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Abstract

This article is largely concerned with the time-discretization of a class of descriptor-variable
systems coupled with complementarity constraints, named descriptor-variable linear complemen-
tarity systems (DVLCS). Specifically, the Euler implicit discretization of DVLCS is analysed:
the one-step non-smooth problem, which is a generalized equation, is shown to be well-posed
under some conditions. Then the convergence of the discretized solutions is studied, and the
existence of solutions to the continuous-time system is shown as a consequence. Several circuits
examples illustrate the applicability and the theoretical developments.

1 Introduction

The analysis of nonsmooth dynamical systems with set-valued right-hand sides satisfying maximal
monotone properties has witnessed a very large number of contributions, e.g., [15, 38, 39, 4, 5, 25,
26, 24, 33, 36, 43, 49, 54, 56, 17, 21, 18, 41, 55]. Within this class one finds linear and nonlinear com-
plementarity dynamical systems, projected systems, differential variational inequalities, differential
inclusions with maximal monotone right-hand sides, Moreau’s sweeping process, some switching
dynamical systems, etc, see [20] for details and references. In this article we focus on descriptor-
variable linear complementarity systems (DVLCS), which may be viewed either as an extension
of descriptor-variable systems, or of linear complementarity systems, or of differential-algebraic
equations (DAEs). Generally speaking, systems with nonsmooth constraints arise in chemistry
[53, 52, 51], switching DAEs analysis [47, 46], circuits with nonsmooth electronic components [1,
section 3.5] [24], mechanical systems with bilateral and unilateral constraints [16].

It has to be noted that the study of such singular nonsmooth dynamical systems has not received
a lot of attention yet. The first goal of this article is to analyze the well-posedness of the one-step
nonsmooth problem (OSNSP) obtained after an implicit Euler discretization. The convergence of
the piecewise-linear approximated discrete-time solutions towards a continuous-time limit which
is a solution to the continuous-time differential inclusion, is tackled also. Implicit Euler method
has been widely used for DAEs, see, e.g., [35, 40], differential inclusions like Moreau’s sweeping
process [41] and maximal monotone DIs [6, 9, 45], see [20, section 5] for more references. But its
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application to DVLCS remains an open issue. Passivity and maximal monotonicity properties are
pivotal throughout the article.

The class of singular systems and their discretization are introduced in section 2. In section 3 the
so-called one-step nonsmooth problem of the implicit Euler scheme is analysed. Section 4 is dedi-
cated to the convergence analysis of piecewise-linear discrete-time solutions. Section 5 is devoted
to relax a basic assumption made in section 3. Several examples illustrate the theoretical develop-
ments, in section 6. Section 7 outlines a different proof for the convergence of discretized solutions.
Conclusions are drawn in section 8. The appendix is dedicated to recall various mathematical tools
and to present some proofs.

Notation and definitions: for any vector x € IR" and any matrix M € R"™ ", ||z|| is the
Euclidean norm and ||M|| is the Frobenius norm, which are compatible norms [11, Proposition
9.3.5], i.e., ||[Mz| < ||M]| ||z||. Let M € IR™™, then Im(M) is its range, Ker(M) is its null
space. The Moore-Penrose pseudo-inverse is denoted MT. We use (z,y) = 27y, so (z,z) = ||z|.
Positive definite matrix: M > 0 if 2" Mz > 0 for all z # 0, positive semidefinite matrix: M = 0
if T Mz > 0 for all = (such M is not necessarily symmetric). The maximum singular value
is denoted as opax (M), and the minimum and maximum eigenvalues as Amin (M) and Apax(M).
Given M € IR™™, M;e € IR™ denotes the ith row of M, M,; € IR™ denotes the ith column of M.
A set-valued mapping A : dom(A) C IR" =% IR" is said monotone if for all z1, 2 € dom(A),
y1 € A(x1), y2 € A(x3), one has (x1 — x9,y1 — y2) > 0. It is maximal monotone if its graph cannot
be enlarged without destroying monotonicity. More definitions are given in Appendices B and C.

2 Descriptor-variable linear cone-complementarity systems

Let us consider the following system, that we may name a descriptor-variable linear cone comple-
mentarity system (DVLCS):

Pi(t) = Ax(t) + BA(t) + E(t), ae.t>0 (1)
K> \t) Lw(t)=Cx(t)+ DA(t)+ F(t) € K*, forallt>0
with z(t) € IR", A(t) € R™, A, B, C, D constant matrices of appropriate dimensions, P € R"*"

has rank p < n, K C IR™ is a closed convex nonempty cone, K* is its dual cone, F, F' : IRy — IR
are functions of time. In the sequel it is assumed always that:

Assumption 1 There exists Emax < +00 and Fpax < 400 such that [|[E(t)|| < Emax and |[F(t)]| <
Frax for all t.

Our first objective is the analysis of the well-posedness of the Euler discretization of such nonsmooth
systems, in particular under which conditions the OSNSP possesses a solution. This class of singular
systems are an extension of the Lur’e set-valued systems analysed, e.g., in [38, 39].

3 Time-discretization with an implicit Euler method

Let us consider the time interval [0,T], T > 0, h = %, neN,n>0,t,=kh, k>0t =0,
t, = T. The implicit Euler discretization of (1) reads as:

{ Pxpi1 — Pry, = hAxk 1 + hBAgo1 + hE} 2)

K > Mer1 L wgy1 = Cxgyy + DAy + Fy, € K*.



This is called implicit because wy; is computed with zy ;. Let P" 2p- hA, (2) is rewritten
equivalently as:

Phay 1 — Pry — hBM\gyy — hEp =0 3)
K> )‘k-i-l 1 wiy = C-Tk-i-l + D/\k+l + F € K*.
This forms a kind of mixed linear complementarity problem (MLCP). If instead an explicit dis-

cretization of the linear terms is chosen, i.e., hAxy, then (3) is changed to, with P" 2 p + hA:

Py — P'xy — hBM\yy — hEp =0 (1)
K 3 MNev1 L wpyr = Cxpqq + DApypy + F € K™
3.1 Case D=0
Let us consider D =0 in (3) (or in (4)). In this case we have
Ae+1 € =Ni+ (Copgr + Fi) (5)
from which the generalized equation (GE) with unknowns xj11 and zx41
Ptz — Pxy, — hE) € —hB Ng+ (Cxppq + F) (6)

follows using (3). This GE is not in the standard form [29] because of both P" which may be
singular, and of B and C, which destroy in general the monotonicity of the set-valued part. It is
neither in the canonical form used in [3]. Let us make the following passivity-like assumption:

Assumption 2 There exists X = X = 0 such that XB = C'T.

Mimicking [15] and many articles afterwards (see references in [20, Section 3.4]), let us define
R=R" =0, R? = X, and the variable change ¢ = Rz. This allows us to transform (6) into the
equivalent GE:

RP"R™Y¢,1 — RPR™Y¢, — hRE), € —hR7'CT Ny+(CR™ €41 + F). (7)

a

Let us define f(-,t) = g+ _ p) oCR™!(-), then this is equivalently rewritten with f5,(-) = f(-, tx) =

Y — g, 0o CR7TI(:) as:

RP"R™€,,1 — RPR™ ¢, — hRE;, € —0fi(£rt1) © Exs1 € (RPPR™Y+0f,) Y (RPR™ ¢, + hRE}),

(8)
where h > 0 pre-multiplying the right-hand side in (7) disappears since it multiplies a cone. It is
also assumed that there exists & such that CR™'¢y + F}, € K* to apply the chain rule of Convex
Analysis [48, Theorem 23.9]. The function fi(-) is proper convex lower semicontinuous for each
k > 0. Again for each £ > 0, the GE in (8) can be rewritten equivalently as the variational
inequality of the second kind VI(RP"R™!, g, f): Find &1 € dom(f;) such that

(RP"R™'¢ 11 — RPR™ "¢ — hREg, v — &) + fu(v) — fu(&t1) > 0, for all v € dom(fy), (9)

where dom(fy) = {w € R" | CR™'w € K* — F},} and g = —RPR™¢, — hRE). The GE in (9)
can be analysed using the tools in [3]. Noticing that fix(-) = ¢y (-) with I'y = {{ € IR" | CR™ ¢ ¢
K* — Fy}, one sees that (8) is also an inclusion into a normal cone.



Proposition 1 Suppose that T}, is nonempty compact, then the set of solutions &1 to the GE in
(8) is nonempty and compact.

The proof follows from [29, Corollary 2.2.5], since [}, is convex. Going further necessitates that P"
possesses some positivity property. It is noteworthy that due to its structure, there is no reason
that P" be a symmetric matrix in general. Let us make the following assumption.

Assumption 3 For all h > 0: RP"R™! = 0.

Let us now apply [3, Corollary 3] to analyse the GE, without the compactness assumption of
Proposition 1.

Proposition 2 Let Assumptions 2 and 3 hold, h > 0 and k > 0 be given. Assume that K* = {{ €
R™ | G€ > 0} for some G € IR™ ™. Let us consider the set:

S2 {¢eR"|GCR'¢>0}n{¢ e R"| RP"R~1¢ = 3"  M(GCR™]L | A\ > 0}
éSl (10)
N Ker(RP"R™! + R7Y(P")TR).

1. If S = {0}, then the VIIRP"R™', gy, f1) has at least one solution.
2. If § # {0}, and if there exists &y € L) such that
(g — (RP"R™YT¢0,v) >0 for allv € S, v#0, (11)
then the VIIRP"R™, qi., fx) has at least one solution.

3. Ifﬁ,}H_I and §£+1 are two solutions of the VIIRP"R™", qi, fx), then §é+1—§,§+1 € Ker(RP"R™1+
R™Y(PMTR).

4. Let RP"R™" be symmetric. If f,iJrl and f,%Jrl are two solutions of the VIIRP"R™Y, qi, fx),
then <Qka§11+1 - 513+1> =0.

5. Let RP"R™1 be symmetric. Then any solution of the VIIRP"R™', qy, f) is also a solution
of the optimization problem:

1
min =& RP"R™YE + (g, €). (12)
¢ely, 2

Proof: The proof relies on [3, Corollaries 3 and 4], see Proposition 10 in Appendix B, noting
that fr(-) = @bfk(-) is proper, convex and lower semicontinuous, while RP"R~! = 0 (this plays
the role of the matrix M in Proposition 10). First one calculates (dom(fy))eo (the recession
cone of dom(fx)) as (dom(fx))oo = (dom(¢p, ))ec = (I'k)oo = {§ € IR" | GCR™ >0} = &
(applying the rule of calculation of recession cones for polyhedral sets, see [33, Example 17] [48,
p.62], and Proposition 9 item e) in Appendix B). The second step is to calculate (dom((fx)c0))™,
which is the dual cone of dom((fx)eo), Where (fx)oo(:) is the recession function of fi(-). Indeed
Proposition 10 involves the set K(RP"R™Y f) = {¢ € R" | RP"R™'¢ € (dom((fr)x0))*} in
(63). Due to the fact that fix(-) = ¢ (-) and I, is closed convex nonempty, one has (fi)eo() =

U)o (1) hence dom((fi)oo) = (Tk)oo. One has (ITh)ee = {& € R | GOR™'¢ > 0}, so that
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(Th)oo)* ={w € R" | w=Y7", M(GOR™)[, , \; > 0} [33, Example 15]. The third set is equal
to Ker(RP"R™' + R(P")T R™1) directly from Proposition 10 (a). Then items 1 and 2 are a direct
consequence of (a) and (b) in Proposition 10: note that ¢(-) = ¢, (-), hence poo(-) = w(fk)w(-), and
it follows that ¢, (v) =0forallv € S; C S (see (64) in Proposition 10). Item 3 is a consequence
of (c) in Proposition 10. Item 4 stems from item d) in Proposition 10, since f(-) = ¢p (-) (and

k1 € fk) Item 5 follows from item f) in Proposition 10. X

Remark 1 As alluded to above, if one uses instead the scheme in (4), then Proposition 2 applies,
replacing VIIRP"R™Y, qi, fr) by VIIRPR™, qi, f1) and g = —RP"R™'¢, — hRE),, P" = P+ hA,

and modiying Assumption 3 accordingly.

If a solution exists, then one recovers from item 5 that if Ty, is compact then the solution is uniformly
bounded, as in Proposition 1. Now we have that P* = P — hA. Consider (12) and replace P"
by P. It is interesting to notice that ¢ ' RPR™'¢ = ¢ 'R™'R?Px = 2" X Pxz. Consequently the
fundamental matrix for the studied class of DVLCS is X P »= 0. In case of LCS with full rank P
one recovers the fundamental matrix X for the storage function.

3.2 Case D =0

Let us adapt the ideas developed in [54] to our purpose. Indeed due to the presence of a nonzero D
in the complementarity condition, a straightforward extension of the material in section 3.1 is not
possible. One has to use a particular decomposition so as to recover the method used in section
3.1.

Assumption 4 There exists X = X = 0 such that Ker(D) C Ker(XB—C"), and D= D" = 0.

This is satisfied by passive quadruples (4, B, C, D) with symmetric D [19, Proposition 3.62] [25, 23],
and it extends Assumption 2. Similarly as in section 3.1, let us define R = R" >~ 0, R? = X, with
X such that Assumption 4 holds. Following [54, Equations (13)-(15)], let us rewrite (1) as:

Pi(t) € Ax(t) — B (t,Ca(t)) + E(t), (13)

with @ (t,() 2 (Bor@ + D)1 (¢), D(t) = K* — F(t) is closed and convex for each ¢ > 0. Let us
now state two assumptions.

Assumption 5 For allt >0, one has Tm(C) Nrint(Im(dop(y) + D)) # 0.

Assumption 6 For all t > 0 and each v € Im(C) N Im(dor(y + D), it holds that Im(D + D7) N
(O + D)~ (v) # 0.

Remind that since D %= 0 then Im(D + D") = Im(D) = Im(D") [30] (D needs not be symmetric
for this). Following the developments in [54, section 3.2] where the meaning of the assumptions is
explained, one obtains the next result.

Proposition 3 Let Assumptions 4, 5, 6 hold. Let & = Rx. Then the DVLCS in (1) is rewritten
equivalently as:

RPR™ (1) € g(t,£(1)) — U (t,£(1)), (14)
with: g(t,&) = RAR™'¢ + RE(t) — (R7'CT — RB)YPp(Ma(l)), Aa(t) is any element of the set
® (t,Cz(t)), ¥(t,&) = RICTO(t,CR™E), and Pp denotes the projection on Im(D + D) (which
is unique for any element A\ (t)).



3.2.1 Calculation of sets

Notice that W(t,-) = ®(t,-) o CR™, with @ (t,¢) = (o) + D)~' (¢). By [48, Theorem 23.8] and
since D = DT (Assumption 4), one has d(op)(2) + 52 Dz) = dor)(2) + Dz, hence denoting
h(t,z) = opw(z) + 32" Dz, so that h(t,-) is convex proper lower semicontinuous for each ¢ > 0,
one has ®(t,-) = (Jopy) + D)~'(:) = dh*(t,-) [37, Corollary 1.4.4], where h*(t,-) is the conjugate
function of h(t,-). Therefore ¥(t, ) = df(¢,-), with

fi&m (h*(t,-) o CRT)(E) (15)

a convex, proper and lower semicontinuous function. One has dom(f) = {¢ € IR" | CR™¢ €
dom(h*)}, and dom(0h*) C dom(h*) C dom(0dh*) [7, Theorem 2, Chapter 10, section 3], and
dom(0h*) = Im(dorq) + D). Characterizing this range may be done as follows, see for instance
[18]. Here both Jor(;)(-) and D are monotone, they both satisfy the property (*) stated in [14,
section 1] (because they are both subdifferentials of convex proper lower semicontinuous functions
[14, p.167]), and dop () + D is also monotone because (dor )+ D) (-) is monotone [54, Lemma 1].
Hence from [14, Theorems 3, 4] one finds Im (o) + D) = Im(dop(y) + Im(D) = T'(t) + Im(D)
and Int(Im(Jopy) + D)) = Int(Im(dopy)) + Im(D)) = Int(I'(¢) + Im(D)). Thus dom(9h*) =
I'(t) + Im(D), and

=

dom(f) = {€ € R" | CR™'¢ € T'(t) + Im(D)} (16)

is a closed convex set, which is nonempty by Assumption 5. Let us state two lemmae that will be
useful for the generalisation of Proposition 2.

Lemma 1 Let K* = {¢ € R™ | GE > 0} for some G € IR™*™ as in Proposition 2, and let the
assumptwns of Proposition 3 hold true. (i) If D has full rank, then dom(f) = IR"™ and (dom(f))ec =

. (ii) If D = 0 then dom(f) = I'(t) = {¢ € R" | GCR™'¢€ + GF(t) > 0} and (dom(f))es =
{f € R" | GCR™¢ > 0}. (iii) In general the recession cone of dom(f) is (dom(f))s = {€ €
R" | CR™'¢ € Im(D) + K*}.

Proof: (i) Follows from (16) with Im(D) = IR™, and Proposition 9 d). (ii) Follows from (16) with
Im(D) = {0}, and Proposition 9 e). (iii) One has (dom(f))so = ﬂ/\>0 +(dom(f) — &) for some
& € dom(f). Let w € 3 (dom(f)—&) & Mw € dom(f) R )\C’R* w=D(+y—F(t)—CR™ '
for some ¢ € IR™ and y € K*, equivalently CR™'w = /\Dg‘ + y — fF( ) — %CR_lﬁo. Letting A
vary in (0, +00) and since K* is a cone, the conclusion follows. X

To extend Proposition 2 we will also need to characterize (dom(fs))*, that is the dual cone of
the domain of the recession function foo(-). Let us remind that f(¢,-) = (h*(t,-) o CR™1)(-), with
h*(t,w) = sup,epm(w'z— or(2) — $27Dz). Let us better characterize the latter conjugate func-

tion. Using [37, Theorem 2.3.1, Chapter E|, one finds that h*(t,w) = cl (alﬁ(t) (w) v (%wTDw)*>,

both functions being closed since they are convex and lower semicontinuous, and V stands for the
inf-convolution operation [37, p.92]. Thus h*(t, w) = infyepm (Yre)(y) + g(w —y)) [37, Definition
2.3.1], since O‘F () = ¥ru(-), being I'(t) closed convex for each t [48, Theorem 13.2], where

Lw—1)TDIw—y) if w—y e m(D)

g(w—y) = { +o00 if w—1y & Im(D), (17)

where DT is the Moore-Penrose generalized inverse (when D = DT < DT = (D)7 then DT = 0 <
D = 0, and Im(D) = Im(D") [11, Proposition 6.1.6 , vi), xxxi)], and if D = 0 then DT = 0). Tt



follows that h* (¢, w) = infycrq) g(w — y). Therefore:

. L(CR™ Y —y)TDI(CR ¢ —y) if CR™1¢ —y € Im(D'
f(t,€) =1nfyer(t){i(oo TupHeRTe Y ;fCR—lg—stIEEDT;

_ [ infyep 3(CRT'E—y)TDYCR™¢ —y) if CR™'¢ —y € Im(DY)
+00 if OR7'¢ —y ¢ Im(D7).
where we recall that y € I'(t) < G(y + F(t)) > 0, and f(t,-) = (h*(t,-) o CR™1)().

The next lemma is useful to calculate the set in (63).

Lemma 2 Assume that D = D" = 0, and let it be unitarily similar to <10) 8) with unitary

matriz U, D = 0. Assume also that K* = {¢ € IR™ | G¢ > 0} with G € IR™ ™ full rank. Let
A n — m
I ={{e€ R"|UGCR'¢ € RT}. Then foo(t,€) = foo(€) = ¥r(€).

Proof: The proof is in Appendix D. X
Therefore the following holds (see the proof of Proposition 2 and [33, Example 15]).

Corollary 1 Let I' be as in Lemma 2. It follows that (dom(fs))* = I = {w € R" | w =
Z;T;l )\z(UGCRfl)l SN > 0}.

3.2.2 Analysis of the OSNSP

Let us now come back to the differential inclusion (14). If D = DT, one can rewrite it equivalently
as the VI: Find {(¢) € dom(f) such that

(RPR™YE(1) — g(,€(t)), 0 — £(8)) + f(t,v) — f(t.£(1)) = 0, for all v € dom(f), (19)

where it is reminded that f(t,-) = (h*(t,-) o CR™!)(-). Let us now pass to the time-discretization
of (19). Find {41 € dom(fi) such that

(RPR™ &1 — RPR™ &, — h g(ti, &), v — &e1) + fr(0) = fr(€e+1) = 0 for all v € dom(fy,), (20)

where g(tp, &) = RAR™Y¢, + RE, — (R7'CT — RB)Pp(Aak)s Aok is any element of the set
®(t,, CR71&.) (see (13) and Proposition 3 for the definition of this set). The VI in (20) has quite
the same structure as the VIin (9), excepted for the function fi(-) which is now more general. Notice
that we chose the discretization in (4) instead of (3), this does not modify much the developments
excepted that P" is replaced by P in the term RPR™'¢,,, in (20). The next results hold, and
extend Proposition 2.

Proposition 4 Let Assumptions 3 (with P" replaced by P), 4, 5, 6 hold, h > 0 and k > 0 be given
and D = D7 with same properties as in Lemma 2. Let € = Rx, R> = X, R=R'" = 0. Let the

DVLCS in (1) be discretized as in (20), and g 2 _RPR! & — h g(tk,&). Let us consider the
set:

S 2 (dom(fr))ee N {€ € R" | RPR™'¢ = > NUGCR ™M), A\ =0} nKer(RPR™' + R™'PTR),
i=1
(21)
where (dom(fr))oo 18 given in Lemma 1. Then:



1. If 8§ = {0}, then the VIIRPR™ ', qi, f1) has at least one solution.

2. If § # {0}, and if there exists { € dom(fy) such that
(g — (RPR™Y)T&) > 0 for allv e S, v # 0, (22)
then the VIIRPR™!, qi., f1.) has at least one solution.

3. Iffi,“ and 51%—5—1 are two solutions of the VIIRPR™!, qi, fx), then §,1+1 _513:-1-1 € Ker(RPR™'+
R™'PTR).

4. Let RPR™' be symmetric. If ‘fiﬂ and f,%Jrl are two solutions of the VIIRPR™L, qi, f1), then
<ka€li+1 - 5i+1> =0.

5. Let RPR™! be symmetric. Then any solution of the VI RPR™, qi, fx) is also a solution of
the optimization problem:

grggl %fTRPPflﬁ +{qx, &) + fr(§). (23)

Proof: The proof is similar to that of Proposition 2. It follows from Proposition 3 (which itself is
a consequence of the material in [54]), Proposition 10 as well as Lemmae 1 and 2 and Corollary 1.
In item 2 it is used that (gom(f,))s (v) =0 for allv e S. X

One sees that computing the set S in (21) boils down to calculating the set of vectors £ € IR™ such
that:
CR™'¢ € Im(D) + R?
(P+PT)R1e=0 (24)
RPR7Y =" NUGCR™YHY, , N >o0.

It follows from item 5 that solutions are in the set dom(fy) = {¢ € R" | CR™1¢ € Ty, + Im(D)}
with Ty = {¢ € IR™ | G(C+ F}) > 0}. One sees from Lemma 1 that if D is full rank (= D > 0 since
D = 0), then ¥(gom(f)). (1) = 0, so the first line in (24) and the first set in S in (21) can be ignored.
The multiplier verifies Ay 1 = (N + D)~ (=Cayy1 — F}), where the operator (N + D)71(-) is
single-valued Lipschitz continuous [17, Proposition 1], and dom((Nx + D)™!) = Im(Nx + D) =
IR™ so that dom((Nx + D)~1(C-)) = IR". Then the implicit Euler discretization (5) is written
equivalently as (compare with (6)):

Paypq — hB(Ng + D)~ (=Cappy — Fy) = Play + hEy, (25)

where P" = P + hA.

4 Convergence analysis

Well-posedness results have been stated in [24] for DVLCS with passive quintuple (P, A, B,C, D)
(the set-valued feedback term is more general in [24] than in (1)), and also in [53, 52, 51] (the
Lipschitz continuous nonsmooth constraints considered in [53, 52, 51] embed the complementarity
constraints in (1) when D > 0). However the discrete-time solutions have not been analysed in
these articles. The first step is to analyse the limits as h — 0 of the piecewise-linear functions



constructed with the above iterates. We consider the time interval [0,7], T > 0, h = %, n € IN,
n>0,t,=kh, k>0,t=0,t, =T. In this section we always assume that the conditions for
existence of a solution to the OSNSP, i.e., the VIs in (9) and in (20), are satisfied for all A > 0 (see
Propositions 2 and 4).

4.1 The case D =0

When D = 0, using the material in section C, and still assuming that K* = {{ € R" | G§ > 0},
the DVLCS in (1) can be rewritten equivalently as the differential inclusion:

Pi(t) — Az(t) € —BNy, (Cx(t) + E(1), (26)

with I'(t) = {w € R™ | G(w+ F(t)) > 0}. Since I'(t) is convex polyhedral for each ¢, then using as
above the variable change matrix R from Assumption 2, this can be equivalently rewritten using
the Convex Analysis chain rule as

RPR™'E(t) — RART'E(t) € —Npy) (€(1) + RE(t), (27)

where I'(t) = {¢ € IR" | GCR™'¢ + GF(t) > 0}. The differential inclusion in (27) is a singular first
order sweeping process (FOSwP [20]). It is noteworthy that singular zero order sweeping processes
(ZOSwP [20]) have been studied [56, 4, 5], but they form another class of singular systems than
(27). The analysis in the foregoing sections can therefore be thought of as that of a singular FOSwP.
A time-discretisation of (27) is in (7).

Assumption 7 The time-function F(-) in (1) satisfies F'(t) = F for some constant F' and for all
t>0.

Then we can denote f(-,t) = g+ poCR™ () = ¢proCR(-) = f(-) since f(-) no longer depends
explicitly on time, and the differential inclusion in (27) is no longer a FOSwP.

Proposition 5 Let Assumptions 2, 3, 7 and the following conditions be satisfied:
1. D=0.
2. P=P".
3. The polyhedral set T = {¢€ € R™ | G(CR™'¢ 4+ F) > 0} is compact.
4. There exists U € RV, UU" = 1,, U = (U, Us), Uy € R™P, Uy € R P) such that

A=R1U (M” Ml?) U'R, UTRPRU = ( 0), where P = diag(\i(P)), Mi(P) > 0,

P
Moy Moo 0 0

1 < i < p are all the positive eigenvalues of P, P € IRP*P, M, € IRP*P, Mayy € IR —P)*(n=P)
5. Mo + 3||(My + Moy)|PTr—p + 31n—p < 0.
6. M1 +1,<0.

7. E(-) is Lipschitz continuous, i.e., ||[E(t1) — E(t2)|| < kg|t1 — ta| for all t1, ta > 0 and some
bounded kg > 0.



Consider the following piecewise-linear approzimations [0,T] — IR":

fh( ) = §k+1 + tk“ (§k —&kt1)

for allt € [tg, tri1). (28)
e (t) 2 E"“T_gk almost everywhere,
Then €"(-) is uniformly bounded on [0,T], and n}(- ) UTER() — nt() as h \( 0, uniformly in
C%([0,T); IRP), for some continuous function n* : [0,T] — IRP.

Proof: See section E. X
Item 6 guarantees that P — 2hMy; — 2hI, = 0 for all h > 0, and P < P—2hMy — 2hlI,, which
are both used in the proof, see (80). The role of Assumption 7, which is a mild constraint on
exogenous signals, becomes clear in the proof. The dynamics after the transformation in item 4 of
the proposition, takes the form:
PO\ (' (t)\ _ (0 T T
<0 0) <1‘72(t) =M n?(#) +U ' RBX(t)+U'RE(t)
(29)

K3\t LCRWU (Z;%) (+DA(t) + F(t)) € K*.

The DVLCS in (29) is under the semi-implicit form of a DAE coupled to linear complementarity
constraints, and may be named a DALCS. We may also see (29) as a kind of Weierstrass form [22]
for (1), with the nipoltency degree equal to 1 (but M is not in the Weierstrass canonical form that
implies My = I,—p). The convergence analysis in this section is an extension of the case with
full-rank P analysed for instance in [9]. Clearly if Moo is nonsingular, then (29) can be rewritten
as the LCCS:

P (t) = (M — MiaMyy' Moy )y (8) + (U RB — Mpy' Uy RB)A(t) + (Uf' R — My, Uy R)E(t)
K3 \t) Lw(t) = (CR™'U; — CR™'U3 My, Moy )n'(t) + (D — My, Uy RB)A(t) + F(t) € K*.
(30)
It is unclear how the passivity assumptions 2 and 4 on (A, B, C, D), and the properties of the LCCS
quadruple (P~ (M — MiaMy,' Moy), P71 (U] — My,'UJ)RB,CR™'U; — CR™'Uy My, My, D —
M2_21 Uy RB) in (30), are related one to each other in the general case. The convergence analysis
in this section is fitted to DVLCS, not to any equivalent reduced order LCS. Moreover it is usually

not desired to reduce DALCS to LCS [57]. Let us state the following, which allows us to relax the
compactness assumption in item 3 of Proposition 5.

Proposition 6 Let Assumption 7 hold, D =0, P = P, My be non singular, and:
1. all initial data be bounded,
2. E(t) be uniformly bounded for all t > 0,

3. P be defined as in Proposition 5 item 4 (= P = 0),

4. Mseh + Ip < 0, where Mg, = 2 My — Mg My, Moy,
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5 U'RIm(P) D U'RIm(B).
Then n} and n? are uniformly bounded (independently of n) on k € {1,n}.
Proof: See section F. X

Item 5 implies that the quadruple of the LCCS in (30) is given by (P~ My, P~'U' RB,CR™'U; —
CR_lUQMi1M21, D). Thus again it is in general not possible to conclude about any nice property
for this quadruple, using the above assumptions 2 and 4 as well as items 4 and 5. When Msy = 0
the DVLCS is as in (59).

Remark 2 The usefulness of the Schur complement negative definiteness in item 4 of Proposition
6, appears clearly in the proof of the proposition, see (88). However, since P = 0, it is also possible
to guarantee in (88) that P =0 for h > 0 small enough, using Theorem 1 and Corollary 2 in
Appendiz A. Then the result holds for n large enough. Thus the condition in item 4 is sufficient
but by far not mecessary, and could be replaced by the less restrictive condition P =0 for small
enough h.

It is inferred that each time the conditions of Proposition 6 are satisfied, ||x —&o|| and thus || — 20|
are uniformly bounded, as well as the selections (j of 9f(&) (without doing the compactness
assumption of Proposition 5 item 3; thus Proposition 6 allows us to solve the very first step of the
proof of Proposition 5). Then the piecewise-linear approximations xh() are uniformly bounded in
h >0 on [0,7]. We can redo as in the proof of Proposition 5 to conclude the uniform boundedness
of }(+), and the existence of a limit function n'(-) follows. Let us denote n}*(-) the step function
defined as 1,*(t) =}, if t € [tk, tk41), k > 0. Then the following holds:

Lemma 3 Assume that the conditions of Proposition 5 (or of Proposition 6 to avoid the com-
pactness in item 3 of Proposition 5) are satisfied. Then ni*(-) converges strongly in L*([0, T); IRP)
towards the limit n(-), and 7} (-) converges weakly to n'(-) in L2([0,T7]; IRP).

Proof: We know that n}(-) — n'(-) uniformly in C°([0, T]; IR?) as h — 0. Let n} A MM % and
M, n Mk h
notice that ||7i|| < C for some C > 0. Then:

-1 rt .
lh = i llZe = 32kZ0 Jy " (ten — 8)° Il alt

2 C2nhd _ C2Th?
< C2Y00 5tk — 1) = St = 00

(31)

Therefore || —n,*[z2 — 0 as b — 0. Since [0}, =" +n" =u3* [ 2 < llnj, =0 |+ [ +0" =3t 2 —
nt —n}*|l 22 as h — 0 the proof is done.

The sequence {7} (-)}n>0 being uniformly bounded on [0, 7] (from the proof of Proposition 5 which
holds under the stated assumptions), it follows applying the Banach-Alaoglu-Bourbaki Theorem [13,
Theorem II1.15] that it possesses a limit s(-) in the weak * topology (L ([0, T]; IR?), L£1([0, T; IRP))
[13, Proposition IIL.12 (i)], i.e.,

/ L)p(t)dt —s Bdt, for all () € L£1([0,T]; RP). (32)
0 h—o V0

Being [0, 7] bounded one has £([0,T]; IRP) C Eg([() T]; IRP) so the weak convergence holds also in
L5([0,T]; IRP). Moreover n}(t) = n}(0) + fo 7)dr for all t € [0,T]. It follows that s(-) = n'(-)
almost everywhere. Consequently 7} (-) converges weakly to 7'(-) in £2([0,T]; RP). K
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Now we have a rather complete set of results for the convergence of approximations of n'(-). Let
us investigate convergence of approximations of 7%(-). We remind that R> = X, R = R, with X
in Assumption 2, and U is in item 4 of Proposition 5.

Proposition 7 Let the conditions of Proposition 5 items 1, 2, 4, 5, 6, 7 and of Proposition 6
hold. Then n3(-) converges uniformly in C°([0,T); IR"P) to n(-), n¥*(:) converges strongly in
Lo([0,T); R™P) to n2(+), 72(:) converges weakly in L2([0,T); IR™P) to 1?(-).

Proof: It follows that the results of both Propositions 5 and 6 hold. Consider (74) in section E.
Applying the U transformation (item 4 in Proposition 5) we obtain the algebraic equality part:

{ —Muany, = Mooy, — Uy REp = —Uy Gry1 = 0 (33)

— Mgy — Magnj — Uy RE—y = —Uy G =0,
where (, € 0f (&) and Cxy1 € Of (€k+1), and item 5 of Proposition 6 was used. Thus it follows that

1 1
Mey1 — e
h

771%+1 — i AE, _
e =

— My Moy =+ U R 0. (34)

Hence M = 72 (t) = — My (Myon} (t) + Uy RER(t)) for all t € [ty,try1), k > 1, since Moy is
non singular due to item 5 of Proposition 5. One has that H%(t)ﬂ < kgh, hence Ej,(t) 2 %
for t € [tg,tg+1), is uniformly bounded on [0,7]. Thus the sequence {Ep(-)} is uniformly bounded,
continuous with uniformly bounded derivatives almost everywhere, and is thus equicontinuous. So
by Ascoli-Arzela Theorem Ej,(-) converges uniformly in C°([0,T]; IR") to a limit E(-). Using the
proposition’s assumptions, we know that n,ll() is uniformly bounded (using Proposition 6, and then
applying Proposition 5 without item 3, see the proof of Proposition 5 and (81)). We infer from
(34) and item 5 of Proposition 5 (= Ma, is full-rank) that 7?(-) is uniformly bounded also. From
(33) and the boundedness of E(-) it follows that n? is uniformly bounded for k € {0,n — 1}, thus
the sequence {n?(-)} is uniformly bounded on [0, T, continuous with uniformy bounded derivative
almost everywhere. Applying the Ascoli-Arzela Theorem we deduce that it converges uniformly in
C°([0,T]; IR™) towards a limit n?(-). Now we can make the same calculations as in (31) to infer that
[n2(t) — n2*(t)||z2 — 0 as h — 0. The sequence {n?(-)} being uniformly bounded on [0,77], the
same reasoning as in the proof of Lemma 3 can be redone to conclude that 7?(-) converges weakly
in L2([0,7]; R"P) to 7%(-). X

Let us now consider (74) in appendix E: RPR™Y&, — RAR Y41 — REy € —0f(&41). Since we
assume that all the assumptions of Proposition 5, Proposition 6, Lemma 3, and Proposition 7 are
satisfied, it follows that RPR™'€,(-) — RAR™'¢}(-) — RE,(-) — RPR™'é(-) — RAR'¢(-) — RE(")
weakly in Lo([0,77]; IR"™P) as h — 0 (recall that & (t) = &y1 on t € [tg,tgr1), £ > 0). Since
&7 (+) converges strongly towards £(-) in L£o([0, T]; IR"P), we infer using [8, Proposition 2] and the
maximal monotonicity of df(-) that RPR™'E(-) — RAR™'¢(-) — RE(-) € —df(£(+)). This proves
the existence of a C°([0,77]; IR"™) solution to the DVLCS (1).

Taking into account the proposition’s assumptions (in particular U R Im(P) 2 U" R Im(B)), the
initial data for (29) have to satisfy:

Mo1n'(0) + Maen?(0) + U RE(0) =0

A0) € —Nw+ (CR'UT (Z;%) +F).

(35)
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The above limits satisfy this generalized equation initially, by construction (see for instance (33)).
Let us finally notice that the multiplier A(+) is not continuous in general. Even in the simpler case
of LCS, it is known that it may possess infinitely many discontinuity times in finite time-intervals
(Zeno phenomenon), excepted if some conditions are satisfied [49].

4.2 The case D =0

Let us now deal with the framework in section 3.2, with the same basic assumptions 4, 5, 6, 7.
Then, one works with (20) instead of (8). The only difference between both VIs is in the term
9(tg, &), with —(R7'CT — RB)Pp(Aak). It is known from [54, Lemma 3] that Pp(Aa(tk, &)
is Lipschitz continuous in & for each ty, i.e., there exists kx(t) > 0 such that ||[Pp(Aak(tk, k) —
Po(Aai—1(tr—1,&—1))|| < kx(t)||€k — Ek—1]| = hka(tr)||&k]|, for some ky : IR — IR. The regularity
of kx(-) depends on the regularity of F(-).

Let us consider (76) in the proof of Proposition 5. In addition to the term (R AFEj, §k), we have to

consider <_(R_ICT _RB)(AIm(tlﬂ gk) - )‘im(tk—lv 5k—1))7 £k>7 where )‘im(tv 6) é PD()‘a(tv 5)) for any

element \,(t,&) in the set ®(t, CR™1¢). This projection is single-valued and unique [54, Lemma
A~ A - im im im

2). Let C £ —(R7'CT — RB). We have (C(A™(tg, &) — A™(tk-1,§k-1)), &) = (COA™ (1, &) —

A (b, €m1) + A (b, Epm1) — A (tr—1, €—1)), k), and:

(CO™ (b, &) — N (tr, Eim1)), &) = <Té(/\im(tk7§k) — Nty &-1)), V)

i [[CI> [IN™ (b, k) — X™ (g, 1) I[” + 5116k
GIP B ()l — &P + EIEIR -
12 K3 (t) 1€kl 1 + Sl1€Rl* = SICI17 k3 (t) + 1)<§k7(§%>)-
Let us now analyze the term (C(A™ (¢, &—1) — N™(tx_1,&5—1)), &) To that aim let us make the
following:

1A I/\
Q

Assumption 8 The function X™(-,€) is differentiable on [0,T], and Ha)‘ 3 || <d < +oo for
some d and all £ € R", t € [0,T].

Let us recall that A\™ (¢, £) is the least-norm element of the set ®(¢, CR™'¢) [54, Lemma 3]. Assump-
tion 8 is trivially verified if Assumption 7 holds, since ®(t, ) = (o +D)~Hx), T(t) = K*—F(t).
Now we have:
(CO™ (g, G1) = A™ (b1, 66-1)),66) = (C [F 0N (t, €x1)dt, &)
< [1C1 4] < hd?||CI2 + $h&k, &)-

(37)

Thus grouping (36) and (37) we obtain (C(A™ (¢4, &) — N (te_1,Ex1)), &) < BUICH? K2 (ty) +
2)(Ex, ) + 1hd?||C||%. Recalling that 7 = U €, one sees that the developments in (79) still hold
with minor modifications of the constants a1, aeo, and of item 5, due to the additional terms. Then
the conclusions of Proposition 5 hold true (remind that since U is unitary then (U &, U Tgk) =

(M ) = (€ k).

Let us now examine Proposition 6. The additional term in the left-hand side of the inclusion in
(84) is hUTRC’/\im(tk,ﬁk). Let us now have a look at (86). Let us modify wy as wy 2 UT¢ +

(%ﬂ %12> UTé + UTRCA™(0,&). The last term in the left-hand side of (86) is rewritten as:
21 Ma2

(WUTREy, + hU T RC(N™ (ty,, &) — N™ (t1,, &) + N (g, £0) — X™(0,£0)), U (€1 — &0))- (38)
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Proceeding as above and using the Lipschitz continuity of A™ (¢, &) in the second argument, yields:

(VAU RC(N™ (g, &) — N (tg,, ), VAU (&rs1 — €0)) sh%kiuk) U RC|? (|41 — &0l
+ 20y — ol

(39)
for the first term, and

(hUT RC(A™(ty,, &) — X™(0,&)), UT (&1 — &)) = (AUTRC [ 232 (t, &)dt, U (ps1 — 50()4>0)
for the second term. In view of Assumption 8, one has H fo i 8)‘“ (t,&0)dt|| < txd < Td. Hence
the second additional term can be treated similarly to U1 RE},. From (39) one sees that the first
additional term adds quadratic terms — 2 (k2 (tk) |U RC||? + 1){(np1 =15 My r — o) in the right-
hand side of (87). Consequently the matrix P in (88) has to be modified as P = P — hMyy —
hI, (k/\(tk) |U{ RC||?> + 1)I,,. Thus item 4 in Proposition 6 has to be changed accordingly
to guarantee P =0, by augmenting the coercivity of the Schur complement My, (or of P, or by
imposing small enough time-step h > 0, see Remark 2).

Remark 3 The above convergence and existence results rely on Assumption 7 which removes the
dependence on time in the set-valued part of the dynamics, i.e., the set T(t) = T in (27). In
the time-varying case the proofs for convergence and existence of solutions have to be modified
because (27) is a singular FOSwP. It is possible that the approaches used for non singular FOSwP
(via Moreau-Yosida regularisation or time-stepping discretization [20, 41]) may be adapted to the
singular case.

4.3 Numerical computations

When D = 0 the VIN(RPhR*I, i, fr) to be solved at each timestep is in (8) with f(-) = Y+ _ g, ©
CR™() = vp, (), e ={¢ € R™ | CR™'¢ € K* — F},}. Thus the inclusion in (7) is equivalent to:

RP"R™'¢41 — RPR™'¢ — hREy € =N (€k11) (41)

When a solution is guaranteed to exist according to Proposition 2, efficient numerical algorithms
exist to calculate a solution to such VIs using Lemke’s algorithm, interior point methods, reformu-
lation as quadratic programs, etc [2, 29], a strong property being that RP"R™1 =0 (most of the
aforementioned algorithms allow for nonsymmetry). Now let us consider the case D = 0 in section
3.2 and the VI in (20). First the calculation of the term g(¢, {k) requires the calculatlon of an ele-
ment A j of the nonempty set ®(ty, CR™1&,) = (9o, +D) H(CR™ &), with D(ty,) = K*—F(t,),
then computng its projection onto Im(D) (recall that by assumption D = D), with the projector
defined as DD [11, Proposition 6.1.6]. This boils down to solving a linear cone complementarity
problem (LCCP) with unknown —A, k, as: K 3 (—Aak) L D(=Aax) + CR7YE, + Fy € K*. Sec-
ond the VI(RPR™!, g, fi) in (20) relies on the calculation of the subdifferential of f(t,¢) in (18),
which may not be obvious. One way to implement the scheme is to assume that the conditions of
Proposition 4 for existence are fullfilled, and that the DVLCS can be transformed as in (29) (with
D #0), using item 4 in Proposition 5. The implicit time-discretization of (29) yields a LCCP with
unknown M1, which corresponds to the discretized LCCS in (30). Since np = U & with U in
item 4 of Proposition 5, the existence of &1 guarantees that of 1,4 1. This in turn guarantees that
the LCCP obtained from (30) has a solution A1 (possibly non-unique). Advancing the numerical
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algorithm to step k -+ 1 then boils down to solving this LCCP. It is noteworthy that if D = DT = 0
the mapping ®(¢,() is single-valued Lipschitz continuous, using [17, Proposition 1]. In this case
using (65) (66) it follows that the DVLCS in (1) is a differential-algebraic equation with nonlinear
Lipschitz continuous right-hand side.

5 Relaxation of Assumption 2

Imposing X > 0 in Assumption 2 may be restrictive. This is however necessary if one wants to
apply the coordinate change with R. Let us instead make the following assumption about the
DVLCS in (1).

Assumption 9 There exists a matriz X such that XB=CT, XP =0, and D = 0.

The constraints imposed in this assumption are close to those satisfied by positive real descriptor
variable systems [19, 31]. Let us now consider a matrix V such that VV'T = I,. Then from
Assumption 9 one has VI XB =V 'CT. Thus:

PVTi(t) =VIXAVVTz(t)+VIXBAt)+ VTXE(®)
=VIXAVVT2(t) + VTCTAt) + VT XE(t) (42)
€ AV T2(t) = VTCOT g« (CVV Ta(t) + F(t) + VI XE(2),

where A, 2 yTxXV VTAV, P, 2 yTXPV = 0. Let us define ¢ 2 V' Tz, then we obtain a
descriptor-variable FOSwP:

Pyo(t) € Avp(t) —VTOTops (CV(t) + F(t) + VT XE()

€ Avip(t) — Opy (0(t) + VT X E(1), (43)

where T'(t) 2 {w e R" | CVw+ F(t) € K*} and we assume that there exists wg such that
CVwg + F(t) € K* for any t > 0 to apply the Convex Analysis chain rule. Let us now discretize
the DI in (43) with a fully implicit method:

(PV - hAv)‘Pk—&—l — PVQOk — hVTXEk S _a¢fk (ka-i—l); (44)

The inclusion in (44) has the same structure as the one in (8), with different matrices however.
Similarly as above a semi-implicit method yields:

Pygii1 — (Py + hAy ), — hV T X Ey, € —0p, (or+1), (45)

This does not modify fundamentally the next analysis, excepted that Proposition 10 requires P, —
hAy = 0 for (44) and Py = 0 for (45) (the latter being implied by Assumption 9). It is noteworthy
that neither P nor X need to be symmetric and positive semidefinite. The next result is similar to
Proposition 2 and is given without proof.

Proposition 8 Consider (45). Let Assumption 9 hold true, h > 0 be given, and q = —(Py +
hAy)pr — WV T XEy. Let us consider the set:
A n n S T T
S={{ceR"|CVE>0IN{Ee R | P& = Z)\i(C’V)i, , Ai > 0}NKer(Py + P, ). (46)

i=1
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1. If S = {0}, then the VI(Py, qx, Vs, ) has at least one solution.
2. If S # {0}, and if there exists & € ['y such that
(g — P&, v) > 0 for allv € S, v #0, (47)
then the VI(Py, qi, Yo, ) has at least one solution.
3. If 511+1 and 5,3“ are two solutions of the VI(Py, qx, Vs, ), then {,Lrl — §,%+1 € Ker(P, + P).

4. Let P, be symmetric. If@i+1 and 5,3“ are two solutions of the VI( Py, qx, Vs, ), then (g, ﬁliﬂ—
fl?:+1> =0.

5. Let Py be symmetric. Then any solution of the VI(Py,qy,Vs,) is also a solution of the
optimization problem: mingcp, %ngvg + {(qx, §).

The above results hold with V' = I,,, however V may be used to transform P, (into a block diagonal
matrix if X P is symmetric). It is noteworthy that A, can be at most positive semi-definite, hence
the results in section 4 do not apply because they require strong coercivity properties (see items
4, 5, 6 in Proposition 5). Therefore Assumption 9 allows us to extend the state transformation
¢ = Rx introduced in [15] (see [20, section 3.4] for a bibliography) and to show the well-posedness
of the OSNSP (44) (45), but the well-posedness of the DVLCS (43) remains an open issue.

6 Examples

This section is devoted to present various examples which illustrate the applicability and the lim-
itations of the above developments. Let us remind that electrical circuits with ideal diodes can
serve equally well as models for hydraulic circuits with check valves [42, 34] [32, Chapter 1], thus
extending the range of applications.

6.1 First example

100
These are academic examples which illustrate the developments of section 3.1. Let P= |1 1 1
0 1 1

(hence rank(P) = 2), D = 0, A = diag(a1,a2,a3), B = CT = X = I3 in Assumption 2. If
det(P" + (P")T)) = (1 — hay)(hazas — az — az) — 2(1 — has) # 0, one gets Ker(P" + (P™")T)) = {0}.
Then the OSNSP for the fully implict scheme (3) always has a solution. Let us now examine the
semi-implicit scheme in (4). One has det(P + P ") = —2 so Ker(P + P ") = {0}, hence the OSNSP
always has a solution.

1 1
3 03 vz 0
Consider now P = [0 1 0| and the unitary matrix U = [ 0 1 0 |, then UTPU =
1 1 1 1
3 03 w0 %
15 1 2 10
O pp= L 2 L] thentTPU= (1 2 0|, ie.P=(21) %0 Tn
0 0) et = | ﬁ,ten = , 1.e., 712>. e
15 1 000

convergence results in section 4.1 hold provided A and B are suitably chosen.
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Let now P =

S =N
SN =

0
0| and A = diag(ai,as,a3) = 0, B = C' = X = I3. Then Ker(P" +
0

(PMT) ={¢ e R [26+& =06 +26 =0, € Ry ={{ € R | & =0,6 = 0,8 € R}
1 c12 1 (2 —hay)ér + &
Let C = ( ) We have P,{ = [ &1+ (2—hag)éa | = )quT + )\QC’QT. In the set S of
co1 c22 1
—hasés
Proposition 2 we obtain —haszés = A1+X2 > 0, hence &5 < 0. Also 81 = {5 S R3 ‘ c11é14c12€2+E€3 >
0, co1€1 + co2&s + €3 > 0}, hence inside S we get S; = {€ € IR? | & > 0}. It follows that &3 = 0 in
S, hence ¢ = & = €3 = 0 and S = {0}. This example shows that the kernel of P"* 4 (P")T may
be non trivial, but still S = {0} due to the inequalities.

6.2 Second example

Let us consider the circuit with an ideal diode in Figure 1. Its dynamics may be written as:

L
Y Y

N
’il l/l
—u5 > ¢ i3
i2
[ Ry |
LI

Figure 1: An RLCD passive circuit.

()

—~
~

) =T (t) — B3gs(t) + Tult) + Tup(t)

(t) = 2&5(t) — maba(t) ‘

= &(t) + male(t) — (1+ &) (=&(t) — &(t) — &(1)
<up(t) L&(t) >0,

(48)

where & = i1, &(t) = fg i2(s)ds, & = i3. Obviously this dynamical system is not minimal, since
we could eliminate &3 using the equality constraint. However on one hand our goal is to illustrate
the above developments, one the other hand designers are not always interested by a reduction of
the coordinates. According to the notation in (1) we obtain: =" = (&1, &,£3), A = up, m = 1, and:

_ R 0 _Rs 1 1
I 0 L 1 RY L ru(®)
P = 0 0 A= 0 -—gc T B=1|0 E(t) = 0
1 e -0+ 0 0 (49)
D=0 F(t) =0 (Yt >0) C=(100).

L 0 0

Notice that we could also work with P = | 0 Ry 0 |. It follows that Assumption 2 is satisfied
0 0 O

with X = diag(L, x,+) where « is any positive real, hence R = diag(v/L, /%, v/x). Also RPR™ =0
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(Assumption 3). To simplify the calculations let us take L = 1H (though such a value may not
possess a strong physical meaning) so that X = R = I3. One has:

1+hi 0 hia
Pl'=P—hA= 0 1+§2LC —hfi% . (50)
—h —ms h(14+ )

To apply Proposition 2 with scheme (3), we need to compute the set S in (10). One has det(P" +
(P")T) > 0 for h > 0 small enough. Then we need to check that P" = 0 in (50) (Assumption 3).
It can be verified that for Ry = Ry = R3 = 1Q, L = 1H, C =1F !, then P* = 0 for all 0 < h < 1.
Hence § = {0}. This shows that there exists circuits as in Figure 1 such that Proposition 2 item
1, applies. Let us now investigate the convergence properties of the scheme (3). To that aim let us
check the conditions of Proposition 6. Here Assumption 7 holds, and Im(B) C Im(P). The matrix
U is used to set P in its block diagonal form, and can thus be chosen U = I3 here. The matrix

o 0 0o 0 -
A can be written as A = 0 —&% 0 +10 O % . Corollary 2 can be
0 0 —(1+42) 1z 0O

used to determine conditions that guarantee that A < 0. This is the case for the above choice of

_R 0
parameters. Here we find that M, = ( OL 1 ), My = —(1+ %). One has also:
" RyC
—Ry R3 —R3
— By Lo
M= " @aL R3L§2_ e (51)
Ry RZC RyC

with a = (1 + %)_1. For such a choice, and if all the foregoing conditions hold, convergence as
proved in section 4 follows.

—O———0©

1
up
L
—-— C

R3

P2

I R] 3 | R2
3

Figure 2: An RLCD passive circuit.

! Again, such values may not be very realistic, but our goal is merely to show that there exists circuits to which
our tools apply.
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6.3 Third example

Let us consider the circuit in Figure 2, with three positive resistances. Its dynamics is given by:

G(t) = —B261(t) — Bo&(t) + Lup + zwa(?)

€2(t) =& (t) - fg(t) (52)
0 = &(t) + R1C& (t) — (R1 + R3)Cé&3(t) + Cup(t) + Cua(t)

0 S up 1 fg(t) Z 0.

One has C' = (00 1), B= (7 01)", hence there is no X > 0 such that XB = C'" and Assumption
2 fails. However X = diag(0,a, 3), o > 0, 8 > 0, satisfies Assumption 9. Let us choose V = I3.
Onehas S = {¢ € R & € R, & = 0,63 > 0} # {0}. Calculations show that item 2 in Proposition
8 may hold if at step k£ one has go,lc = —%902, h > 0 small enough and E,Z’ < 0. One has to remind
that Proposition 10 provides sufficient conditions only, hence it is possible that existence holds even
if these conditions are not satisfied. In addition different V' could be used.

6.4 Fourth example

e

Tl T x2 T3 T x4
o — @ A2(t)
@ o | & B ] SZ\
1 — u(t)
Ly Lo Lg 4
£ T2 z3

Figure 3: An RLC D passive circuit.

Let us consider the circuit in Figure 3 made of resistances, inductors, ideal diodes and a source
of voltage, the dynamics of which are developed in [44]. The variables 1, x9, x3, x4 are currents
through the resistances, A\ and Ay are the voltages accross the diodes, u(t) is an exogenous source
of current. The dynamics can be expressed as:

Lz (t) + Rizi(t) + Ra(x1(t) — x4
Lgig(t) + Rlxg( ) + Rg(xg(t) T3 (t)) 0
Lsas(t) + Rlxs( ) — Ra(xa(t) — 3

53
0= R1374 — Ro(z1(t) — z4(t)) (53)
z1(t) — u(t)
> 0.
o< (5} (0

Ly 0 0 O —(R1 + Ro) 0 0 Ry

0 Ly 0 0| , 0 —(Ry + R3) Rs 0
Onehas P= [ "% ;| 4= 0 Ry —(R1 + R3) 0 ’

0 0 0 0 Ro 0 0 —(Ry + Ry)

C= ( 8) B, D=0, F(t) = <uét))’ E(t) = 0. One infers that for R; large enough
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(compared with Ry and R3), then A = AT < 0. Assumption 2 holds with X = I, Assumption 3 a)
and b) hold. In fact provided that A < 0 then P* = 0 for all h > 0. It follows that the set S = {0}
and using items 1 and 3 in Proposition 2 the OSNSP has a unique solution. Now one sees that
the system is in the canonical form of Proposition 5 (see (29)), with 11 = (z1,22,23)", 72 = 4,

—(R1+ R») 0 0
My = 0 —(Rl +R3) R3 , Moy = Ml—g = (RQ,0,0), Moy = —(R1 + RQ).
0 R3 —(R1 + R3)
R 0 0
One has Im(B) C Im(P), and Mch = M11+ 747 | 0 0 0]. Thus provided that Ry is large
0 00

enough (which implies that —(R;+ Ra)+ RlRT%RZ < —1), one has Mg +13 < 0 (item 4 in Proposition
6). It is also verified that item 5 in Proposition 5 holds for large enough R;. One infers that Lemma
3 and Proposition 7 apply.

7 Preliminary results towards another approach

A central property for the existence of solutions is the positive definiteness conditions of Propo-
sitions 5 and 6. In particular —Msy = 0 may be a stringent assumption. Another stringent
assumption is the decoupling one in item 5 of Proposition 6, that is used to avoid the compactness
assumption in item 3 of Proposition 5. Let us outline in this section a different way of analysing the
boundedness of the discrete-time solutions, using minimal norm elements. First of all let us consider
the discretization of (29) with K = IR" (recall that this dynamics is obtained with the assumptions
made in Proposition 5). We obtain the LCP: 0 < Ay 1 L w1 = CR™'Unpy1 + DA\py1 + Fi > 0.
It follows from [28, Theorem 3.1.7] and [36, Lemma 1] that there exists a constant v > 0 depending
only on D such that for any CR™'Uny,1 + Fy such that the set of solutions is not empty, the
least-norm solution A% satisfies || A || < v [|CR™ Unps1 + Fil| < v [|CRUI| g ||+ || Fel]-
Assume that the conditions for the well-posedness of the OSNSP as stated in Propositions 2 and 4
hold. This guarantees that the above LCP is solvable (because the iterates n;,1 guarantee it even
in case D = 0) and the minimum element in the set of solutions exists. Assume that )\znfi is used
in the discretized scheme (which we may name the minimal norm implicit discretization), yielding:

(P — hMi1)niyy = Pnj + hMiang, + hUT RBNMS + hU[ RE
Moy 4 + Moo}y + Uy RBAP + Uy RE), = 0 (54)
0 <N 1 wyyy = CR™ Uty + DAP + Fj, > 0.

It is noteworthy that this scheme is equivalent to the one in (2) as long as h > 0. This is rewritten

P —hMy, —hM (P 0O rU, nin hU,"
< Moy Moo > Nk+1 = <0 0> Nk + < U2T RB k+1 + UQT REka (55)
N—_——
AT, =lons

Since the OSNSP is solvable, there exists 7 € IR" such that [11, Proposition 6.1.7]:

v P 0 - min 7 v v —
Moy = M ((0 0) M + Uy RBAPES + UhTREk> + (I, — M} M)y, (56)
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which implies (using compatible norms):

(P 0 .
el < 187} (g ) Wlaell+ TG RE] -+ (5, ~ ST,

(57)
HIMITT RB| (v [|CRU| ||mesa ||+ || Fxll)s
thus:
T - o (PO T
(1 =AM T RBIICRT Ul < 132] (o) Wil + 122007 RE | (58)

(L, = M M) + || VT, RB|| F.

Assume that 'yHMzUJRBHHCR*lUH < 1 for all h > 0. Then (58) can be rewritten as ||ng+1]| <
al||ng|| + Bx for some o > 0, and S > 0 depends only on Fj and Ej, the external signals, as well
as on 7. If Mh is invertible, which does not require My nor My; to be definite, then 7, = 0. It
is inferred that |[mx11|] < o *{|nol| + Zf:o a'Br_;. Some further assumptions have to be made to
conclude about the uniform boundedness of the iterates as h — 0 (or as k — 400), for instance

(P 0
HM}L II —
t that o = v 0 <te (2 %)+ |MUTRB|||CRU|| < 1
O SeCHIe WAt & = IOy RBIICR-1U] = h\0 0 TR h =

Roughly speaking, Mj, should be “big” while v should be small.

For the sake of briefness we do not push forward the developments. However it is noteworthy
that this approach allows us to relax some assumptions made in the foregoing sections (coercivity
conditions with —Mss = 0 and —M;y; = 0, decoupling with Uz—r RB = 0, time-invariance with F'(t)
constant), at the price of doing different assumptions, however. Permitting a varying F(t) allows
to encompass some classes of singular FOSwP [20].

Remark 4 All the above convergence results are obtained under the condition that the matriz Moo
18 invertible, which is sufficient only and linked to the tools used for the proofs of Propositions &
and 6. This is interpreted as an index 1 on the algebraic part of the DVLCS in (29). Let us
consider (29) with Mys = 0, the equality becomes Myyn'(t) + Uy RBA(t) + UJ RE(t) = 0, with
A(t) € (D + 0y ) Y (—=CR™1Un(t) — F(t)). Therefore (29) is rewritten equivalently as:

(a) Ppl(t) € Myn'(t) + Mion?(t) + U RE(t) + U] RB(D + 0vx )~ (~CR™'Un(t) — F(t))

(b) 0 € Moyn'(t) + UJ RE(t) + U RB(D + 0¢ )~ (—CR™Un(t) — F(t))

(59)
Proposition 6 does not apply to (59). There are various ways to analyse (59), depending on the
rank of Msy, D, and several other properties. The inclusion (59) (b) is a generalized equation
for nt(t), parameterised with n*(t). In particular D = 0 yields a differential inclusion that could
embed singular FOSwP. This is not tackled in this paper and is left as a future research work. It
is noteworthy that passive descriptor-variable LCS [24, 31] possess a Weierstrass structure with
Mas = 0 but with specific properties that may make them amenable for analysis.

8 Conclusion

This article deals with well-posedness issues in a class of singular nonsmooth set-valued systems,
named descriptor-variable linear complementarity systems (DVLCS). The implicit Euler time-
discretization is analysed. First, conditions which guarantee the existence and the uniqueness
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of solutions to the one-step nonsmooth problem, are stated. Then the convergence of the ap-
proximate piecewise-linear discrete solutions is studied. This article leaves many issues open, the
above results could be generalized in various directions. The set-valued operator considered in this
work (represented through the complementarity conditions, equivalently a normal cone to a convex
set) could be extended to the subdifferential of proper lower semicontinuous convex functions as
initiated in [17, 54, or to maximal monotone operators [26], or to normal cones to prox-regular
sets, see [20] for more references. The singular matrix P could be supposed to be state-dependent
P(z, z) (with applications in circuits with nonlinear resistors, inductances and capacitors [20] [1,
section 3.5]). Most importantly the problem of bounded-variation solutions with discontinuities,
which is well understood in DAEs, in sweeping processes and in Linear Complementarity Systems,
when considered separately, has not been tackled and deserves future analysis. In that same vein
the well-known notions of differentiation index in DAEs, and of relative degree in LCS, have to be
further analysed for DVLCS.

Acknowledgements: This work was partially supported by the INRIA Project Lab (IPL) Mod-
eliScale https://team. inria.fr/modeliscale/, and by the Fonds Unique Interministériel (FUI)
ModeliScale.

A Preservation of positive definiteness with perturbation

We give here an excerpt of [27, Theorem 2.11], and a corollary of it. Let us recall that for a
given M € IR™ ", || M]||2,2 is the induced matricial norm such that ||M||22 = omax(M) (the largest
singular value).

Theorem 1 [27] Let M € IR™™ be a positive definite matriz. Then every matriz

Ae{AeB”X”|’

Ty -1
()| s - Alle < 1)
2,2

18 positive definite.

Corollary 2 Let D = P+ N, where D, P and N are nxn real matrices, and P > 0, not necessarily

symmetric. If
1

1
.
| (%) ll2,2

[IN]2 < (60)

then D = 0.

B Well-posedness of Variational Inequalities

The next results use the notions of recession functions and cones, which we briefly introduce now
[48, 33, 58]. Let f : IR" — IR U {400} be a proper convex and lower semicontinuous function,

we denote by dom(f) a {r € R"| f(z) < 400} the domain of the function f(-). The Fenchel
transform f*(-) of f(-) is the proper, convex and lower semicontinuous function defined by

(for all z € R"™)| f*(2) = sup {(z,z) — f(x)}. (61)
z€ dom(f)
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The subdifferential 0f(z) of f(:) at € IR™ is defined by
Of(z) ={w e R"| f(v) — f(z) > (w,v —x),Yv € R"}.

We denote by Dom(9f) a {z € R"|0f(x) # 0} the domain of the subdifferential operator df :
IR" — IR". Recall that (see e.g. Theorem 2, Chapter 10, Section 3 in [7]): Dom(9f) C dom(f).

Let g be any element in the domain dom(f) of f(-), the recession function foo(-) of f(+) is defined
by

. 1
(for allz € R") : foo(z) = AETOO Xf(xo + A\x).

The function fy : R" — IR U {+0o0} is a proper convex and lower semicontinuous function. Let
K C IR" be a nonempty closed convex set. Let xg be any element in K. The recession cone of K
is defined by [48] [58, Definition 1.11]:

1
Ko=) LUK —a0) = {u € R"|w+ Xu € K,V X >0,z € K}
A>0

The set K is a nonempty closed convex cone that is described in terms of the directions which
recede from K. Let us here recall some important properties of the recession function and recession
cone (see e.g., [12, Proposition 1.4.8]):

Proposition 9 The following statements hold:

a) Let fi : R" — IR U {400} and fo : R" — IR U {400} be two proper, convex and lower
semicontinuous functions. Suppose that fi + fa is proper. Then for all x € R"™: (fi1 + f2)oo(z) =

(fl)oo(l‘) + (f2)oo($)

b) Let f : R" — IRU {400} be a proper, conver and lower semicontinuous function and let K be
a nonempty closed convex set, such that f + Vg is proper (equivalently dom(f) N K is nonempty).
Then for allz € R™: (f + Vg )oo(®) = foo(x) + (Vi )oo().

¢) Let K C IR" be a nonempty, closed and convex set. Then for allxz € R": (Vi)oo(x) = Vi (7).
Moreover for allx € K ande € Kv: 4+ e € K.

d) If K C IR"™ is a nonempty closed and convez cone, then Ko = K.

e) Let K = P(A,b) 2 {r € R"|Ax > b} for A€ R™" and b € R™. If K # 0 then K, =
P(A,0) = {z € R"|Ax > 0}.

f) K C IR" is a nonempty closed convex bounded set if and only if Ko = {0,}.

g) Let f : R — IR U {+o0} be a proper, convexr and lower semicontinuous function. Then

epi(foo) = (epi(f))oo-

Sets as in item e) are called H-polyhedra, and there is an equivalence between sets P(A,0) and
finitely generated convex cones [58, Theorem 1.3]. Let us now concatenate [3, Theorem 3, Corol-
laries 3 and 4]. They concern variational inequalities (VIs) of the form: Find u € IR" such that

(Mu +q,v —u) + ¢(v) — p(u) >0, for allv € R", (62)

where M € IR"*" is a real matrix, q € IR" a vector and ¢ : IR" — IRU{+00} a proper convex and
lower semicontinuous function. The VI in (62) is equivalent to the inclusion Mu + q € —0¢(u) <
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u € (M + 9p)~1(—q). The problem in (62) is denoted as VI(M, q, ) in the next proposition. We

also set:
KM, ¢) = {z € R"|Mz € (dom(¢s))"}. (63)

Note that (dom(ps))* is the dual cone of the domain of the recession function s while (dom(p))eo
is the recession cone of dom(yp).

Proposition 10 /3, Theorem 3, Corollaries 3 and 4] Let ¢ : IR" — IRU{+0o0} be a proper, convex
and lower semicontinuous function with closed domain, M € IR™*", and suppose that M = 0 (not
necessarily symmetric).

a) If (dom(p))eo Nker{M + MT} N K(M, @) = {0} then for each q € IR", problem VI(M,q, )
has at least one solution.

b) Suppose that (dom(¢))s Nker{M + M "} N K(M, ) # {0}. If there exists xo € dom(p) such
that

(@ —MT"20,0) 4+ oo (v) > 0, Vv € (dom(¢))so Nker{M +M'}NK(M, ), v #0, (64)

then problem VI(M, q, ) has at least one solution.
b)) If M =M then one can take o =0 in b).
¢) If uy and ug denote two solutions of problem VI(M,q, ) then u; —ug € ker{M + MT}.

d) If M = M" and uy and uy denote two solutions of problem VI(M,q, ), then (q,u; — ug) =
p(uz) — @(u1).

e) If M =M" and p(z + 2) = p(z) for all x € dom(yp) and z € ker{M} and (q,e) # 0 for all
e € ker{M}, e # 0, then problem VI(M,q, @) has at most one solution.

f)IfM =MT, then u is a solution of VI(M,q, ) if and only if it is a solution of the optimization
problem min,e pr 2" Mz + (q, ) + ().

Item d) is [3, Equation (53)], item f) is [3, Equation (50)]. Notice that the function ¢(-) will never
be strictly convex in the case studied in this article (it is an indicator function) so that the strict

convexity argument of [3, Theorem 5] which applies when M is a Py-matrix never holds. The study
of VIs as in (62) can be traced back to [50].

C Some Convex Analysis and Complementarity Theory tools

If K C IR" is a set, then K* = {z € R"|(z,z) > 0 for all z € K} is its dual cone. Its closure
is denoted K. The indicator function of a set K C IR" is ¥k (z) = 0 if x € K, g (z) = +oo if
x ¢ K. If K is closed nonempty convex, we have 0y (z) = N (z), the so-called normal cone
to K at x, defined as Nx(z) = {v € R" | v' (s —2) < 0 forall s € K}. When K is finitely
represented, i.e., K = {z € R" | k;j(x) > 0,1 < i < m}, and if the functions k;(-) satisfy some
constraint qualification (like, independency, or extensions like the MFCQ), then N () is generated
by the outwards normals at the active constraints k;(z) = 0, i.e., Ng(z) = {v € R" | v =
—A\iVE;i(x), ki(z) =0,\; > 0}. Let K be a closed convex cone, then:

K'szxlyeK & ze -Nkg(y) < ye —Ng«(z). (65)

24



Let M = M7 > 0, z and y two vectors, then
. . 1
M(x —y) € =Nk (x) & x = projy[K;y] < x = argmin 5(2 — y)TM(z — ). (66)

The first equivalence in (66) is [10, Proposition 6.46].

D Proof of Lemma 2

It is known that foo(t,£) = Iminfy 4o e ( Y) for each fixed t > 0 [33, Proposition 7]. There-
fore using (18):

f(ts\)\v)

o sx(ACR™'v —y)TDIACR™ v —y) if A\CR v —y € Im(DY)

= MGE+F©)20 ) Y otherwise

_ [ infairaz03(CR 0 = %) TDI(CR v - %) if CR™'v— ¥ € Im(DY)
+00 otherwise.

- { %infg(y+p(t))20(GCR_1"U — G%)TG_TDTG_l(GC'R_lv -GY) if GOR v — G¥ € GIm(DT)

400 otherwise.
B { 2inf, gr@uy>0(GCR v — £)TG-TDIG"HGCR v — %) if GCR™'v— % € GIm(D')

+00 otherwise.

(67)

Clearly the limit as A — oo of the quantity in the first line, is either zero or infinity, since the
function to be minimized is a quadratic function and G~ TD'G~! = 0. If D = 0 then the infimum
is zero, ¥ > _GF(t), so as A — +oo one has § > 0 since GF(t) is bounded, and we obtain that
GCR v =% so GOR v > 0. Hence fx(t,§) = ¢r(§) (which is in agreement with Lemma 1),
noting that U = I, is suitable in this case.

Notice that GCR™v — % € GIm(DT) & Eln € IR™ such that GCR™'v — 2 = GDy. Thus the
minimization problem 1nfz+GF(t)202(GCR v— )G TDIGHGOR v — 7) if GCR v —% €

GIm(D'), is equivalent to

1 1
inf ( "DHDY (D) < inf —(n"DNDY(DTp)  (68)
GDn=GCR~1v—% 2>-GF(t) 2 GDin—GCR—1v— GF(t><02

where v € IR™ is given. Let us now state the necessary and sufficient KKT conditions [48, The-
orem 28.3]: 7 solves the minimization problem if and only if there exists a multiplier v € R™

such that 0 < v 1L GD'n — GCR v — %(t) < 0 and (D")?n + D'GTy = 0. Assume first
that D > 0 (hence we can take U = I,). In this case M = %ianGF(t)ZO(GCR_Iv =
TG TDIGHGCR - %) = mfGD Ly GOR-Tu— GF(t)<0< TD=Y)D=1(D~'n). The (necessary
and sufficient) KKT conditions yield n = —D?G "y, and 0 <y L GDG"y + GCR™'v + %(t) >
0 < v = projaper R —(GDG ')~ (GC’R‘lv—i—GFT(t))]. Also (n" DYDY (D~ 'n) =4TGDG .
Therefore:
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f(ts\/\v) = %prongGT [R7; —(GDG")" L (GCR v — GFT(t))} GDGT x
x projgpat [RT; —(GDGT) Y (GCR™ v — GL(U)]

(69)

G’F(t)

Using the complementarity conditions it follows that GCR™'v + > (0 = v =0 and this is the

unique solution since GDGT > 0. Thus the projection vanishes and we infer that (t/\/\v) = 0 for
any A € IR. Thus taking A\ — 400 and v — £ implies that foo(¢,&) = 0 if GCR™Y¢ >0 & £ € T.
Now if € ¢ I" then the limit is infinite. Thus we have proved that foo(t,&) = ¥r(§).

Let now D = 0, so that there exists a unitary matrix U, UU" = U'U = I,,,, such that UDU" =

(ZO) 8)7 D = diag()\;) € R™ ™, where \; > 0 are the positive eigenvalues of D. Then D' =

+(D71 0 ; Dt 0
U 0 0 U. Let us assume for the moment that U = I,,. It follows that DT = o 0/

Let us define nr = (1,...,0m) ", 111 = Misty - s0m) |, m = m —m, (GCR™Y);, are the first
~1
m rows of GCR™L, (GCR™Y)j1e are its last m rows, so that GOR™! = (GCR_l )ie . The
(GCR™)r1e
minimization problem (68) can be equivalently rewritten as:

inf %n;D_Sm

subject to: <gz:> D~y — GOR v — G@ <0. (70)

lg 8) = (GCR_ )].’U — 5 € Gmm ( ) = GmmRm

and (GOR™ V)40 — 4L e GmmIR™ C R™, with z > —GF(t). Therefore:

Also, GCR™'v — £ € GIm(D') = GIm(

[t )
o =

-3
inf 5517 D~ 77(1; ] o (GORY)pv — 3 € G R™
subject to: <G~m> D~ 'n; — GCR v — G@ <0 and (GCR™! )H.v — 4L c G IR™

400 otherwise.
(71)
If GCR v+ G2 ( ) > 0 then the mimimum of the quadratic function is attained at ny = 0 which
is an admissible Value for the inequality constraints, and in this case the limit as A\ — +oo is
null. Oterwise the minimum is attained at some n; # 0 and the limit is infinity. Thus again
foo(t,€) = foo(§) = ¢r(§). To finish the proof, let us assume that U # I,,,, the minimization
problem in (67) s rewritten equivalently as:

y S W K 1 o)
sinfyy p)>0(UGCR v = UX) < 0 0> (UGCR v —-UY) if I <D0 8) U)
+00 otherwise.

(72)
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One has Im(D'") = U ' Im( 00 U) C U ' Im( 0 0 ) [11, p.102]. Thus the condition

Dt 0
0 0
when UGCOR™¢ € IR"!" then the optimal value of the minimization problem vanishes, otherwise it

equals +o0o. Thus fs(§) = ¥r(§).

becomes UGCR v — U % - Im(( )) Following the same steps as above we infer that

E Proof of Proposition 5

Item 3 implies that the iterates &, 1, which belong to T' (because &, € dom(T') for all k > 0), are
uniformly bounded, and so is the sequence {¢(-)}. Let us rewrite (8) now as

RP"R™'¢41 — RPR'& — hREp = Go1, Grgr € —0f (&rs1)- (73)

It is inferred that the selection (41 is uniformly bounded (thus BAgi1 = R_1Ck+1 is bounded as

well, said otherwise, any unbounded part of the multiplier Ay € Ker(B)). Let & 2 w, we

have: )
{ RPR7'€, — RAR ¢,y — RE), € —0f (E441)

RPR'€,_ — RAR'¢, — RE;_1 € —0f(&), (74)

hence substracting both inclusions and multiplying both sides by fk we obtain:
(RPR™N(&, — &-1), &) — (hRART'E,, &) — (R(Ej, — Ej-1), &) € —(Ces1 — G &k) <0, (75)
where the inequality is obtained from the monotonicity of df(-)?. From (75) we get:
(R(P = hA)R™ '€, &) — (RPR™6,1,&) — (R ABg, &) <0 (76)

where AEy = Ey — Ej_1. Using item 4 in the proposition’s assumptions, it follows that (R(P —

PR 61,6 = T RP- ) RUUTéUTE) = (TR T 076, 076, Detne

. T¢ -1
e =U"¢&;, sothat m, = U, = <51T§:> = (Z’g), 7'7,% € IRP, 7'7,% € IR™ P, Thus we obtain
2

(R(P — hA)R™ &k, &) = (P — hMuy)ig, m) — (hMagni, 7y — (i, h(Mys + Moy )ig).  (77)

One also has (RPR™'¢;,_1, &) = (UT RPRTIUU &1, U &) = (U RPR™Usiye—1, 1) = (Pij_y. 1)
and (R AEy, &) = (UTR AEy, UT&) = (UTR AEy, ;). Therefore (76) is rewritten equivalently

as:

(P—hMy1)ig, nt) — (hMagn2, i) — (g, h(M5+ Moy )ig) — (Pt _y, i) — (U R AEy, i) <0, (78)

2This would not hold in the time-varying case if Assumption 7 does not hold.
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equivalently:
(P —hMu)ip gy < (hMognZ i) + (g, (MY, + May)i2) + (Pig_y,nt) — (UT R AEy, i)

< (hMaai, i) + ghllig|[* + 3hlI(Myz + Moy || [0
+3llP2ig [P+ 3lP2ag| P + ((UTR AE) Tl + [((UT R AB)> )|

M\»—t

.9 . ) ~1,

< (h (MT22 + %H(JY-GTQ +1M21)|!2)T?7;3,77§> +2%h\|77%!|2 + 3l|Pzai_y | + 3P
+H(U TR AER) | |0 ]| + (U R AER)|| ||l

.9 . . —1, 1
< (h (M221+ S1(M, +2Mm)|!2) g ) + shllapl? + 3I1P2ag_y |1 + 31|1P21)
+aqh||ng || + chl] ||9gl]

.9 . ) ~1, piy
< (1 (4 £ 0, + M) IP) . ) IR + 3PP + 1P
+503h + 3h||0t|* + 303h + $h||9El,

(79)
where the inequalities |xTy| < ||z|| llyll < %HxH? + %HyH2 for any real vectors x and y are used,
and item 7 guarantees the existence of bounded oy > 0 and ag > 0 (remind that ¢t 1 — t = h).
Hence:

= . . l
(P~ by — ik i) < (b (Va4 IO + Mo Py + ) o0 + PP
< %Hl 1P+ (a1+a2)h—< Pty np_1) + (af + a3)h
<((3P = hMyy — hIp)ig_y,mp_ 1>+(a%+0‘§)h>

(80)
where item 5 has been used to obtain the second inequality and item 6 has been used for the third
inequality to secure that 3P < 3P — hMy; — hl,. Denote V(nk) ((3P — hMyy — hl)nt,n}), we

obtain from (80)

(k+1)T

V(i) < V(ip) + (of + a3) (81)

Therefore V (1)}) and consequently 7} is uniformly bounded for all k¥ € {0,n}, independently of n.
Thus 7} (t) = U, €"(t) is bounded in t € [0, 7] for any bounded initial data. The sequence {n}} is
thus uniformly bounded (because {£"(-)} is), continuous with uniformly bounded derivatives almost
everywhere, and thus equicontinuous. From Arzela-Ascoli Theorem, {17,11} stays in a compact subset
of C°([0, T); IR?), and there exists subsequences (which we still denote 7} (+)) that converge uniformly
in C°([0, T); IRP) to a limit n'(-).

F Proof of Proposition 6
Let us start with
RPR™M (&1 — &) — hRAR "¢ — RPR™'(§, — &) — hREy € =h 0f (&), (82)

equivalently

UTRPR™'UU (€41 — &) = hUTRART'UU T€41 — UTRPR™'UU T (& — &)
—~hU"RE; € —hU T 9f (&k11),
(83)
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that is
<P 0) (niH —né) o <Mn Mm) <mi+1> N (P 0> (mﬁ —773)
0 0)\ni—nd Moy Maz ) \niy 0 0)\ni—nd (84)

“hWUTREy € —hUT 9f(€prr).
The condition UTR Im(P) O U'R Im(B) implies that U, RB =0 = Uy ¢, = 0 for any
G € Of(&rs1). Indeed UTR Im(P) = Im(UTRPR™'U) = Im(< 0)) and UTR Im(B) =

P
0 0
U'RB
Uy RB
we obtain 77, | = M2_21(—M2177,i+1 + U, RE}). Inserting this in the first line of the second term in
the left-hand side of (84) gives —hMH??;:iH - hMlgnzH = —hMSChmi+1 - hM12M2_21 UQTREk, where
My is in item 4 of the proposition. Now using (84) we obtain:

5 11 11
(o o) (B 2m) o@n —an - oy 32) (% 21) 0T - 0

Im(UTRB) = Im(< >) Thus using the second line in the left-hand side of (84) and item 5,

nzﬂpj W o1 = Mo
0 _
_<<0 0 (77’5 _ 773) U (Erg1 — &0)) — (WUTRER, UT (€411 — &)
e — "o

My Mg\ (g
—(h <M21 M22> <77%> U (et — &)
= (h(UChp1 —U T+ U" ), U (&ks1 — &) < (U0, UT (&1 — &0))-

Let us now define wq 2 U+ <%ﬂ %21> UT¢&y, with ¢o € df(&). Using the monotonicity of
21 22

df(+), the definition of wy and (x11 € If({ps1):

_ 1 1 1 —nl
(¢ ) Gl oo (0 35) (B 7) vrea-o

771%+1 — o L 771%+1 — o
P 0 —
o o <Z§ — Z%> U T (€1 = &0)) — (W(UT REy, + wo), U™ (€41 — §0)) <0

(86)
Using the calculations made just above (85) for M11771i gt Mlgﬁ]% 41 with the Schur complement

1 1
My, the fact that U (&p41 — &) = (7715“ B 773), it follows from (86) that:
77k+1 — Mo
(P = hMgen) (1 = 10)s pr — 10) < (P (0 = 19)s My — 7o)
+h{U' RE}, + w§ — Mying — Miand, mpq — ng)
+h(Uy Co, MioMsy'U) REy) — h{M1aM3,'Uy oty — )
—h(M12 M55 Uy Co, )

< (P = 10), My — 10)
+21|U{ REy, + wh — Mung — Muand||* + 2[1nd||?
+ 5[ M2 M3 US Gol [ + BI|US Gol| + B[ M12 M3 Uy RER||?
Ry — ol
(87)

29



Using items 3 and 4 we have P S p_ hMge, — b1, = 0, then:

(Pt oy = m8)s ks — 1) < (Pt = md)s by — m0) + %T(Ek, Co,0) (88)
(P(my = 16)s My s — 10) + 5 (Ex, Cosm0)

IN

where Y (Ek, (o, no) is easy to define. From the assumptions of the proposition, % Zy:_ll hY(Ey, o, m0) <

(Cl'jg(n —Nl) = ¢Tn=l < CT for some constant C' > 0. Thus <]5(77,}:+1 — 77(1]),770;;1 —n3) <
L+ (P(nf — nd),mi —ng) for all k € {1,n — 1}, while (P(n{ — nd),ni —ni) < S&-. We con-
clude that [[n;_, —n§|| is bounded uniformly in k, thus 7 and 77 are uniformly bounded as well.

This ends the proof.

Remark 5 Item 5 in Proposition 6 guarantees a decoupling between the algebraic equation and the
multiplier \. If this assumption is relazed, one has to deal with the term (UZTCO,MHM;;UQTQC) mn
the right-hande side of (87). Another way to decouple is thus to assume that Mys = 0. Item 5 could
be replaced by: UTR Im(P) C U R Im(P) or Mys = 0. If none of these conditions is satisfied,
then one has to resort to another kind of proof, as outlined in section 7.
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