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ASYMPTOTIC ANALYSIS OF A BIPHASE TUMOR FLUID FLOW. THE WEAK
COUPLING CASE.

CRISTINA VAGHI, SEBASTIEN BENZEKRY, CLAIR POIGNARD
TEAM MONC, INRIA, INSTITUT DE MATHEMATIQUES DE BORDEAUX, CNRS, BORDEAUX INP, UNIV.
BORDEAUX, FRANCE

ABSTRACT. The aim of this paper is to investigate the asymptotic behavior of a biphase tumor fluid flow
derived by 2-scale homogenisation techniques in recent works. This biphase fluid flow model accounts
for the capillary wall permeability, and the interstitial avascular phase, both being mixed in the limit
homogenised problem. When the vessel walls become more permeable, we show that the biphase fluid flow
exhibits a boundary layer that makes the computation of the full problem costly and unstable. In the
limit, both capillary and interstitial pressures coincide except in the vicinity of the boundary where different
boundary conditions are applied. Thanks to a rigorous asymptotic analysis, we prove that the solution to
the full problem can be approached at any order of approximation by a monophasic model with appropriate
boundary conditions on the tumor boundary and appropriate correcting terms near the boundary are given.
Numerical simulations in spherical geometry illustrate the theoretical results.

1. INTRODUCTION

1.1. Motivation. Drug delivery in tumors is affected by the fluid flow phenomena that occur within the
malignant tissues, which include blood flow, interstitial convection and transvascular transport [I]. An
efficient quantification of these processes is of great importance to evaluate the drug penetration within the
tumor site.

Malignant tissues differ from normal tissues for several aspects [5]. Neoplastic vasculature is unevenly
distributed, leaving avascular spaces [15] and vessel walls are leaky and highly permeable [§]. Furthermore,
the tumor interstitial matrix is dense and heterogeneous [12]. These features lead to an elevated interstitial
fluid pressure (IFP) at the center of the tumor with a sharp drop at the periphery, impacting the transport
of fluids and drug [2].

Due to the high complexity of the architecture of tumors, two-scale asymptotic analysis has been employed
to derive macroscopic models that take into account the microscopic properties of the malignant tissues
[16, 13]. In a recent study, we derived several asymptotic models according to the magnitude of the hydraulic
conductivity of the interstitium and of the vessel walls [I8]. Under the assumption of a periodic structure
of neoplastic tissues, tumors are modeled as double porous media and Darcy’s law describes the interstitial
fluid flow and the blood transport. The coupling is driven by the permeability of the vessel walls. A
biphase model was derived under the assumption of low permeability of the vessel walls, while a monophase
model was obtained under the assumption of leaky vessel walls. The former consists of a coupled system
of Darcy’s equation and it is in agreement with previous findings [16]. However, the numerical simulations
of the biphase model are computationally expensive due to the coupling of two elliptic equations. Indeed,
the domain discretization has to be thick enough to catch the sharp pressure gradient that occurs at the
periphery of the tumor.

Here, we prove that the biphase model can be approximated by the monophase model far from the bound-
ary for large values of the hydraulic conductivity of the vessel walls. Moreover, boundary layer correctors
can describe precisely the behavior of the biphase model solutions in a simple and computationally efficient
way.

Our methodology can be applied to efficiently simulate the fluid transport in tumors, which might give
insights in the drug delivery process in malignant tissues and can be applied to optimize treatments.

1.2. Model statement and objectives. Given two Dirichlet boundary conditions 7; and 7. belonging
to H*T1/2(9Q) with s > 0 as large as necessary, we are interested in the analysis of the model derived by
1



Chapman, Shipley et al [I7] also derived recently in [I8]. In this paper we focus on the case where the
porosity tensors involved in [I7, [I8] are colinear. After simple change of notation, the problem reads in the

smooth domain 2 as
2

@
(1a) =V (EVRy) + 5 —p2) =0,
£ 62 £ £
with Dirichlet boundary conditions:
(Lc) Piloa =, pilog =7,  on I
The tensor £ is a positive definite tensor satisfying
(2) §min|X|2 S XT&X S §max|X|27 VX € R37

and /e and (/e are two positive constants that account for the permeability of the capillaries, the volume
fraction of the capillary and the interstitium media, € being a nondimension small parameter.

Remark 1 (The weakly coupled case). Problem s the case where the two phases are weakly coupled.
Indeed, performing the change of unknowns

¢ = p; —p3)/2, "= (0f +p7)/2
Problem is equivalent to find (p°,q°) such that

o + B2
(3a) —V-(EVE) + ?ﬁff =0,
o _ 32
(3b) -V (EVDF) = _Tﬁqs’
T — Te B T + Te
(SC) q5|8Q = t 2 y P ‘39 = t 2 ) on 397

hence g° is entirely determined by its boundary condition, while p* involves q°.
To our opinion, the weakly couple case contains sufficient technical results, and describes already a lot of
applications (for instance for scalar tensors [1]) to justify the present paper.

We are interested in the asymptotic regime ¢ tending to 0, which corresponds to leaky vessel walls. In
particular, we show that pi — pS decays exponentially fast from the domain boundary, making appear a
typical skin depth effect on the pressure difference. In addition we show that as £ goes 0, Problem can
be approached by the solution P to the following monophase Laplace problem with well-designed boundary
condition:

~ Tt + Te a? _ﬁzﬂ— — Te
(4b) Plog = SRR : B on 99).

The next section is devoted to the prove the well-posedness of the problem, and the preliminary estimates
of the solution (g%, p®). In particular, we prove the exponential decay from the boundary of ¢°. In section
the asymptotic expansion of the solution at any order of (¢%,p°) and optimal error estimates are given,
proving the efficacy of the methodology. Numerical simulations illustrate the theoretical results in the last
Section . The highly coupled case, where the porosity tensors are not colinear for ¢° qnd p°® will be treated
in a forthcoming work.

2. WELL-POSEDNESS AND A PRIORI ESTIMATES

Proposition 1. Let s > 0 and let 7; and 7. belongs to H'/?*5(9RQ), there exists a unique solution (p,ps)
to Problem in (H'*(Q))2. In addition, there exists a constant C independent of ¢ such that

(5a) 19§ = pillz2) < C (Imell 200y + Imell 12 00))

C
(5b) I 1 21 ) + el () < - (1mell zr1/200) + lImell m1/200)) -
2



Proof. The uniqueness of the solution is obvious and left to the reader. Thanks to standard elliptic regular-
ity [9, [10], one just has to prove the well-posedness in (H!(Q2))2. To prove the existence, denote by f; (resp.
fe) alift of m; (m. resp.) which belongs to H'**(Q) defined by

~V-(EVf)=0, nQ

~V-(EVf) =0, inQ

frloa =m,  feloa = me.
It is well-known that there exists a constant C such that
(6) Vel < Clmdlmron, — Ifella < Climellaneon,

Then, (pf, pS) reads
(piapi) = (ft + ¢§7 fc + (bi)a

where the couple (¢, ¢%) satisfy

2 2
~ V- (EV6) + (65— ) = — 5 (e~ o)

B B

V- (EVOD) — 5565 - 60) = S - fo)

with homogeneous Dirichlet condition:
Pilon =0=¢zlon,  on 99,
Consider the following bilinear form A, defined on (H{(£2))? by:

V(u,v) = ((u1,u2), (v1,02)) € (Hy(2))* x (Hg(Q))?,

a262

Ac(u,v) = ﬁ2/ EVuVurdr + a2/ EVusVuadr + /(u1 — u2)(vy — vo)dx.
Q Q Q

22
Thanks to Poincaré inequality, since £ is coercive by , the bilinear form A is continuous and coercive
on (H}(9))?, and the coercivity constant does not depend on €. Therefore there exists a unique solution ¢°
satisfying for any v € (H}(Q))?:
042['32

2

7) A& ) = = [ (i £ v
Q
To prove the a priori estimates, thanks to Dirichlet and Neumann trace theorems, one just has to show
the inequalities on ¢°. Taking v = ¢° in @, one infers
042 ﬂZ

a2ﬁ2
B2Eminl Vi 720y + @ Eminl VN7 2 () + 7”@ AT

2

I fe = fellzz@lléf — 2llL2(q)-

Then one infers successively that for a constant C' independent of

167 — ¢ellz2@) < C (Imell a2 o0) + Imell a2 a0)) »

and

o |Q

Vi N2y + IVOillLe ) < = (Imill iz o) + Imell 2 a0)) -
Estimates (5a))—(5b) fall then easily thanks to (6 since (p§,ps) = (fi + &5, fe + ¢2). O

Proposition 2. For any d > 0, denote by Qg4 the inner domain defined by Qg = {x € Q : dist(x,0Q) > d}.
There exists eg >, Cq and p > 0 such that for any € < &g,

D5 — Dl mrr 04y < Cae™/° (I7ell zrr2a0) + Imell m1r200)) -
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Proof. The proof of the proposition is very similar to the proof of Haddar, Joly, Nguyen in [I1] even though
the problem is slightly different. We recall here the main ideas for the self-consistency of the paper. Let ¢
be a smooth non negative function of {2 such that

0, if Q\Q
¢($) _ y 1 .I € \ d/2s
2u, if x € Qy,

where p is a constant that is fixed later on. Denote by u® the function of Q defined by (pf — pf)(z) =
e~ ?@)/eys (). Tt satisfies

a?+ B2 —EVe-Vo+eV-(EVe)
52

—V~(§Vus)+§((§+§T) V- Vus) + u® =0, inQ,

ufloq = T — Te.

Multiplying by u° and integrating by parts lead to

/ eV Vurde + / (E+ET) Vo Vu) uda + iz / (a® + B* = EVH Vo +eV - (EVY)) u da
Q € Ja €

:/ ufanufdx:/ (Pf — p2)On(p; — pC)da.
o0 o

Then using the fact that ¢ vanishes identically near 02, one infers
1
/ ((§+ §T) V- Vus) ufdr = —5 / V- ((§+ §T) Vd)) u3dz,
Q Q

and Proposition [T implies that

/ uopusdx / (P§ — p2)On(p; — pZ)dx
o0 o0

Thus one infers the following estimate

2
2
< = (1mell zrr2o0) + Imell vz 00)) " -

/ EVu® - Vu‘fdaz:—i—i2
Q 13

/ (042 +B*—EVH-Vo+ %V (€ - §T)Vq§)) uslda

C? 2
< = (1mell 117200y + Imell 12 00)) ™ -

One then just has to choose p independent of € such that
IEVS - VeIl < (o + 5%)/3,

to infer that for £ small enough

2 2
(02 + 8272 - £v0v0+ V(€ - Nyvel| > T
2 L () 2
Then
_ Ce 2n/e
1pf — D2l a) = €%l |1 () < —— (Imellm00) + el 2 om)

c _.
< ot e (|Imell grareany + 1mell g2 (aq)) -

3. ASYMPTOTIC ANALYSIS

Consider here Problem satisfied by ¢ = (pf — p2)/2 and by p® = (p§ + pS)/2:

2 2
—v.(qu6)+a;5 c—0, inQ,
2 ;2
—V~(§Vp5)+a€25 g =0, in Q,

4



with Dirichlet boundary conditions:
Piloa = (e +7)/2, ¢ loa = (1 — 7c)/2, on 99,

3.1. Geometry. Let d > 0 be a fixed distance to 012, such that the tubular neighborhood of 92 of radius
d is parameterized by local coordinates. More precisely, let x1 = (x1,x2) be a system of local coordinates
on 002 = {¥(xt)}. Define the map ® by

(8) V(XT,JZ?,) € 00 x R, (I)(XT, .I‘g) = \I/(XT) — I311(XT)7

where n is the normal vector of 02 outwardly directed. Then we assume that Oq the tubular neighborhood
of 0N is parameterized as

Od = {‘I’(XT,J)?,), (XT,$3) € 00N x (O,d)}
The Euclidean metric in (xr,z3) is given by the 3 x 3-matrix (gi;): j=1,2,3 where g;; = (9;®, 0;®):

(9a) gss =1,

(gb) Vo € {L 2}; Ja3 = 93a = 07

(90) V(Oz, ﬁ) € {17 2}2a gaB(XTv .%‘3) = gg,@(xT) - 2x3b0t,3(XT) + xgcaﬂ(XT)7

where

(9d) ggﬂ = <aoz\1176,3\11>7 bozﬁ = <6an,85\11>, Cap = <aana 8,3n>.

3.2. The operator V - (£V-) in local coordinates. Define E the matrix £ written in the new basis
(0;®)i=1,2,3. In other words,

(10a) E=rlep,
where P is the transfer matrix from the Euclidean basis to (9;P);=1,2.3:
(10b) P= (81(I>, 0P, 83(I>) )

We denote by (¢g%/) the inverse matrix of (g;;) defined by @, and by ¢ the determinant of (g;;). For any
integer [ > 0 define the following geometric coefficients independent of &:

I _ (_1\ Al 0; (\/ggij)
(11) aij - ( 1) 33 < \/g ) x3=0
ba,@ = (-1)! a§ (go‘ﬁ){mzo, for (o, B) € {1,2}2,

and we denote by Sé 0 the sequence of differential operators on 9f2 of order 2 defined by

a,f=1,2

) for (Z’]) E {]‘72’3}2’

Considering the rescaled local coordinates (xT, p) = (xT,x3/¢), the operator V - (V) can be expanded
in series of € as fOHOWS'

V- (EV)) > 0 (vEEi 970 V(xT,23) € 9Q x (0,d),
\/g 4,7=1,2,3 ( ’ )
533 2 @ 0 e eP
(13) = =20, ags(xT)0, + Z Lz Y(xT,p) € 00 x (0,d/e),
£>0

where the operators £z , are of first order in p and of second order in x, and given for any £ > 0 by

Vi>0, £z,= <€ n 153311 Y(x1)d, + Sgg’g) , V(xT, p) € 002 x (0,d/e).

We refer to [I4] for the detailed calculation of these expansions in the case of Laplace operator.
5



3.3. Asymptotic expansion of ¢°. The problem satisfied by ¢° is similar to the Helmholtz problem in
high conductive materials that has been studied extensively in the last decade [111 [7, [4, B} [6], in different
context. We recall here the main results regarding the expansion of ¢°, and the proof is given in the Appendix
section refsec:appendix for self consistency of the paper.
It is important to note that thanks to the properties of £ given in , 533 is strictly positive.
Denote by v the positive parameter such that
2 2
= Oﬂi, v > 0.
Es3

The following proposition provides the asymptotic expansion of ¢°:
Proposition 3. Let d > 0, such that the mapping ® defined by is smooth and one-to-one. Define the
smooth cut-off function xq equal to 1 in Q\ Qq, whose support is compactly embedded in Q\ Qaq.

Assume that € is a smooth domain, and that m; and 7. are smooth functions of ON).
Then for any k > 0, there exists Cy depending on m, 7. and their derivatives such that

k
lg® = xaza" (x, 23/€) |12 (2) < Cre®™,
=0
k
lg® = xac'a" (xr, 23/8) | 11 () < Cus™/2,
£=0
where the profiles q° satisfy:
e Fork=0:
- aiqo + 'YQCIO = O? V(XTa p) € 00 x (Oa +OO),
(14) 0 1 0
q" =0 = i(ﬂt - Te), 4 —Fpotoo=0,
e Fork>1:
a0, (x1 k—2
— 950" +7%q" = -2~ qu L+ 200727, V(xm,p) € 00 x (0,+00),
(15) 33 =0 €33
qk|n:0 =0, q —p—too= 0,

where by convention, q" =0 for n <0.
More precisely,

1
(163“) qO(XTap) = i(ﬂt - Wc)epr’
and for any k > 0,
(16b) qk(XT7 p) = Qk(XT7 p)e_’yp7

where Ly, is polynomial of degree k in the variable p, which vanishes in p = 0 and whose coefficients are
smooth functions of 0€2.

Proof. Problem reads in local coordinates in the vicinity of 92 as follows:
V(xT, p) € 00 x (0, d/s),

2 afs(xt), . (1) z+2P e _
(17a) 9,4° + 2 —|—8 0pq Z — @2 a5 =0,
Ea >0 Ea3

1
(17b) ¢ lp=0 = 5(7rt — ).

e Formal expansion.
Set the Ansatz
x) Zsqu o® Y(z), VreQ,
k>0
6



where ¥ are defined in 99 x (0, +0c0).
By Proposition [2] the exponential decay to 0 of ¢° implies that the above ansatz is consistent in 4.
Identifying the terms with the same power in €* implies that the coefficients of the expansions q* satisfy
the following inductive elementary problems.

e For k =0:
— Biqo ++%¢° =0, V(xT, p) € 02 x (0,400),
1
q0|n=0 = 5(7” - Te), qO —postoo=0,
e For k> 1:
2 k 2 k ag?,(XT) k—1 = (*l)z Pl k—2—¢
— 000"+ %00 = 0,0 Y 8 (g ), ¥(xr,p) € 92 x (0, +00),
.. U &
€33 (=0 €33
qk|7]:0 = 07 qk *>p—>+oo: Oa

where by convention, q” = 0 for n < 0. The expression of q° is obvious since it satisfies the equation .
Assuming that equality is satisfied up to a give (k — 1) > 0. Then g* satisfies

0
al.
A —% (0,0t — Y1) e
(18) 33

k—2

- D

+e” Z = 0 \i+ 1“3,;1 (0pQk—2—0 — YQr—2-1) + Séﬂyg(ﬂkfzfe) :
=0 £33

One then just has to observe that the righthand side of the above equality reads as PRi_1e~ 7, where

Ri_1 = ZIZ;OI be(xT)p’ is polynomial in p and with smooth coefficients in Q2 by induction hypothesis.

Denoting by (Cg)’gzl the sequence of smooth functions defined on 92 by

. _ bk
k 2’)/]{’
for{=k—-1,---,1
1
Cp = W((€+1)€Cg+1+bg),

then q* = 25:1 co(xT)ple 7P satisfies and vanishes at the boundaries p = 0 and p — +o0.
e Proof of the estimates.

The proof of the estimates is standard and we just recall here the main ingredients. The reader can refer
to [II] for more details. Thanks to Proposition since [|¢°|| g1 () < e /¢ for a specific u > 0, and since

Z?:o xae‘q’ o @1 also decays exponentially fast in €2q one just has to prove the estimate in the tubular
neighborhood Oq4 of 010, where local coordinates can be used. Using , simple a priori estimates show
that

g =" xae®a“ (. /e) 0 @7 () < Cue 2,
=0

for any n. Then the proposition is proven by observing that since q**! P, 1e~7?, with Py, polynomial in
p which vanishes in 0, one the following estimate

k k+2
lg® = xa®a“ (. /e) 0 @ My < lla° = Y xae’a’ (. /€) 0 @ My + €5 Ixa(@* T +2a¥) | o)
=0 =0

< Ck(€k+3/2 —I—Ek+1/2).



3.4. Asymptotic expansion of p* = (pf + p2)/2. We are now ready to approximate the function p* =
(p§ + p%)/2, which is coupled to ¢° by Problem . Using the expansion of ¢° given by Proposition (3)), p°
satisfies formally

2 2
(19a) — V- (EVp7) = —Xdagizﬁ > cfat(xras/e), i Q,
k>0

(19b) Poloa = (T +7c)/2,

where by abuse of notation the mapping ® is omitted, and where 5(’)“ is the Kronecker symbol equal to 1 is
k =0 and 0 elsewhere.

Since the each term q; decays exponentially fast as z3/e, a fine mesh is necessary to solve the above
equality in order to capture the the source term ¢°. To prevent this drawback, we propose to determine
an asymptotic expansion of p® which splits between the fast variable x3/e and the slow variable . More
precisely, we look for

P =Y (P + xa(ws)pr(xT, 73/2)),
k>0

where each function pj describes the behavior near the boundary while P is a function depending on the
slow-variable far from the boundary. As before, the idea is to use the expansion of the operator V- (£V:) in
the local coordinates

3.4.1. Ezpansion of p°. Injecting the Ansatz in Problem we infer that for any k& > 0 the profiles (p)x>0
are defined on T' x (0,400) vanish as p goes to infinity and satisfy

a2 — 32
(20a) &po = ~76QO7
33
and for k > 1,
a? — B2 ads(x =2 (=1)n
(20b) 55!% = z qr + 3‘}( T)appkq - Z (~ ) H'gg’npkfnfl
=33 =33 n=0 =33

Proposition 4. For any k > 0, there exists a unique function py defined on T' x RY, vanishing as p tends
to infinity and satisfying Problem , Moreover py is given by

- 012 _ ﬁ2
Pe= 2y (2 -
More precisely,
0[2 - [32 Tt Te _
p (XTvp) = 2 +52 9 ’va
and for any k >0,
2 2
k _am = &) _
p"(xT, p) = mﬂk(XT,P)e e,

where Qi is polynomial of degree k in the variable p, which vanishes in p = 0 and whose coefficients are
smooth functions of 2. In particular,

2 2
_ B¢ _6 Tt — Te
Pilp=0 = d a?+ 32 2

Proof. Uniqueness easily comes from the fact that 2 functions satisfying are equal modulo an affine
function, which is necessary zero since it vanishes as p goes to infinity.
To prove that pi equals (a? — 5%)qx /72, one just has to use induction. Indeed it is obviously true for
k = 0, by the first equation of . Assume that this is true up to the rank £ —1 > 0. One has, by definition
8



of qk:

k—2
@ 0o @B, @R
a2+62 P 533 a2+62 533 PHR— a2+62 — 533 | TEnAR—N—
o? —f? | afs(xr) N (D
= "'33 qk + g33 appk)—l - Z g H*anpk—n—%
<. < n=0 £33

2 2
@
by induction. Thus ﬁq r and p satisfy the same problem and both functions vanish at infinity, so they
o

are equal, which ends the proof. ([
Then P, is given by
—V-(EVFR) =0, in Q,

il [Tt o — B2 —m,
O|BQ_ 9 _O[2+ﬂ2 9 )

which is nothing but the problem satisfied by P, and for any k > 1, P, = 0. One has the following
proposition.

Proposition 5. Assume that Q is a smooth domain, and that m, and 7. are smooth functions of OS).
Then for any k > 0, there exists C}, depending on m, 7. and their derivatives such that

k
Ip" = Po = > ™pn(xr, 23/2) || 20y < Cre®T,
n=0
k
lp® — Py — Z€”Pn(XT,I3/€)||H1(Q) < Chekt1/2
n=0

Proof. The proof is standard and is performed recursively. Using Proposition [3| the expansion of V - (EV-),
and by construction for any k£ > 0 standard energy estimates show that

k
Ip" = Po = > ™pn(xr, 23/2) | 111 0) < Cae™",
n=0
then for a given k, one also has easily
k k+3 3
PF—Po— Y "pulxm,a3/e) =p° — Po— > e"pn(xr, w3/c) + ¥ Y e pryn(xT, 73/2).
n=0 n=0 n=1

By construction, for any n there exists a constant C,, which depends on n, and 7, 7. and their derivatives
such that

n
)

59

[ Xapn (xT, 23/8)[|L2(0) < Cnv/e, [ Xabn(xT, 23/€)| 1 () <

which end the proof. ([

4. APPLICATIONS AND NUMERICAL SIMULATIONS

4.1. Expression of the first order of approximation. Even though the above Propositions makes

it possible to derive the whole expansion of ¢° and p®, in the applications only the first order terms are often
sufficient. Using 7, one infers successively

(21a) q°(x,p) = we*w,
(21b) q'(xT,p) = (e — 7;6)(XT) agg(ZXT)pefw’

9



and thus Proposition [4] one infers

o — ﬂZ (ﬂ-t — T(C)(XT)e—’yp
72 2 ’

a® — B m — 7 agg(x)
2 2 2

(21c) po(xT, p) =

(21d) pi(xT, p) =

while P satisfies .

—YpP
pe ",

4.2. Numerical simulations. To illustrate our results, we perfom simulation in the simple spherical case,
with constant Dirichlet conditions on the boundary of the unit sphere. By symmetry, the problem to solve
reads as follows

L. 2d . P+,
(22&) Wq ;%q —672(] —07 fOrO<T<1,
2 2d . a—p2
22b —pt+——p = ————( for 0 < 1
(22b) gl P = or 0 <r <1,

with the boundary conditions

Ty — T Ty + dqg®
(220) qE|T:1 = %7 - 9 Ca diqr r=0 —

Denote by v = /a2 + 2. Note that ¢° admits the explicit formula

. T —msinh(yr/e)

dp°®

£

r=1 — — |r= =0.
P°lr=1 d7"| 0

2 rsinh(ye)
On the contrary, the function p® does not have explicit solution and it requires a numerical method to be

solved. We used here the full second order finite difference method, by discretizing the flux at the order
2

2 with a decentered stencil in 7 = 0, and by approaching at the order 2 the operator P + —— at any
r r

dr

point 7; of the discretization of the segment (0,1). To avoid numerical instabilities near r = 0 we multiply
equation by r and use the following approximation:
d—Zf—i— 1d Vo, ~ Fig1figr = 2rifi +ricifiza
dr? " or?
where 07 is the path of the discretization. It is worth noting that due to the exponential decay in 7/e of
q°, solving numerically the problem satisfied by p°® requires a very fine discretization especially the border
r = 1, as shown in Figure

On the other hand, the solution to and the first order profiles given by provides the approximation
at the order €2 of both ¢° and p® by denoting by Qapproz,1 A Papproz,1 Tespectively the following functions:

A 1 2
i ( ~ + O(6r7),

(23a) Gapproa.1 (1) = wew(lw)k I (”tfzw(l e n)/e Vr € (0,1)
w4 T o —pB% (m—me
(23b) papprom,l(r) =t 9 - o2 + BQ ( L 9 + Qapprom,l) s Vr e (Oa 1)

Figure [2] illustrates the order of convergence of Propositions [3H5}
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