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ABSTRACT

The LBM (Lattice Boltzmann Method) is often used in CFD (Computational Fluid Dynamics) for efficient
fluid flow simulations. Computation of the permeability of a porous media from direct simulations is a common
application which benefits from the ability of the LBM (Lattice Boltzmann Method) to embed porosity pa-
rameters. The MM (Mathematical Morphology) is widely used in image processing as the theoretical aspects
guaranty robust algorithms for geometrical characterization of shapes appearing in images. The MM is com-
monly used to compute porosity from porous media images. The union of these two methods has been recently
done through the LB3M (Lattice Boltzmann Method for Mathematical Morphology).

The present work extends the LB3M to the extraction of porosity and pores segmentation from images. In
order to benefit from the full capacity of the LB3M, it is necessary to reformulate and adjust the algorithms
in a new paradigm. Thus, the underlying concept and algorithms required for computing the different previous
information are detailed. Moreover, a comparison is provided between the permeability resulting from the CFD
and MM both implemented by using the LBM.

To sum up, this work emphasizes the full capacity of the LB3M to obtain complex transformations and
operations issued from the MM theory through completely new and innovative algorithms. The herein challenge
is to highlight the abilities of the LB3M to match with physical phenomenons. Indeed, the LB3M keeps the
advantages from the MM such as a complete theory, fast convergence, scalability, robustness, etc. while adding
the power of the LBM: statistical physics origins, partial differential equation solver, intrinsic properties of
parallelization, efficiency, etc.

Keywords: Lattice Boltzmann Method, Mathematical Morphology, Image Processing, Porous Media, Porosity,
Permeability

1. INTRODUCTION

The LBM∗ is now widely used for computational fluid dynamics, because of its advantages in terms of parallel
computing facilitation, competitive computation times, natural micro to macro approach, physically interpretable
simulation,... Since some decades, image processing benefits several of the advantages of the LBM as a numerical
method tool. However, until recent works, the connection of image processing and physics in the LBM framework
did not exist.

The LBM is a method that uses particle density on a regular network to solve fluid dynamics equations.1
The network is fixed and the description of phenomena is Eulerian by nature. Thus, the LBM network can be
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seen as an image in D dimensions where grey-levels correspond to density. This opens the way to the definition
of many operators and image processing methods in the LBM framework.

Traditionally, image processing using the LBM was more oriented to methods that need somehow a diffusion
process. Indeed, the LBM with BGK† approximation can produce a linearized diffusion process. Thus, various
algorithms based on diffusion and anisotropic diffusion have been ported in the LBM framework.2,3 Applications
like denoising, inpainting, or segmentation have been successfully developed. However, one of the most important
tools of image processing is the MM.‡ MM is used in nearly any image processing algorithm, even for a small
pre- or post-treatment. Most of image processing toolboxes of any computing language embed MM tools.

The LB3M§ has been proposed in 2019,4,5 in a paper defining the basic operators and demonstrating the
feasibility of using LB3M for bone tissue remodeling simulations. The principle of the proposed work was to
define basic MM operators using a modification of the equilibrium distribution in the BGK approximation. This
led to dilation and erosion operators defined using pixel values as particle density.

The main advantage of using LB3M is to do any operation in a LBM framework when image processing and
numerical simulations are required. An example of a complete pipeline using the LBM can be found in other
works.6 Moreover, this gives the opportunity to define in-between operations and specific operators that can
lead to "physical" image processing. In the example of bone tissue remodeling, the idea was to use the dilation
operator in a controlled manner to increase bone volume in scanner images. By controlling the dilation operator,
it is possible to embed some particular rules of bone biology in the process.

Porosity is defined simply as the proportion of pores, or the absence of considered matter, in a solid material.
It is a physical quantity computed as the ratio between volume of pores (holes) and total volume of a material,
comprised between 0 and 1. The computation of porosity is important, as the pores, if not closed, can be filled
with liquid, smaller particles, biological cells,... Thus, the computation of mass density of a material, for example,
is highly impacted by porosity.

In this paper, we propose to compute the porosity of materials using LB3M on material images. We first
show how the porosity can be calculated using mathematical morphology operators based on the morphological
distance transformation on a synthetic example. Then, we present a method to compute fluid permeability using
the LBM, and we detail the different algorithms of the LB3M operators. We also propose a validation of the
process via the computation of porosity and permeability on the synthetic example and a real case of clay spheres
from a heat exchanger.

This new approach for the computation of the porosity allows the mixing of numerical modeling with image
processing, and it gives the opportunity to compute porosity and permeability in one single framework.

The paper is organized as follows. Section 2 presents the basics of mathematical morphology and two methods
for computing porosity (SKIZ¶ and watershed), and the basics of LBM for fluid permeability computation. The
implementation in the LB3M framework is also detailed. Section 3 is dedicated to results on a synthetic case and
the application to porous medium images. Results are discussed in section 4, and conclusions and perspectives
are given in section 5.

2. METHOD

2.1 Mathematical Morphology Porosity
There exists several methods to compute the porosity based on images of a material.7 Among all of these
methods, those based on mathematical morphology8,9 rely on pure geometrical characteristics, which is very
important for the profound understanding of the porosity. This section first recalls the basics of the MM, and

†Bhatnagar, Gross and Krook
‡Mathematical Morphology
§Lattice Boltzmann Method for Mathematical Morphology
¶SKeletonization by Influence Zones



then details two reliable methods, SKIZ transformation and watershed using markers, to perform a segmentation
allowing the computation of the porosity ϕ with the ratio:

ϕ =
Vpores

Vtotal
. (1)

A grey-level image ρ in D dimensions, is mathematically defined as a function of RD in R. Further-
more, a greyscale structuring element g is defined as a function that goes from RD into R and such as the
set
{
x ∈ RD | g(x) 6= {∞} ∪ {−∞}

}
is bounded.

Then the morphological dilation of a grey-level image ρ by a functional structuring element g, is denoted
(ρ⊕ g) and is defined by the relation

(ρ⊕ g) (x) = sup
y

(ρ (y) + g (x− y)) . (2)

Oppositely, a morphological erosion of a grey-level image ρ by a functional structuring element g, is denoted
(ρ	 g) and is defined such as

(ρ	 g) (x) = inf
y

(ρ (y)− g (y − x)) . (3)

Examples of these two operations applied on a synthetic binary image (see fig. 1) can be seen in fig. 2. It is
worth mentioning that all figs. 2 to 7 used to illustrate the MM tools were obtained by using LB3M operations
only.

Figure 1: Original image of an example porous medium.

(a) Dilation using a flat square structuring element (b) Erosion using a Gaussian structuring element
Figure 2: Dilation and erosion of the example porous medium.

From these two basic operators, more complex operators and a whole mathematical theory can be derived.
More specifically, it is possible to define a bounded dilation for the reconstruction of the function h, using the
reference image ρ and the functional structuring element g:

R (h, g, ρ) = [min {(h⊕ g) , ρ}]∞ . (4)

One can also, using the erosion operator on a binary image ρ, compute a map representing the geodesic
distances for all the shapes in the image:

d (ρ) (x) = (ρ̃	 b)∞ (x) , (5)



where b is the functional structuring element associated to the geodesic ball (i.e. related to the chosen norm) and
ρ̃ is the rescaled binary image going from 0 to +∞. This operation can be seen as an iterative infinite erosion.
The distance transformation image from the synthetic image of fig. 1 is shown fig. 3. False colors are used in this
image, blue represents low values and yellow represents high values. Thus, the more yellowish the pixels are, the
thicker the image’s shapes are.

0 5 10 15
Figure 3: Distance transformation of the porous medium.

Starting from the distance transformation, a watershed operator10 can be defined. It consists in the progressive
flooding of the distance map with virtual water, until the different regional minima of the map overflow. The
watershed gives a segmentation of the image based on barriers constructed when the merging of two or more
water flooding sources occurs.

We first define the so-called Influence Zones (IZ), which are the sets of points that are closer to each of the
tags T :

IZn(ρ, Tn)(x) =

{
n if d (Tn, ρ) (x) < d (T k, ρ) (x) ∀ k
0 else

. (6)

Then, the watershed of the distance map is computed as:

lim
n→∞

Wn(ρ) = lim
n→∞

IZn(ρ = n,Wn−1) + ([ρ = n]−R (ρ = n− 1, b, ρ = n)). (7)

One might note that the part ([ρ = n]−R (ρ = n− 1, b, ρ = n)) is the new minima at level n of the function ρ.
An example of the watershed operation performed on the original image of fig. 1 is shown fig. 4. This oper-

ation is automatic, thus sensitive to noise and digitization parameters. One can observe the over-segmentation
drawback, characterized by too numerous small regions.

0 20 40
Figure 4: Watershed segmentation by flooding of the porous medium, leading to an over-segmentation.

One solution to cope with the over-segmentation drawback is to perform the watershed segmentation from
markers. Several markers types can be used, but a straightforward choice is the maxima of the height of the
distance map given by:

Maxima (ρ, h) (x) = ρ(x)−R (ρ− h, b, ρ) (x). (8)



This allows to drive the watershed using the information of the image itself. The markers obtained from the
distance map (fig. 3) are shown fig. 5.

0 10 20 30
Figure 5: Markers obtained from maxima of the distance transformation.

Then, integrating the markers to the watershed operator gives:

lim
n→∞

Wn(ρ) = lim
n→∞

max{IZn(ρ = n,Wn−1) , T}. (9)

Figure 6 shows the results of the segmentation using watershed with markers. The use of the markers clearly
reduces the over-segmentation drawback. It even solves the problem entirely in our example.

0 10 20 30
Figure 6: Watershed segmentation by flooding of the porous medium from markers.

Another method that can be used to do the segmentation is the SKIZ. It is defined as the boundary of all
IZ starting from the tags T :

SKIZ(ρ, T ) = ρ−
∑
n

1

n
IZn. (10)

An example of the segmentation obtained using SKIZ transformation is shown fig. 7. One can see differences
between watershed with markers and SKIZ transformation. Indeed, in the SKIZ transformation, the lines
connecting the circle are not shortest paths between them, i.e. these lines are not aligned to the centers of the
circles. This is due to the fact that SKIZ transformations found separation lines in the middle of geodesic
distance between the tags without considering the topology brought by the distance map.



0 10 20 30
Figure 7: Segmentation by SKIZ transformation of the porous medium.

2.2 LBM: Fluid Permeability
The LBM is a method for numerical analysis of physical processes and phenomena. The LBM is an alternative
to classical differentiation schemes allowing a direct numerical implementation of a virtual microscopic physics
and an a posteriori averaging for estimating macroscopic parameters. Considering the Boltzmann equation,

∂f

∂t
+ ξ · ∇x (f) = Ω (f, f) , (11)

the collision operator Ω (f, f) is expressed as a complex non-linear integral. To compensate this disadvantage
a common way consists in linearizing the collision term around its local equilibrium solution. Ω (f, f) is often
replaced by the so-called BGK collision operator.11 After introducing the BGK approximation, the Boltzmann
equation can be written in a completely discretized equation providing the lattice Boltzmann equation in a
BGK formulation, called the LBGKE:‖

f i(x+ ξi∆t, t+ ∆t) = f i(x, t)−∆tω
(
f i(x, t)− f

(eq)
i (x, t)

)
, (12)

where ∆t is a time increment and ξi∆t a space step, f i is the particle velocity distribution along the i-th
direction and ω is the inverse of the relaxation time (or relaxation frequency). In addition, f (eq)

i is the equilibrium
distribution function computed as:

f
(eq)
i (ρ,v) = wiρ

[
1 +

ξi · v
cs2

+
(ξi · v)2

2cs4
− (v)

2

2cs2

]
, (13)

in which v is a macroscopic velocity of particles in a medium, ξi are velocity vectors in the specific lattice model,
ρ is the macroscopic mass density, and cs represents speed of sound. Another specificity of the method is the fact
that the LBM is usually solved in two sub-steps: a collision step and a streaming step expressed successively as
follows:

f i
c(x, t) = f i

s(x, t)−∆tω
(
f i

s(x, t)− f (eq)
i (x, t)

)
, (14)

f i
s(x+ ξi∆t, t+ ∆t) = f i

c(x, t). (15)

‖Lattice Boltzmann-BGK Equation



The connections of the distribution functions to macroscopic quantities for the density, the momentum flux and
the stress tensor are defined as follows:

q∑
i=0

f i = ρ, (16)

q∑
i=0

ξif i = ρv, (17)

q∑
i=0

(ξi − v)⊗ (ξi − v)f i = Π = p(0) −
(

1 +
∆tω

2

)
σ(1), (18)

where p(0) and σ(1) are given by the Chapman-Enskog12 and are equal to the ideal pressure and ∇x (v), which
allows to relate

(
1 + ∆tω

2

)
to kinematic viscosity. Also note that all the quantities given in this paper are using

the LBM formalism and therefore are dimensionless. As we want to estimate the permeability of material, the
passage of microscopic flows at the pore scale is governed by NSE:∗∗

∂t (ρv) +∇x · (ρv ⊗ v + p− ν∇xv) = 0. (19)

In the same time, it is well established that LBM is an adapted technique for numerical simulations par-
ticularly in the field of fluid mechanics. In this framework, the LBM in BGK approximation is implemented
for solving the NSE as the NSE can be recovered from a Chapman-Enskog expansion.13 In addition in the
context of porosity estimate, the NSE has to be adapted for capturing the fluid flow inside a porous medium.
Indeed, the fluid in a porous medium is not flowing freely due to its interaction with the solid matrix, which
differs from the continuum hypothesis of the NSE. A common adaptation is obtained through Darcy’s law,
which reads:

q = −K
ρν

(∇ (p)− ρg), (20)

where q is Darcy’s speed i.e. the volume flow of the fluid, p is the pressure, ρ is the mass density, ν is the
kinematic viscosity of the fluid, g is the gravity acceleration field and K is the permeability characterizing the
porous medium.

The permeability of a porous medium and its porosity are intrinsically correlated, but are not identical. The
Kozeny-Carman equation,14 is a simple expression of the relationship between the porosity and permeability.
This latter can be expressed as:

K =
Φ2

sD
2
p

180

ϕ3

(1− ϕ)2
, (21)

where is Φs the sphericity and Dp is the characteristic diameter of the particles.

2.3 LB3M Algorithmic
This section presents the basics of the LB3M. Starting from the classical mathematical morphology operator
definitions, we show that these operators can be derived from the LBM equation. To do this, we consider an
equivalence between the image and the density in the LBM framework, both denoted ρ.

On the one hand, the MM is partly based on dilation and erosion operators and relies on lattice theory. On
the other hand, the LBM is by definition based on lattice theory and a recent work4 has proved the ability of
the LBM to reproduce exactly the morphological dilation and erosion, leading to the LB3M. Therefore, the
LB3M is able to reproduce all the operators of the MM within the LBM formalism. This formalism brings an
adaptation of the algorithms, and these adaptations to the morphological tools mentioned in the previous section
are detailed in this section.

∗∗Navier-Stokes Equations



As previous work mentioned,4 the ability of the LB3M to reproduce dilation relies on the modifications of the
equilibrium distribution and the norm used to compute the macroscopic moments. In other words, by replacing
the equations (13) and (16) respectively, by the following equations:

ρ (x, t) = max
i
{f i (x, t)} (22a)

f
(eq)
i (x, t) = ρ (x, t) + g (ξi) , (22b)

the LB3M reproduces exactly (from a mathematical point of view) the morphological greyscale dilation. These
modifications lead to the algorithm 1. It is worth noting the fact that parameter ω is set to 1 in order to obtain

Algorithm 1: Dilation in LB3M
Input: image ρ, structuring element g, number of dilation nmax

Result: Morphological dilation
Initialize variables: f i, ρdilate = ρ, ω = 1;
for n← 1 to nmax do

for i← 0 to q do
f

(eq)
i (x) = ρdilate(x) + g(ξi) ; // Compute equilibrium distribution

f i(x) = f i(x)− ω(f i(x)− f (eq)
i (x)) ; // Collide

f i(x) = f i(x− ξi) ; // Stream
end
ρdilate(x) = max

i
{f i (x)} ; // Compute the macroscopic dilation

end

a complete dilation, but a value in [0, 1] will lead to a partial dilation and the 0 value is resulting no dilation at
all. This property is a natural generalization of the dilation operator brought by the LBM formalism and will
be used later to take full advantage of the LB3M.

The erosion is the complementary operation (but not inverse) of the dilation. Very similarly to dilation, it
has been proved that by replacing eqs. (13) and (16) by the equations:

ρ (x, t) = min
i
{f i (x, t)} , (23a)

f
(eq)
i (x, t) =ρ (x, t)− g (−ξi) , (23b)

the LB3M is reproducing the greyscale morphological erosion. The pseudo-code reflecting this operator is given
in algorithm 2. The same remark about the generality of the parameter ω can be made.

Algorithm 2: Erosion in LB3M
Input: image ρ, structuring element g, number of erosion nmax

Result: Morphological erosion
Initialize variables: f i, ρerosion = ρ, ω = 1;
for n← 1 to nmax do

for i← 0 to q do
f

(eq)
i (x) = ρerosion(x)− g(−ξi) ; // Compute equilibrium distribution

f i(x) = f i(x)− ω(f i(x)− f (eq)
i (x)) ; // Collide

f i(x) = f i(x− ξi) ; // Stream
end
ρerosion(x) = min

i
{f i (x)} ; // Compute the macroscopic erosion

end



The reconstruction transformation is mathematically close to the dilation. Thus, the algorithm 3 is close
to the LB3M dilation algorithm, with some details differing. The converging character of the reconstruction
is brought by a while loop, and the reference set is introduced for comparison with a min operator in the
macroscopic computation.

Algorithm 3: Reconstruction in LB3M
Input: image h, structuring element g, reference image ρ
Result: Morphological reconstruction
Initialize variables: f i, h0

reconstructed = h, ω = 1;
while htreconstructed 6= ht−1

reconstructed do
t = t+ 1 ; // Increment
for i← 0 to q do

f
(eq)
i (x) = ht−1

reconstructed(x) + g(ξi) ; // Compute equilibrium distribution
f i(x) = f i(x)− ω(f i(x)− f i(eq)(x)) ; // Collide
f i(x) = f i(x− ξi) ; // Stream

end

htreconstructed(x) = min
{

max
i
{f i (x)} , ρ(x)

}
; // Compute the macroscopic reconstruction

end

The algorithm 4 giving the distance map algorithmic in the LB3M formalism is even closer to the LB3M
erosion, since it is an erosion with a geodesic ball as structuring element until convergence. So, without surprise,
the algorithm 4 is differing from the LB3M erosion only from the while loop checking the convergence of the
distance map.

Algorithm 4: Distance map in LB3M
Input: image rescaled ρ̃
Result: Morphological distance map
Initialize variables: f i, geodesic ball b, ω = 1, distance map d0 = ρ̃;
while dt 6= dt−1 do

t = t+ 1 ; // Increment
for i← 0 to q do

f
(eq)
i (x) = dt−1(x)− b(−ξi) ; // Compute equilibrium distribution

f i(x) = f i(x)− ω(f i(x)− f (eq)
i (x)) ; // Collide

f i(x) = f i(x− ξi) ; // Stream
end
dt(x) = min

i
{f i (x)} ; // Compute the macroscopic distance

end

Starting from the distance map, maxima of such map can be extracted easily using reconstruction as eq. (8)
emphasize. Such maxima extraction can be done with a simple MM formalism, even if a specific development
in the LB3M could be interesting, it does not bring new concepts. This is why, no specific LB3M has been
developed for this purpose in this paper. However, these maxima are essential in the present work since they are
capturing tags. Then, these tags are themselves used as starting points of the IZ and watershed algorithms.

The geodesic IZ is a key algorithm for both SKIZ and watershed transformations. Interestingly, it is also
the less straightforward application of the LB3M formalism. It uses both dilation and erosion operators in a
single iteration. The idea is to construct step by step the geodesic distance map of all the tags in the image
indistinctly of the tag value. And to discriminate to which tag belongs the minimal distance value, a conditional
reconstruction of tags in the image is linked to direction from which comes the minimum. This conditional



reconstruction is made using the generalization brought by the parameter ω. Thus, algorithm 5 is summarizing
the strategy adopted to compute the geodesic IZ in the LB3M framework. Since a distance map is used,
the algorithm requires a first distribution f i with a constant parameter ω equal to 1 and a geodesic ball b as
structuring element. But since the tags are reconstructed simultaneously, the algorithm also requires a second
distribution gi, a flat structuring element noted b (equal to 0 inside the geodesic ball and −∞ outside). This
second distribution needs a parameter ωi depending of space and directions i to control the dilation of tags inside
the reconstruction.

Algorithm 5: IZ in LB3M
Input: image rescaled ρ̃, tags T
Result: geodesic IZ transformation
Initialize variables: f i, geodesic ball b, ω = 1, distance map d0 = ρ̃, gi, flat structuring ball b, ωi = 0,
IZ0 = T ;

while dt 6= dt−1 do
t = t+ 1 ; // Increment
for i← 0 to q do

f
(eq)
i (x) = dt−1(x)− b(−ξi) ; // Compute equilibrium distribution for erosion

f i(x) = f i(x)− ω(f i(x)− f (eq)
i (x)) ; // Collide

f i(x) = f i(x− ξi) ; // Stream
end
dt(x) = min

i
{f i (x)} ; // Compute the macroscopic distance

for i← 0 to q do
g

(eq)
i (x) = IZt−1(x) + b(+ξi) ; // Compute equilibrium distribution for dilation

ωi(x+ ξi) =

{
1 if f i(x) = dt(x)

0 otherwise
; // Compute ωi according to the contribution of f i to dt

gi(x) = gi(x)− ωi(x)(gi(x)− g(eq)
i (x)) ; // Collide

gi(x) = gi(x− ξi) ; // Stream
end

IZt(x) = min
{

max
i
{gi (x)} , ρ̃

}
; // Compute the macroscopic reconstruction of tags

end

The geodesic IZ and by extension the SKIZ are very powerful tools, but in the case of pore segmentation
they are missing the topology given by the solid matrix. Or more precisely, the topology missing in the IZ
is given by the distance map related to the solid domain of the porous medium. To overcome this issue, the
watershed is combining the IZ with the distance map information. However, the simple watershed by flooding
is using automatically all the minima from the distance map to construct the catchment basins. This automatic
use of minima leads to an unwanted over-segmentation. Therefore, to workaround this disadvantage, the usual
watershed by markers is an appropriate tool. As for the maxima, the watershed algorithm adopted in this paper
is more an application of the MM equation than a reformulation in the LB3M paradigm. But unlikely to the
maxima, the watershed algorithm deserves a bit more attention since it is the final results we obtained here, and
is presented in algorithm 6.



Algorithm 6: Watershed by markers in MM
Input: image ρ, tags T
Result: Watershed transformation
Initialize variables: W−1 = T , ;
for n← 0 to max(ρ) do

Wn(x) = max
{
IZ(ρ = n,Wn−1)(x) , T (x)

}
end

3. RESULTS

3.1 Comparison between LBM and LB3M
A conversion is needed to compare the geometrical results from the LB3M and fluid results from the LBM.
This common quantity that let us compare geometrical and fluid results is the permeability. Indeed, from the
porosity computed from the LB3M, permeability can be computed thanks to the Kozeny-Carman equation,
see eq. (21) ; while the permeability can be estimated from a fluid flow through a porous medium thanks to
Darcy’s law, see eq. (20). In the sake of consistency and simplicity, the previous example image of a porous
medium (see fig. 1) is used for computations with both LBM and LB3M.

Starting from the LB3M watershed segmentation obtained in fig. 6, the area of each pore is extracted by
counting the number of pixels having the tag label. Then, all the pore areas are summed to obtain the total pore
area that is compared to the total image, to compute the porosity thought the eq. (1). Thus, we computed a total
pore area of 20 715 pixels for total image area of 33 000 pixels. This leads to a porosity of 0.627 72. Therefore,
the Kozeny-Carman equation yields the permeability of 10.99.

Figure 8: Color map slices of the speed magnitude from 3D LBM fluid flow through a porous media.

On the LBM side, the image is extruded in the third dimension to obtain the 3D geometry of the porous
medium. Thus, the beads and walls on the image are set as rigid impermeable boundaries. A very common
in LBM formulation of boundary condition is used to model these walls: a full-way bounce-back condition.
The bottom and top images are used to impose extra pressure boundary conditions. Therefore, in the pressure
gradient is controlled by the boundary conditions, such as the viscosity. Then, we can measure the volume flow



of the fluid by integrating the speed magnitude (see fig. 8) over a cross section. Therefore, using the Darcy’s
law, we can estimate the permeability of the previous porous medium image around K = 10.33.

The permeability values computed from the LB3M and LBM are close without being exactly equal. This
proximity between the values indicates a good fidelity of the results obtained by both LB3M and LBM. Indeed,
the difference between these values can have multiple origins like the estimations of the parameters, different
sensibility to the parameters, incertitude etc. These values are, in our case, more indicators than ground truth.

3.2 Application to Clay Spheres
In this section we propose the application of the porosity calculation to clay material intended to be integrated
to the design of a heat exchanger for data center cooling. The system is a direct contact heat exchanger built
as a vertical packed bed, composed of earthen spheres. Details can be found in Bouchenna’s paper.15 Images
used here correspond to one layer of spheres of three different sizes as shown fig. 9. The spheres are disposed in a
cylindrical container. Computation of porosity is of main importance in this application, in order to characterize
the energy buffering capacity of the heat exchanger.

(a) D15 (b) D30 (c) D45
Figure 9: Original color RGB images of a porous medium.

The methods described in section 2 are based on binary images. Thus, the first step is to segment the color
images of the spheres. To do so, we transformed the images from RGB color space to L∗a∗b∗ color space and we
kept the b∗ channel only. Indeed, the blue-yellow opposition is well adapted to the discrimination of the color of
the spheres. Then, we performed a classical Otsu automatic thresholding16 and used a mask to keep only the
relevant part of the image, i.e. inside the container. The resulting binary images are shown fig. 10.

(a) D15 (b) D30 (c) D45
Figure 10: Binarisation of the original images with an Otsu thresholding.



From these binary images, it is possible to calculate the distance map with eq. (5). The resulting distance
maps from the three images of corresponding to the three sizes of spheres are shown in fig. 11. One can observe
that there are differences in amplitudes. These differences are due to the arrangements of the spheres: one can
see that if the arrangement fits well in the container, the spheres present symmetrical patterns like in fig. 10c.
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Figure 11: Distance transformations of the binary images.

The application of the SKIZ transformation of the distance map is shown fig. 12. The watershed segmentation
by markers of the same distance map is shown fig. 13. One can observe that the results are similar, but they are
slight differences, as the two methods are not exactly equivalent.
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Figure 12: Segmentation by SKIZ transformations of the distance maps, starting from the markers.

A summary of all the results obtained with the watershed by markers (see algorithm 6) for the three different
sizes of spheres is proposed in table 1. The cylinder area (diameter of the container), the pore areas sum, the
number of pores, the min-max of pore areas, the mean value and standard deviation, and the global porosity are
computed.

All the values in the table 1 except cylinder area and porosity have to be considered regarding the cylinder
area values, as the images do not have exactly the same resolution due to the operator taking the picture. One
can observe that global porosity is increasing with spheres diameters, which is expected. However, the other
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Figure 13: Watershed segmentation by markers of the distance maps.

D15 D30 D45
Cylinder area 4 582 540 4 677 345 3 382 183
Pore areas sum 1 005 783 1 337 418 984 995
Number of pores 107 27 12

Min–Max of pores areas 1803 – 43 194 15 709 – 144 637 19 550 – 183 189
Mean value 9399.84 53 496.72 82 082.92

Standard deviation 7578.37 28 007.32 59 282.62
Global porosity 0.2195 0.2859 0.2912

Table 1: Porosity computed from the watershed.

values (pore areas sum, number of pores, Min–Max of pores areas, mean value, and standard deviation) allow a
finer description of the material’s geometric properties linked to porosity than the global porosity alone.

4. DISCUSSIONS
This paper proposes to apply the LBM to the computation of porous media characteristics: porosity with the
LB3M and permeability with LBM fluid simulations. The mathematical morphology is widely used to compute
porosity from images of materials. More specifically, the SKIZ transformation and the watershed using markers
are good candidates, as they both avoid the over-segmentation phenomenon. We recalled these methods while
illustrating the different steps on a synthetic example image. We also detailed how to compute fluid permeability
using the LBM. Then, we proposed several LB3M algorithms to perform all the different steps of SKIZ transform
and watershed using markers.

To illustrate the method we proposed to apply the porosity calculations computations on clay spheres that
make parts of a heat exchanger designated for the cooling of data centers. This application has been chosen
since the determination of porosity is a major parameter allowing the good design of such heat exchanger. In
a previous work15 a limitation appears from the incertitude in the measurement method used to estimate the
porosity. Here, we offer to tackle this limitation with an original manner.

The main advantage of the LB3M is the use of a single framework for all the porosity characteristic com-
putation. A previous work4 shows the interest of a single framework with an application on bone tissue growth
from scanner images. Indeed, even if all the steps could be realized using classical mathematical morphology, it
gives the opportunity to mix fluid simulation with image analysis. This is a really important characteristic of
the method, as if the spheres are moving during fluid simulations for example, one can observe the variation of
porosity without the need to export images to analyze them in another framework. This is particularly true for
heat exchangers which require thermal flow simulations. A kind of simulation for which the LBM is a method
of choice.



Of course, the heat exchanger evoked previously is a 3D stack of clay beads. So, a more realistic application
and computation should be in 3D. However, the acquisition of such image of the inner stack requires more
advance devices (CT-scan, MRI, etc.). But the comparison with 3D LBM fluid flow would also be more detailed
with such 3D images. We hope to have access to this kind of data in a close future to pursuit further comparisons
between LBM and LB3M.

Another application of the watershed that worth being mentioned, since related to fluid flow, is the extraction
of porosity and geometries to construct a pore network. Such networks are very useful to build a PNM.†† The
PNM is a numerical method alternative to LBM, but is rather limited to simple fluid flow, since its accuracy is
limited by some important simplifications. On the other hand, these simplifications make the PNM a very fast
method. The PNM requires to know the volume, connectivity and geometry of the pores but also of the throats:
information often obtained thanks to MM. Sometimes, the PNM is even sometimes calibrated by using a LBM
simulation, showing again the possibility of the LB3M at the frontier between LBM and MM.

Concerning the computation of SKIZ, the LB3M really shows its powerfulness by using the conditional
dilation as shown in algorithm 5, they take full advantage of the LB3M formalism and generality. Indeed,
a straightforward approach could have been to compute a different geodesic distance map for each tag, store
them, then affect to the point IZ(x) the tag label associated to map with the minimum distance value at x.
However, this approach would have been more computationally expensive since the distance maps would have
been computed very far from the tag zone (unnecessary area if other tags are closer); plus, it would have been
more memory demanding since storing as many distance map as the tag number is much larger than only one
common distance map. Thus, such conditional dilation approach is more natural with the LB3M. Even if, it is
possible with the traditional MM, it would remain less adapted.

The watershed computation also benefits from the previous advantage, since it uses the IZ computations.
Nevertheless, a remark can be made: the algorithm 6 presented and used here is not optimal. Indeed, since the
watershed algorithm uses many times the algorithm IZ, it initializes the variable of IZ very time, while they are
close to the ones used in the previous iteration. This is far from being optimal because the allocation/deallocation
of these variables is time consuming with any purpose. Therefore, a first improvement would be to incorporate
the IZ procedure directly into the watershed algorithm that reuses the variable from their previous state rather
than reallocate and reinitialize them. A second improvement could be to include topological levels directly into
the geodesic distance rather than looping over levels, but this requires more precautions.

5. CONCLUSIONS

The LBM is a well-adapted method to solve Navier-Stokes Equations. However in the last decade LBM has
been redefined as a potential method for the image processing domain. For instance, denoising and segmentation
implementation have been performed to treat images sequences. As the LBM is intrinsically highly paralleliz-
able, the calculation times are significantly reduced. This paper reminds recent works when applying LBM
for implementing mathematical morphology operators. In the continuity, this paper presents new investigations
performed such as watershed segmentation by markers and SKIZ segmentation applied to the estimation of
the porosity of materials. To conclude, the originality of this paper lies in the comparison of the results pro-
vided through the solving of the NSE and through the image processing operators, the two approaches having
been implemented through the LBM. The results are fruitful and of course, need to be confirmed on different
applications notably concerning the gain on the computation time.
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