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FREQUENCY-EXPLICIT APPROXIMABILITY ESTIMATES FOR
TIME-HARMONIC MAXWELL’S EQUATIONS

T. CHAUMONT-FRELET*" AND P. VEGA*{

ABSTRACT. We consider time-harmonic Maxwell’s equations set in an heterogeneous medium
with perfectly conducting boundary conditions. Given a divergence-free right-hand side lying
in L?, we provide a frequency-explicit approximability estimate measuring the difference
between the corresponding solution and its best approximation by high-order Nédélec finite
elements. Such an approximability estimate is crucial in both the a priori and a posteriori
error analysis of finite element discretizations of Maxwell’s equations, but the derivation is not
trivial. Indeed, it is hard to take advantage of high-order polynomials given that the right-
hand side only exhibits L? regularity. We proceed in line with previously obtained results for
the simpler setting of the scalar Helmholtz equation, and propose a regularity splitting of the
solution. In turn, this splitting yields sharp approximability estimates generalizing known
results for the scalar Helmoltz equation and showing the interest of high-order methods.

KEY wWORDs. Maxwell’s equations, Finite element methods, High-order methods

1. INTRODUCTION

Over the past decades, considerable efforts have been devoted to analyze the stability and
convergence of finite element discretizations of high-frequency wave propagation problems.
This in part because the required mathematical analysis is rich and elegant, but also due to
the large number of physical and industrial applications for which these problems are relevant.

Apart in the low-frequency regime, the bilinear (or sesquilinear) forms associated with
time-harmonic wave propagation problems are not coercive. As a consequence, finite element
schemes become unstable when the frequency is high and/or close to a resonant frequency,
unless heavily refined meshes or high-order elements are employed [12]. For scalar wave
propagation problems modeled by the Helmholtz equation, it has become clear that high-order
elements are very well-suited to address these stability issues. One the one hand, the interest
of high-order elements has been numerically noted in a number of works [3, [17]. On the other
hand, thanks to dedicated duality techniques, the stability and convergence theory is now
well-understood [0, 12| [I4], and is in line with numerical observations. Vectorial problems
are less covered in the literature, but the few available results point towards the fact the
analysis techniques employed for the Helmholtz equation as well as the key conclusions can
be extended [4, 15]. We also mention [7, [8, 20], where similar duality techniques are used for
vectorial wave propagation problems, without a focus on the high-frequency regime though.

Here, we consider time-harmonic Maxwell’s equations

(1) —wlee+Vx (u'Vxe) = weg inQ
exn = 0 on 0f)
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2 APPROXIMABILITY ESTIMATES FOR MAXWELL’S EQUATIONS

in a smooth domain Q with piecewise smooth permittivity and permeability (real valued,
symmetric) tensors € and p. In , w > 0 is the frequency, e : Q — R3 is the unknown
and g : Q — R3 is a given right-hand side. In practice, the right-hand side takes the form
g = ie 'J where J : Q — C3 is a “current density”, and e represents the electric fields [2].
Here, we choose to work with g instead of J since it is more relevant mathematically as it
naturally appears in convergence analysis by duality.

For a finite element space W, we define the “approximation factor” as the sharpest
constant v such that the estimate

2 inf fle— =
( ) Uhleerh me Uhmcurl,w,ﬂ > 7”9”579

holds for all g € L?(Q) with V - (eg) = 0, where || - ||cq is the e-weighted L*(2) norm and
I llcurlw,@ is a suitable “energy” norm (see Section [2.2). Clearly, v quantifies the ability of
the finite element space W, to reproduce solutions t. Actually, this quantity is central
in the stability analysis of the finite schemes, since it can be shown that the finite element
solution is quasi-optimal if and only if 7 is “sufficiently small” [4, [6, [I4]. The approximation
factor also plays a central role in a posteriori error estimations [5} [16].

Since the norm in the right-hand side of is weak, one cannot expect a high regularity
for the solution e. As a result, taking advantage of high-order polynomials is a subtle task.
One key idea to overcome this issue is to introduce a regularity splitting as initially done in
[14] for scalar wave propagation in homogeneous media and later extended to heterogeneous
media [0, 13] and Maxwell’s equations in homogeneous media [15].

In this work, we apply the idea of [6] to obtain a regularity splitting for Maxwell’s equations
in heterogeneous media. Our key result is that if W, is the Nédélec finite element space of
order p > 0 on a shape shape-regular mesh 7; with maximal element size h, there exists a
constant C' independent of w and h such that if wh/dq is sufficiently small, then

wh  w [wh\P™!
< DTS (i
3 v_c(%m(ﬁﬂ) )

where ¢ is the distance between w and the closest resonant frequency (see Section , and
¥q is the smallest wavespeed in §2.

Since Ny := (wh/9q)~! is a measure of the number of mesh elements per wavelength,
one sees from that v stays small as long as Ny > C(1 + (w/8)Y®+D)) with a constant
C independent of w and h. As a result, while the number of elements per wavelength must
be increased to achieved stability when the frequency is high (wdq/¥q > 1, dg being the
diameter of ) or almost resonant (§ < 1), the requirement is less demanding for high-order
elements.

The remaining of this work is organized as follows. Section [2| presents the notation and
recalls key preliminary results. In Section [3| we present some initial results concerning the
stability of the problem and basic regularity results. We elaborate a regularity splitting in
Section [4] that we subsequently apply to derive our approximability result in Section[5] leading
to estimate .

2. SETTINGS

2.1. Domain and coefficients. We consider a simply connected domain Q C R? with an
analytic boundary 9€). € is partitioned into a set & of non-overlapping subdomains P with
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analytic boundaries 9P such that Q = suppcy, P. The notation dg := max,, ,.q € — Y|
stands for the diameter of €.

€ and p are two real symmetric tensor-valued functions defined over ). These coefficients
are assumed to be piecewise smooth in the sense that for each P € &2 and for 1 < j,¢ < 3,
ejelp and pjy|p are analytic functions. The notations ¢ := e ! and x := p~! will be useful
in the sequel.

We denote by emin, Emax : @ — R the (analytic) functions mapping to each x € 2 the
smallest and largest eigenvalue of e(x), and we assume that € is uniformly bounded and
elliptic, which means that

0< igf Emin, SUp Emax < +00.
Q

We employ similar notations for p, x and ¢, and assume that g is uniformly bounded and
elliptic. Finally, we denote by
) 1
Uq = inf ——
@ y/€maxMmax

the smallest wavespeed in €.

2.2. Functional spaces. If D C € is an open set, L?(D) is the usual Lebesgue-space of
real-valued square integrable functions over D. In addition, we write L*(D) := (LQ(D))3
for vector-valued functions. The natural inner products and norms of both these spaces are
(-,-)p and || - ||p, and we drop the subscript when D = Q. If ¢ is a measurable uniformly
bounded and elliptic symmetric tensor-valued function, we also employ the (equivalent) norm

Iol2p :=/D<pv-v
for v € L*(D).

H (curl, Q) is the Sobolev spaces of vector-valued functions v € L?(2) such that V x v €
L?(Q). Tt is equipped with the “energy” norm

Ivleur w0 = 2 IvIZa + IV xvlly o Vv € H(curl,Q).

H(curl, Q) is the closure of smooth compactly supported functions into H (curl,2) and
contains vector-valued functions with vanishing tangential traces.

If ¢ is a measurable, uniformly elliptic and bounded tensor-valued function, H (div’, ¢, )
is the space of functions v € L?(2) such that V - (pv) = 0 in Q. We simply write H (div’, Q)
when ¢ := I is the identity tensor. Besides, the space H g(diVO, @, ) is for the closure of
smooth compactly supported functions in H (div’, ¢, Q) and contains functions with vanishing
normal traces.

If m > 0, the space H™ () contains those functions v € L*(Q) such that for each P € 2,
1 < ¢ < 3 and all multi-indices o € N® with |a| < m, we have 9%(v¢|p) € L*(P). We equip
this space with the norms

m 3
102 iy = 020+ 30 30 S0 S a / Emax| 0% (v )2

n=1|a|=n PEZP (=1 P
and

m 3
1ol gy = Iolx+ D D > Zd?{‘/ Xmax| 0% (ve| p)[*.

n=1|a|=n P2 (=1 P
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We refer the reader to [I] for a detailed exposition concerning Lesbegue and high-order
Sobolev spaces, and to [10] and [II] for Sobolev spaces involving the curl and divergence of
vector fields.

2.3. Eigenpairs. Recalling that 2 is simply connected, it follows from [I0, Remark 7.5] that
the application

Hy(curl,Q) 3 v — ||V xv|y0
is a norm on Hg(curl, Q)NH (div®, ¢, Q). Besides, the injection H(curl, Q)NH (div®, e, Q) C
H(div’,¢,9) is compact [I8]. As a result (see, e.g. [2, Theorem 4.5.11]), there exists an
orthonormal basis {¢,};>0 of H (div®, €,Q) (equipped with the inner-product (e -,-)) and a
sequence of strictly positive eigenvalues {A;};>0 such that for all j > 0,

(XV x ¢;,V xv) = \j(ep;v) Vv € Hy(curl, Q).
In addition, if v € Hy(curl, Q) N H(div’, e, Q), we have

lollZe =) lvl* and [V xvl3a=> Al
70 720

where v := (ev, ¢,).
In the remaining of this work, we set § := min;j>o [\/A; — w| and assume ¢ > 0.

2.4. Regularity shifts. Our analysis heavily relies on regularity shift results where, given a
divergence-free vector field with a smooth curl, one deduces smoothness results for the field
itself. First [19, Theorem 2.2}, for all p > 0, there exists a constant Gipif, only depending
on p, &, € and p such that, for 0 < m < p, if v € Ho(curl,Q) N H(div’, e, Q) with
V xve H"(Z), we have

do
(4) [vlle, grm+1(2) < Cgshift,p%”V X |y, qHm(2)-
Similarly, if w € Ho(div", Q) with V x (xw) € H™(Z), then we have
do
(5) lwlly, gm+1 5y < Cgshift,p%“(v X (XW)lle,zrm ()

as can be seen by applying [19, Theorem 2.2] to xw € H(curl,Q) N Ho(div®, u, Q). We
also record the following result obtained by combining and (B): if w € Ho(curl, Q)N
H(divY, e, Q) satisfies V x (uV x u) € H™(Z), we have

d 2
) lealle g2 < (%hfﬁg) 169 X (X % @)l

for0<m<p-—1.

2.5. Curved tetrahedral mesh. We consider a partition of €2 into a conforming mesh Ty
of (curved) tetrahedral elements K as in [I5, Assumption 3.1]. For K € Tj, we denote by
T+ K — K the (analytic) mapping between the reference tetrahedra K and the element
K. We further assume that the mesh 7 is conforming with the partition &2, which means
that for each K € 7Ty, there exists a unique P € & such that K C P. This last assumption
means that the coefficients are smooth inside each mesh cell.
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2.6. Nédélec finite element space. In the remaining of this work, we fix a polynomial
degree p > 0. Then, following [9, Chapter 15|, we introduce the Nédélec polynomial space

~ ~

N,(K) = Py(K) +z x Py(K),

~

~ . \3 ~
where P, (K) := (PP(K )) and P,(K) stands for the space of polynomials of degree less than

or equal to p defined over K. Classically, the associate approximation space is obtained by
mapping the Nédélec polynomial space to the mesh cells through a Piola mapping, leading to

W), = {vh € Hy(curl, Q) | (DFg') (vilx o F5') € No(K) VK € Th} ,
where D% [}1 is the Jacobian matrix of .# [;1.

2.7. High-order interpolation. There exists an interpolation operator Jj, : H(Z) N
Hy(curl, Q) — W}, and a constant i, solely depending on p, the regularity of the mesh and
the coefficients € and p such that

h p+1
(72 o= Tivlea <6 (5-) Tolesion

whenever v € H' (%) satisfies v € HPT1(Z) and

h p+1
(7b) IV x(w — Thw)llxo < Gp | o IV xwlly g1

do X (2)
for all w € Hy(curl,Q) N H'(Z) with V x w € HP™ (). The construction of such an
interpolation operator is classical, and we refer the reader to [9, Chapters 13 and 17] and [15,
Chapter 8] for more details.

2.8. Sharp approximability estimates. We are now ready to rigorously introduce the ap-
proximation factor . Given g € L?(2), we denote by e*(g) the unique element of H(curl, Q)
such that

(8) —w?(ev,e*(g)) + (XV x v,V x €*(g)) = w(ev,g)

for all v € Ho(curl,Q2). Note that the existence and uniqueness of e*(g) follows from
the assumption that § > 0, i.e. w is not a resonant frequency. Then, we introduce the
approximation factor as

(9) Y= sup inf me*(g) - vhmcurl,w,ﬂ-
gEHo(div0,e,Q) VhEWR
llglle,o=1

Observing that we can choose v, = o in the infimum, a crude estimate for the approxima-
tion factor is given by v < ¢g where

(10) = sup [le"(g)[lcurtwe-
gEH((div0,e,Q)
llglle,o=1

This upper bound is of little use in a priori error estimation where one needs v to become
small as h — 0 in a duality argument [4, [, [7, 8, 20]. On the other hand, it is of interest
in a posteriori error estimation, in particular to obtain guaranteed estimates [5]. Indeed, the
constant ¢g is often easier to compute than sharper estimates, since it only depends on the
domain and the coefficients, and not on the mesh or the discretization order.
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3. STABILITY AND BASIC REGULARITY RESULTS

Here, we present basic stability and regularity results. We start with a stability theorem,
that follows from standard spectral theory.

Theorem 1 (Stability). The estimates
(11) wle*(g)leq <

hold true for all g € H(div’,e,Q). In addition, we have

IV < €e(g)]

o< g||!;l||<-:,Q
X 1)

12 S<f
(12) Gt

Proof. Let g € H(div®,e,Q) and set e := e*(g). Since e,g € H(div’, &, Q), we may expand

e and g in the basis {¢;};>0 by letting e; := (e, ¢,) and g; := (e, ¢;). Then, picking v = ¢,
in , we see that

w 1 w
ej|l = —19j| < -—=—]g;| and (w—l—\/ )e
le;] ’Aj_w2‘|g]| s h)\j—l—wm]’ lej] < |9]

Then, follows from

[P = 3" + M)les < 3 (@ + vAlesl) < (£) gl

Jj=0 Jj=0
and follows from recalling the definition of ¢4 in . 0

We next combine Theorem [1| with the regularity shift results from Section to provide a
basic regularity result.

Lemma 2 (Basic regularity). For all g € H(div',e,Q), we have

wdq
(13) wlle* (@)l mr(z) < s Conitep—— g glle.0,
and
(14) IV x e (g)llymr(r <1+ &) Gt 79 “lg]le.0-

Proof. Pick g € H(div®,€,Q) and set e := e*(g). We first observe that as e € Hy(curl, Q)N
H(divY, e, Q), shift estimate implies that

wdq
wllelle gz < Cgshift,pTHV X €|ly.a
Q
and stability estimate (L1]) shows that
lelle mr () < ConitepdelV < €lle,o < %shift,pcsllglls,g,

so that follows. On the other hand, we establish with , since

d
HV X eHx,Hl(W) < (gshlft,pﬁ ||CV X (“V X e)HeQ < (gshlft,pﬁz (ngHe,Q +w2HeHe,Q) s

using to estimate the last term. ([l
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4. REGULARITY SPLITTING

The regularity results presented in Lemma[2] are sufficient to obtain sharp estimates for the
approximation factor when p = 0. For high-order elements however, this is not sufficient. As
we only have a limited regularity assumption for the right-hand side g in definition @D of ,
we may not expect more regularity than established in Lemma 2] for the associated solution
e*(g). As shown in [6, 13, [14] for the Helmholtz equation, the key idea is to introduce a
“regularity splitting” of the solution. Here, we shall adapt the approach of [6] to Maxwell’s
equations, and consider the formal expansion

N wdg\?
(15) o) =3 (52 eilo)
; Q
Jj=0
After identifying the powers of (wdq/¥q) in (L)), one sees that ef(g) := o, and that the other
elements e}(g) € Ho(curl, Q) N H (div?, e, Q) are iteratively defined through

(16a) V X (XV x €i(g)) = 1oeg,
and
2
(16b) V x (xV X e]*(g)) = (Sg) se;,Q(g)

for 7 > 2. Note that the boundary value problems in are well-posed, since ||V x - |ly.0
is a norm on Ho(curl, Q) N H(div®, e, Q). We first show that the iterates in the sequence
exhibit increasing regularity.

Lemma 3 (Increasing regularity of the expansion). Let g € H(div°,e,Q). Forall0 < j < p,
we have €5(g) € HTY D) and V x e i(g) € HI(2) with

wdq
(17) wl€5(9)le 1) < Chinp g, I19lle:
and
(18) IV % €59l a15(2) < Chan |Gl

Proof. Let g € H(div’,e,9Q). To ease the presentation, we set ej = e;(g) for j > 0. We
start with . It obviously holds for j = 0 as ey := 0. For j = 1, recalling , we have

do
IV x eilly m1(2) < Conite, P9 LIV x (uV x e1) [leo = Cgshlft,p\

Cgshlft,p g”e Q-

Then, assuming that ( . ) holds up to some j, (b)) and (| reveal that

dQ 19(2
IV x 6j+2||“7Hj+2(g) < (gshift,p%ncv x (xV x ej+2)||s,Hj+1(@) = Cgshift,pQT||t‘3jHe,Ha'ﬂ(W)

Jr
< Cite NN e]HX Hit (2) S Cohite p||9||s,ﬂv

and follows by induction.
On the other hand, is a direct consequence of , since shows that

do j+1
el HIT () S Cgbhlft,pﬁ IV < ejlly, Hi(2) S Do <gsjhlftp||g||€79'



8 APPROXIMABILITY ESTIMATES FOR MAXWELL’S EQUATIONS

So far, expansion (|15)) is only formal, and we need to truncate the expansion into a finite
sum. To do so, we introduce, for £ > 0, the “residual” term

¢ J
r;(g) :=€e*(g) — Z <CL:9CS]> ej(g) € Ho(curl,Q) N H(div°, e, Q),

j=0
so that
¢ wdgq J
(19) o) =3 (52) eito) +rito)
j=0
As we show next, these residuals have increasing regularity.

Lemma 4 (Regularity of residual terms). For all g € H(div",e,Q) and 0 < ¢ < p, we have
r5(g) € H"(P) and V x r(g) € H™(P) with the estimates

. wdg\
(20) E (@)t o < 6 (%hfﬂg) lglles
and
widg\ !
@) IV %7 @l oo < 1+ ) (s ) lgles:

Proof. For the sake of simplicity, we fix g € H(div’,e,Q), and set set e := e*(g) and
r¢ = 1r}(g) for £ > 0. We have r¢ := e, so that and hold for ¢ = 0 as a direct

consequence of and .

For the case £ = 1, simple computations show that V x (xV x r1) = w?ee. Using and
@, it then follows from that

wd? wdgq 2
wlrille g2eey < CKSthft,pTQQHCV x (XV x71)|e0 = Caitep (29&]) wllelleq
)

and

dq wdg

IV X7l m2(2) < %shift,p%\\é’v X (VY X 11)|e (o) = (gshift,pEwHGHs,Hl(@)

so that and are also valid when ¢ = 1 recalling .
For the general case, we first observe that V x (xV x r,,2) = w?er,. Therefore, using

and @, we have
2

wllreralle gevs oz < Cgs%ift,pﬁw”””e,H”l(ﬂ)’
and
do
IV X Topally mevs(m) < Cgshift,p%HCV * (XV % res2)lle ez )

do wdg 2
< Cgshift’p%wzH’f’gHe’H£+2((@) < <<gshift,p 199 ) HV X TZHX,H“J(:@)?

and the general case follows by induction. (|
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5. SHARP APPROXIMABILITY ESTIMATES
Equipped with the regularity splitting from Section [} we are now ready to establish our
main result, providing an upper bound for the approximation factor ~.

Theorem 5 (Approximability estimate). Assume that e p(wh/¥a) < 1/2. Then, the
following estimate holds true

h h p+1
v < Cgi,p 2\/icgshift,pwi +v1+ 203 Cgshift,pwi .
’l9Q 79(2

Proof. We consider a right-hand side g € H(div", e,Q) and employ the notation e:=e*(g),

e; = ej(g) for j > 0 and 7, := 7)(g). Recalling @D and the finite expansion (19) for e, it
is suﬂﬁ(nent to provide upper bounds for the high order interpolation error of e; and r¢. For
e;, the definition imply that

wdg\’ wdo\? [ h\’
w<%> lej — Tnejllen < Cipw (ﬁﬂ> io €5lle, 1)

dg (wh)’H W ANAR
it (50) eslesmrnio < 6 (Gusnatye ) g

and

wdg wda\? [k’ wh)’
(20 9 xtes-dhenlen <o (22 ) (1) 19 xeslhamin < o (Gains ) Tglles

and since Ggnite p(wh/Vq) < 1, we get

wh

wdg \’ J
“ ”’ej jhe] |||cur1 w,Q <& p\[ shlft,p HQHS,Q-
Yq o

Similarly, for the residual r,, we have

h p+1 wh p+1
wliry — Tirplleqs < G (dﬂ) lrtlle srri oy < Gipts (%hfﬁg) lgles

and

h p+1 wh p+1
IV X (rp = Tarp)llx.0 < Cip do N HPH () = < Cip(l+ ) SOﬂshift,p% glle.0;

and hence

wh p+1
Iy = Tirglemton < 6o/ TT 22 (Gaiea'ye ) Nl
Then, recalling the expansion , the above estimates show that

wh\? wh P!
H’e - jhemcurlw 0 < (glp \/>Z ( shlft,pﬁ > + 1+ 262 (Cgshift,pﬁg>

Finally, the result follows by

1

p
p ' Pz j 1- (‘fshift, M)
E ( shlft,pﬁ > = < Shlft’pﬁ ) ( shlft,pﬁ > = <(gshift,p(:9)h> pﬁﬁh < 2Cgshift,p(:9)7h-
=0 @/ 1= <Cfshift,p§*n) @

Jj=1 J

0
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