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Abstract

We propose a novel hybrid high-order method (HHO) to approximate singularly perturbed fourth-
order PDEs on domains with a possibly curved boundary. The two key ideas in devising the method
are the use of a Nitsche-type boundary penalty technique to weakly enforce the boundary conditions
and a scaling of the weighting parameter in the stabilization operator that compares the singular
perturbation parameter to the square of the local mesh size. With these ideas in hand, we derive
stability and optimal error estimates over the whole range of values for the singular perturbation
parameter, including the zero value for which a second-order elliptic problem is recovered. Numerical
experiments illustrate the theoretical analysis.

1 Introduction

Fourth-order singular perturbed PDEs are used in the modeling of various physical phenomena, such as
thin plate elasticity, micro-electromechanical systems, and phase separation to mention a few examples.
In the present work, we consider the following model problem: Find u : 2 — R such that

A —Au=f in Q,
u=gp on 01, (1)
eng-Vu = egn on 0f),

where € is a open bounded Lipschitz domain in R?, d = 2,3, with boundary 9Q and unit outward
normal ng. The problem data are the forcing term f : 2 — R and the Dirichlet and Neumann data
gD, 9N : 01 — R. The assumptions on the data are specified below. The perturbation parameter e
is a nonnegative real number, i.e., we only assume that ¢ > 0, and we are especially interested in the
singularly perturbed regime where ¢ < 3, where (g is some suitable length scale associated with ,
e.g., its diameter (¢ = 1 if the problem is written in nondimensional form). Notice that the Neumann
boundary condition is scaled by e so that the model problem (1) becomes the Poisson problem with
Dirichlet boundary condition when ¢ = 0. Another feature of interest here is that the domain ) can
have a curved boundary.

The purpose of this work is to design and analyze a hybrid high-order (HHO) method to approximate
the model problem (1). The key feature of the proposed method is its ability to handle in a robust way
the whole scale for the singular perturbation parameter ¢ € [0, £3] (notice that the value e = 0 is allowed).
HHO methods were introduced in [14] for linear diffusion and in [13] for locking-free linear elasticity.
In such methods, discrete unknowns are attached to the mesh cells and to the mesh faces. The two
key ingredients to devise HHO methods are a local reconstruction operator and a local stabilization
operator in each mesh cell. HHO methods offer various attractive features, such as the support of
polytopal meshes, optimal error estimates, local conservation properties, and computational efficiency
due to compact stencils and local elimination of the cell unknowns by static condensation. As a result,
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these methods have been developed extensively over the past few years and now cover a broad range of
applications; we refer the reader to the two recent monographs [12, 8] for an overview. As shown in [9],
HHO methods can be embedded into the broad framework of hybridizable discontinuous Galerkin (HDG)
methods, and they can be bridged to nonconforming virtual element methods (ncVEM). Moreover, HHO
methods are closely related to weak Galerkin (WG) methods. Indeed, the reconstruction operator in
the HHO method corresponds to the weak gradient (or any other differential operator) in WG methods,
so that the only relevant difference between HHO and WG methods lies in the choice of the discrete
unknowns and the design of the stabilization operator.

Various HHO methods for the biharmonic operator were devised and analyzed recently in [15], in-
cluding a comparison with existing WG methods for the biharmonic operator. We also refer the reader
to [1] for the first HHO method for the biharmonic operator in primal form. In [15], two HHO methods
were proposed (called HHO-A and HHO-B). Both methods use cell unknowns to approximate the solu-
tion in each mesh cell, face unknowns to approximate its trace on the mesh faces, and face unknowns
to approximate its normal derivatives on the mesh faces. In both methods, the cell unknowns are poly-
nomials of degree (k + 2) and the face unknowns for the normal derivative are polynomials of degree k,
with k£ > 0. HHO-A is restricted to two space dimensions and uses polynomials of degree (k4 1) for the
face unknowns related to the trace, whereas HHO-B supports any space dimension but uses polynomials
of degree (k + 2) for these face unknowns. Moreover, the HHO-A method was combined in [15] with a
Nitsche-type boundary penalty technique, originally introduced in [7] to weakly enforce Dirichlet condi-
tions in HHO methods for second-order PDEs and further developed in [4, 3] to handle unfitted meshes
in problems with a curved interface or boundary. In particular, one of the advances in [3] is that the
weighting parameter in the boundary penalty term does not need to be large enough, but only positive.

In the present work, our starting point is the HHO-B method from [15]. Consistently with the
paradigm considered for singularly perturbed second-order elliptic PDEs, the boundary conditions in (1)
are weakly enforced by means of a Nitsche-type boundary penalty technique. This is the first key idea
to capture possible boundary layers and to achieve robustness for the singularly perturbed fourth-order
elliptic problem. The second key idea to achieve robustness is to revisit the weighting of the stabilization
operator in the HHO-B method by including a scaling factor that compares the singular perturbation
parameter ¢ with the square of the (local) mesh size. With these two ideas in hand, we can devise a novel
HHO method that remains uniformly stable over the full range € € [0,¢3] and that delivers optimally
decaying error estimates, both in the case € &~ ¢3 (representative of a fourth-order PDE) and in the case
e < (4 and even ¢ = 0 (representative of a second-order PDE). In a nutshell (see Theorem 4.5 for a
more precise statement and the remarks below for a discussion), the error estimate takes the general
form e2 || V2e||q + || Ve|lq < C(e2h**+! 4 h¥+2) where e represents the approximation error, h the mesh
size, and the constant C' depends on the regularity of the exact solution, the shape-regularity of the
underlying meshes, and the polynomial degree k¥ > 0. An additional benefit of using the Nitsche-type
boundary penalty technique is the seamless support of domains with a curved boundary, in the wake of
the ideas developed in [4, 3] for second-order PDEs.

Let us briefly put our contribution in perspective with the literature on singularly perturbed fourth-
order PDEs. Consistently with the present approach, we focus on discretization methods that hinge on
the primal form of the PDE and thus lead, at the algebraic level, to a symmetric positive definite linear
system. To the best of our knowledge, the present method appears to be the first in the literature that,
at the same time, supports polytopal meshes and offers a robust behavior over the full range of values
for the singular perturbation parameter . On the one hand, robust approximation methods developed
on specific meshes (composed, e.g., of simpleces or cuboids) include C-interior penalty discontinuous
Galerkin (IPDG) methods [2, 19] and the methods based on the modified Morley element [21, 26, 25, 24],
for which a weak enforcement of the boundary conditions using Nitsche-type techniques was considered
more recently in [27, 20]. On the other hand, discretization methods for singularly perturbed fourth-
order operators on polytopal meshes include the WG method from [10] and the C°-ncVEM from [29].
Both methods, however, do not support the limit with € = 0 and in this case lead, at the algebraic level,
to a singular linear system.

The rest of this work is organized as follows. We present the weak formulation of the model problem
together with the discrete setting in Section 2. In Section 3, we introduce the present HHO method. In
Section 4, we present main results on the stability and error analysis of the HHO method. Numerical
results are discussed in Section 5. Finally, the proofs of our main results are collected in Section 6.



2 Weak formulation and discrete setting

In this section, we present the weak formulation of the model problem (1) together with the discrete
setting.

2.1 Weak formulation

We use standard notation for the Lebesgue and Sobolev spaces. In particular, when considering fractional-
order Sobolev spaces, we use the Sobolev—Slobodeckij seminorm based on the double integral. For an
open, bounded, Lipschitz set S in RY, d € {1,2,3}, with a piecewise smooth boundary, we denote by
(v,w)s the L?(S)-inner product, and we employ the same notation when v and w are vector- or matrix-
valued fields. We denote by Vw the (weak) gradient of w and by V2w its (weak) Hessian. It is convenient
to consider the following inner product and corresponding seminorm on e H2(S) + H*(S) (this is just a
shortcut notation for H2(S) if ¢ > 0 and H*(S) if € = 0):

(Vo,Vw)s,e :==e(V?0, V?w)s + (Vv, V)s,  [[Vo][§, = (Vv, Vo)se. (2)

Let ng be the unit outward normal vector on the boundary 95 of S. Assuming that the functions v
and w are smooth enough, we have the following integration by parts formula:

e(A%v,w)g — (Av,w)s = (Vu, Vw)s,.e + z—:((VAv, ngw)ss — (Vong, Vw)as) — (Vu,nsw)ss. (3)

To alleviate the notation, it is implicitly understood that within integrals over 9.5, 0,, denotes the normal
derivative on 95 along ng. Moreover, 9, denotes the (R¢~!-valued) tangential derivative on 95. We also
denote by 0,,,v the (scalar-valued) normal-normal second-order derivative and by d,,;v the (R4~ !-valued)
normal-tangential second-order derivative. The integration by parts formula (3) can then be rewritten
as

5(A2U7w)3 - (A’U, w)S = (V’U, vw)S,s + 5((871Av; w)BS - (annva 87Lw)85 - (antva aew)as) - (anv,w){?&
(4)

Let us consider the Hilbert spaces V := e H%(Q) + H'(Q) and V := eHZ(Q) + H}(Q) equipped with
the inner product (Vv, Vw)g . Assume that the source term in (1) satisfies f € L?(2) and that the
boundary data are such that there is u, € V' such that u; = gp and en-Vu, = egn on 0€2. Using the
above integration by parts formula, the following weak formulation for (1) is derived: Find u € uy + Vo
such that

(Vu, VU})Q,E = (f,w)q, Yw € V. (5)

The Lax—Milgram Lemma readily shows that this problem is well-posed.

2.2 Polytopal and curved meshes

In this work, we assume that 9€2 can be covered by a finite number of closed C? manifolds with nonover-
lapping interior, and we write 9Q2 = Ume{l,...,Na} Sm- Let {Tn}n>0 be a mesh family such that each
mesh T, covers () exactly. A generic mesh cell is denoted by K € Tp, its diameter by hy, and its unit
outward normal by ng. We define the following mesh-dependent parameter for measuring the dominant
operator in the PDE: For all K € Ty,

ok = max{l,eh*}. (6)

We partition the boundary K of any mesh cell K € 7, by means of the two subsets K := 0K NQ
and OK® := 0K N 0N. Similarly, we partition the mesh as 7, = T} U TP, where 723 is the collection of
all the mesh cells K such that K" has positive measure. The mesh faces are collected in the set Fj,
which is split as Fj, = F, U FP, where Fi is the collection of the interior faces (shared by two distinct
mesh cells) and Fp the collection of the boundary faces. For all F' € F},, we orient F' by means of the
fixed unit normal vector ng whose direction is arbitrary for all F' € ‘77}1 and ny := ng for all F' € f};’.
For any mesh cell K € 7Ty, the mesh faces composing its boundary K are collected in the set Fyg,
which is partitioned as Fox = Fyii U Fyiv with obvious notation. To avoid distracting technicalities,
we assume that each mesh 7j, is compatible with the decomposition 92 = |J Not S, so that for

all K € T;?, each face F € Fygn is a closed C? manifold.
In this work, we consider mesh sequences satisfying the following mesh shape-regularity assumption.

me{1,...,



Assumption 2.1 (Mesh shape-regularity) (i) Any interior mesh cell K € ,i s a polytope with
planar faces, and the sequence of interior meshes {T}}n>o is shape-regular in the sense of [13]. (ii) For
any boundary mesh cell K € T,?, all the faces in Fyr: are planar with diameter uniformly equivalent
to hx, and all the faces in Fygv are subsets of OQ which are closed C? manifolds. Moreover, for each
F € Fykv, K can be decomposed into a finite union of nonoverlapping subsets, K = { Kpm me{1,...nx.r}»
so that each Kpy, is star-shaped with respect to an interior ball of radius uniformly equivalent to hy;
see Figure 1 for an illustration with nx p = 1. (Notice that the star-shapedness assumption implies that
nk,p is uniformly bounded.)

= (O

Figure 1: Example of a boundary mesh cell with a curved boundary face and which is star-shaped with
respect an interior ball; « denotes a mesh vertex at the boundary.

Remark 2.2 (Mesh assumptions) The above assumptions on the mesh sequence are fairly general.
Let us briefly discuss some of the most significant ones. (i) The assumption that each mesh Ty, covers §)
exactly is reasonable in the present context where boundary conditions are enforced by means of a Nitsche-
like penalty method. In particular, all the integrals in the mesh cells and their faces are performed
in the physical space without invoking a geometric mapping that can introduce some error due to the
approximation of the geometry. To avoid distracting technicalities, we do not consider quadrature errors
in our error analysis. (ii) The assumption that the interior faces of the mesh are planar is important
in the present setting of HHO methods which use polynomial functions as discrete unknowns attached
to these interior faces. Notice though that the use of a Nitsche-like penalty method allows us to avoid
introducing discrete unknowns on the boundary faces; thus, such faces do not need to be planar. (iii) The
star-shapedness assumption on the mesh boundary cells is introduced to invoke a Poincaré-type inequality
in such cells (and, more generally, polynomial approzimation properties; see Lemma 2.5 below). An
alternative is to invoke an extension operator when asserting polynomial approximation properties, as,
for instance, in [/]. In this case, only the multiplicative trace inequality (see Lemma 2.4 below) requires a
star-shapedness assumption for the mesh boundary cells, but for this latter result to hold, star-shapedness
with respect to an interior point for each Kp.,, is a sufficient assumption [6, Lemma 32] (and in this
setting, the number nk g does no longer need to be uniformly bounded).

2.3 Analysis tools

Let us briefly review the main analysis tools used in this work. We simply state the results and refer
the reader to Remark 2.6 for some comments on the proofs. In what follows, we always consider a
shape-regular mesh sequence satisfying Assumption 2.1. Moreover, in various bounds, we use the symbol
C' to denote any generic constant (its value can change at each occurrence) that is independent of A > 0,
the considered mesh cell K € T, and the considered function in the inequality. The value of C' can
depend on the parameters quantifying the shape-regularity of the mesh sequence and the polynomial
degree (whenever relevant).

Lemma 2.3 (Discrete inverse inequalities) Let! > 0 be the polynomial degree. There is C' (depend-



ing on 1) such that for all h > 0, all K € Ty, and all vy, € PY(K),

1
[onllor < Chy® [lonllx, (7)
IVonllx < Chi|lvallx, (®)
0wvnllr < Chit |vnllr, VF € Fogi. (9)

Lemma 2.4 (Multiplicative trace inequality) There is C such that for all h > 0, all K € Ty, and
allv e HY(K),

[vllox < C(hy? vl + hi vl () (10)

Lemma 2.5 (Polynomial approximation) Letl > 0 be the polynomial degree. There is C' (depending
on 1) such that for all r € [0,14+ 1], allm € {0,...,|r|}, allh >0, all K € Ty, and allv € H"(K),

v — HZK(U)|H’"(K) < Chig ™vlar k), (11)
where HIK denotes the L?-orthogonal projection onto P'(K).

Let us briefly highlight some useful consequences of the above results. First, (11) includes the following
Poincaré-like inequalities (take, respectively, [ =0,r =1,and l =1, 7 =2, m € {0,1} in (11)): For all
K cT,

lv = I ()]l < Chic ||Vl Vo € H'(K), (12)
lv = Mg (v)ll & + hxc[[V (v = T (0)) | < ChE V0], Vo € H(K). (13)

The following consequences of (12)-(13) combined with the multiplicative trace inequality (10) will be
useful in our analysis: Letting k& > 0 be the polynomial degree, we have for all v € H?(K),

_1
hi? o = T2 () loxe < OV (v — T (0) | x4 (14)
_1 1
hi® Il = T2 @) llox + i [V (0 = T2 (0) ok < ClIVA (0 = T2 (0) | - (15)
Recalling that o is defined in (6) and the norm ||-|| g ¢ in (2) (with S := K, we have for all v € H?(K),
L1
oihi lo =T () ok < CIV (v~ T2 () k- (16)

Remark 2.6 (Proofs) Let us briefly comment on the proofs of the above lemmas. Concerning Lemma 2.3
and Lemma 2./, the proof on mesh cells having flat faces can be found, e.g., in [11, Sec. 1.4.3]. On
mesh cells having a curved face, these results are established, e.g., in [/, 28] assuming that the curved
face is a C? manifold. More recently, these results were extended in [5] with fully explicit constants to
C' manifolds (and sometimes even Lipschitz) and some mild additional geometric assumptions.

Concerning Lemma 2.5, the key step is to establish the Poincaré inequality (12) since (11) can then be
derived by using recursively the Poincaré inequality. On the interior mesh cells, which can be decomposed
as a finite union of (convex) subsimplices, this latter inequality is established by proceeding as in [23, 10].
On the boundary mesh cells, which can have a curved face, one invokes the star-shapedness assumption
with respect to a ball. We refer the reader to [30] for the derivation of this inequality with an explicitly
determined constant under such an assumption.

3 HHO discretization

In this section, we first introduce the local ingredients to formulate the HHO discretization in each mesh
cell and then we derive the global discrete problem.



3.1 Local unknowns, reconstruction, and stabilization
Let k& > 0 be the polynomial degree. For all K € 7Ty, the local HHO space is
VE = PFY2(K) x PP (Fop) x PF(Fopi), (17)

where P! (Fygi) := XFe}'aKiIPl(F) for all [ > 0. Notice that we do not introduce any discrete unknowns
on the faces of K that lie on the boundary. A generic element in ‘7]’§ is denoted Vi = (vi, VoK, Yox ) with
v € PF2(K), vo € PFH2(0KY), and vox € PF(OK'). The first component of i aims at representing
the solution inside the mesh cell, the second its trace on the interior part of the cell boundary, and the
third its normal derivative on the interior part of the cell boundary (along the direction of the outward

normal ng).

We define the local reconstruction operator Ry : VE — P*2(K) such that, for all Tx € VE with
Uk = (vK,voK, VoK), the polynomial Ry (k) € P**2(K) is uniquely defined by solving the following
problem with test functions w € P*+2(K)+ := {w € PF2(K) | (w,1)x = 0}:

(VRiK(i)\K),Vw)K,E = (vi,eA*w) kg — (v, Aw) g + (Vak, Opw) gk

- 6{(7181(, OnAw) s — (Yok s OnnW)aki — (5tvaK,3mw)aKi}~ (18)

together with the condition (R%(0k),1)x = (vk, 1) k. Integration by parts shows that (18) is equivalent
to

(VRiK(ﬁK), V’LU)Kﬁ = (V’UK, V’LU)K@ — (UK — ’UaK,anw)aKi — ('UK,an'lU)aKb
+ 5{(UK — VoK, OnAw) g — (OnVk — Yok OnnW)aki — (O:(VK — VoK), OntW) ki
+ (v, OpAw)ps — (WKNanw)aKb}. (19)

Notice that (Vvk, VO,w)grb = (OnVk, Onnw)grs + (O1vk, Ontw) gt -

The local stabilization bilinear form is composed of a contribution on K " and one on OKP. These
two contributions are defined such that, for all (Vi,wk) € V}g X V}@, with Uk = (vk,vaK, VoK) and
W = (Wi, WK, XoK ),

Shi Uk, W) := ok hy (Vox — vic, wor — Wk ) g + O (W (Yox — Onvic), Xok — OnWic) o

(20)
and
ng(”K, ’lUK) = O'Kh;{l (’UK, w[{)aKb + Ehl}l (VUK, va>3Kb7 (21)
where Hg i denotes the L?-orthogonal projection orito theA broken polynomial space P*(Fy:).
Finally, we define the local bilinear form ax on V}é X V}é such that
ik (Uk, W) := (VR (Tk), VRiK(ﬁFK))K,E + S(iaK('l’i\K7ﬁ7K) + SgK(vK,wK). (22)

Remark 3.1 (Reconstruction) There are two differences with the reconstruction operator introduced
in [15] for the biharmonic problem. First, as expected, the terms related to the second-order operator
are added, whereas the terms related to the fourth-order operator are scaled by €. The second difference
is more subtle and is inspired from the ideas in [3] for the second-order operator and extended here to
the fourth-order operator as well. It consists in discarding the integrals over K and only keeping the
integrals over OK' for all the boundary terms on the right-hand side of (18). Following the ideas in
[7], it is also possible to keep the boundary terms and to use the trace of the cell unknown vk and its
normal derivative on OKP to evaluate them. The disadvantage of this latter approach is that the Nitsche-
type boundary penalty terms need then to be weighted by a coefficient that is large enough, whereas the
weighting coefficient needs only to be positive in the present setting.

Remark 3.2 (Stabilization) The interior stabilization bilinear form Sk, is inspired from [15] and
is weighted here by the local coefficient o defined in (6) to cover both regimes of interest (dominant
laplacian and dominant bilaplacian). Moreover, the boundary stabilization bilinear form SgK is associated
with the Nitsche-type boundary penalty. We emphasize that this latter bilinear form does not need to be
weighted by a coefficient which is large enough.



3.2 The global discrete problem

Recall that k > 0 is the polynomial degree and that the local HHO space ‘Z@ is defined in (17) for all
K € Tp. The global HHO space is defined as

VE = PH2(T,) x PRP2(FL) x PR(FL). (23)

A generic element in IA/,f is denoted vy, := (vn,v;;b,'y;’al) with v, = (vi)KkeT,, vF = (’UF)FE]:;L, and
VFi = (VF) pe Fis where v is meant to approximate the normal derivative in the direction of the unit
normal vector ng orienting F. For all K € Tj, the local components of v, are collected in the triple
Uk = (vi,var,Yor) € VE with var|r = vr and Yok |r = (Mpng)yr for all F € Fyki.

For all vy, Wy, € 17,{“7 the global bilinear form @y, is assembled cellwise as follows:

an (O, Wn) == Y ax(Uk, Bk), (24)
KeTh

with @ defined in (22). To assemble the right-hand side of the discrete problem, we define the discrete
linear form

(@) = > {(F )i + (g0, 0K wic + 20, ARy (@) = O (Ric (@) e
KeTh

+e(gan + (Dugp )b, hig Vg — van(RiK(@K)))aKb}. (25)

The devising of ¢, is motivated by the consistency error analysis (see the proof of Lemma 4.4 in Sec-
tion 6.3). Finally, the discrete problem consists in finding @ € V}* such that

Qn (T, @) = la(wr),  Vw, € VP (26)

In the next section, we will establish stability and consistency properties for (26), leading to robust and
optimal error estimates. Let us also mention that, at the algebraic level, the discrete problem (26) is
amenable to static condensation: all the cell unknowns can be eliminated locally, leading to a global
problem coupling only the face unknowns approximating the trace and the normal derivative of the
solution at the mesh interfaces.

Remark 3.3 (Limit regime ¢ = 0) We emphasize that the discrete problem (26) remains well-posed
even in the limit regime where ¢ = 0. The resulting HHO discretization though differs from the usual
HHO discretizations for second-order PDEs. Indeed, taking e = 0 in (26), one still has triples of local
unknowns. In other words, discrete unknowns approximating the normal derivative at the mesh interfaces
are still present and coupled to the other discrete unknowns.

Remark 3.4 (Other HHO method) In the two-dimensional case, one can also think of using the
HHO method developed in [15, section 3] for the biharmonic operator. The advantage is that the global
HHO space can be reduced to P2(Ty,) x PFFY(FL) x PE(FL). However, it is not yet clear how to design
the stabilization bilinear form so as to derive stability and error estimates that remain robust in the
singularly perturbed regime € < 1.

4 Main results

In this section, we state our main results concerning the analysis of the above HHO method: stability
and well-posedness, polynomial approximation and bound on consistency error, and, finally, the main
error estimate leading to robust and optimally decaying convergence rates. The proofs of these results
are contained in Section 6. Recall that in this work, we use the symbol C in bounds to denote any generic
constant (its value can change at each occurrence) that is independent of A > 0, the considered mesh
cell K € Ty, and the considered function in the bound. The value of C' can depend on the parameters
quantifying the shape-regularity of the mesh sequence and the polynomial degree. In addition, the value
of C'is independent of the singular perturbation parameter ¢ > 0.



4.1 Stability and well-posedness
We define the local energy seminorm defined such that, for all K € 7, and all vk = (v, vor, Yok ) € ‘7]’§,
|5K\%7;§ = |Vokllk. + oxhi lvox — vk |3k + oxhillvox — Onvi |3
+orhi |okllfrs + b [VorlF - (27)

The proof of the following result is postponed to Section 6.1.

Lemma 4.1 (Local stability and boundedness) There is a real number o > 0, depending only on
the mesh shape-regularity and the polynomial degree k, such that, for all h > 0, all K € Ty, and all
i)\K S VII?,

ofok B < IVRK 0kl + Sox (U, k) + S5 (vic, vic) < @7 o[- (28)
We equip the space V¥ with the norm ||ﬁh\|‘7}f = ke, ‘ﬁK%}g' It is readily verified that oy, +—

||0n|lpx indeed defines a norm on ‘A/hk. An immediate consequence of Lemma 4.1 is the following bound
h

establishing that the discrete bilinear form @y, is coercive on ‘A/}f

an (O, 0n) > al|On]| Vo, € VF. (29)

2
vk
Invoking the Lax—Milgram Lemma readily yields the following result.

Corollary 4.2 (Well-posedness) The discrete problem (26) is well-posed.

4.2 Approximation and consistency

For all K € Ty, we define the local reduction operator ff( : H3(K) — ‘7}’? such that, for all v € H?(K),

Ih (v) = (52 (0), I+ 2 (v), 115 s (0 Vo)) € VE. (30)
In addition, we define the operator £ := R\ o ZE : H2(K) — P*"2(K). This operator does not
have approximation properties because some boundary terms have been removed in the definition of the

reconstruction operator. This leads us to define the lifting operator Lx : H2(K) — P**2(K) for all
K € Ty, such that, for all v € H*(K) and all w € P*2(K)+

(VL (v), Vw)k e == —E((’U78nAU)))3Kb — (On v, Oppw) grv — (amamw)a,(b) + (v, 0w)agv, (31)

together with the condition (L (v),1)x = 0. Notice that L (v) = 0 for all K € 7. We then define the
operator £x : H?(K) — P¥*2(K) such that

Ex(v) == EL(v) + Lk (v). (32)
The definition of Ri. implies that
(VR (Zh (1), Vo) = e (52 (0), M%) = (512 (0), 00 w)ae + (s (900), oo
+ (D), Onw)orcs ) — (M2 (0), Aw) i + (52 (0), D)o
Since w € P*+2(K), we infer that
(VR (Zh (), Vo) = & (0, 8201 = (0,00 80)a0 + (O, Dunw)orcs + (000, D)o

+ (5t(Hg?<2i(U) - U>7antw)6K‘) — (v, Aw) g + (v, Opw) oK.



Using the definitions of L and £k shows that
(VEK (), Vi) k.o = 5((1;, A2w) g — (v, 00 AW)ox + (B0, Fnnw)ox + (940, Dpew)ox
+ (@(TE2(0) — ), amw)aKi) — (v, Aw)g + (v, Fpw)ox- (33)
Integration by parts then implies that

(V(Ek(v) —v), Vw)k,. = 5(@(1‘[2}2,( ) —v), Ontw) ok -

This shows that the operator £k is a projection and that it coincides with the H'-elliptic projection if
€ = 0. The following result establishes the approximation properties of the projection operator £x in
the general case, as well as the approximation properties for the stabilization operators. To state the
result, we consider the following norm for all K € T;, and all v € H***(K), s > %:

Il = IVoll .. + €(h 100 A3 + hic|Onnvll3 + hKHantUHaK) + hcl|0nv |3 (34)
The proof of the following lemma is postponed to Section 6.2.

Lemma 4.3 (Approximation) The following holds for all K € Ty, and all v € H*T5(K), s > %
lv = Exc(0)17 1 + Shic (Th (v), The () + +S8c (v = T (v),0 = T2 () < Ol =T (0)[F & (35)

The global interpolation operator f}’f c H?(Q) — Vh’“ is defined such that, for all v € H?(Q),
ZF(v) = (P (0) ke, (M52 () pey s (T (0p- Vo)) pery) € Vi (36)

so that the local components of f,’j(v) are f}%(ﬂ k) for all K € T,. We define the consistency error
n € (V}F) such that, for all @, € V¥,

(O, @p) == L(@y) — G (T (u), @), (37)

where the brackets refer to the duality pairing between (\7}{“ )" and 17,{“ The proof of the following bound
on the consistency error is postponed to Section 6.3.

Lemma 4.4 (Consistency) Assume that u € H**%(Q), s > 3. The following holds:

N

(81, D) <C<Z Ju — TIEF2( >||§>K> |1@nllgy, Vi e Vk. (38)
KeTh '
4.3 Error estimate

The above results lead to the following error bound. The proof is postponed to Section 6.4. To simplify

the notation, we set R (U ) := Ri (k) + Lk (u) for all K € Ty, and recall that £ (u) is nonzero only
on boundary cells where it is fully computable from the boundary data.

Theorem 4.5 (Error estimate) Assume that w € H*™(Q) with s > 3. The following holds true:

Y IV Be(@m)li. <C Y llu— 2w . (39)

KeTy, KeTy

Consequently, if k > 1, assuming u|x € H**3(K) for all K € Ty, we have

~ 1 2
Y IV = Re(@x)lic: <C Y (okhi*lulus) (40)
KeTh KEeTh
and if k =0, assuming u|x € H*(K) for all K € Ty, we have
1 2
IV = Ri(@))lke<C Y (oihk(lulus) + hiclulmar)) (41)
KeT, KeTh



Figure 2: Examples of rectangular (left) and polygonal (Voronoi-like) (right) meshes composed of 256
cells.

Remark 4.6 (Error estimate (40)) In the case where € = (3, i.e., the fourth-order operator is domi-
nant, we have ox ~ O(hy?), so that the error estimate (40) implies that

~ 2
Z [V?(u — Rk ()% < C Z (R ul s (i)™
KeTy, KeTy,

which corresponds to the error estimate obtained in [15] for the biharmonic problem. Instead, in the case
where € < 1, one has in practice cx = 1 (unless extremely fine meshes are used), and the error estimate
(40) implies that

~ 2
DIV = Re@))li <C D (R lulmres )™
KeTy KeTn

Similar comments can be made for (41).

Remark 4.7 (Regularity assumption) The present error analysis requires that the exact solution has
the minimal reqularity uw € H**5(Q), with s > % This assumption is consistent with the rather classical
paradigm encountered in the literature when analyzing nonconforming approrimation methods. Notice
that this regularity requirement is less stringent than the one needed to achieve optimal decay rates as
soon as k > 1. Moreover, this requirement can be lowered to s > 1 by using the techniques developed in
[18] and [17, Chap. 40-41] in the context of second-order elliptic PDEs.

Remark 4.8 (k= 0) The reqularity assumption u|x € H*(K) on the exact solution is slightly sub-
optimal in the case k = 0 whenever s < 1. This assumption can be avoided if a multiplicative trace
inequality in fractional Sobolev spaces is available on cells with a curved boundary. Specifically, we need
to assert that for s € (%, 1), there is C such that for all h > 0, all K € Ty, and all v € H'(K), we have

_1 _1
[vllox < C(hg? vllk + hi 2[vlm(x)). This inequality can be established on cells with a flat boundary
by invoking affine geometric mappings, see [16, Lem. 7.2].

5 Numerical examples

In this section, we present numerical examples to illustrate the theoretical results on the present HHO
method. We first study convergence rates and robustness for smooth solutions in domains with a polyg-
onal (Section 5.1) and a curved (Section 5.2) boundary. Then we consider a more challenging test case
with unknown analytical solution and a boundary layer forming as ¢ — 0. All the computations were
run with Matlab R2018a on the NEF platform at INRIA Sophia Antipolis Méditerranée using 12 cores,
and all the linear systems after static condensation are solved using the backslash function.
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Figure 3: Polygonal domain and smooth solution. Convergence rates in the energy norm on rectangular
(solid line) and polygonal (dotted line) meshes for different values of €. The polynomial degree k = 0
(top left), k =1 (top right), &k = 2 (bottom left) and k£ = 3 (bottom right).

5.1 Convergence rates and robustness in a polygonal domain
We select f and the boundary conditions on  := (0,1)? so that the exact solution to (1) is

u(z,y) = sin(wz)? sin(ry)? + e~ (2=05)"~(y=0.5)"

We employ polynomial degrees k € {0,...,3} and meshes consisting of {16, 64, 256,1024,4096, 16384}
elements. The meshes can be either composed of rectangular cells or of polygonal (Voronoi-like) cells
(generated through the PolyMesher Matlab library [22]). Two examples of rectangular and polygonal
meshes, both composed of 256 cells, are shown in Figure 2. Despite an hp-error analysis falls beyond the
present scope, we implement the stabilization terms in (20) and (21) with h;(1 replaced by (k + 1)2h;{1
for all K € Tp.

Let us first verify the convergence rates. We measure relative errors in the (broken) energy seminorm
used on the left-hand side of our main error estimate (39). The errors are reported as a function of
v DoFs, where DoFs denotes the total number of globally coupled discrete unknowns (that is, the face
unknowns). The results are reported in Figure 3. The first observation is that there is almost no

11



[#Cells [e=1]e=102[e=10%]ec=10"][e=10"[e=10"°[e=0]

Rectangular meshes with £ =0
64 0.85 0.52 1.41 1.93 2.03 2.04 2.04
256 0.94 1.01 0.89 1.62 1.92 1.97 1.97
1024 1.06 1.24 0.93 1.30 1.82 1.98 2.00
4096 1.10 1.22 1.25 1.00 1.55 1.92 2.00
16384 1.06 1.12 1.14 1.13 1.23 1.75 2.00
Rectangular meshes with £ =1
64 1.81 1.84 1.85 2.49 2.59 2.60 2.60
256 1.98 1.99 2.03 2.37 2.81 2.86 2.86
1024 2.01 2.01 2.08 1.99 2.71 2.93 2.96
4096 2.01 2.01 2.02 2.17 2.26 2.88 2.99
16384 2.01 2.01 2.01 2.06 2.08 2.61 2.99
Rectangular meshes with k£ = 2
64 2.65 2.68 2.84 3.26 3.49 3.52 3.53
256 2.85 2.85 2.92 3.19 3.68 3.80 3.82
1024 2.93 2.93 2.95 3.09 3.50 3.86 3.93
4096 2.97 2.97 2.97 3.02 3.24 3.74 3.97
16384 2.98 2.98 2.98 3.00 3.10 3.42 3.98
Rectangular meshes with £ = 3
64 3.55 3.56 3.68 4.04 4.35 4.40 4.40
256 3.80 3.81 3.85 4.08 4.54 4.72 4.74
1024 3.91 3.91 3.92 4.02 4.37 4.79 4.88
4096 3.97 3.95 3.94 3.99 4.18 4.63 4.94

Table 1: Convergence rates on rectangular meshes for different values of k£ and .

difference in the convergence rates obtained on rectangular and polygonal meshes, and that these rates
match the prediction of Theorem 4.5 for all the polynomial degrees. Next, we observe that the errors
obtained with ¢ = 1 and ¢ = 0 converge, respectively, at the optimal rates O(h**1) and O(h**2), in
agreement with Remark 4.6. For values of € between these two extreme values, a transition between the
above two regimes is observed for e ~ h?. Whenever € < h?, the convergence rate is O(h*1) as expected
for a fourth-order differential operator. Instead, whenever ¢ > h?, the convergence rate is closer to the
value O(h*+2) expected for a second-order differential operator. In Table 1, we list the convergence rates
on rectangular meshes (those on polygonal meshes lead to the same conclusions). Reading the table
horizontally, the transition between the two regimes is clearly visible.

Figure 4: Two examples of curved triangular meshes with 65 (left) and 527 (right) cells fitting exactly
the annular domain with a hole.
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Figure 5: Annular domain and smooth solution. Convergence rates in the energy norm on curved
triangular meshes for different values of . The polynomial degree k = 0 (top left), k = 1 (top right),
k =2 (bottom left) and k& = 3 (bottom right).

5.2 Convergence rates and robustness in a domain with curved boundary

In this second example, we consider an annular domain constructed as the unit disc centered at the
origin, with a circular hole centered at (0.25,0.25) and with radius 0.4; see Figure 4. We select f and
the boundary conditions so that the exact solution to (1) is

u(z,y) = (1 + Sin(7r(ac2 +y? - 1)))6(—w2—y2).

We consider a quasi-uniform sequence of triangular meshes composed of 65, 109, 527, 2266, and 9411
triangular elements. All the meshes fit the domain 2 exactly, and for every mesh in the sequence, each
interior cell has only straight edges, whereas each boundary cell has one curved edge that exactly fits
the boundary of €.

We perform the same numerical experiment as in the previous section and report the results in Figure
5. The conclusions are the same as in the previous test case. The transition from the O(h¥*+2) to the
O(h**1) is clearly visible in all cases.

5.3 Test case with boundary layer

We conclude this series of numerical experiments with a somewhat more challenging test case featuring
a boundary layer. We consider the same annular domain as in the previous section, we set the source
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Figure 6: Test case with boundary layer on the mesh composed of 9411 cells, ¢ = 10~% (top row)
and £ = 1073 (bottom row). Left column: reconstructed solution; middle column: piecewise gradient
of reconstructed solution (Euclidean norm); right column: piecewise Hessian of reconstructed solution
(Frobenius norm).

term to f := 10 and we enforce homogeneous boundary conditions. The considered values for the
singular perturbation parameter are ¢ € {1071,1072,1073,107%,0}. In all cases, the analytical solution
is unknown. Numerical solutions are obtained on the curved triangular meshes considered in the previous
section using the polynomial degree k = 1. We report in Figure 6 the reconstructed solution Ry, (up)
defined as Ry (up)|x = Rk (ugk) for all K € T, (with Rk (uk) defined just above Theorem 4.5), its
piecewise gradient (Euclidean norm), and its piecewise Hessian (Frobenius norm) for e = 107! and
¢ = 1072 on the mesh composed of 9411 curved triangular cells. Since h = 0.0344 for this mesh, the
boundary layer is well resolved for ¢ = 10! and barely resolved for ¢ = 1073, Notice that Ry (uy) is a
piecewise cubic polynomial since we are using here k£ = 1. We observe in Figure 6 that the presence of the
boundary layer is reflected by larger values of the Hessian near the boundary, whereas the reconstructed
solution and its piecewise gradient take moderate values. To illustrate that the HHO method remains
stable even if the boundary layer is not resolved, we present in Figure 7 the same quantities as in Figure 6
obtained on the same mesh, but this time with ¢ = 107% and ¢ = 0. We notice in particular that the
larger values of the Hessian remain localized close to the boundary for ¢ = 10~°, whereas the solution
to the second-order PDE is recovered for ¢ = 0.

Finally, to give some insight on the resolution of the boundary layer for ¢ € {1071,1072, 1073}, we
flag the mesh cells as belonging to the boundary layer by means of the following criterion:

T o= {K € T | IV R ) w10 2 0 mase [V Rie () e ity

with the threshold parameter set here to 6 := 0.3, and the L*°-norm estimated by computing the mean
of the values taken by the Hessian norm at the three vertices of K. We report in Table 5.3 the three
following quantities: (i) the maximal value of the Hessian, maxz - \|V2Rl~{(ﬂl~()||Lm(I~(); (ii) the area

of the boundary layer, KeTr K|. First, we observe that the maximal value of the Hessian on the
two finest meshes (which both resolve the boundary layer) are almost the same for all the values of ¢.

Moreover, the maximal value of the Hessian appears to scale as (’)(8_%). This scaling is consistent with
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Figure 7: Test case with boundary layer on the mesh composed of 9411 cells, ¢ = 1076 (top row) and ¢ = 0
(bottom row). Left column: reconstructed solution; middle column: piecewise gradient of reconstructed
solution (Euclidean norm); right column: piecewise Hessian of reconstructed solution (Frobenius norm).

the expected scaling of the H2-norm of the Hessian as (9(5’%) and a boundary layer with surface scaling
as 0(5%). Furthermore, the set 7" covers a region whose area decays a bit slower than the expected rate
0(5%). This behavior indicates that somewhat finer meshes are still needed to fully resolve the geometric
description of the boundary layer. This conclusion is corroborated in Figure 8, where we show the region
covered by the cells in 7;* for e € {1071,1072,1073} and the curved triangular meshes composed of
2266, 9411, or 29496 cells. For € = 0.1, the set 7, contains not only cells close to the boundary but also
cells in the interior. As e becomes smaller, the set 7," contains fewer and fewer cells in the interior of the
domain, and for both ¢ = 1072 and 1073, the region covered by 7, is fully localized at the boundary.
We notice, however, that even for ¢ = 1072, there are boundary cells that are not flagged as members
of T,'; those cells are located in the part of the domain where the boundary of the inner disk is close to
the boundary of the outer disk.

mesh 527 cells | 2266 cells | 9411 cells | 29496 cells
h 0.1416 0.0704 0.0344 0.0205
Max Hessian

e=10""T 6.94 7.09 7.11 7.11

e=10"72 38.13 40.48 40.88 41.22

e=10"%| 88.63 128.33 147.96 151.32

Area covered by 7,

e=10"T | 5.50e-01 | 4.51e-01 4.16e-01 3.86e-01

e=10"% | 3.78-01 | 2.47e-01 | 2.16e-01 2.13e-01

e=10"3 | 4.38¢-01 | 1.65e-02 1.12e-01 1.22e-01

Table 2: Test case with boundary layer. Maximal Hessian value and area covered by 7, for ¢ €
{1071,1072,1073} and the curved triangular meshes composed of 527, 2266, 9411, and 29496 cells.
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Figure 8: Region (blue color) covered by the cells in the set 7. for a mesh composed of 2266 (left
column), 9411 (middle column), or 29496 cells, ¢ = 10~ (top row), e = 10~2 (middle row), or ¢ = 1073
(bottom row).

6 Proof of main results

In this section, we present the proofs of Lemma 4.1, Lemma 4.3, Lemma 4.4, and Theorem 4.5.

6.1 Proof of Lemma 4.1

(1) We start with the lower bound in (28). Choosing the test function w = vk in (19) gives

Vv % e = (VRi(vi), Vi) ke + (VK — vor, v )oxi + (Ui, Onvk) oo
- 6{(UK — VoK, OnAUK ) gki — (OnVK — Yok OnnVK )oxi — (O¢(VKk — VoK ), OntVK )oK

— (0K O AV ) oger + (Vg vaan)aKb}.
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Using the Cauchy—Schwarz inequality, the discrete inverse inequalities (8), (7), (9), and that Op,vk €
P*1(OK") to introduce the projection II% ., we infer that

. _1 _1
IVok ke < [|VRk (0k)llk,c + C(hK2 lvie = vok llors + hy® v lloxce
1(._3 _1 _3 _1
+ e it loie = vorllom + b MWy (Onvic = Yo lorcs + b Iucloser + hi® [Voxcllae })-

Since o = max{1, 6h;(2}, this implies that

[N

IVor ke < IVRK @) xc + C(Shx (Or, Ux) + Spxc (v, vK))
It remains to bound the four boundary terms on the right-hand side of (27). It is clear that
axchi llvor — vll3x +oxhi llvklBge +ehid IVok 550 < Shx (TUx, k) + S3x (vi, vkc),

so that it only remains to bound oxhk||vor — (9nUKH?)Ki. To this purpose, we observe that

1 1 1 1 1 1
o2 |vor — Onvilloxs < o ERE|TE e (Yor — Onvic)lloxs + 0 2hE |0pvk — T s (Dnvk) ok
. 1 3
< S (0, 052 + Coh || Ontviclox

. e - 1 1
< SlaK(UK,’UK)Q +CO’I2(}LK||V2’UK||K.
1
The definition of ok implies that o7 <1+ séh;{l, so that

1 1 1
o2 hi||Viukllx < hilViukllx + 22| VPukllx < Cl|[Vukllk + £2[|[Vukllx < Ol Vuklk e

where we used the discrete inverse inequality (8). Owing to the above bound on || Vv ||k -, we infer that

1

11 N i~ o~ 1
oichiclhox = davicllors < C(IV Ry @) lice + (Shic B, i) + Shic (v, 0)) )

Combining the above bounds, we conclude that the lower bound in (28) holds true.
(2) Let us now establish the upper bound in (28). This time we choose w = Ry (Uk) in (19) and
proceeding as above yields

[N

VR (k)| k. < [IVokllk.e+ C(Shx Ok, 0k) + Shx (v, vi))
Moreover, it is clear that
Shr Uk, Uk) + Sh (v, vi) < oxchit lvor — vllF i + oxhi v — Onvi |3

+orhi i3 +eh I Vur 3k,

1
since [|IIE . (Onvi — Yor)|loxt < oxhi||0nvi — Yox ||loki- This completes the proof.

6.2 Proof of Lemma 4.3

(1) Let us first bound ||v —Ex (v)]|y, k. The triangle inequality followed by the discrete inverse inequalities
(7) and (8) implies that

lo = Exc(@)lsxe < flo = T (v))]
< o= 13 (v)]

s+ 1€k (v) = T2 (0) e ¢
sk + OV (Ex (v) — T2 (0)) | ke

so that we only need to bound the last term on the right-hand side. Straightforward algebra shows that,
for all ¢ € PF2(K),

(VEk(v) = VI (0), VO ke = = (I (v) = v, 0n€)oxc
+e{(52(0) = 0, 0,880 — (Du(TT2(0) = 0), Bun€)oc

— (O (T2 (v) — HS}?(U)), Ot ox — (04 (T2 (v) — U)ﬁnt@akb}-
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Choosing & = Ex (v) — IT52(v) and using the discrete inverse inequalities (7), (8), (9) gives

IV(Ex (v) = T2 () 1c.e < C(Oih;f lo = T2 ()lloxe + €2 V(0 = T (0)[laxc

1. -1
+ eE 0T () — TSR (0) o )
The first two terms on the right-hand side are bounded using (15) and (16) leading to

oichi v =2 () ok + €2 hi? [V (0 = I (0) ok < ClIV (0 — 52 (0)) i

Moreover, for the last term on the right-hand side, proceeding as in [15], we invoke the discrete trace
inequality (9) and observe that IT52(v) — Hgﬁ (v) = Hg;zi (15 F2(v) — v). Since Hg;rfi is L2-stable, we
conclude that L s

2 by 0, (g2 (v) = 5 H2 (0) loxe < CeZhiy? [lv — T (0)[|oxcr-

Invoking (15), this yields
1
€2 hy? [0 (I (v) — TEL2(0)) [l < OV (v — T2 (0)) | .-
We have thus shown that
IV (Ex (v) = T2 () | ke < OV (0 =TT () ke

Putting the above bounds together shows that [|v — Ex (v)||s.x < Cllv — TIEF2(0) |41
(2) Let us now bound Sk, (Z%-(v), Z§ (v)). We have
Sorc (Zi (), Tk (v) = oxchi M52 (0) = TR ()3 s + 0 r T TS s (105 s (90) — B (T2 (0)) 13 s

< oxhig v = T2 @) 35 + orchac|0n (v = T2 (0)) 3

since TIEF2(TT) 2 (v) = 152 (v) ok, TI5E? is L2-stable, and IT%,, o 115, = TI% . The first term on the

right-hand side is bounded by means of (16), yielding
orchit o — 2 () |55 < ClIV (0 — IR (0)) | -
Moreover, we have

x| 0n (v = T2 ()55 < ehi 10n (v = T2 @) F 50 + b |0 (v = T (0)) 3
< OV (v =I5 (0)) e o + A 10 (v — T (0)) 13
< Cllo =) k.
where we used (15) and the definition of the ||-||j x-norm. The above bounds together show that
Shic(Th (0), Tf(v)) < Cllo = T ()] -
(3) Finally, let us bound S5 (v — 52 (v), v — TT%F2(v)). We have
Sp (v =T (v), 0 = T (v)) = oxchig! v = T2 (0) 3500 + b IV (0 = T2 (0) [ 550,
and the two terms on the right-hand side can be bounded by invoking the same arguments as in Step (2).
This concludes the proof.
6.3 Proof of Lemma 4.4

Recalling the definition (31) of the lifting operator and the definition (21) of the boundary stabilization
operator, we observe that

n(@n) = 3 {(Fwi)ie — (VLK (), VR () ke + S (,wie) |-
KeTy,
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This implies that
(O, 0n) = Y (w0~ (VEx (W), VR (@5)) ke =S (e (), wic) = S (M52 () —w, wic) }. (42)
KeThn

We bound the four terms on the right-hand side of (42). The first two terms are combined together by
using that f = eA%u — Au, integration by parts, the regularity of the exact solution, and the definition
of Rl (k). Let us set 0|k := (u— Ex(u)) for all K € Tj,. Proceeding as in [15] for the fourth-order
operator and as in [14, 3] for the second-order operator, we obtain

> {(fwi)ic = (VEx(w), VR (k) x.c |

Keﬂl

= Z {(Vnﬂva)K#E - (annawl( - waK)aKi - (annva)aKb
KE7~}L

+5<(8nAnawK - waK)aKi - (87m7778nw1( - XBK)aKi - (8nt7778t(wK - w@K))gKi

Invoking the Cauchy—Schwarz inequality and the discrete inverse inequalities from Lemma 2.3, we infer
that

> {(fwn)ie = (Excw), Rig(@x))xe | < C ( > ||n||§,K> Il

KeT, KeTn

Moreover, the third and fourth terms on the right-hand side of (42) are estimated by means of Lemma 4.3.
Putting everything together concludes the proof.
6.4 Proof of Theorem 4.5
(1) Let us set ef = f}’f(u) —u, € IA/,{“, so that &% := Ik (u) — i € VE for all K € T;,. The property (29)
and the identity ap(eF,e¥) = — (05, €~) imply that

a > V(R @)k, < ollenllE < an(@h, eh) = (0n, ).

KeThn '

Owing to the Lemma 4.4, we infer that

D IVER @k <C Y llu—T5>(w)
KeTy KeTh

f k-

By adding and subtracting R (ff((u)), we have
ujr — R (ix) = Lxc(u) = (ux — Ex (v)) + Ric (€% ).

Using the triangle inequality and Lemma 4.3, the error estimate (39) is derived.
(2) Let us assume that u|x € H¥"3(K) for all K € T;, if k > 1 and that u|x € H*(K) for all

K €Ty, if k = 0. Combining the multiplicative trace inequality (10) with the polynomial approximation
1
result (11) shows that |lu — TT5"2(u)||y x < CJIZ’(h’;(H\umHs(K) if k> 1 and |ju — 052 (u)|yx <

1
CU;(h’;(+2(|U|Hk+3(K) + hi|ulgsk)) if & = 0. Summing these estimates over the mesh cells and using
the error estimate derived in Step (1) proves (40).
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