and [0a(s)x1202(s)z = €2%09(s) ([l o) then
folz) = %x + x is the 0a-homogeneous approrimation of f at 0 with degree 0. Indeed,
sup [[02(—In7r) f(02(Inr)x) — fo(x)|lg = sup |[02(Inr) x| L2 ||z|§ < [[02(In7)] £, =730 as r—0.

(EES@ IEES§{
A precision of a 0-homogeneous approximation is characterized by the following theorem.
Theorem 4.2. If an operator f : Y € X — X (resp., a functional h : Y € X — R) is

01,-homogeneous of degree vy, € R in the L-limit, where L =0 of L = oo and 0y, is a strongly
continuous strictly monotone linear dilation in'Y, then there exist 71, >0 and o1, € K such that

1) [1f@) = fo@)llg < oolp)p 2 (resp., |h(z) = ho(w)| < 00(p)p"™ ) p = lally, 3 oy < 7o,
2) 1f (@)= oo (@)llg S0 (1) 27 (or |n(@) = hoo @) S0oc (5 ) 072 ), p= 0l 5 o]y =T,

where By (1) is the unit ball in Y, || - lo, ¢ s the canonical d1,-homogeneous norm in' Y and
the positive parameters nr, > wr, > 0, Cy, > 1 are defined in Theorem 5.6.
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Proof. We prove estimates for the operator f. The functional i can be studied similarly.
The case L = 0. If fj is a dg-homogeneous approximation of f in the 0-limit then the
function ¢ : [0, 4+00) — R4 U {400} given by 7¢(0) = 0 and

Go(p) = sup —|[p7"00(=np)(f(z) = fo(z))llg, »>0
€B,,,7(P\{0}

is continuous at 0 and there exists 7y > 0 such that o is finite-valued on [0, 7o}, where B, g(p)

is the 0p-homogeneous ball in Y of the radius p > 0. By construction o is non-decreasing on
[0,70]. Then there exist o9 € K such that do(p) < oo(p) for all p € [0,7]. On the other hand,

oo (~ Inr)yllg

sup [If(z)—fr(@)l5 sup [If(z)—fr (@)l

B(=nM)(f@)—=fr@)] o T *€50p,7(" T Sy 1) ’

sup ro N V0 - rY0[[dg (Inr)]| ’

:cESaoﬁ((r)

where the inequality [[0o(In7)||[[00(—In7)y|s > [[00(In7r)de(—Inr)y|ls = ||yHY is utilized on
the last step. Using the monotonicity of dy (i.e., Jwog > 0 : [[90(8)|ls < €%, Vs < 0) wi

derive r~ (VO—HUO)SU‘I)CEGSD olIf @) = f(@)llg Ssupses, o mllr™00(—In(r N (@)~ fule ))||§g_

oo(r), and [|f(z) = fo(z)llg < supyes, . (all,, o) /(¥ ) FoWlly < ao(llzlly, Il 5. In

the case L = oo, the function 6+ can be defined as follows: 64,(0) = 0 and 7 (7’_1) =
SUPLev\By _ v(r) IT77* 0 (=In7)(f(z) = fL(z))llg, 7 = roo, Where 7o > 0 is such that the
function 74 finite-valued on [foo, +00). The existence of such a number 7, follows form
the 0,o-homogeneity in the oco-limit. A strictly increasing continuous function o : Goo(p) <

00 (p), p>0 can be constructed similarly to 9. We have sup,¢ S, o(r °°°(1“(””,§Z§f)‘ﬁ (z)) Hﬁ{ >
200 (~ In )yl ’
J%DTW{W P )||f(x)_fL($)H§{ LS If@)=fe(@)lly  r=(ootneo)  sup ||f(2)—fr(@)ls
P00, Y\ 000,77 TESp e (1)
o (YD) P Come )

Vr € [Foo, +00), where the inequality |07 (s)||g < Co.€™%, s > 0 (see, Theorem 3.6) is utilized
on the last step. Hence, for all z € Y\{Bg(ro)} we derlve Coi “eotneo) sup | f(x) —

mGSaOO7§{(r
fr(@)llg <supres, ) Ir™"0oo(=In(r)(f(2) = fL(2))llg S 00 (r™"). Consequently, ||f(x) -
fo@)lly < supyes, a0 170) ~ Sy < Conom(llzlly! )25~ m

Corollary 4.3. Let a functz'onal h:YCcX— Ry be homogeneous in the bi-limit. If

(4.2) inf ho(z) = hy>0, inf heo(x) =h>0, 0< inf h(x)< sup h(x)<+oo, Vr>0,
€Sy TESy x€Kg(r) r€Ky(r)
then there exist positive real numbers p,, Do, p_ s Pos * Pyho(x) < h(z) < Poho(x), Vo €

By (1)\{0}, and p_ hoo(x) < h(2) < Doheo(2), VxEYN(\Bﬂl).
Moreover, if vy > 0 and vy, > 0 then there exist ¢ > 0 and ¢ > 0 such that

(4.3) ¢ 9 (ho(x), hoo(x)) < h(x) < T8 (ho(x), hoo(x)), Va € Y\{0},
where $(a,b) = a%iz a,be Ry.

Proof. In the view of Theorem 3.3, without loss of generality, the strongly continuous linear
dilations g and 0., can be assumed to be strictly monotone. The condition (4.2) implies that
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Theorem 4.2 is fulfilled for any finite 7y > 0 and 7o, > 0, in particular, for 7o = 7o, = 1.
Notice also that [|z||,5 < 1 (resp. > 1) is equivalent ||z|s < 1 (resp. > 1) for any strictly

monotone strongly continuous dilation 0 in Y. Using the homogeneity we derive

ho(x) = [|2]1}? sh(= I [2lly, 32),  hoo(w) = 2]y Sh(=1n|lall, _g2), Vo€ Y\{0},
hollz?? & < ho(x) < |2l gho,  hegllz]l} g < hoo(2) < |20 ghoo,  Var € Y\{0},

where by = infzes, ho(z), ho = SUD,cs. ho(), heo = infres, hool(®), hoo = SUD,c5. heo()
and hg < 400 and he, < +00 due to the condition (4.2) and Theorem 4.2,

I. On the one hand, Theorem 4.2 gives
h(@) ()]l o+ ho(w), Vo€ By (D\{0},  h(2) <ds(D)[[l}* 5+ hoo(w), Y2 €Y\By(1),

so using the homogeneity-based estimates for hy and ho, we derive p, = 1 + 6%(01)7500 =

1+ 52"—(1). On the other hand, Theorem 4.2 implies that

(=S0(llally, )" + 1) ho(2) < =8ollely, )220 ; + ho(w) < h(z), Ve € By(1)\{0}.

(0ol ! AL +1) hoo(@) < =doe(llzll )2ll2 5 + hoo(@) < hlx), Vo € T\By(1).

Since &y € K then there exists 79 € (0,1) such that 1 — do(ro)hg' > 0, 1 — do(r)hg' > 1 —
So(ro)hg *, Vr € [0, 70]. Notice that Hm””o < max{1,7¢°}, Vo : 1o < [|z[|,, § < 1. By assump-

h,»,« h()( ) hr hO( ) .

tion, we have h,, = mfmSHxHao,@Sl h(z) > 0 and " msx{l R < HxlT"O o < hyy < h(z), Vz:
] hr,

ro < ||zlly, ¢ < 1, pyho(x) < h(z), Vo € Bg(D)\{0}, p, = mm{1 — fofro), %max{ol,rgo}}.

Since do € I then there exists ro, > 1 such that 1 —0d4 ( ~ ) lf1 >0and 1 -0 ( _1) ngl >

1 — 800 (rt) hods ¥r > 7oo. Notice that Hx||”°° < rnax{l,r } Vol <zl ¢ < roo. By

h( Yy, > 0 and —lrseheel®) x(@) <

assumption, we have h, = infi< || = max{lr 7= ||xH”°° i S

hro < h(z), Vo :1 < [z, g < 7w, p hool(®) < h(z), Vz € Bg()\{0}, p =
. { b0 (rst) Proo }

min § 1 — == = .

hoo 7 hoo max{1,r&°

I1. For vy > 0 we have 0 < ho(z) < ho,Vz € Bg(1)\{0}, s0 ) (ho(z), heo(z)) = 1112";(( )) ho(z)

. . (ol ] h
100 vy € By(1)\{0}. Since H (ho(x), hoo()) > txholt) > hm(x)w > hoo (7)1,

Voo, 7 ST00

v

Vr € Y\B§{(1) then (4.3) holds for ¢ = max {ﬁo(l —i—ﬁo),%}. For v > 0 we have

0 < hoo () < hoo, 50 9 (ho(2), hoo(w)) = T5=E ho(w) < (14ho)ho(w), Va € By(1)\{0}. Since

9 (ho(z), hoo(2)) < 1+ hoo(z) < % + hoo(), Vo € Y\B§{(1) then $ (ho(z), hoo(z)) <

(ﬁ;} + 1) hoo(x), Yz € §(\B§{(1). The inequality (4.3) holds for ¢ = min { e hpfj_l} [ |

The estimates obtained above simplify stability and robustness analysis of the system (2.1)
using homogeneous approximations.
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4.2. Stability analysis by means of homogeneous approximations. The system (3.9) is
said to be dp-homogeneous in the L-limit if f is homogeneous in the L-limit with degree vy,
and the linear operator A is 0 -homogeneous of degree vy,. The following theorem shows that
stability of a 9-homogeneous approximation guarantees local stability (close to 0 or close to
o0) of the original system.

Theorem 4.4. Let the system (3.9) satisfy Assumption 1 with some operator M. Let dp,
be strongly continuous linear dilation in Y. Let the system (3.9) be dr-homogeneous in the
L-limit of degree vy, where L =0 or L = 0o, such that 3(s) = €”*0(s), s € R is a dilation in
Y and the system

(4.4) i=Az+ fr(z), t>0

satisfy Assumption 1 with the same operator M. If the system (4.4) is uniformly asymptotically
stable in Y then the system (3.9) is uniformly locally asymptotically (finite-time) stable in Y
if L=0 (and v9<0) or uniformly globally practically asymptotically (fixed-time) stable in Y if
L =00 (and ve > 0).

Proof. Let us consider the system
(4.5) t=Az+ fr(z)+q, t>to, xz(to) = xo,

where ¢ € L*>°(R,V). Assumption 2 is fulfilled for (4.5) with £(r) = 1 and x(r) = r provided
that V=Y.

Notice that if :U;{O :[0,7] — Y is a solution (3.9) then 1‘320 (1) = @py,q(t),Vt € [to, to + 17,
where x4, 4 is the solution of (4.5) with

(4.6) a(t) = £ (a4,(0) = o (2£,0))

Due to Theorem 4.2 we have ¢(t) € Y for all ¢ > tg.
Let us consider an arbitrary ¢ € L>°(RR,Y) and repeat the proof of Theorem 3.16 to derive

the following inequality EJFVL(a:xO,q(t)) < —|]a:w07q(t)\|;j§ + eg,i(ﬂi as long as x4, 4(t) €
0.(—s)Ky(r) and ¢ € L®(R,Y) : [00(8)qll poc((tt4e)v) < @ Where s € R is an arbitrary real
number, ¢ > 0 is an arbitrary small number, V; : Y — R, is a 07-homogeneous Lyapunov
functional of degree 1 for (4.4) and g +— CL(q) is defined in the proof of Theorem 3.16.

Let us consider the case L = 0. By Theorem 4.2, there exist ryp > 0 and op € K such
that sup,es, (p)lle™"00(=Inp)(f(z) — fr(2))lly < 00(p),Vp € [0,70]. Let g € (0,00(ro)) :
C(q)q < 0.5 . Since for s = —1In[|24y,4(t)|l,Y, |Z20,q(t) 0o,y < min{l,ro} and ¢(t) given by
(4.6) we have [[30(s)a(t)]] < 00(|720,q(t)llag,v) then D Vi(2ayq(t) < —0.5]aaq(t)]5, 3 as
long as 0 < ||Tz,.4(t)|lo.y <85 ", where &y is a constant. The system (3.9) is locally uniformly
asymptotically stable in Y. Moreover, for vy < 0 it is locally finite-time stable in Y. The
case L = oo can be analyzed similarly to derive the following estimate ﬁ+Voo(x$07q(t)) <

—0.5||x10,q(t)||%:”§{° as long as ||240,¢(t) 0w, = oo, Where 05 is a constant. W

Example 13. The system

0? 15}
(4.7) T = 8—;2; - <6j> x — ,OHQJH%QZL‘ +2%, t>0, zeR, z(0) =,
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18 0o -homogeneous in the co-limit with the degree 2, where X, Y and the dilation 0o are defined

as in Example 10. Indeed, foo(x) = (8z) x — pH:J;HL x 1is 0-homogeneous of degree 2 and
2
sup,cs, o(—Inr)f (D(l;r)a:) foo () H = sup,. Ho( lnr)ib(lnr)x)Q _ supzes?"{ 122y 0 asr —s

+oo. By Theorem /.4 the system (4.7) is global uniformly pmctzcally fixed-time stable.
Corollary 3.18 can be extended to the case of local homogeneity as follows.

Corollary 4.5. If, under conditions of Theorem /.J, the system (3.9) is globally uniformly
asymptotically stable then the system (3.9) is globally uniformly finite-time stable for L = 0
and vg < 0, or globally uniformly nearly fized-time stable for L = co and v > 0.

The proof of this corollary is straightforward.
Example 14. The system

. 2
(4.8) & =95 — (%) x—pllzle + lzllz2)z, t>0, zeR, 2(0)=uo,

is Doo-homogeneous in the co-limit (see Example 4.7). Repeating the constructions of Example
10, one can be shown that the system (4.8) globally uniformly asymptotically stable. The latter
means that the system (4.8) globally uniformly nearly fized-time stable.

An analog of the homogeneous Lyapunov function theorem can be proven for evolution
equations homogeneous the bi-limit. The system (3.9) is said to be homogeneous in the bi-
limit if f is homogeneous in the the bi-limit and the linear operator A is 0p-homogeneous of
degree vy, for both L =0 and L = oo.

Theorem 4.6. Let the system (3.9) be homogeneous in the bi-limit with linear dilations g
and Vs in Y such that 0g(s) = €0%0¢(s) and Vuo(s) = /=05 (s) are dilations in Y as well.
If the system (3.9) and its homogeneous approximations in the 0- and oco-limits are is globally
uniformly asymptotically stable then Ymo > max{0, —vp} and Yme > max{0, —vs} there
erists a positive definite homogeneous in the bi-limit functional V : Y — R such that

1) V s locally Lipschitz continuous on Y\{0};

2) k. k€ £ - k(|lzlly) < V(z) < k(l|zlly), Yr€Y;

3) for any mild solution xz, of (3.9) with x(0) = x¢ € Y the inequality

mo+rg Moo +Voo

(4.9) ﬁJrV(a;mO(t))S —c9 (V m0 (4, (t)), V' moes (mxo(t))> , t>0

holds as long as x4, (t) # 0, where ¢ > 0, the function $ : Ry x Ry — Ry is given in

Corollary 4.3, my, is the homogeneity degree of V in the L-limit for L =0 or L = oco.
Proof. In the proof ot Theorem 4.4 it was shown that there exists a locally Lipschitz
continuous dp-homogeneous Lypapunov function Vj : Y — Ry of degree 1: 3k, ko, co>0

_ - y
(4.10) Eollz oo,y < Vo(z) < Kollelogys D Volay (1)< = collzao (1) og

as long as 0 < ||xz, (t)]log,y < 5 , and there exists a locally Lipschitz continuous d.-homogeneous
Lypapunov function Vo, : Y — R of degree 1: 3k, koo, Coo > 0

(4.11) kocll7llon,y < Voo(@) < Focllzlo s D Vaolag (1)< = ool () 25
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as long as ||z, (t)[loc, v > oo

Notice that, in the view of Theorem 3.6, there exists oy > 1 such that ||z]ly < Si =
- - 0
lz]op,y < % and there exists doo > 1 such that ||z|ly > 0o = [|Z]lo.,y > 000
Let the functions T : Ry x Ry — R, and & € K be defined by Definition 3.11 and let

r > max {So,goo,ro,roo}, where g = 1<1 - ), oo = 26(0so) and e~! € K™ is the inverse
=

P
function to e. Consider the functional V, : Y +— Ry given by Vi.(20) = sup;>q ||72,(t)[ly +

0+O°a(|]a?x0(7')\|y) |Xzo (T)||ydT where a € C*° such that a(p) € (O T (7’ f)) for p € (%,7‘)

and a(p) = 0 otherwise. Since the system (3.9) is globally uniformly asymptotically stable
then ||z|y < Vi(z) < 2e(||z[|y). Notice that, by construction, 2¢ (1) < V,(z) < % = 1<
0

lzlly < & and 2:(6) S Vi(2) S 7 = doo < Jlally <7
The functional V, satisfies Lipschitz condition on K(r) in the view of [36, Corollary 4].

Repeating considerations of the proof of Theorem 3 from [36] we derive D'V, (g0 (1)< —
Wi (24, (t)), as long as x4, (t) € K(r), where W : Y — R, satisfies J¢, € K W, (x) >
cr(||z]) for all x € K (r). Inspired by [1], let us consider the functional V' : Y — R defined as
V() = woo oo (Ve (2)) V= (2) + (1 = ¢oo (Vi () ¢0(Ve(2)) V(@) + wo (1 — o (Ve (2))) V5™ (),

where ¢g, poe € C*° are such that ¢o(p) = 0if p < 22 (L), ¢}(p) > 0if p € <25( ), 510)

and ¢o(p) = 11fp> gboo() 01fp<2€( )¢Oo()>Oifp€( < )r) boo(p) =

1if p > rand wg > Supl/r<Hac||y<1/50 Vmg(i) and wes > SUDG__ <||ally<r WYLT% Since Vp, V, and
Vs are bounded from above and from below by class K> functions of the norm |z||y, then
wp and w are finite positive numbers. In this case, we derive E+V(:rzo (1) < —=W(xg(t))
as long as ,,(t) # 0, where
o W(x)= moowoocoo\|x||%ot”§°V£°° L) if Vi(x) > 7
o W(x) = MooWooCood(Vy(z ))H$HD+V°°Vm°°_ () + Voo (2) Wy () if 26(d00) < Vi(z) < T,
where Woo (z )i=¢éo(Vr(fﬂ))(woonf°( x) = Ve(2)) + 1 = dpoo(Vr(2)) > 0;
oW(x):W()lf <V()<25(5oo),
o W(z) = Yo(z )W( ) + mowocodo(Ve (@) [|zllyr Vo™~ (2) if 22 (1) < Vi(x) <
where Wo(z) =4 (Ve (z)) (Vi-(2) — woVo(x)) + do(V(x)) >0;
o W(z) = mocol|za,(t )ll%j%OVmo ) if 0 < Vi(z) < 2¢ (1),
By construction, V' and W satisfy Corollary 4.3 then there exist positive constants po,v,
POV PooVs Poovs POWs Pows Poow and poyy such that pOVVo( z) < V(z) < poyVole),

oy Wo(z) < W(z) < powWo(z), ¥z € By(D\{0}, p_ Veo(a) < V(2) < Py Voo(®),

< —

=gl
S "—‘

P yWoo(@) € W(2) < Do wWeo(z), V2 € Y\By(1), where Vo = woV§™, Vao = woo VI,
and Wo(z) = womoco| Ty (8) o 42 Vo™ (), Wao() = weomeoCoo ]Iy 75 Viie "1 (2) are ho-

mogeneous approximations of V' and W at the 0-limit and the oo-limit, respectively. Us-
mo+v

ing (4.10) and (4.11) we derive that there exist c¢1,co > 0: W(z) > ¢V (’)”OO(CU),VSC €

By(1)\{0} and W(x) > CQV%’%;DOO (), Vz € Y\By(1), and the inequality (4.9) holds

for a constant ¢ > 0 (see, the proof of Corollary 4.3 for more details about computation of the

constant ¢). W
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Remark 4.7. Similarly to Corollary 3.13 for reflexive Banach space X, the time derivative
of the Lyapunov function V along trajectories of the system can be computed using the
right-hand side of the system (3.9) only.

The following claim is the straightforward consequence of the Theorem 4.6.

Corollary 4.8. Under conditions of Theorem 4.6, the system (3.9) is globally uniformly
fixed-time stable provided that vy < 0 < V.

4.3. ISS analysis based on homogeneous approximations. The following result shows
that a local and a practical ISS of (2.1) follows from ISS of a homogeneous approximation.

Theorem 4.9. Let f : Dy x X — X satisfy Assumptions 1, 2 with some operator M and
the operator f : Y — X be defined as follows f(:n q) = ( f(x, q) 0 ) €X, z€eX, qevV,
where X = X x V is a Banach space with the norm ||(z,q)|lx = ||z|lx + lgllv and Y =Y x V is
a Banach space with the norm ||(z,q)|x = ||z|lv +|lq|lv. Let 91 and 0, be strongly continuous
strictly monotone dilations in Y and V, respectively, and the operator A be dr-homogeneous
of degree vy, € R such that 3(s) = e’2*0(s) is a dilation in Y as well. Let a linear dilation dy,
in X be defined as follows

0r(s)(z,q) = 0r(s)z,0n(s)q), s€R, zeX, ¢geV.

Let the operator f be 01 -homogeneous in the L-limit with degree vy, and its 91,-homogeneous
approximation in the L-limit be defined as follows fr(x,q) = ( fr(z,q) O ) , where L =0 or
L = oco. If f1, satisfies Assumptions 1,2 with the same operator M and the system

(4.12) i = Az + fr(z,0)

is uniformly asymptotically stable then the system (2.1) is practically ISS for L = oo and
locally 1SS for L = 0.

Proof. By Theorem 3.3, the dilations d and 9 can be assumed strictly monotone. This
implies that 0 is strictly monotone as well. Let us consider the system

(4.13) t=Ax+ fr(x,q) + 4, t>to, x(to) = o,

where ¢ € L*°(R,Y) and the pair (¢,q) € V defines the exogenous input. Since 97, is a dilation
in Y then by Theorem 3.16 the considered system is ISS. Let z,, ; denote a mild solution of

(4.13). Repeating the proof of Theorem 3.16 we derive DTV (24, 4(t)) < —||Za0.4(t )H%Z“”L +
C q q q ~ A~
% as long as @4, () € 0r(—s)Ky(r), ¢ € L®(R,Y) : [0L(5)dll oo (11107 < > and

g€ L*®(R,V): HﬁL(S)QHL‘X’((t,t+e),V) < @, where s € R is an arbitrary real number, € > 0 is an
arbitrary small number, V7, : Y — Ry is a 0z -homogeneous Lyapunov functional of degree 1
for the unperturbed system (4.13), the function ¢ — C7,(q) is defined in the proof of Theorem
3.16. Let ¢ > 0 be fized such that Cp(q)(x(q) +q) < 0.5. If 25,4 : [0,7] — Y is a solution
(2.1) then x4, 4(t) = z4,,4(t), Vt € [to, to + T, where z,, ; is the solution of (4.13) with

(4.14) q(t) = [ (220(t),q(t)) = fL (220 (), q(t)) -
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The case L = 0. On the other hand, by Theorem 3.6 there exists o5 € K such that
[z, D55 < o5Ulzlly + [lgllv) for all z € Y, g € V, so by Theorem 4.2 3o¢ € K and Jrg > 0:

o (s)(f (xq) = fo (@, @)y < [[o0 (a5 ([Po(s)z ]y + [[0(s)allv)) ||y oo (@5 (lllly + llallv))

for any z,q : ||[(z,q)|l5, v < 7o and any § € R. Since 4,4 is continuous function of time then
for any t : x4, # O there exists € = €(t) > 0 such that |[0g(—1n||zz,.4(t)|00,7)ZTz0,q(T)|ly <
1+ q for all 7 € [t,t + €¢]. Hence, for ¢ given by (4.14) and for s = —In||zg,¢(t)]l0y,y
we derive that the inequality Héo(S)QHLOO((t,t—i-e(t)),V) < @ holds if Hﬁo(S)QHLOO((t,t—&-e(t)),V)) <gq
and |00 (g (1 + 29))||y, 90(55 (|€20,qll Lo (.t e(0).v) + Nl Loo(tt+e(e)v))) < @ Notice that
the latter inequality holds for ||z, 4(t)[] < 7o and ||| peo((t,t+et)),v) < To, where 7o is a
sufficiently small constant, which exists since o € K and * € K. Therefore, we conclude that
DYV (20,(t) < —0.5][220,4(t) [l 5F as long as [[9o(—In ||z, (t) o0.0)dll Lo ((tt4e(e))) <
and 0 < [|z4,,4(t)|| < 7o and ||‘I||L°°((t,t+e(t)),V) < 7.

For the case L = oo, we derive that Iro, > 0 and Jos, € K (see, Theorem 4.2) such that

[oels)(f (2:0) — fo (2. 0)) [ < || (2 (R ()2 i + [ ()all) |y 700 (egrarerary )

for any (2,9) : (2, Qlls__g = roer where o (zlly + lallv) <112, )l 3 <% (lzlly + lallv),
VreY,VqeV (see, Theorem 3.6) with %, 0% € K. Let 7s be such that oo (1/0% (To)) <
q/ |[00s (In G5, (1 + 2(]))HY and let € = €(t) be such that [|[dso(—1n ||Z4y,q(t) o0, ¥)Ta0.q(T)|ly <
1+ ¢ for all 7 € [t,t+ €]. Then, for ¢ given by (4.14) and for s = —In ||z, 4(t)|oo, v > 1 we
derive that the inequality [[000(5)q|l £oo((t,t-+e(t)),v) < @ holds if [[000(8)ql| Loo ((t,44¢(2)),v)) < ¢ and
|20,4(t)|[y > To. Repeating the last part of the proof of Theorem 3.16 we derive local ISS for
L = 0 and practical ISS for L =co. R

Example 15. The system & = %—(%) a:—pHxHj{Qm—kﬁ—i—q, t>0, zeR, z(0)=ux,
18 0o -homogeneous in the oo-limit with the degree 2, where X, Y and the dilation 0 are defined
as in Example 10, ¢ € V= H}(R,R), 3(s) = €2*0(s), and foo(z,q) = — (%) x—pllzl|],z +q.
By Theorem /.9 the system (15) is practically ISS.

ISS of a system homogeneous in the bi-limit can be studied the following

Corollary 4.10. Let conditions of Theorem 4.9 hold for both L =0 and L = co. The system
(2.1) is ISS provided that the unperturbed system (2.1) is globally uniformly asymptotically
stable. If additionally vy < 0 < vs then the system (2.1) is fixed-time ISS .

mo+vg Moo +Voo

M0 (T ,q(t), V' mee (Tagq(t)) | +
C(@)x(q), as long as o < [|z20,4(t)]| < Foo and g € L : [|ql[Loo((tg,t4¢)v) < T, Where € > 0
is arbitrary small, the function ¢ — C(q) is defined in the proof of Theorem 3.16 and the
parameters 0 < 7) < T < +00 are defined in the proof of Theorem 4.9 such that V(z) =
Vo(z) for ||z|ly < 7o and V(z) = V(z) for all ||z]ly > Foo. Such a selection of 7y and
Too 18 always possible (see, the proof Theorem 4.6). The obtained inequality (as well as the
properties of V' and §) implies that there exists X7, 7., € K> such that ﬁ+V(:1:zO,q(t)) <

Proof. Theorem 4.6 gives ﬁ+V(xx07q(t)) < —cH (V

+VO Moo +Voo

<
morro R .
059 (v 50 (g (1)), VT <xx0,q<t>>) as long as max{Fo, Lo (12l o v)} <
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|£20,4(t)|| < Fo, where € > 0 is arbitrary small. The obtained inequality together with local
and practical ISS proven by Theorem 4.9 yield ISS of the system (2.1). W

5. Conclusions. In this paper, some important results, about stability and robustness
(ISS) of homogeneous and locally homogeneous systems known before for finite dimensional
dynamical systems [1], are extended to a class of abstract evolution equations in Banach
spaces with unbounded nonlinear operators. Homogeneity of the system is understood in a
generalized sense as a symmetry with respect to a linear dilation being a strongly continuous
group of bounded linear operators satisfying certain limit property. All linear and some
nonlinear models of mathematical physics are homogeneous this sense, e.g., heat, wave, KdV,
Saint-Venant, Burgers and Navier-Stokes equations. It is shown that ISS of a homogeneous
and locally homogeneous system follows from uniform asymptotic stability of the unperturbed
system (see, Theorem 3.16, Theorem 4.9 and Corollary 4.10). Moreover, the homogeneity
degree of the system (or its homogeneous approximation) specifies the convergence rate (see,
Corollary 3.18, Theorem 4.4, Corollary 4.8). Theorem 3.16 for the case of locally Lipschitz
nonlinearity f was proven in [37]. This paper clarify, simply and extend the corresponding
constructions to unbounded operators f. The obtained results may simply the stability and
robustness of nonlinear evolution equation in some cases. A few examples are given for
the viscous Burger equation and its nonlinear modifications, but similar considerations can
be repeated, for example, for heat, wave and KdV equations. All proves are given for a
dynamical system in an abstract space under Assumption 1, 2, which may be too restrictive
for some concrete PDE models. For example, the Saint-Venant equation being generalized
homogeneous does not satisfy Assumption 1. An extension of the class of evolution equations
allowing homogeneity-based stability and robustness analysis seems to be a promising direction
for the future research.
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