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The retina as a dynamical system

B. Cessac, Université Côte d’Azur, INRIA, 
Biovision team and Neuromod Institute

Sophia Antipolis, France



The retina and its dynamics
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The visual system
Cortical columnsSmall cylinders, of diameter 0.1~1mm, Small cylinders, of diameter 0.1~1mm, 

crossing cortex layers, with about 10crossing cortex layers, with about 1033-10-1044  
neurons, from different types, strongly neurons, from different types, strongly 

connected.connected.
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The visual system
Cortical columns

=>

« Field » mesoscopic description 
(mean-field, neural fields).

Individual neurons and synapses do 
not matter.

Population dynamics, PDEs, 
statistical physics, large deviations ... 

Small cylinders, of diameter 0.1~1mm, Small cylinders, of diameter 0.1~1mm, 
crossing cortex layers, with about 10crossing cortex layers, with about 1033-10-1044  

neurons, from different types, strongly neurons, from different types, strongly 
connected.connected.
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A modeller point of view

1. The retina is a high dimensional, non autonomous and noisy dynamical 
system, layered and structured, with non stationary and spatially 
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2. Local circuits of non linear cells, connected with non linear synapses 
efficiently process the local visual information. These local circuits are 

connected together, spanning the whole retina in a regular tiling.

3. The conjunction of non linearities and regular structure can produce a highly 
disordered spatio-temporal dynamics.

4. The retina is sensitive to changes in its physiology (development, 
pharmacology, pathologies). These changes can be addressed from the point 

of view of bifurcations theory.
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The Biovision lab
Understanding the normal visual system at neuronal and perceptual levels 

● Better understanding the early visual system
● Reading, moving, behaving in 3D virtual environments
● Analysis of visual media and user perception

Understanding the impact of low vision at neuronal and perceptual levels

● Modeling of retinal prostheses stimulation and cortical responses
● Understanding eccentric vision pointing for selection and identification
● Understanding low vision impact on attentional and oculo-motor behaviors when reading
● Attentional and behavioural studies using virtual reality

Diagnosis, rehabilitation, and low vision aids

● Exploring new solutions for diagnosis
● Designing rehabilitation methods in virtual reality (VR)
● Developing innovative vision-aid digital systems



Retinal waves

Random dynamical structures in the 
developing visual system

D. Karvouniari (PhD 2014-2018), Biovision team, INRIA, Sophia Antipolis
 L. Gil, InPhyNi, Nice-Sophia-Antipolis

O. Marre, Institut de la Vision, Paris
S. Picaud, Institut de la Vision, Paris

 B. Cessac, Biovision team, INRIA, Sophia Antipolis

Acknowledgement: M. Hennig (U. Edinburgh), E. Sernagor (U. Newcastle).
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The structure of the adult retina

Light

photoreceptorsganglion cells bipolar cells

amacrine cells horizontal cells

Retina’s layered structure
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The structure of the retina during 
development

Light

Retina’s layered structure
is shaped during development

But How? Retinal waves!
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Retinal waves

Recordings from the retina

Multi-electrode 
array (MEA)

ΜΕΑ recording of the voltage from a 
mouse retina (courtesy E Sernagor). 

Spontaneous spatio-temporal 
waves during development
Disappear short  after birth 

when vision is functional
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Stages of Retinal Waves During 
Development

Stage I

• Formation of 
retina    circuitry

• Chemical 
synapses not        
formed yet

• Gap juction-
mediated
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Stages of Retinal Waves During 
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Stages of Retinal Waves During 
Development

Stage I

Stage II

Stage III

• Formation of 
retina    circuitry

• Chemical 
synapses not        
formed yet

• Gap juction-
mediated

• Retinotopic mapping
• Nicotinic Acetylcholine Receptors 

(nAChR)
• Disappear when 

           vision is functional
• Glutamate – 

     AMPA receptors
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groups.oist.jp/dnu/
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Focus on stage II retinal waves

Stage II
(cholinergic 

retinal waves)

Zheng et al. 2006

Stage II retinal waves are well studied 
experimentally and there is already existing 

work on their modeling
Starburst Amacrine 

Cell (SAC)
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Experiments for the emergence of retinal waves

Experiment for isolated neurons, 
Zheng et al., 2006, Nature

Retinal waves require three components:
i) Spontaneous bursting activity
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Experiment for isolated neurons, 
Zheng et al., 2006, Nature

Retinal waves require three components:
i) Spontaneous bursting activity
ii) Refractory mechanism (slow After HyperPolarisation- sAHP)

Experiments for the emergence of retinal waves
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Experiment for coupled and isolated 
neurons, Zheng et al., 2006, Nature

Retinal waves require three components:
i) Spontaneous bursting activity
ii) Refractory mechanism (slow After HyperPolarisation- sAHP)
iii)Coupling (through Acetylcholine neurotransmitter) 

Coupled neurons 
synchronize
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Experiments for the emergence of retinal waves
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Experiment for coupled and isolated 
neurons, Zheng et al., 2006, Nature

Retinal waves require three components:
i) Spontaneous bursting activity
ii) Refractory mechanism (slow After HyperPolarisation- sAHP)
iii)Coupling (through Acetylcholine neurotransmitter) 

Coupled neurons 
synchronize
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Experiments for the emergence of retinal waves

Several models of stage II retinal waves have been proposed already:

• Feller et all Neuron, 1997.
• Eglen et al, J. Neuroscience 2000.
• Godfrey & Swindale. PLoS Comput Biol, 2007.
• Hennig et al, J. Neuroscience, 2009
• Lansdell et al, PLoS Computational Biology, 2014.

But none of them as studied simultaneously these 3 aspects: 

(i) realistic model of spontaneous bursting
(ii) sAHP biophysical modelling

(iii)  realistic Ach interaction.
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(iii)  realistic Ach interaction.
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A network model for stage II retinal waves
 A biophysical model explains the spontaneous bursting behavior in the developing retina

    Dora Matzakos-Karvouniari, Lionel Gil, Elaine Orendorff, Olivier Marre, Serge Picaud, Bruno Cessac
    Scientific Reports, Nature Publishing Group, 2019, 9 (1), pp.1-23. 10.1038/s41598-018-38299-4⟨ ⟩
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Membrane potential dynamics

A network model for stage II retinal waves

Morris-Lecar &
Fast K+ channels

Cm

¶V
¶t

=- gL
M
L V - VL( ) - gCa V( ) V - VCa( ) - gKN V - VK( )
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sAHP current
Refractory 
mechanism

A network model for stage II retinal waves

Morris-Lecar &
Fast K+ channels

Membrane potential dynamics

Cm

¶Vi
¶t

=- gL
M
L Vi - VL( ) - gCa Vi( ) Vi - VCa( ) - gKNi Vi - VK( ) - gsAHPRi

4 Vi - VK( ) - gj,Ach Aj( )
j

å Vi - VAch( )



• Definition 
• Slow After Hyperpolarisation Current
• Calcium-dependent slow potassium channels

•   Mechanism
• Model SK-like channels (Abel et al. 2004)
• Gating Mechanism: Four ions           bind to Calmodulin (CaM)

54

sAHP current

Calcium gated 
potassium 

channel



superhimik.livejournal.
com/

Closed Open

Ca2+

Ca2+
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sAHP current

• Four        ions bound to calmodulin  open the channel

•             current depends on gating variable R as follows:

The conductance is proportional 
to the fourth power of R because 

four terminals are needed to 
open the channel.

superhimik.livejournal.com/

(Hennig et al. 2009)

Ca2+

I sAHP

I sAHP =gsAHP
m R4 V - VK( )



Set of equations for sAHP current



Set of equations for sAHP current

R : Probability that one terminal of 
the channel is open

C : Intracellular Calcium 
concentration

S : Fraction of saturated calmodulin      
concentration   (CaM)t S

dS
dt

=- S+asC
4 1- S( )

tCa

dC
dt

=- aR
C
Hx

+Co+dCaICa V( )

t R

dR
dt

=aRS 1- R( ) - R
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SACs Network

SACs realistic 
connections

SACs on a lattice SACs become points on 
a lattice

Model synaptic interactions 



• Molecular nicotinic receptors (nAchR)

• Two molecules of acetylcholine bind to 
open a nicotinic channel

• The nicotinic conductance depends on the 
second power of the acetylcholine 
neurotransmitter concentration A

59

Acetylcholine current

gAch =gAch
m A2

Kd
2 +A2
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sAHP current
Refractory 
mechanism

Ach current
Network 

effect

A network model for stage II retinal waves

Morris-Lecar &
Fast K+ channels 

Membrane potential dynamics

Cm

¶Vi
¶t

=- gL
M
L Vi - VL( ) - gCa Vi( ) Vi - VCa( ) - gKNi Vi - VK( ) - gsAHPRi

4 Vi - VK( ) - gj,Ach Aj( )
j

å Vi - VAch( )



A network model for stage II retinal waves
 A biophysical model explains the spontaneous bursting behavior in the developing retina

    Dora Matzakos-Karvouniari, Lionel Gil, Elaine Orendorff, Olivier Marre, Serge Picaud, Bruno Cessac
    Scientific Reports, Nature Publishing Group, 2019, 9 (1), pp.1-23. 10.1038/s41598-018-38299-4⟨ ⟩



A network model for stage II retinal waves

N neurons, 6 N equations

~ 20 parameters per neuron 
(But neurons are assumed identical)



A network model for stage II retinal waves

N neurons, 6 N equations

~ 20 parameters per neuron 
(But neurons are assumed identical)

Time scale separation





Fast time scale



Fast time scale

Morris-Lecar model with fast dynamics, in the presence of a slow external current



Fast time scale

Morris-Lecar model with fast dynamics, in the presence of a slow external current

Experiment by Zheng et al. 2006, 
Nature

Model. Tuning parameters V1, V2, 
V3 ,V4 from ML adjusted to 
reproduce the experiment
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Bifurcation diagram of M-L model
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Bifurcation diagram of M-L model
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Bifurcation diagram of M-L model



71

Bifurcation diagram of M-L model
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The mechanism of bursting

Stable 
Fixed point

Fast
Oscillations



76

The mechanism of bursting (noise induced)

Stable 
Fixed point

Fast
Oscillations





Variability within retinal waves

iii) Pharmacology

P4

P8

Time (sec) 500

Pharmacological effects can be explained and 
predicted from bifurcations analysis (variations 
of physiological parameters).

 A biophysical model explains the spontaneous bursting 
behavior in the developing retina
    Dora Matzakos-Karvouniari, Lionel Gil, Elaine Orendorff, 
Olivier Marre, Serge Picaud, Bruno Cessac
    Scientific Reports, Nature Publishing Group, 2019, 9 (1), pp.1-
23. 10.1038/s41598-018-38299-4⟨ ⟩

 



Cellular mechanisms of stage II retinal waves



 X

Time (min)

Coupled neurons 
synchronize

Coupled neurons 
synchronize

Isolated neurons
burst independently

Cellular mechanisms of stage II retinal waves

Zheng et al. 2006

C. Synchrony through Acetylcholine

Mutual excitatory  
connections between SACs through 

Acetylcholine
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Morris-Lecar

sAHP current
Refractory 
mechanism

Ach current
Network 

effect

A network model for stage II retinal waves

Morris-Lecar &
Fast K+ channels 

(kV3)

Cm

¶Vi
¶t

=- gL
M
L Vi - VL( ) - gCa Vi( ) Vi - VCa( ) - gKNi Vi - VK( ) - gsAHPRi

4 Vi - VK( ) - gj,Ach Aj( )
j

å Vi - VAch( )



• Molecular nicotinic receptors (nAchR)

• Two molecules of acetylcholine bind to 
open a nicotinic channel

• The nicotinic conductance depends on the 
second power of the acetylcholine 
neurotransmitter concentration A
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Acetylcholine current

gAch =gAch
m A2

Kd
2 +A2



Waves propagation

gm

Ach
=0.03 nSgm

Ach
=0.03 nS
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Waves propagation
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B

C D

A

Question n° 1 to mathematicians :
 

Is it possible to compute explicitely the 
probability to jump from Si to sPO for a 

given set of parameters gS, gA as well as 
the distribution of jumping times ?

A



Waves size distribution

lin-log log-log

A

B

C

E



N-neuron model

• There is a competition between 2 mechanisms:
– Period variability which tends to desynchronise

– Acetylcholine which tends to synchronise

• There is an intermediate regime of coupling, where 
variability is maximum

• Therefore there is a wide repertoire of patterns
– Weak coupling leads to small localised activity

– Moderate coupling leads to propagating patterns

– Strong coupling leads to complete synchrony of neurons

120



Variability within retinal waves
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Too slow !



Visual Anticipation

Source : Benvenutti et al. 2015 



Visual Anticipation

Source : Benvenutti et al. 2015 

Anticipation is carried out by the primary visual cortex (V1)  through an activation wave 



Visual Anticipation

Source : 
Berry et al. 
1999

Anticipation also takes place in the retina 
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Stimulus dependent drive
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Perspectives

 A retino-cortical (V1) model of anticipation (with F. Chavane, S. 
Chemla, A. Destexhe,  S. Souihel, M. Di Volo.

 Is our model able to anticipate more complex trajectories, with 
accelerations for instance ? 

 How to calibrate connectivity using biology ?
 How does anticipation affect higher order correlations ?
 Would it be possible to design psycho-physical tests clearly showing 

the role of the retina in visual anticipation ? 





Linear response for spiking neuronal networks with unbounded 
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Thanks 
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