
HAL Id: hal-03301186
https://inria.hal.science/hal-03301186v1

Submitted on 27 Jul 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Spiral Waves Generation Using an Eikonal-Reaction
Cardiac Electrophysiology Model

Narimane Gassa, Nejib Zemzemi, Cesare Corrado, Yves Coudière

To cite this version:
Narimane Gassa, Nejib Zemzemi, Cesare Corrado, Yves Coudière. Spiral Waves Generation Using an
Eikonal-Reaction Cardiac Electrophysiology Model. Functional Imaging and Modeling of the Heart
2021: International Conference on Functional Imaging and Modeling of the Heart, pp.523-530, 2021,
�10.1007/978-3-030-78710-3_50�. �hal-03301186�

https://inria.hal.science/hal-03301186v1
https://hal.archives-ouvertes.fr


Spiral Waves Generation using an
Eikonal-reaction Cardiac Electrophysiology

Model

Narimane Gassa1,2,3, Nejib Zemzemi1,2,3, Cesare Corrado4, and Yves
Coudière1,2,3

1 University of Bordeaux, IMB, Bordeaux, France
2 National Institue of Mathematics and Informatics, Inria Bordeaux, France

3 IHU-Lyric , Bordeaux, France
4 School of Biomedical Engineering and Imaging Sciences, Kings College London,

London, UK.

Abstract. Aim: Computer models enabled the study of the fundamen-
tal mechanisms responsible for arrhythmias and have the potential of
optimizing the clinical procedure for an individual patients pathology.
The model complexity and the computational costs affecting computer
models hamper their application on a routinely performed procedure.
In this work, we aim to design a computer model suitable for clini-
cal time scales. Methods: We adopt a (multi-front) eikonal model that
adapts the conduction velocity to the underlying electrophysiology; we
describe the diffusion current using a parametrised form, fitted to repro-
duce the monodomain profile. Results: We simulated spiral waves on a
3D tissue slab and bi-atrial anatomy. We compared the numerical results
obtained with a monodomain formulation with those obtained with the
new method. Both models provided the same pattern of the spiral waves.
While the monodomain model presented slower propagation fronts, the
eikonal model captured the correct value of the conduction velocity CV
even using a coarse resolution. Conclusion: The eikonal model has the
potential of enabling computer-guided procedures when adapts the con-
duction velocity to the underlying electrophysiology and characterises
the diffusion current with a parametrised form.

Keywords: Cardiac Electrophysiology · Eikonal model · Spiral Wave ·
Atrial fibrillation.

1 Introduction

Cardiac ablation is widely used to treat cardiac atrial arrhythmias, and some-
times also ventricular arhythmias. In these heart conditions, the heartbeat could
be slow in the case of bradycardia and it could be fast in cases of tachycardia,
flutter or fibrillation. In these latter conditions, cardiac ablation techniques are
used in order to restore a normal heart rhythm. This technique allows isolating
trigger areas from the rest of the heart. In order to accurately identify the regions
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to ablate, catheter are introduced inside the heart chambers and measurements of
the electrical signals allow to localize the abnormal regions. This invasive method
is performed in the operating room where the patient is under local anesthesia.
It is long and sometimes inaccurate, mainly because of the heart movement.
The recent alternative to this approach is the non invasive electrocardiography
imaging (ECGI), this method allows to reconstruct electrical informations on
the heart surface using a set of electrodes measuring the electrical potential
on the body surface and geometrical information about the patient extracted
from CT-scans [10]. In this method an unstable mathematical inverse problem
is solved and the results are not very satisfactory in clinical application [3]. One
of the approaches, that could have a high potential to solve the ECGI inverse
problem is to use propagation models in the cardiac domain and parametrize
these models in order to personalize the model by fitting it to the electrical
measurements. During the last decades, advances have been made in electrocar-
diology. The bidomain and monodomain models [1] are widely used as they are
considered to accurately describe the electrical propagation in the heart. In spite
of being applied successfully, these phenomenological models based on reaction-
diffusion equations are known to be computationally very expensive. Thus their
use in clinical application is challenged and non-practical. The eikonal equation,
on the other hand, is a one non-linear partial differential equation that arises
in problems of wave propagation and can be very fast to compute. Despite its
low computational complexity, the eikonal model is less reliable in arrhythmia
prediction than the reference models, which can be a major limit for studying
arrhythmias. In particular, in the literature many studies have been dedicated
to the use of the eikonal model in cardiac electrophysiology [4, 6, 2]. In Neic et
al (2017) [6] a new reaction-eikonal model has been introduced, but, as the au-
thors stated in the discussion, this model is not suitable for reentries. In all these
studies no spiral waves have been generated with the different formulations of
eikonal models. This is mainly due to the fact that the eikonal models provides
the activation times in the depolarization phase but does not accurately describe
the repolorization of the cardiac cells. In this work, we present a novel approach
wherein we enhance the conduction velocity adapted eikonal model (EK-CV)
presented in [2] with a time-varying parametric function that describes the dif-
fusive current. We then fit this expression to the diffusive current we obtained by
solving the monodomain model. This new formulation allows the EK-CV model
to simulate the dynamics of the spiral waves. We compare the generated waves
with those simulated using the monodomain model.

2 Methods

2.1 The Monodomain Mitchell-Schaeffer model

The Mitchell-Schaeffer (MS) ionic model [5] describes the ionic currents that are
flowing through the cell membrane. It is characterised by two state variables,
the transmembrane voltage Vm and a gating variable h. Given a cardiac domain
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Ω ⊂ Rd(d = 2, 3) the mondomain in Ω coupled with the MS model can be
written as follows:

Am(Cm∂tVm + βIion(Vm, h))− div
(
D

m
∇Vm

)
= AmIapp, in Ω × R+,

∂th+ g(Vm, h) = 0, in Ω × R+,

D
m
∇Vm . n = 0, on ∂Ω

(1)

with an ionic model given by,

Iion(Vm, h) = −hV
2
m(1− Vm)

τin
+
Vm
τout

g(Vm, h) =


h− 1

τopen
, if Vm ≤ Vgate,

h

τclose
, if Vm > vgate,

2.2 The EK-CV model

The eikonal model in cardiac electrophysiology has been proposed in the early
nineties [4] as an alternative to the reaction-diffusion bidomain to compute the
activation time Tact(x) representing the arrival of the depolarization wavefront
at each point x ∈ Ω. The activation time Tact(x) solves the eikonal equation:{

F
√

(∇Tact)T D ∇Tact = 1, on Ω,

Tact = 0, on Γ ,
(2)

where D is a dimensionless tensor that describes the tissue anisotropy, the scalar
function F is the velocity of the front and Γ is the set of the first activated
sites. The EK-CV model [2] makes the conduction velocity F dependent on the
underlying electrical state as follows:

F = α

√
2σl

m

τin
,

α(DIn) =
1

4
(3
√
h(DIn)− hmin −

√
h(DIn)).

(3)

Here DIn stands for the diastolic interval at the n-th beat and σm is the diffu-
sivity tensor, defined as follows:

σm =
D

m

AmCm
, (4)

with σl
m is the longitudinal component parallel to the fibre direction −→a and σt

m

is the transverse component:

σm = σt
mI+(σl

m−σt
m)−→a ⊗−→a = σl

m(σt
m/σ

l
mI+(1−σt

m/σ
l
m)−→a ⊗−→a ) = σl

mD. (5)
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Once discretised in time, within each time interval, we first evaluate F using (3);
next, we solve equation (2) using the fast marching method [9] and finally, we
solve the ode system of the MS model:{

∂tVm + Iion(Vm, h)) = Istim, in Ω × R+,

∂th+ g(Vm, h) = 0, in Ω × R+,
(6)

where the function Iion and g are the same functions as in the MS ionic model and
the stimulation current Istim is computed using the activation time information
and will be detailed in the following section.

2.3 Parametrization of the diffusion current

The method proposed in [2] describes the diffusive current with a stimulus of
constant intensity and a given duration. This simple description of the diffusive
term limits the study of spiral waves. In this work, we characterise the diffusive
current with a time-varying parametric function, and we constrain the charac-
terising parameters by fitting the diffusive term of the monodomain model. We
parameterise the profile of the diffusive current with the sum of two Gaussian
functions:

Istim(t) = A1 · exp− (t− µ1)2

2σ2
1

−A2 · exp− (t− µ2)2

2σ2
2

(7)

where the parameters A1, A2 are the magnitudes, µ1, µ2 are the times represent-
ing the centers of each Gaussian bump and σ1, σ2 are the standard deviations of
the time in the Gaussian functions. The profile of (7) is shown in Figure 1 B and
is consistent with the profiles obtained from the monodomain model simulations
(Figure 1 A). We post-processed the diffusive current from the monodomain
model simulations as follows:

div
(
D

m
∇Vm

)
= Istim = Cm∂tVm + Iion. (8)

and we centred around the activation time evaluated as the instant the action
potential exceeds the threshold of 0.15 with a positive slope. Finally, we fit the
function (7) to the mean value of all diffusion the currents shown in Fig. 1 A using
a Levenberg-Marquardt algorithm [7] (Fig. 1 A). We obtained A1 = 0.126, A2 =
0.143, µ1 = 1.81ms, µ2 = 3.83ms, σ1 = 2.499, σ2 = 2.188 with relative error on
the fitting of the mean value of the diffusion current is equal to 0.028. In this
work, inspired by the findings of Neic et al. (2017) [6], the stimulation current
that will be introduced to the MS EK-CV model is the approximation of the
diffusion current relative to a R-D monodomain model during the depolarization.
Istim will be added, in space and in time, as follows:

Istim(t, x) =

{
Istim(t), if t ∈ [Tact(x)− tstim, Tact(x) + tstim]

0, else.
(9)
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Fig. 1. Time course of the diffusion current. A: the diffusion currents computed with
the monodoamin model at each node of the mesh. B: comparison between the mean
value of the diffusion currents computed with the monodomain model and the fitted
function Istim.

3 Numerical results

We compare the simulated numerical results of spiral waves obtained using
the monodoamin model and the EK-CV model with the parametrization of
the diffusion current (EK-CV-DIFF).We consider two different geometries: a
(5 × 5 × 0.1cm) 3D tissue slab and an anatomically detailed bi-atrial domain.
On all the test cases, we adopt the Mitchell-Schaeffer ionic model parameters
shown in Table 1. The simulations of propagation on the bi-atrial geometry
during 400ms with the EK-CV-DIFF model required 21.89 seconds while the
monodomain model required 1048.64 seconds on the same machine. We induce
spiral waves in the simulations by applying S1-S2 protocol.

Table 1. Parameters of the MS ionic model.

τin τout τopen τclose vgate

0.3 ms 6 ms 120 ms 80 ms 0.13

3.1 Tissue slab

In this section, we show the simulation results obtained using the tissue slab
geometry (dimensions 5 × 5 × 0.1cm). This was used to easily investigate the
initiation of reentries and qualitatively compare the new approach to the actual
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state of the art. The number of vertices in the mesh is 20,490, the number of
triangles is 15,256 and the number of tetrahedra is 99,420 with a characteristic
mesh size h = 1.4 mm. The conductivity of the tissue is equal to 0.001 S/cm. The
tissue is initially at rest, we apply a first stimulus on the left edge with a duration
of tstim. The wave front then propagates from left to right of the tissue slab and
we apply a second stimulus in a rectangular region (x < 3 and y < 2.5) at time
S2 = 300 ms. Figure 2 shows the simulated action potentials at time t = 600 ms,
wtih the parametrised diffusive current (right) and with the constant expression
adopted in [2](left). Both models generated a spiral wave with the same conduc-

Fig. 2. Two snapshots of the transmembrane voltage Vm at t = 600 ms. On the left
a constant stimulation current was applied and on the right we stimulate with the
parameterised function of stimulus.

tion velocity. The EK-CV model, however, produced a strong discontinuity on
the action potential in the depolarized region (Figure 2, left), not shown in the
EK-CV-DIFF model (Figure 2, right). In that follows, we adopt the EK-CV-
DIFF model. Figure 3 shows the action potential at t = (100, 400, 600, 800 ms),
simulated with the EK-CV-DIFF model (top row) and with the monodomain
MS model (bottom row). Both models initiate a stable spiral wave; the mon-
odomain model, however, presents an activation front that propagates slower,
when compared with the EK-CV-DIFF model. The slow propagation is caused
by the coarse resolution (h = 1.4 mm) here adopted, [8].

T = 100ms T = 400ms T = 600ms T = 800ms

Fig. 3. Snapshots of the transmembrane voltage Vm for the EK-CV-DIFF model (top
row) and the monodomain model (bottom row) at different time steps.
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3.2 Atrial geometry

In this section, we present the simulation results obtained using the anatomical
atrial geometry discretised here with a triangular surface mesh with 141,314
nodes and 275,515 elements. The conductivity of the tissue is equal to 0.09
S/cm. The tissue is initially at rest, we stimulate in the wall of the right atrium
with an intensity Istim. A second stimulus is then applied at the bottom of
the atrium (y > 21.1 and z < 17.6) at time S2 = 240ms. In Fig.4, we show
snapshots of the action potential at different times (t=10, 250, 390, 430ms). In
the top row of the figure, we show the obtained simulations with the EK-CV-
DIFF model. In the bottom row we present the simulation results obtained with
the monodomain model. When comparing both simulations, we remark that two

T =10ms T =250ms T =390ms       T =430ms

Fig. 4. Snapshots of the action potential Vm of the EK-CV-DIFF model (top row) and
the monodomain model (bottom row) at different time steps.

spiral waves occur in the same region for both models. We can also say that we
have qualitatively the same pattern of reentry. On the other hand, we notice
that the wave generated with the monodomain model is delayed with respect
to the eikonal model: the pattern of the EK-CV-DIFF solution at time 390 ms
corresponds to that for the monodomain solution at time 430 ms.

4 Discussion and conclusion

In this work, we used the conduction velocity adapted eikonal model [2] in order
to simulate reentry spiral waves. The new model that we present here combines
the CV-adapted eikonal model with a specific parametrized stimulation current
obtained from the diffusion term of the monodomain model. The monodomain
model is computed once off-line and the generated diffusion current has been
approximated, parametrized and used to stimulate the MS ode system. The
preliminary results showed that with this model we have been able to simulate



8 N. Gassa et al.

spiral waves with the same pattern as the monodomain model. To the best of
our knowledge, this is the first work able to generate spiral waves using the
eikonal model. Differently from the monodomain model, [8], the EK-CV-DIFF
formulation captures the correct value of the conduction velocity even using a
coarse resolution. This eikonal model is easy to parametrize and thus could be
a good candidate to conduct personalized simulations in order to simulate the
electrical wave of a given patient. Our future work will be to parametrize this
model in order to provide a new electrocardiography imaging tool especially in
atrial fibrillation conditions.
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