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PARISIAN TIMES FOR LINEAR DIFFUSIONS
CHRISTOPHE PROFETA

ABSTRACT. We compute the joint distribution of the first times a linear diffusion makes
an excursion longer than some given duration above (resp. below) some fixed level. In
the literature, such stopping times have been introduced and studied in the framework
of Parisian barrier options, mainly in the case of Brownian motion with drift. We also
exhibit several independence properties, and provide some formulae for the associated ruin
probabilities.

1. STATEMENT OF THE MAIN RESULTS

1.1. Introduction. Let X be a regular diffusion, without killing, taking values in some
interval I C R. In this note, we are interested in the following Parisian stopping times:

O =inf{t > 7, t— g\ >rand + (X, —a) >0}
where a € Int(7), the interior of I, r > 0 and
¢\ =sup{s < t, X, = a}.

These stopping times are the first times the process X makes an excursion above a (resp.
below a) longer than r > 0. They were introduced by Chesney, Jeanblanc & Yor [3] for the
pricing of some barrier options, in which the owner loses the option if the underlying asset X
remains long enough below or above some fixed level. Several papers have been devoted to
the valuation of such options, but in the case of diffusion processes, to our knowledge, only
the example of Brownian motion with drift has been studied in details so far. In the case of
two barriers, we refer the reader to Dassios & Wu [5] who start from a semi-Markov model
and use a limiting procedure, and to Anderluh & van der Weide [1] and Labart & Lelong
[10] who use mainly martingales methods.

We shall not tackle here the problem of computing Parisian options, but rather study
the distribution of the quadruplet (/{(ua’_), Hg;b#),XR(a,f),XH(b,Jr)) where a < b and u,v > 0.
This distribution is always at the core of all the aforementioned papers. Our approach will
essentially rely on diffusion and excursion theory.

The paper is divided as follows. In the remainder of Section 1, we introduce some notation
and state our main result, as well as several corollaries and consequences. Section 2 is devoted
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2 CHRISTOPHE PROFETA

to some preliminary lemmas, which will be needed for the proof of the main theorem in
Section 3. Finally, several examples are given in Section 4, including Brownian motion with
drift and some Bessel processes.

1.2. Notations. We shall work in the framework of Pitman & Yor [12]. Let us denote by
P, and E, the probability and expectation of X when starting from x € I, and (F;,t > 0)
its natural filtration. We assume that the infinitesimal generator of X has the form
1 d? d

g = 502(@@ + M(SC)@
on some appropriate domain, with o a strictly positive and continuous function and p a
locally bounded function. Recall that X may also be defined by its scale function s and
speed measure m which are given by :

J(z) = exp (- / ) 2“<y)dy) and  m(dz) = ——dx. (1.1)

o*(y) s'(x)o?(x)
For a € Int(I), we define the first hitting time
T, = inf{t > 0, X; = a}.

Its Laplace transform is classically given for A > 0 by :

’ Dy +(2)/Pr4(a) ifz>a,
where @, _ and @, , are two solutions (respectively increasing and decreasing) of the ordinary
differential equation Gu = Au, subject to some appropriate boundary conditions. Applying

the Markov property and using the continuity of the paths of X, we also have fora <z <b
and A >0 :

Wy (x)
W (a)

Wi (@)
Wi (b)

and E:c [Q_ATZ’]_{Tb<Ta}:| =

E, [€_>\Ta 1{Ta<Tb}} =

where, for ¢ € I, the function W/&C) is defined by :
Wi (@) = a4 (2)r - (0) = Br— () Ba1(0):
Recall next from It6 & McKean [8, Section 6.2] that 7, admits a continuous probability
density function and that there exist two Lévy measures l/f) and v such that
Paig (Ta S dt) 1

() (dt) = £1i —+ 1 ca
ve (dt) ali(r)ls(a:ta)—s(a) s'(a) dx o(Ta € )‘

x:ai )

Equivalently, yf) and v/ may be defined by their (modified) Laplace transforms :

B ()
1— e (dt) = F A
[@@< ) = F 5 B e (@)
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Some care must be taken when dealing with transient diffusions, as in this case, the measure

/1% might have an atom at t = 400 given by :

. 1 ()
vy’ ({+o0}) = :Fsl(a) liff)l Py 1(a)

We also introduce the Green kernel of X which is defined by the formula

+o0
Ga(z,y) = / e M p(t; . y)dt
0
where p(t; z,y) denotes the transition density of X with respect to the speed measure m, i.e.
Py (X; € dy) = p(t; 2, y)m(dy).
The Green kernel admits the classic representation
Ga(r,y) = wy 'Oy (2)Pr4(y), 2 <y,

where the Wronskian wy is defined by
(@)D (x) = P (2)P) ()

T 5(2)

and is independent from z.

We finally define the positive and negative meanders of lengths u by :

Pl (A,) = 11% Poie (Ay|T, > u)

VA, € Fu,
P (A,) = 11% P, o (A|T, > u).

The occurrence of meanders in the forthcoming formulae is not surprising as the random
variables Xﬁ(a,f) and Xﬁ(b,«f) are respectively a.s. smaller than a and greater than b.

1.3. Main results. Let a and  be two continuous and bounded functions from I to
[0,400). For a < 2 < b and v,\,u,v > 0 let us define the modified Laplace transform

of the quadruplet (f-zq(f’_), Iig;b’—i_),XR(a,f),Xn(b,H) by :

e (a=) (b))
Fa,B,w,A(z) =E, [6 Vo Aky O‘(anf”))ﬁ(anjb'”)l{nz()b’“gnff’*k—i—oo}] .

The main result of the paper is the computation of this function. To simplify the statement,
let us set :

Oyi(a) W) [T _,
@) _ Ozla) | Wy / M,O) (g
A (CL, ba T) (I))\7:|:(b) Wy, g € Vi (dt)
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Theorem 1. For a < x <, the function F, 3, admits the expression :

W (z) 1 W (z)
Fapya() = ( O o | Fosan(®) (1.2)
W (a) U (boaw) WL (D)
where
Faﬁm/\(b)
(b) — /i(a'i)
W(b) (a) vy [’U,"‘OO]E(, [6 T ] ) ) Xv
e~ (v A — 1 Eiu [ (X,)] EZ {CI;{L(Z)))E (Xv):|
W“H—)\ \I/,H_)\(CL, b, U) m ¥+
and
E —ﬁ/m(f -) o —ﬁ/u@%-i-(b) V(—a)[u> +OO]
b |e =e 3 (@) = @ )
1+ e + [ et (dt)

One may observe several independence properties in this formula.

(1) Letting v | 0, we deduce that on the set {/ﬁg,b’ﬂ < k) < +oo}, the random
variables n&b’”, Xﬁ(a,f) and Xn“"“ are mutually independent.
(2) Taking @ = 1, we observe that one may remove the condition {m(f"_) < 400} in

the definition of F g, 1. Letting v | 0 and then u — 400, we deduce that on the
set {Ii (.+) &) and Xn(b,+) are independent. This

independence property, when dealing with a single boundary, was already observed
in the Brownian case by Chesney, Jeanblanc & Yor [3].

< 400}, the random variables ky

We mention below two situations where Theorem 1 greatly simplifies. First, when «
B =1, one obtains the following corollary :

Corollary 2. For a < b and v, \ > 0, the Laplace transform of the pair (ky (@ ),mﬁ”*)) is
given by :
“ WW. ety (at
E, [ O R B W C +>1{H(b’+)<ﬁ(aﬁ)}] — e v+>\( ) f ( ) E, [e—mi )] '

w (+ — %
A W (a, b -
'Y+)\( » ) \I/,(WF)A(I),G,’U,)

This result follows from the observation that

g [‘PH(XU)] _ g Pt [Ex, [e777] Liz,50]
(I)%—l-(b) el0 ]P)b+€ (Tb > ’U)

. Epye [ =), }} oM fv+oo e—vtyib)(dt)
] ]P)b+€ (Tb > ’U) I/_(f) [U, —l—OO]




5

where we have applied the Markov property in the second equality. Another simplification
is obtained by letting a 1 b. Using that W;a)(b) ? 0 and computing the limit yields the

general formula for the one barrier case :

Corollary 3. For v, \ > 0, the Laplace transform of the pair (/ﬁ&b’_), m(,b’ﬂ) s given by :

By ()
Eb[ Y Koy 1{R7(Jb,+)<n7(lb,f)}i|

= E, e 7"
fj“’e (01 (dt) + I, 0 o=, (gf) 4+ e '

e‘” [ e (at) (b >}.

w+/\(b b)

In particular, when X is a Brownian motion with drift, by letting v | 0, we recover the
formula obtained by Dassios & Wu [4].

1.4. Parisian ruin probabilities. Letting v | 0 in the Laplace transform of gl given

in Theorem 1, we obtain the following ruin probabilities :
(1) if X is recurrent, then liﬁ)l G,(a,a) = +oo and v ({+00}) = 0, hence
v

V()[

P, (/{fﬂ’_) < +00) = u, +oo) =1

V' [u, +00)
(2) if X is transient, then Gy(a,a) = lig)l G,(a,a) < 400 and
v

v [u, 00
)=—

P, (H(a’_) < 400 @ )
Gotaa) T V- [u, +00)

u

In particular, if X goes to inf(7) a.s. as t — 400, then m — /' ({+00}) and
this probability also equals 1.

Besides Brownian motion with drift, such Parisian ruin probabilities have also been com-

puted for spectrally negative Lévy processes, see for instance Loeffen, Czarna & Palmowski
[11].

Another probability of interest is the probability that kP takes place before kT Wthh
may be obtained by letting A and v go to 0 in Corollary 2 and Formula (1.2).

Corollary 4. Assume that either X is recurrent, or X is transient and goes a.s to sup([)
or to inf(I) ast — +oo. Then, fora <x <b :

P, (/@()b’ﬂ < k7)< +00)

_ ( 5(b) — s(x)

s + (s(0) = s(a))[u, +00)

P, (n&f”” <k < +oo)
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(5(b) — ()P [v, +00)By(T, < +00)By (Kgaﬂ < +oo>

1 - (b _ 1
FaTacro) T (8(0) — s(a))v " [v, +00) B 1y =50y H(5(0) (@) [u,+)

Remark 5. When X is recurrent, since Py(T, < +00) = P,(T, < +00) = 1, Corollary 4
greatly simplifies and one obtains :

(1 T (s(a) — (@), +oo>) /9o, +o0)

@ [u, +00) + I/_(,f) [v,+00) + (s(b) — s(a))y(_a) u, +oo)1/$) v, —i—oo)'

P, (/-ngv” < /{(u“’_)) =

To prove Corollary 4, observe that by definition of the Wronskian w), we have
Wy (a) ' () "B, [e]
= ) = Lt .
o o) “(b)/a 2.5 / E. [ %

Then, on the one hand, when X is recurrent or X is transient and goes a.s. to inf(I), we
obtain

Wy (a) "
— dz = s(b) — .
o . s'(z)dz = s(b) — s(a)
On the other hand, when X is transient and goes a.s. to sup([), we may assume without

loss of generality that s(sup(/)) = 0 and again

W) s®)/s2)
W) AL0 /a s(z)/s(a)s(z)dz_s(b) s(a).

Corollary 4 now follows by letting v and A go to 0 in Corollary 2 and Formula (1.2) and
using the above limit.

1.5. Remarks on the meanders. We shall give in Section 4 a few examples where all the
terms appearing in Theorem 1 may be computed explicitly. To this end, it is worthwhile to
note that the terms involving the meanders in Theorem 1 only require the knowledge of the
transition density p and of the Lévy measures V:(ta). Indeed, by applying the Markov property

E, [0(Xo)lr,50y] = E; [a(X,)] — / E, [a( Xy )] P(T, € dt).
0
Inverting this transform, we obtain after some simple manipulations :
P, (X, € dz|T, > u) /m(d=z)

p(u,x,z)—p(wa,z) /“p(u,a,z)—p(u—t,a,z)
= : P, (1, € dt).
P.(T, > u) +p(usa, z) + i P.(T, > u) (T, € dt)




Letting then = 1 a, we deduce that for z < a :
P (X, € dz) /m(dz)

1 0 “opluya, z) —plu—t;a, z) (4
T @ (s 2, 2) 0 + (Ui, Z)+/ X ()a) d )V(_)(dt).
s'(a) v\ [u, +oc] 0% 0 v [u, +o0]
One may also give an alternative definition of the meanders as derivatives. Indeed, for
example, by definition of the left derivative :

- P — (Aul T. >u})
P (A,) = SR e
“ ( ) ‘ggl P (T > u) -

1 d
oo da e ez oo, (13)

Formula (1.3) will be the one appearing during the proofs.

2. PRELIMINARY COMPUTATIONS

Our proof will rely on some local estimates for ¢ — p(t;a,a). Let us introduce the semi-
martingale local time of X :

a . 1 !
Lt = 02(a) 1;{612_5/; 1{\Xs—a\§e}d37 t>0.

From the occupation time formula (see [14, Chapter VI|) and the expression (1.1) of the
speed measure m, we have

E.[L}] = %/0 p(t;a,a)dt.

In particular, using Fatou’s lemma, and the fact that o > 0, we deduce that
1 [ Lt —Lg LY — L¢
—— liminf — / p(t;a,a)dt = liminf E, | ==—2| > E, |liminf ==—2| = 400
s'(a) a0 e )y £l0 5 £l0 5

which yields a first estimate :
€
li = (. 2.1
slﬂ)l fo t a, a ( )

We now prove a lemma which will be repeatedly used in the sequel.
2.1. Limiting lemma.

Lemma 6. Let a € Int(I) and let ¢ be a positive and continuous function such that
E. [p(X})] < 400 is finite for t small enough and x in the vicinity of a. We assume that
p(a) = 0 and that ¢ admits a left and a right derivative at the point a. Then the following
asymptotics hold:

1
20 ()

E. [P(X0)1x.20] ¢ [ pltsaaat
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and

1
Eq [p(Xlixa] 5 5

o) / “plta a)dt.

Proof. We only prove the first asymptotics, as the second one will follow from a similar
argument. Take 0 small enough and let us decompose the first expectation in Lemma 6
according as whether X, is greater or smaller than a + 9 :

Eo [0(Xe)lix.20}] = Ea [0(X)1(x.3a46)] + Ea [9(Xe)L{arssx.2a}] -
Applying the Markov property, the first term on the right-hand side is smaller than

E. [¢(X)lix. 2040} = Ea |:Ea+6 [o(Xems)l{x._ >ate}] = 1{Ta+5<a}:|

< sup Eors [9(Xs)] Pa (Toys <€)

s€[0,¢]

From Kotani & Watanabe [9], there is the asymptotics for z € Int(7) :

. (o ’ i
161%1 —2eln (P, (T, <¢)) = (/a 70(@ s’(u)d ) : (2.2)

As a consequence, we deduce from (2.1) that

lim IEa [QP(XE) 1{X52a+6}}

€ =0
0[O p(tia,a)dt

which proves that this term is negligible. Then, since ¢(a) = 0, the second term may be
bounded by :

ECL X€ 1 a a
n 2O o BaleXwoxoa] o el2) (2.3)
a<z<a+s 2 —a ~ |, [(XE — a)l{a+5>X52a}} a<z<ats £ — @

Recall now that for any = € Int(/), the function (t,y) — p(t;2,y) is a solution of the

partial differential equation —p = Gp on (0, +00) x Int([), and that for z # a, from Kotani

ot
& Watanabe [9] :

lgglp(t; a,z) =0. (2.4)

Since the scale function s and the speed measure m are assumed to be absolutely continuous,
an adaptation of their proof shows also that

i 2Pt 2y —
ltlir(r)l g(t a,z)=0. (2.5)

Now, integrating the partial differential equation for p on [0,¢| and using (2.4), we deduce
that for z # a,

p(ea, 2) = /0 ) <%az(z)%(t; a2) + u(z)%(t; 0 z)) .
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Then applying Fubini theorem, and recalling that m(dz) = 2/(s'(x)o?(z))dz, we may write
Ea [(Xe - a)l{a+5>X52a}:|

_ ([ “822(15 a,2)dz + M(z = () Lt a, ymidz) ) dt.
/0 </ §'(z) 0z / 0z

Integrating by parts the first term, and using the expression (1.1) of s, we observe that the
terms in p cancel and we obtain :

B € ) ap . a+6 1 8
E, [(Xe = a)l{ars>x.20)] = /0 (ma(t, a,a+9) —/a 9(2) 02 Llta Z)dz) dt.

Using yet another integration by parts, we finally obtain :

1 £
E, [(Xe — a>1{a+5>X52a}:| = —) / p(t;a,a)dt
0

s'(a

c 1 Op
(0t — p(t; E, [p(X)1 .
+/0 (s’(a+ 5) <582 (t;a,a+0) —p(t;a,a+ 5)> +Eq [u(X3) {a+6>Xt>a}]) dt
As a consequence, going back to (2.3), we deduce from (2.4), (2.5), and (2.1) that

"(a)E, X )1y, a
e 9@ < liminf > (0)Ea [0(Xe)1{aso>x. 20} ]
a<z<atd Z — @ 10 fo (t;a,a)dt
"(a)E, X1, a
ey 2B [P lwrsoxza] ()
clo fO t a, a dt a<z<a+s # — @

and the result follows by letting ¢ | 0.
O

2.2. The distribution of (m&a’_),XR(a,f)). We now prove a simpler version of Theorem 1,
involving only £~ and X (@)

Proposition 7. On the set {7 < +oc} the random variables £\ and X (@) are
independent, and their distributions are respectively given by

(a)
N e
Gy(a,a) + fu ez (dt)
and
Ea [a (Xn,(ua’f)) l{nia'7)<+m}] = E#u [a (Xu)] :

Proof. We set
d\™ =inf{s > t, X, = a}

and -
Fun(@) = Eq [ (X, 0oy |-
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Let 0 < &€ < u. We shall decompose the expectation of F, ,(a) according as whether X, is

greater or smaller than a. When X, > a, applying the Markov property at the time df:a), we
obtain

(a,—

) (a)
Eo [ 0 (X o) ooy Lixeoa | = Ba €7 x| Fan(a): (26)

When X. < a, we need to take care as whether or not the excursion below a straddling ¢ is
longer than . On the one hand, if this excursion is shorter than u, then

)
E, [e v O‘(anf”))1{;@&“”)<+oo}1{X6§“}1{d§“)<g§“)+u}]

_gla)
=E, [6 vde 1{X6§a}1{dga)<g£a)+u}i| Fa,,(a). (2.7)

On the other hand, if this excursion is longer than wu, then k&) = géa) + u a.s. and

)
Ea [e ' O‘(anﬁ“’*))1{»178“**)<+oo}1{X6S“}1{d£“)zg£“>+u}]
(a

(0@
= Ea [6 v(ge + )O[(Xgéa)_i_u)1{X6§a}1{dga)2g£a)+u}i| . (28)
Gathering (2.6), (2.7) and (2.8) together, we deduce that
(@)
. E, |:€_'Y(gs +u)a(Xg(“)+u) 1{Xs§a}1{d(a)>g(a)+u}]
Fa’fy a/ — £ £ —Je
1-E, [6‘“’d§a)1{x5>a}} —~E, [6‘”@1{)@9}1

{d§a><g£“)+u}}

and it remains to let € | 0. We start with the numerator. Fix § € (&, u). Since gé“’ <e, we

have

(@)
E, [6 Yge O{(nga)_i_u) 1{X€§a}1{d£a)29£a)+u}i|

<E, _gne[gfg] @ (Xspu) 1{XsSa}1{d§“)2u}}

=E, 1 o E Xotu—e)1 w
I {XES } Xs |:5rrle[%?((ﬂa( + E) {€+Ta2 }:|:|

< Eo | Lix.<apEx. {EXM {Ig[g{%a(Xs)} 1{Tazu—6}H :

From Lemma 6 and Formula (1.3) we deduce that :

E, [1{X5<a}EX5 [EXU(; [T&%P%Q(Xs)] 1{Ta>u—6}:|:|

it Rhu—? {Exua Lrél[%fﬂa(Xs)” @) [u — ¢, +oo]/0 p(t;a,a)dt.
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As a consequence, we obtain the upper bound :

(@)
E, [e‘”’gf a(X @, ixc<apl oo @, }
lim sup @ o T - W 292 ) < Rhu? [Exug lmax a(XS)H :
£l0 v u—0,+00] [§ p(t;a, a)dt 5€[0,9]
Similarly, we have the lower bound :

(a)
o E, [e—vgs O[(Xgéa)_"_u)1{X5Sa}1{dga)zg£a)+u}:|
lim inf

el0 ¥ [u, +00] Js p(t; a, a)dt

> e MEL {Exu {min a (XS)H .
s€[0,9]

Letting 0 | 0, we deduce by continuity that the numerator is equivalent to :

. (a) u a ‘
Ea [0 0 (X 00, ) Lo <a 050 1) o B o (X)) v o, o] / p(t; a, a)dt.

Looking now at the denominator, we obtain, adding and subtracting indicators functions :
1 d d €
—Ex —Ta ]- u - _EZ‘ —Ta / t7 dt
7(a) (dx [ 1 r,< }]}x:a, e [e7e] m:ﬁ) : p(t;a,a)

— (% + /:00 ey (dt)) /ng(t; a,a)dt.

Gathering the two previous asymptotics, we finally obtain

(a)
@) _ v [u, 00
E, [6 VK a(X (a,f))l () ] — e U ) Ebu
Ko {ke,~'<Hoo} +oo (a) a
G«,(la,a) + [, e (at)

which ends the proof of Proposition 7. U

Remark 8. We briefly sketch here another proof for the distribution of k&™) which is
inspired from Getoor [7]. Assume that X is recurrent. The right-continuous inverse (7/", £ >
0) of L* is a subordinator with Laplace transform :

E, [e"] = exp (—£%> ~ exp <—esf(a) /0 ao e‘“’t)y(“)(dt)> |

(@) (a)

+v}’. Furthermore the two processes

Te T¢
(/ 1{Xu>a}du,£ > O) and (/ 1{Xu<a}du,£ > O) (2.9)
0 0

are independent subordinators with respective Lévy measures given by s’ (a)yf) and s’ (a)u(_a).
As a consequence, we may decompose 7(%) into two independent subordinators

where @ =y

7@ = O 4 p)
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with respective Lévy measures s’ (a)(yf) (dt) + 1{t<u}u(_a) (dt)) and s (a)l{tZU}l/(_a)(dt). Now
k@) is the starting point of the first excursion below a of length greater than u. Define the
first jump of n™ by

R =inf{l > 0, nél) # 0}.
The random variable R is exponentially distributed with parameter s'(a)v(*~)[u, +-0c]. Then

E, [e—v(mﬁa’f)—uq —F [6—777521}

(a) e (0) (@)
= S/(a')l/_ [u, +OO] / E [6_7777.,} 6—8 (a)v [u’+oo}rd/r’
0

B V' [u, +00]

f0+oo(1 — e—’Yt)l/S_a)(dt) + [, (1 - e (dt) + v\ u, +o00]
B v [u, +00]
i [P en (dr)

Gy (a,a) u -

which yields the Laplace transform of m(f’_) when X is recurrent. However, when X is tran-
sient, the two subordinators given in Formula (2.9) are no longer independent as explained
n [12]. They are only conditionally independent given L%, since when ¢ = L%, one will be
stopped at the time L% while the other one will jump to +00. As a consequence, in the
transient case, one would need to condition by L% before mimicking the previous argument.

3. PROOF OF THEOREM 1

The proof of Theorem 1 is similar to the proof of Proposition 7, except that we shall work
with two boundaries a < b, and thus write down a system of equations involving F, . \(a)
and F, g,a(b). Let 0 < ¢ < min(u,v). To compute F, s, x(a) and F, g (b), we shall
decompose the expectation in three terms, according to the position of X, with respect to a
and b.

3.1. Study of F, s, (a). First, if X. < a, then the excursion below a straddling & must
remain shorter than . Applying the Markov property at the time df:a), this yields the formula
(@) (0
E, [6 Y Ak O‘(Xm(f’*))ﬁ(Xan’ﬂ)l{m()b’ﬂgngf’*k—i-oo}I{Xsffl}}
_ (@)
= Ea [6 (y+AN)d: 1{d§“)<g£“)+u}1{X€§a}] Faﬁ,%)\(a). (3.1)

Next, if a < X, < b, we obtain, applying the Markov property at the times d and 4 :

(a,—) (b,+)
—VK —AK
Ea [6 “ ! a(Xnga'7)>6(Xn£b'+)>l{m()b’+)SH&E’7)<+OO}1{G<X€<b}j|

_ (b)
=E, [e (v+X)de 1{a<X€<b}1{déb)<d£a)}] Fopy(b)

_ (a)
+E, [6 (v+N)de 1{a<Xs<b}1{d£a)<dgb)}i| Faﬁ,%,\(a). (32)
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The third and last term will have no contribution in the result :

(X 0 )X, o) Loy L] - (33)

(a,—) _ (b +)

Aa(g) = Ea |:6_ﬁm
As a consequence, gathering (3.1), (3.2) and (3.3), we deduce that :

_ (b)
E, [e (y+A)de 1{a<Xs<b}1{dgb)<d£a)}:| Faﬁ,%)\(b) -+ Aa(c":‘)

Favﬁf)/’)‘(a) = A d(a) A d(a)
1-E, [6_(7-‘:- )dz 1{dga)<g£a)+u}1{xsga}] —E, [e—(’Y-i- )de 1{a<Xs<b}1{déa)<dgb)}]

and it remains to let € | 0. Applying the Markov property and Lemma 6, we deduce that
the first term in the numerator is equivalent to :

—(v+NT;

_ (b)
E, [e (rFA)dz "Lin,<1.] ]

1{a<Xs<b}1{dgb)<d£G)}:| =E, [l{acx.<t}Ex. [€

1 d e
ew S ( ) de [e 1{Tb<Ta}:| ‘x:(ﬁ X /0 p(t; a,a)dt.

Similarly, the denominator is equivalent to :

1 d _ d B €
) <£Ex [Tt g 9] P aEx [e= O N1 p ] ‘m:ﬁ) X /0 p(t;a,a)dt.

Finally, from (2.1) and (2.2), the last term is negligible since

NG Pully <€)
TG aad S @) =y o

and we obtain, after some simplifications,

% E, [6—(w+A)Tb1{Tb<Ta}} }x:ﬁ

Fapaa(a) = Fopaa(b)
! wBe [ OV g ]y = B [ OV Ly o] | '

r=at

é‘i);( )

W(“)}\(b)
- (I)£Y+A,—(a) / +oo (’Y"r)\ dt ’5?;( ) Favﬁv'}/v)\(b)
Poypr,—(a) +5'(a) fu € ( ) — W(b)A( )
1
= 5 Fasaald) (3.4)

Remark 9. By identification, the Laplace transform of 7}, on the event {7}, < R } is
given by

1

E, [6_)\Tb1 (a,-)y | = —F/——.
{(To<mu 7} \IIE\_) (b,a,u)
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3.2. Study of F,3,.(b). First, if X. > b, we need to take care as whether or not the

excursion above b straddling ¢ is longer than v. On the one hand, if this excursion is longer

than v, then kO = géb) + v, hence, applying as before the Markov property at the time

b
d®
(a,—) (b,4)
—YK —AK
Eb |:€ h ‘ a(Xnga’f))B(Xngb’H)1{/47(Jb’+)§n7(f’7)<+oo}1{X52b}1{dgb)20+ggb)}i|

(a

o d® (0 ® 1 _lam)
=FE, [6 vde —X(ge’ + )ﬁ(Xgéb)—l—U)I{XEZb}]'{déb)Zv—l—géb)}} E, [6 VK a(XH£E’7)>1{KSLa'7)<+OO}i| .
On the other hand, if this excursion is shorter than v, then

(a:-) _y (o)
—YKay, — Ky
By [6 @ (Xnif’*))ﬁ (X,-;Ef"”) 1{n£b'+)§n£“’*)<+oo}l{stb}l{dé"kwgéb)}}

_ (b)
=FE, [6 (v+A)de 1{X52b}1{dgb)<v+g£b)}i| Fo (D).

Next, if a < X, < b, we obtain, applying the Markov property at the times d and 4

—)\m(,b'ﬂ— @

Ey [6 i '7)04(Xm(‘a,7>)5(Xﬁgjb,+>) 1{Hq(Jb,+)SH7(Laﬁ)<+oo}1{a<Xs<b}}

_ (b)
=E, [e (Y+A)de 1{a<Xs<b}1{déb)<dga)}i| Fopy()

_ (a)
+ E, [e (y+N)de 1{a<Xs<b}1{déa)<dgb)}] Faﬂ,%)\(a). (3.5)

Finally, the last term when X, < a is again negligible :

(@,=) _y o (b,F)

Ap(e) = Ky [e‘””“ ‘ Q(Xﬁg“ﬂ)ﬁ(Xﬁg‘““)1{55"'“gng“’*><+oo}1{Xs§a}] :

Passing to the limit as € | 0 and proceeding as in Proposition 7, we deduce that

U (a,0,0) Fy gy a(0) = Fapoa(a)

D, (X.)
2,..(b)

and the expression for F,, 5, (b) follows by plugging (3.4) in this last formula. Finally, to
get the general expression of Theorem 1 for a < x < b, one simply need to apply the Markov

property
Foga(z) =E, [6_(’Y+)\)Ta1{Ta<Tb}} Fopra(a) + E, [6—(V+A)Tb1{Tb<Ta}] Fo g4 (D)
and then use (3.4). O

w® (a) (erm)
= e TR [0 (X )1 ey | B
€ Wrytn b |€ Oé( m(l’ )) {HSL’ )<+oo} b

ﬁ(&)] /Oy, +oo]

4. APPLICATIONS
(a)

b)

We briefly give a few examples where the expressions for the Lévy measures v’ and l/_(i_

may be written down explicitly.
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4.1. Brownian motion with drift . Assume that X is a Brownian motion with drift p.

Its scale function may be chosen such that :
s'(z) = e 2,

The two eigenfunctions ®, . and ®, _ are given by :

O, 4 (z) =exp (—x (M + ,u)) and D, _(x) =exp (:c (\/m - u))

and

_ la—q] (a—x — pt)’
P,(T, € dt) = Voo P (g )t

As a consequence, the Lévy measures VE_La ) only depend on a through the scale function s :

a 1 ’
U9 (dt) = e ~Ttdt,

v 27rt3/26
and
v ({+o00}) = €2 (| + p) .

When g = 0, one may choose s(z) = = and applying Remark 5, we recover for instance the
formula for a standard Brownian motion, i.e. for a <z <b (see [5]) :

) Vit (z—a)y /2
ViV (b -a)y /2

4.2. Three-dimensional Bessel process with drift 4 > 0 in the wide sense. Let us
consider the solution of the following SDE :

" cosh(puX,)

———d
sinh(uX5) °

Xt =x+ Bt -+ ,u/

0

where z > 0 and B is a standard Brownian motion. The law of X is that of a Brownian mo-

tion with drift © > 0 conditioned to stay positive, or alternatively that of a three-dimensional

Bessel process with drift p in the wide sense, see Pitman & Yor [13] or Watanabe [15]. Its
scale function may be chosen such that

2
M) = —H
¥ (@) sinh? ()

and the two eigenfunctions are given by

exp | —z+/ 2\ + p? : 2
( ) and By (2) = 81nh(:c\/2)\+,u).

0} =
a(T) = p sinh(px) sinh(px)
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As a consequence, we deduce from [6, p.258] that

R (2n+1)a—=z)2 42

Z (2n+1)a—z)e” 2 2t if x < a,

=—00

( sinh(pa) 1
sinh(px) /27t3/2 .

P, (T, € dt)/dt =

inh _ 2 2
S.Hl (pa) (x —a) exp (_u - M—t) if z > a,
| sinh(pz) /27t3/2 2t 2
hence we obtain
i h2 1 #2 o h 4 202 n2a2
V(_a)(dt) _ sin (pa) o Z ,u(':os (na) oma 41— 2O e
w2 \/2mt3/? sinh(pa) t

and
_ sinh®*(ub) 1 u?

12 V2mt3/2 ‘

Note that the measure I/_(:)) admits an atom at +o0o which is given by :

v (dt)

2ub 1
(b) €

v ({+oo}) = :

+ 2,u

As a consequence, we deduce for instance that :
(a)
(a,-) _ v [uto)
P, (/{u < +oo) =

25t + v [u, +00)

4.3. Reflected Brownian motion. Assume that X = |B| with B a standard Brownian
motion. The two eigenfunctions ®, ; and ®, _ are given by :

Q) 4 (z) =exp (—x\/ﬁ) and @, _(x) = cosh (x\/ﬁ)

and from Borodin & Salminen [2], the distribution of 7, admits the density

4 +oo

\/§t3/2 S (—1)((2n+ Da + )e

_ ((2n+1l)ata)?
2t

if r < a,

P, (T, € dt)/dt =

(z—a) (z —a)? :
Y f
| Vame PP\ nree

Therefore, we deduce that

oo 2,,2
(a) o 1 _\ntl dan B _2a2tn2
) = _§ ' (—1) <—t 1) e~ 2 dt
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and )
(b) _
vy (dt) = \/ﬁt?’/zdt'
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