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Mean Eccentricities of de Bruijn Networks

Jean-Claude Bermond,' Zhen Liu,? Michel Syska'

1 SLOOP, Joint Project 13S-CNRS/UNSA/INRIA, 2004 Route des Lucioles, BP 93, F-06902
Sophia-Antipolis, France

22004 F{oﬁte des Lucioles, BP 93, F-06902 Sophia-Antipolis, France

Abstract: Given a graph G = (V, E), we define &(X), the mean eccentricity of a vertex X, as the average
distance from X to all the other vertices of the graph. The computation of this parameter appears to be
nontrivial in the case of the de Bruijn networks. In this paper, we consider upper and lower bounds for
€(X). For the directed de Bruijn network, we provide tight bounds as well as the extremal vertices which
reach these bounds. These bounds are expressed as the diameter minus some constants. In the case
of undirected networks, the computation turns out to be more difficult. We provide lower and upper
bounds which differ from the diameter by some small constants. We conjecture that the vertices of the
form a- - -a have the largest mean eccentricity. Numerical computations indicate that the conjecture
holds for binary de Bruijn networks with diameters up to 18. We also provide a simple recursive scheme
for the computation of the asymptotic mean eccentricity of thé vertices a- - -a. Finally, we prove that
the asymptotic difference, when the diameter goes to infinity, between the mean eccentricities of an
arbitrary vertex and that of a* - -a is smaller than a small constant tending to zero with the degree. A
byproduct of our analysis is that in both directed and undirected de Bruijn networks most of the vertices
are at distance near from the diameter and that all of the mean eccentricities (and therefore the average
distance) tend to the diameter when the degree goes to infinity. - ’

1. INTRODUCTION AND NOTATION

Graphs are widely used in the design and analysis of
computer networks. A vertex in the graph denotes a node
or processor in the corresponding network, and an edge
denotes a communication link between two nodes. If a
network is unidirectional, i.e., the communication links
in the network are unidirectional, a digraph (i.e., directed
graph) is used, whereas for a bidirectional network, an
undirected graph (or simply, graph) is used.

Let G = (V, E)-be a (strongly) connected graph (or

digraph), where V denotes the set of vertices, and E, the
set of edges (or arcs for digraphs). We will denote by N
= |V| the number of vertices in G.

The vertex X is a neighbor of the vertex Y if (X, Y)
€ Eor (Y,X) € E. The degree of a vertex is the number
of its neighbors. The degree of a graph is the maximum
degree of the vertices. In case of a digraph, we can distin-
guish the predecessors and su¢cessors of vertex X, which
correspond to the neighbors ¥ which satisfy (Y, X) € E
and (X, Y) € E, respectively. The number of arcs enter-
ing (respectively, going out from) a vertex X is called the
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Fig. 1. Example of a de Bruijn digraph B(2, 3).

in-degree (respectively, out-degree) of X. The in-degree
(respectively, out-degree) of a graph is the maximum in-
degree (respectively, out-degree) of the vertices.

A path (respectively, a dipath) between two vertices
X and Y (respectively, from X to ¥) in a graph (respec-
tively, a digraph) G is a sequence of vertices {X = X,
X5, ..., X; = Y} such that two consecutive vertices in
the sequence are joined by an edge (respectively, an arc).
The length of a path is the number of edges on this path.
The length of a shortest path (respectively, dipath) be-
tween X and Y (from X to Y) is called the distance and
is denoted by d(X, Y). Note that in the case of digraphs
it is not a classical distance as d(X, ¥) might be different
from d(Y, X'). The diameter of a graph is the maximum
distance in the graph.

The de Bruijn digraph (respectively, graph), denoted
by B(d, D) [respectively, UB(d, D)], has N = d” verti-
ces with diameter D and in-degree or out-degree o (re-
spectively, degree 2d). The vertices correspond to the
words of length D over an alphabet of d symbols. The
arcs (or edges) correspond to the shift operations: Given
aword X = x,+ * *xp on an alphabet . | of d letters, where

x; € li=1,2,...,D,andgiven N\ € -/, the operation
® X;***Xp—Xy** *Xp\ is called a left shift;
* X;*xp = hx;r - rxp_y is called a right shift.

In the de Bruijn digraph B(d, D), the successors are
obtained by left-shift operations, whereas in the de Bruijn
graph UB(d, D), the neighbors are obtained by either
left- or right-shift operations. An example of a de Bruijn
digraph is given in Figure 1. The corresponding undi-
rected de Bruijn graph is obtained by transforming arcs
to edges (i.e., removing the directions of the arcs) and
removing the redundant edges (i.e., those with multiple
occurrences in the graph or those linking the same verti-
ces). The multiprocessor system which can be modeled
by a de Bruijn graph is called a de Bruijn network.

The reader can see that in B(d, D) each vertex has
in-degree and out-degree d and there are Nd arcs, whereas

in UB(d, D), there exist N — d? vertices of degree 2d,
d* — d vertices of degree 2d — 1, and d vertices of degree
2d - 2.

These networks have been discovered by many authors
and are named after de Bruijn [8]. They are sometimes
also called Good graphs [10].

De Bruijn networks present many attractive features.
In particular, they are among the best-known networks
for a given degree and diameter [see the survey [2] for
more details on this problem known as the (d, D) or
(A, D) graph problem]. They have good vulnerability
properties, being able to tolerate up to d — 1 faults in the
directed case and 2d — 3 in the undirected case, while
the diameter can still be left small (see [3]). They are
adequate for various applications as one can embed in
them linear arrays, rings, and complete binary trees. They
can also emulate without loss of time shuffle-exchange or
hypercubes for the class of ascend—descend algorithms.

De Bruijn networks have also many other interesting
properties like easy greedy routing. This greedy algorithm
is a simple D-step routing which consists of unidirectional
shifts or ‘“bit-erosion’’ of the destination address; namely,
in order to go from X = x;***xpto Y = y,* * *yp, we
apply D left shifts (and also right shifts in the undirected
case ), introducing successively the letters y;, ¥2, . . ., ¥p,
corresponding to the dipath

X1' " cXp X" tXpYL X3t “XpY Y2
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We refer the reader to one of the two recent surveys
concerning de Bruijn networks written by Bermond and
Peyrat [5] and Samatham and Pradhan [14] or to the
recent book of Leighton [11].

In this paper, we analyze the mean eccentricity of these
graphs. The eccentricity of a vertex X is defined [7]
as the distance to the farthest node from this vertex:
e(X) =max{d(X, Y):Y e V}. We define the mean
eccentricity of a vertex X, denoted &( X ), as the average
distance from X to all the others vertices:

#X) = ——

=1 2. K. Y) @]

rev-{X}

The computation of this parameter appears to be nontriv-
ial in the case of the de Bruijn networks. In this paper,
we consider the upper and lower bounds of (X ).

In Section 2, we analyze the directed de Bruijn net-
works. We provide the tight bounds as well as the extre-
mal vertices which reach these bounds. These bounds are
expressed as the diameter minus some constants.

In Section 3, we analyze the undirected networks. The
computation turns out to be more difficult. We provide



lower and upper bounds which differ from the diameter
by some small constants. We conjecture that the vertices
of the form a- - -a have the largest mean eccentricity.
Numerical computations indicate that the conjecture holds
for binary de Bruijn networks with diameters up to 18.
We will show that the asymptotic difference, when the
diameter goes to infinity, between the mean eccentricities
of an arbitrary vertex and that of @+ - - a is smaller than
0.22. We also provide a simple recursive scheme for the
computation of the asymptotic mean eccentricity of the
vertices a- * *a.

A byproduct of our analysis is that in both directed
and undirected de Bruijn networks most of the vertices
are at distance near from the diameter and that all of the
mean eccentricities (and therefore the average distance)
tend to the diameter when the degree goes to infinity.

Our results also imply that optimal routing algorithms
are in most of the cases not advantageous due to their
overheads. Instead, one can use the simple D-step routing
algorithm as described above.

The following formulas will be extensively used in
this paper:

2 dett - |
I (2)
! d—1
i gt = @+ DA det! — |
it d-1 (d - 1)?
3
_pdP = (p+ 1)d" + 1 ()
{d—~ 1) '

2. DIRECTED CASE

In the case of a digraph B(d, D), it is well known (see,
e.g., Fiol et al. [9]) that there is a unique shortest dipath
“from a given‘ vertex X = x;°°**xp to a vertex Y
=1y, * *yp. To find the distance d(X, ¥) and the shortest
dipath, one has to find the smallest { such that x;,;* * *xp
=y, ** *yp_;. The distance is then i, and the shortest path
is obtained by doing the left shifts introducing succes-
sively yp4i—is - - ., yp. This fact allows one to compute
easily d(X, ') and so &( X ) for any X. But, unfortunately,
that does not give a closed formula.

In this section, we provide upper and lower bounds of
the mean eccentricities of B(d, D) and show that these
bounds are reached.

Our analysis will need some notions on trees (or, more
precisely, the outtrees). The level of a vertex in a tree is
the distance from the root to the vertex, where by conven-
tion, the root is at level 0. The weight of a tree is the sum
of the levels of all vertices. We call a shortest path tree

of a (di)graph G rooted at vertex X a spanning tree of G
with root X such that the (di)path in the tree from X to
any vertex is a shortest (di)path in G. It can be obtained,
e.g., using the “‘breadth first’’ search algorithm. Observe
that for any given G and X this tree is not unique. How-
ever, the vertices at level / of a shortest path tree of G
rooted at vertex X are exactly all the vertices that are at
distance [ from X in G. Therefore, the weights of the
shortest path trees rooted at vertex X are identical. The
mean eccentricity of a vertex is, in fact, the weight of a
shortest path tree rooted at this vertex divided by N — 1.

Let [,(X) be the width, i.e., the number of vertices, at
level k in the shortest path trees rooted at vertex X. Then,

D
2X) = = T k-0, )

k=1

We first look at the minimal mean eccentricity. We
will need the following for the comparison result.

Lemma 2.1. Let n be a positive integer, and my, ...,
m,, positive real numbers such that

l=n=D-1, Y m=N-1.

k=1

Ifforalll = k = n, [L[(X) = my, then

eX)=n+1- —1—(2‘, (n+1-=Kkm). (5)
N—1 "0
Proof. Let m,,, = N — 1 — Zi, my, and m; = 0 for
alln + 1 < i = D. It then follows that

D D
N-1=3 l(X)=2 m

k=1 k=1

and that forall2 =i =D

D D =1
2 h(X) =X LX) - X LX)

k=i k=1 k=1

i—1 D

D
=Y m— 3 me= 2 my.
k=1

k=1 k=i

Thus, according to (4),



k=1 k=1

=n+l—-ﬁi—l(2(n+1—k)mk).

k=1

Proposition 2.1. For any d = 2 and D = 2, and for all
X= XA E B(d, D),

d d D
(d-17% d-1N-1

eX)=D - (6)

Moreover, the equality holds if and only if x; # xp for
alli= 1., D=1,

Proof. The minimal mean eccentricity corresponds to
the shortest path tree with the minimal weight, which,
owing to Lemma 2.1, requires that as many as possible
vertices should be put in the smallest levels. Since B(d,
D) has out-degree d, a vertex has at most d vertices at
distance 1, and so d* vertices at distance 2, ..., and d*
vertices at distance k. Therefore, in the shortest path trees,
there are at most d* vertices at level k, k = 1, 2, ...,
D-—1LAsl+d+d*++d>'=@@d” - 1)/I(d-1)
we have still at least x = d” — [(d” — 1)/(d — 1)]
vertices which are at level D. Figure 2 illustrates such a
tree for the case d = 2.

Therefore, we can apply Lemma 2.1 withn = D — 1
andm, =d‘forl=sk=D - 1.

D—1

- __1 gt
eX)=D N_I(Z(D k)d*)

:D—

1 (Ddﬂ—d_ Dd"

dD+l_d
N—1\ d-1 d-1 )

(-1}

_ d " d ) D
(d-1)> d-1N-1

Assume now the vertex X = x,- - -xp is such that x;
#+xpforalli=1,..., D — 1. We want to show the
equality in (6). Indeed, for all 1 = k = D — 1, the

1 vertex at level 0

2 vertices at level 1

4 vertices at level 2

D-1
2 vertices at D-1

1 vertex at level D

Fig. 2. Shortest path tree with the minimal weight.

vertices at distance k frgm X+ * xp are of the form
Xps1® * *XpY1** *Yx, where y ¢ ¢ -y, are arbitrary letters
of the alphabet 4. For all 1 = j < k, the vertices
at distance j from x;:+-xp are of the form
Xja1® * *Xp-g+j" * “XpZy* * 7, where z,+ * -+ z; are arbitrary
letters of the alphabet -A4. Since xp_xy; # xp, none of the
vertices Xz41* * *XpYi* * * ¥ are at distance j < k. Thus,
the width of the shortest path tree of X at level k, 1 = k
= D — 1, is d*, so that the equality in (6) holds.
Assume now that for some vertex X = x;* * - xp the
equality in (6) holds. Then, necessarily, the width of its
shortest path tree at level D — 1 is 47", so that all the
vertices at level D — 1 which have the form xpy,* * * yp_;
should not already be at levels k = 0, ..., D — 2, where
¥, * * *yp—; are arbitrary letters of the alphabet -4. Thus,
forallk =0,..., D — 2, we should have x;.; # xp,
which completes the proof. |

We now look at the upper bound of the mean eccentric-
ities. We will need the following property of the shortest
path tree with the maximal weight. An example is given
for the case d = 2 (Fig. 3).

Lemma 2.2. An outtree of out-degree d with d® vertices
and D levels is such that :

Mo
Mo

d'(d-1) Vi,1=i=D,

lks
k

s
)

1

where I, is the number of vertices at distance k from the
root.

Proof. Suppose that the lemma is-not true and let i,
be the largest i = 1 such that 2, [, > 22, d*'(d — 1).



Then, I, > d*”'(d — 1), which, in turn, as the out-degree
is d, implies /-, > d"*(d — 1), which further implies
that [, > d*(d — 1), and so on. Therefore,

hz=d™(d-1D+1, 1=si=si—1,

which, together with the fact that 2P, [, = 1 + 22, d*'(d
— 1), imply that

D D
Elkal'o‘l'zd"ul(d—1):i0+d5-12d0.

k=1 k=1
This contradicts the fact that the tree has d” vertices. (Note

that the root which is at level 0 is not included in the above
summation.) [ |

Proposition 2.2. Forany d = 2 and D = 2, and for all
X € B(d, D),

. 1 D
M) 2D e (7

Moreover, the inequality becomes equality if and only if
X =a++a, where a € A

Proof. Note first that

1 D 1 D D
X)) =—— 2L k(X)) =—— L(X).
e(X) N—-IE; K(X) N_IE;E:' +(X)

It follows from Lemma 2.2 that

1 vertex at level 0

1 vertex at level 1

2 vertices at level 2

k-1
2 vertices atlevel k

D-1
2 vertices atlevel D

Fig. 3. Shortest path tree with the maximal weight.

D D D D
EZLX)=X X doN(d-1)
i=1 k=i

i=1 k=i

D
=(d-1) 2 kd*!
k=1
& D+1_1
=D+ 1)d° - ———
( ) d-—1
d? -1
= DdP —
d-—1
N-1
=DIN-1)- + D.
( ) 1= 1
Therefore,
1 D
e X)=D - —+ ———.
&x) d—1 N-1
We now show that
E(X)=D—L+L
d—1 N-=1

if and only if X = a- + - a. First, the vertices at distance
k from a* + *a are of the form a,* * *ap, with a, =+ + -
= Qp_y = @, Ap_ys+1 = A Where T + a and ap_gy2, .. .,
ap can be any letter of the alphabet .4. None of these
vertices are at distance j < k. Their number is d*~'(d
— 1), so that all the inequalities in the above derivation
of the proof become equalities. Second, by Lemma 2.2,
a necessary condition for (X)) to reach the bound is
that [, = d — 1. Only the the vertices a* - - a have this
property. |

The following properties are immediate consequences:

Corollary 2.1. For anyd = 2 and D = 2, and for all
X € B(d, D),

d d D
D — = .
(d—1) d-—1N-1
8
i - (8)
X)) =D ve——p——s
d-1 N-1
In particular, when d = 2,
D -2+ =eX)=D-1+ D (9)
N-1 N—-1"



Corollary 2.2.

lime(X)=D, D=2
d—>

Lo i S D~ 2T

d-1 Do

. d
= hn;_'sxup (D—-e(X)) = d-1"

Our results indicate that the upper and the lower
bounds of the mean eccentricities are both close to the
diameter. This is especially true when the degree of the
de Bruijn network is large. In [12], a linear (in time
and in space with respect to the diameter) algorithm was
proposed for the optimal routing of directed de Bruijn
networks. However, even if we use D shifts to route in-
stead of the optimal routing, the global communication
delay of the network should not be affected too much.
The routing scheme in D steps corresponds to a simple
“‘bit-erosion’” of the destination address, a very simple
routing function that could be implemented with only a
very few VLSI components on chip.

3. UNDIRECTED CASE

We now consider the mean eccentricities of UB(d, D).
It turns out that the computation of bounds is much more
difficult. This is partially due to the facts that the shortest
paths are, in general, not unique and that the determina-
tion of the distances between the vertices is more compli-
cated.

In what follows, we will first study some properties of
the shortest paths in undirected de Bruijn networks. We
then derive the lower and upper bounds, respectively.

3.1. Characterization of the Shortest Paths

Since the neighborhood in UB(d, D) can be defined by
the left- and right-shift operations, a path can be described
by a sequence of corresponding shifts. The length of a
path connecting X to Y is equal to the cardinality of this
sequence of shifts. Formally, let L be the operation con-
sisting of a sequence of / left shifts, introducing a suffix
B =b,,..., b with |L| =1, and let R be the operation
consisting in a sequence of r right shifts, introducing a
prefix A = a,- - *a, with | R| = r. Then, applying L to
a vertex X = x;* * *xp yields vertex x;,,* * “xpb;* * * by,
which corresponds to the path

Xj" " Xp Xyt ¢ 'xDb| =H.Xa . 'pr|b2 -

xpby* by

¥ 28 By 4 2

Applying R to the vertex X = x,- - +xp yields vertex
a,* - a,x;* * *Xp-,, which corresponds to the path

X" Xp > aX)° " " Xp) T 1 Xt *Xpa

R ar- . .alxlo . .xD-f'

In general, any path of the de Bruijn graph can be denoted
by LR\ L,R;* * *L,R, with |L;| = [, and |R;| = r;,
meaning that we successively apply L,, then R, then L,,
and so on. The length of the path is equal to [, + r; + 1,
+ r, ++ -1, + r,. Note that one can have [; = 0 or r,
= 0. '

We will use the following results established by Bond
[6, p. 92] and Peyrat [13, annexe 3.2]. For the sake of
completeness, we give a slightly simpler proof. We will
also give a more precise property pertaining to the shortest
paths from vertices a- - - a (cf. Proposition 3.2 below).

Lemma 3.1. If a path of the form LRL' is a shortest
path, where | > 0, r > 0, I' > 0, then Il + 1" = r.
Similarly, if a path of the form RLR' is a shortest path,
wherer > 0,1>0,r" >0, thenr +r' =1L

Proof. We consider the shortest paths of the form
LRL’. The case of RLR' is analogous. We first prove that
I<randl'" <r.

Given a path of the form LRL' from X = x;* * *xpto ¥,
suppose that / = r; then after the application of L to X, we
reach vertex x;,,* * *xpb, - - + b,. The application of R leads
to the vertex a,* * *a;Xi.* * *Xpby* + *b_,. The first shift
of L' leads to the vertex a,_,* * *a;Xp41* * “Xpby* * = b,_,5.

But the vertex a,_,* * *ay x4, * *xpb,* * - b_,0 could
have been reached by a shorter path L, R, with {, = [ and
ri = r — 1 (L, introduces the word b;* * *b;_,5+ - +and
R, the word a,_,* - *a,). Therefore, LRL’ is not a shortest
path.

Thus, we have necessarily [ < r, and by symmetry (in
considering the reverse path from ¥ to X, which is also
a shortest path), /" < r.

Now, the vertices obtained by LRL' are of the form

Grp* " B Xpr* * *Xp-p-pbr * by,

where a;* - *a,_p and b, - + - by are arbitrary letters. These
vertices can also be obtained via the sequence of shifts
R, L, R, with

rn=r—-1.

n=r—0LL1L=r,

As LRL' is a shortest path, we have



ntli+n=3tr—-l-0sl+r+l,
which implies that [ + " = r. |

Proposition 3.1. A shortest path of UB(d, D) is made
of the concatenation of at most three directed paths, i.e.,
the shortest path is of the form LRL' or RLR', where the
cardinalities of these shift sequences can be zero.

Proof. Suppose that a shortest path from X to Y is
made of more than three directed paths, then a part of
this shortest path is either LR, [, R, or R,L,R,L,, with
L, >0,rn>015L>0,and r, > 0. Let us assume that it
is the first case. It then follows that L, R, L, R, is a shortest
path, and so are LR, L; and R, [, R,. By Lemma 3.1, we
get I, < ry and r; < [, which is a contradiction. |

Proposition 3.2. A shortest path between a vertex X and
the vertex a* + *a is of the form LR (with 0 = r <) or
RL (with0=1<7r).

Proof. Without loss of generality, suppose that the
path between a- - *a and X is of the form LRL’. Suppose
that / = r, which is, in particular, the case if I’ > 0 by
Lemma 3.1. The vertex reached after the operation LR is
a,* - +~a,a-* +a, which could have been reached directly
by the path R which is shorter. |

3.2. Lower Bound

We now consider the lower bound of the mean eccentric-
ity for general UB(d, D).

Proposition 3.3. For any D = 2 and any X € UB(d,
D),

.

D—3—%>D—4.2, d=2

D—1—§>D—La
eaXx) =« (10)

DeieDmip— 14 d=i
72

2
—%ED—O.Q, d'=5,

Proof. Consider the shortest path tree rooted at X
= Xx;* * *Xp. As in the case of directed de Bruijn networks,
the more vertices that are at the first levels of the shortest
path tree, the smaller is the mean eccentricity (cf. Lemma
2.1). We will use the fact that the shortest paths are made
of the concatenation of at most three directed paths to
obtain upper bounds of the widths of the first levels in
the shortest path tree.

At level k, 1 = k = D — 1, we have three kinds of
vertices:

(a) Those obtained with a directed path containing only
left (respectively, right) shifts. Their number is at
most 2A;, with

A;_- = dk,

l=k=D-1 (11)

(b) Those obtained with the concatenation of two di-
rected paths corresponding to a sequence of LR (re-
spectively, RL) shifts with [ > 0, r > O and [ + r
= k,wherel = |L| and r = | R|.

Consider the vertices obtained with a path LR. They
are of the form

itl =

{ar' Kyt ¢ “Kpby e b,

ap® * " X"t Xp—gr-1 fl<r,

where a,* * *a, and b, * + b, are arbitrary letters
and a, # x;. Indeed, if a, = x;, these vertices would
have been reached with a path L|R, with [, = [ — 1
and r, = r — 1 and so are already at level k — 2.
Thus, there are at most (d — 1)d™™" vertices reached
by such paths, where m = max(/, r).

Hence, for fixed k, 2 = k = D — 1, the number of
vertices reached by the concatenation of two directed
paths is at most 2B, with

=1
Bk — z (d _ l)dmax(r‘kul)k!
=1
k=1

=&~ 10 L &Y

1= k/2]

—(d - l)drm‘lﬁlluﬁmhn] (12)
= zdrklﬂ—l

- (d - 1)dfkl2]_11{kmcd2=0}9

= 24%"!

where [ x] denotes the smallest integer greater than
or equal to x, and ‘1,4, is the indicator function.
Therefore,

B;: = de_ Y ¥

2=k=D=1L (13)

(c) Those obtained with the concatenation of three di-
rected paths corresponding to a sequence of LRL'
(respectively, RLR") shifts. Consider the path LRL".
Wehave ! >0,r>0,'">0,andl + ¥ + ' = £k,
where [ = |L|, r = |R| and " = |L’|. According



to Lemma 3.1,/ + I’ = r, so that k = 4.
Consider the vertices obtained with a path LRL'.
They are of the form

Gep® * Ay Xppy* *  Xpe—pnbiba® * 2 by,

where a,_;-* * *a, and b, - + by are arbitrary letters
and a, # x;, by # Xp_(,—1+1 (otherwise, these vertices
are already at a preceding level). Thus, there are at
most (d — 1)%d""? vertices reached by such paths.

Hence, for fixed k, 4 = k = D — 1, the number
of vertices reached by the concatenation of three di-
rected paths is at most 2C;, with

k=2  k-r-1

Y (d-1)d2.

r=lkr2] =1

Cj‘=

A simple calculation yields

k-2

C = E

r=[ k2]

(k—r—1)(d - 1)%d"?

k-2
=(k-1)d-1)* 3 d°

r=[kr2]
— 2 k-2
- (d 1) 2 rdr—-]
d r=l k2]

(k = ].)(d = 1)(dk—3 . drklﬂ-—2)

(14)

Q|-

[(k - 2)d""' = (k — 1)d*?

- E -1 drm1+ "_‘ drkn]—l
2 2
d<? — [EJ dFu:ﬂ—1
2

(L]

where | x| denotes the integer part of x. Hence,

G = dF2, (15)
Forl=k=D -1, let
m = 2(d* + 24" + d*?) = 2(d + 1)%d*%. (16)

It follows from relations (11), (13), and (15) that

lk(X) = 2Ak + 2Bk1u22} + 2Ck1“¢24}
<2(d* + 245" + d*?) = my,
l=k=D-1,

(17)

where /[,(X) is the width of level k in the shortest path
trees rooted at vertex X.

Let n, be the greatest integer n such that for all
D=2

Y m=N-1 (18)
k=1
Note that N = d” and
" 2(d + 1)*
Yoy =————2 (@* — 1),
e dd — 1)
Hence, it is readily checked that
D—-4, d=2;
ng= {D-2, d=23,4 (19)
D—-1, d=5.

In fact, we have equality in (19) as soon as D = 7 for
d=2,D=4ford =4, and any D = 2 for other values
of d.

Applying now Lemma 2.1 implies that

g

1
eX)=ny+1 HN_~_1'(¥‘ (na+ 1 —=k)ymy)

2(d + 1) d"a—1
=ng+ 1= g+ 1) ———
e a1 ((”“ Ya@a—1n
(g + 1)d" " dmat — 1
did—1) d(d — 1)
2(d+ 1) d" —(ny+ 1)d + ny
gt e
d”—1 d(d—1)
Therefore,

2(d + 1)* gr!
did—1)? d° °

eX)=n+1— (20)

It is now a simple calculation from (19) and (20) to
obtain relation (10). a

Observe that for small values of d and D closer lower



bounds can be obtained using the exact values of A, By,
and C, [see (11), (12), and (14)] in

my = 2Ak o ZBkl{kzz] + 2Ck]-{k24]-

Note also that for X = a- - -a the lower bounds of
Proposition 3.3 can be improved. Indeed, in that case, it
follows from Proposition 3.2 that there exist only two
kinds of vertices: type (a) with A, = d* and type (b) with
B, = d* ' (as | > rin the paths LR). Hence, we can do
the computation with m, = 2(d + 1)d*"'. This gives

2(d + 1) d"*!

e‘(a“'a)znf,+1-*(d_1)2 TR
where
D-3, d=2;
ny= <D-2, d=3; (22)
D-1, d=4.

As a simple corollary of Proposition 3.3, we obtain
the asymptotic mean eccentricity when d goes to infinity.

Corollary 3.1. Forany D = 2 and any X € UB(d, D),

lim (X) = D.
d—+x

The above property shows that all the mean eccentricit-
ies are close to the diameter when the degree of the de
Bruijn network is large. Therefore, in this case, we can
simply use D shifts to route instead of the sophisticated
optimal routing of the shortest path [12]. The global com-
munication delay would even be decreased due to -the
simplicity of the routing algorithm.

3.3. Upper Bound

It is clear that the mean eccentricity of any vertex X in
the undirected de Bruijn network UB(d, D) is smaller
than the mean eccentricity of the same vertex in the di-
rected de Bruijn network B(d, D). Therefore, Proposition
2.2 still holds for undirected de Bruijn network UB(d,
D),i.e.,forany d = 2 and D = 2 and for all X € UB(d,
D),

1 D
(X D— —+ .
eX)=D-a*y 1

(23)

This bound is not tight. In the remainder of the paper,
we will study upper bounds in more detail.
To obtain some intuition, we start with numerical com-

(21)

putations for the case of small diameters. In Table I, we
provide the numerical results of the mean eccentricities
in the binary de Bruijn network UB(2, D). In particular,
we present, for diameter D = 2, 3, ..., 18, the average
(taken over all vertices) of the mean eccentricities, the
maximal and the minimal weights of the shortest path
trees, as well as the vertices which exhibit these weights.

While the minimal weights are reached by different
vertices, the maximal weights are obtained by the vertices
0---0and1- -1 in all our experimentation. This leads
us to the following conjecture:

Conjecture. For any d = 2 and D = 2, the vertices
a- - +a, where a is a letter of -4, have the maximal mean
eccentricity in UB(d, D).

This conjecture is numerically verified for the binary
de Bruijn network UB(2, D) with diameters up to 18.
However, we were unable to prove it for the general case.
Unlike the case of de Bruijn digraphs where we got closed
form formulas for the mean eccentricities of some extre-
mal vertices, in the undirected de Bruijn graphs, we were
not even able to obtain a closed formula for the mean
eccentricity of the probably simplest vertices a* * * a.

Numerical computation (see Table 1I) indicates that
the widths in the shortest path trees of UB(2, D) rooted
at a+ + +a are quite regular, It is possible to prove that
for any 1 = k = D/2 the width at level k of the shortest
path trees of UB(2, D), denoted [,(2, D), can be ex-
pressed as

(2, D)

[0k 4 242 4 263 4.
+ 2% 4 2 = 0k g
— 2% 4 2%72, k=3p;

= 2F+ 2425 e |

+2% =2F4 2K 2% k=3p+ 1

2k 4 2k2 4 k3 4o

| gl gk gbet Bl b= 3p

Unfortunately, it is nontrivial to characterize (2, D) for
k > D/2. These numbers are not so regular as to yield
simple recursive equations. It seems that for any fixed
diameter the widths are unimodal with the maximum at
D — 1. It also seems that Ip, (2, D + 1) = 2[5_,(2,
D)Yfork=0,1,2,and lpy, (2, D + 1) = 20,_,(2, D)
for k = 3.

In what follows, we will first consider the asymptotic
value of &(a- + -a) when D tends to infinity. More pre-
cisely, we will prove that the limit of



TABLE |. Mean eccentricities of UB(2, D)

Maximum &(X)

D Average e(X) vertex a* * - a Minimum &(X) Vertices
2 1.1667 1.3333 1.0000 01
10
3 1.6429 2.0000 1.4286 001, 011
110, 100
4 2.1417 2.6667 1.8667 0011
1100
5 2.7540 3.4516 2.5484 00011, 00111
11100, 11000
6 3.4534 4.2698 3.2063 001011
110100
7 4.2148 5.1654 3.9685 0001011, 0010111
1110100, 1101000
8 5.0280 6.0706 4.08078 00010111
11101000
9 5.8844 7.0098 5.6888 001111010, 010111100
110000101, 101000011
10 6.7737 7.9589 6.5689 0010111100, 0011110100
1101000011, 1100001011
11 7.6886 8.9253 7.4934 00101111100, 00111110100
11010000011, 11000001011
12 8.6232 9.8960 8.4308 001101011100, 001110101100
110010100011, 110001010011
13 9.5733 10.8764 9.3770 0011010111100, 0011110101100
1100101000011, 1100001010011
14 10.5351 11.8594 10.3377 00101111110100
11010000001011
15 11.5063 12.8473 11.3107 001011111101100, 001101111110100
110100000010011, 110010000001011
16 12.4844 13.8372 12.2936 0010111111101100, 0011011111110100
1101000000010011, 1100100000001011
17 13.4678 14.8297 13.2790 00101101111110100, 00101111110110100
11010010000001011, 11010000001001011
18 14.4554 15.8233 14.2669 001011111010100011, 001110101000001011

A(X)Z D - &(X)

exists when X = a+ » +a, and we will provide a numerical
recursive scheme for its computation. We will also estab-
lish an upper bound [better than (23)] for arbitrary X.
As a consequence of these two results, we show that for
any fixed degree (2d) the asymptotic difference between
(X)) and e(a- + - a) when the diameter goes to infinity
is smaller than 0.22.

110100000101011100, 110001010111110100

Let X € UB(d,D)and 0 = & = D. Define E,(X) to
be the set of vertices that are at distance no greater than
D — h from X:

E\(X) = (Y|d(X, Y) = D — h}.
By definition, Eo(X) contains all the vertices of UB(d,

D) and E;(X) is a singleton. Let ¢,(X) = | E,(X)|/N
be the proportion of vertices that are at distance no



TABLE Il. Widths in the shortest path trees of UB(2, D) rooted ata- - -a

(2, D)

k UB(2, 18) UB(2, 19) UB(2, 20) UB(2, 21) UB(2, 22)
1 2 2 2 2 2
2 4 4 4 4 4
3 9 9 9 9 9
4 20 20 20 20 20
3 40 40 40 40 40
6 84 84 84 84 84
7 176 176 176 176 176
8 352 352 352 352 352
9 720 720 720 720 720

10 1469 1471 1472 1472 1472

11 2926 _ 2936 2941 2943 2944

12 5865 5911 5934 5944 5949

13 11648 11846 11945 11991 12014

14 22444 23268 23680 23878 23977

15 41559 45081 46764 47588 48000

16 68474 83382 90549 93976 95660

17 79558 136638 166578 180959 187888

18 26793 158954 273450 333665 362679

19 53393 317504 547235 668397

20 106351 633746 1093347

21 212347 1266714

22 423855

greater than D — h from X. Then, ¢,(X) = 1 and ep(X)
= 1/N.

Lemma 3.2, Foranyd=2,D =2, and any X € UB(d,
D),

D-1 ¥ o
N_i———‘_,;eh(X). (24)

e(X)=D +
o N_lhl

Proof. For any 0 = h = D — 1, the set of vertices
that are exactly at distance D — h from X is E,(X) —
E,.1(X). Since E,,(X) c E,(X), we obtain that the
number of vertices that are at distance D — h from X is
Ney(X) — Ney, (X). Therefore,

D—1
200 = —— 3 (D = WIN((X) = eri (X))
Tt k=0
= 2 Deo() - 1)
ST o pE——, )
N 1 D—1
- 503 (P 5~ 2 a0
| N 2
=Dy T No 2 e m

We will first consider the vertices a* * * a. For simplic-
ity of notation, we arbitrarily fix a letter a € .4 and denote
E, = Ey(a* - +a), and ¢, = ¢,(a* * -a).

Let

Poy= {X|X=UAV,A=a- - a,

|A| =k + h, |U| =k},
Six={X|X=UAV,A=a-:-a,

|A| =k + h, |V]| = k}.

Lemma 3.3. Forany0 = h = D,

Eh = U EJ! Ko

0=k=L(D-h)2]

where Eh.k = Ph.t U Sh.k-

Proof. Let X be a vertex in Py, where 0 = k = (D
— h)/2. Then, X = UAV, with A = a*--a, |A| =k
+ hand |U| = k. Thus, X can be reached from a- - -a
by first D — (k + k) left shifts applied to @ * * - a introduc-
ing the suffix VV', where V' is an arbitrary word with
length k, and then k right shifts introducing prefix U. The
length of the corresponding path is D — (k + h) + k
= D — h. Hence, X € E,. Similarly, we can show that
if X € 8§, then X € E,. Therefore,



E;, =2 U Eh e

(25)
O=k=L(D-h)/2]

Suppose now that X is a vertex in E;,. Then, by Proposi-
tion 3.2, there exists a path (not necessarily a shortest
one) between a- - *a and X of the type LR or RL with »
+ 1 =D — h, where r = |R|, I = | L|. Without loss of
generality, suppose that this path is of the form LR. Thus,
X can be written as X = UAV, with U = a,* * *q,,
A=a+++a,V=>b+-b_,, wherel = r(cf. Proposition
3.2, where the equality holds when [ = r = 0). It then
follows that

|A] =D~r~(F-ry=D~(D~8)+r=r+h.

Let A’ be the prefix of A with size » + h. Then, X can
be written as X = UA'V' so that X € P,,. Since |V'|
=D —r—(r+h)=|V| =0, we get that r = (D
— h)/2. Therefore,

Ek c U Eh.k-

s o=k=L(D-r)r2]

(26)

Combining relations (25) and (26) readily implies the
assertion of the lemma. |

Forh=1and k = 0, let

k—1
lEk.k - _U EhJI
Epp = ——— ]—VJ;O (27)
It then follows that
L(b-h)r21
€y = 2 €h k- (28)
k=0

Lemma 3.4. For any fixed d = 2 and any p, ¢ = |L.D/'

3],

P 4 b-1
Z Zeus 2 €

h=1 k=0 h=1

(29)
o < d™9+d""
=% ze.)+2(—).
h=1 k=0 " (d - 1)2
Proof. Note first that
by s 2 -——I Pial = 2d~r*
(30)
O=k,h=D, 2k+h=D,

which implies that

Lcp-hyr2l L(p-nyr2]

e= X &= 2 2d7"*
k=0 k=0 (31)
o 1-h
= ¥ 24t b= 24 .
k=0 d—1
Thus, for any p, ¢ = L D/3],
D—1 P q p Lp=hy2] D-1
Yea=2 Yextd 2 eyt 2 e
h=1 h=1 k=0 h=1 k=q+l h=p+l
P 9 p L(b-ny2] 24'"
=3 Yt Y X 2d“"+2
h=1 k=0 h=1 k=g+1 h=p+1 d 1
P 9 = = i 2dl h
=2 Deutd X 2d+ F —
h=1 k=0 h=1 k=q+1 h=p+1 d 1
. d™?+d'?
= (2 X ens) +2[—] .
h=1 k=0 (d— 1)2
On the other hand, it is easy to see that
D-1 p-1 Lp-myr2l P q
Ze;.z): Z eMEEZm
h=1 h=1 k=0 h=1 k=0
hence, the result. |
Proposition 3.4. For any fixed d = 2,
’ i 2d
lim Afa*<a) = 3, X iy = —=. (32)
Do h=1 k=0 (d—-1)

Proof. Let p = g = LD/3]in (29), and let D go to

oo readily implies that the limit of ;7' e, exists when

D — o and that
D—1 = o=
im Y, e, = Y Y enx
D= ey h=1 k=0
Applying Lemma 3.2 entails that

ra) = 2 Z €h k-

h=1 k=0

lim A(a- -
Drree
Using again inequality (30) yields

R TIITL i L

h=1 k=0 h=1 k=0 (d - 1)2 )
The proof is thus completed. |

A recursive scheme will be provided after for the com-
putation of limy... A(a* + +a). The convergence of the



series 2j_; 2o enx 18 very fast. Good precisions are
obtained with computations stopped at quite small indices
h, k. Indeed, Lemma 3.4 and Proposition 3.4 imply that
for any n = 1

Y ¥ e = lim A(a: - +a)
h=1 k=0 Dr=¥ea

2(d + 1)
<€§£“”+M 02

d™. (33)

In view of the above results, we see that the computa-
tion of limit of A(a+ * - a) can be carried out on the values
of e,y for small h and k. We derive below a recursive
computational scheme for ej,. This will be based on
counting the proportion of words (of length D over the
alphabet -4) fulfilling some conditions. This approach and
some of the ideas can be found in [1].

Let C be a condition on the words of length D over
4. Let C be the opposite condition of C. Two conditions,
C, and C,, are said to be independent if they concern
disjoint subgroups of letters of the word. Let p(C) denote
the proportion of words satisfying a condition C.

We recall the following basic computation rules which
will be used in the remainder of the paper:

» The proportion of words satisfying Cis 1 —
p(O) =1-p(C).

o [f C, and C, are independent, then the proportion of
words satisfying both C; and C, is p(C))p(C,), ie.,
p(Ci, G3) = p(C)p(Cy).

plC),.te;,

Forh=1and k = 0, let

Tha = |Phk+l"'1_) Kl = | Spav1 — Skal
N N k
k k
| U Pyl | U Sl
_ _i=0 _ =0
Yhx N = N »
k
| Prgaa — U Pyl | Shpsr — U Siyl
Sux = —j—:(_)___E—j:___.
' N N
For k = _1, M- = 6;1,_1 = |P;,ID|IN = d_h. For k

= —1, yux = 0. It is also clear that vy, = d".

Lemma 3.5. Forall h = 1 and k = 0 such that 2k + 2
+h =D,

nh,k = (d _ l)d—(k+"+2).
Proof. The words

(34)

in Py are of the form

X1** * XpprAre1enV, Where X, ..., x4, are arbitrary let-
ters, A; is a word of length i with letter @, and V is
an arbitrary word. The words in P, are of the form
X1+ * X AeenV'. Therefore, the words in Py, 4y, — Py are
of the form x;* * *x@Ayi144V, Where @ is an arbitrary
letter in 4 — {a}. Thus, gy, = d~***(d - 1)/d. B

Lemma 3.6. Forallh = 1 and k = 0 such that 2k + 2
+h=D,

Yoaet = Yax + Gpa. (35)
Proof. The assertion comes from the fact that
k+1 k k
| U Pujl = |U Pugl + | Pagsr — U Pryl. o
j=0 i=0 j=0

Lemma 3.7. Forall h = 1 and k = —1 such that 2k
+2+4+ h=D,

(36)
k=0.(37)

S = (1 = YaLo-my2)has k= —1;
= (1 = Yala-wr2))(d — 1)@ "2,

Proof. As seen in the proof of Lemma 3.5, the words
in Py — Py, are of the form x, * -+ * x,@A; 14, V, where
@ is an arbitrary letter in ./ — {a}. It then follows that
these words will not appear in P,; for all j such that j
< k and 2j + h > k. Therefore,

k

Ph.k+t i Ph.k = Ph.k+1 - U ijs (38)
j=Ltk=nyr21+1
which, in turn, implies that
k Lik=h)r2)
Py — U Pﬁ,; = Phps — Ph.k al U Pn,;- (39)
j=0 j=0

It is easily verified that the conditions for words to be in
Pyxs1 — Pyiand in UE‘:"O‘ mil p. ; are independent (the
former iS on Xpyp* * *Xaks2en Of word X = x;°* *xp,
whereas the latter is on x, * * * x;). Therefore, relation (39)
implies relation (36) according to the basic computation
rule. Relation (37) follows from those of (34) and (36).

[}

Proposition 3.5. For all h = 1'and k = 0 such that 2k
+ h = DJ/2,

e = (2 -
Enp = (2 —

Yhi-1 — 'Ylg.k)fsh.kfl- k=0; (40)
= i} (1 = Yalee-n-1y721)

X (d _ l)d—{k+h+l), k=1.

Yhj—1
(41)



TABLE Ill. A(a---a)in UB(2, D)

Enk k=0 k=1 k=2 k=3 k=4 k=35 2251(‘.‘;,'*
h=1 0.75000 0.10938 0.02246 0.01050 0.00381 0.00188 0.89802
h=2 0.43750 0.08984 0.04110 0.01524 0.00752 0.00342 0.59552
h=3 0.23438 0.05371 0.02612 0.01288 0.00560 0.00279 0.33547
h=4 0.12109 0.029053 0.01434 0.00713 0.00355 0.00166 0.17683
h= 0.06152 0.01508 0.00750 0.00373 0.00186 0.00093 0.09062

=6 0.03101 0.00768 0.00383 0.00191 0.00095 0.00048 0.04585
251 ens 1.63550 0.30473 0.11624 0.05140 0.02330 0.01116 2.14232
&y 1.66667 0.31250 0.11914 0.05235 0.02388 0.01146 2.18600

Proaf. Under the assumption that 2k + & = D/2, the conditions

for words to be in P,, — U2} P, and in USZg S, are
| Pog I S — "J E.| independent (the former is on the left-half part of the
skt - word, whereas the latter is on the right-half part of the
re = N word ). Therefore,
=1 g k-1 k=1
IPIr.k . _U Ekjl |Sh.k — Py — _U Ew| |P“ - U P; - U Sh.i'
= ~ "L‘F_‘*' — = f=0 _i=0 =|’5h:¢ 1(1 ~ Yhk )
N N N e i
k—1 k—1
— U Py — U S, Similarly,
— i=0 =0
N k=1 k
k—1 k |SI=..& — L) SI!J - U P!r,jl
¥ i ]
| Shk U Sy — U Pha' —_— = Sha-1(1 — Yni)-
i i=0 i=0 N

TABLE IV. A(a- - -a) in UB(2, D)

h €y e
1 0.8997111342 0.899711134
2 0.5988445366 1.498555671
3 0.3381424180 1.836698089
4 0.1784738644 2.015171953
5 0.0915215694 2.106693523
6 0.0463216922 2.153015215
7 0.0232996659 2.176314881
8 0.0116843542 2.187999235
9 0.0058507839 2.193850019
10 0.0029275407 2.196777560
11 0.0014643071 2.198241867
12 0.0007322877 2.198974155
13 0.0003661774 2.199340332
30 0.0000000027 2.199706529
60 2.199706532

0.260 x 107"

Hence, relation (40) holds. Relation (41) follows from
(36) and (40). |

Lemmas 3.5, 3.6, and 3.7 and Proposition 3.5 enable
us to compute recursively e, .. In Table 1II, we indicate
the values of ¢, inthecased =2 for l = h=6and 0
= k = 5. This gives already a lower bound of 2.14 for
A(a+ + +a). In fact, we have computed all the ¢, for d
=2,h =30 and &k = 85. Results for e, are given in Table
IV. The values are given with 10 digits but we have
computed them with infinity precision. Recall that by
having the values of e, we obtain the number of vertices
at distance exactly D — h. For instance, we have 1 — ¢,
~ 10.03% of vertices at distance D from (a- * *a) in the
case d = 2. This table shows that most of the vertices
are at distance D — h with h small.

Finally, let us note that one can get closed form formu-
las for é, where

5 = D, €hie (42)



We give below this formulas for 0 = k = 6:

5 _2d+]1
S Y
. 2d*—2d+1
elﬂT
y _2d5 = 4d° + 4d* + d° — 3d% + 1
L

d4°
é=d7'%(2d"% — 4d" + 4d"° - 2d° + d® + 24’
—3d*+2d°-d* -2 +d*+2d-1)
5y = d™2(2d"7 — 4d" + 2d" + 4d" — 4d" + d"?
-2d" - d" + 7d° - 6d" — d° + 5d°
—4d* + 2d° — d* + 2d - 1)
65 = d®(2d” — 4d* + 2d% + 4d” — 6d'® + 44"
+ d'® — 64" + d" + 84" — 24" — 104"
+11d"° —2d° - 3d* - d® + 2d° - d* + 2d - 1)
bs = d™*(—1 + 2d + 84" — d* + 2d* + 3d™
— 2d* + 6d® — 3d° + 54" + d® — 2d" — 34"
—2d° — 24" — 8d"" — 24" — 24" + 84"
— 4d" + 2d" — 4d™ + 2d% - 44* + 247).

o
E
I

In Table III, we also provided exact values of é, for d
= 2. Again, we note that using only =§_, &, gives a very
good estimation of A(a- -+ -a). '

Indeed, it follows from Lemma 3.4 and Proposition
3.4 that for any g = 0

q q 2d-4‘
Y é=limA(ar--a)<() &)+ (43)
k=0 D

=0 (d—1)*

The following proposition gives values of limp-..
A(a+ +-a) for d = 7. There, again, we give only trun-
cated values with five decimals. The values given in pa-
rentheses are approximation using Z§_, &,.

Proposition 3.6. In the de Bruijn network UB(d, D),

(219970 d =2 (2.19151)
1.09605 d =3 (1.09556)
072359 d =4 (0.72353)

lim A(a+ - +a) =
pa 053752 d =5 (0.53751)
042652 d =6 (0.42652)
(035304 d =7 (0.35303).

We now turn back to upper bounds for arbitrary vertex
X. Let us consider an arbitrarily fixed vertex X =
X1+ *xp. Let

Pui(X) = (Z|Z = UX,,V, X,
= XD—h—k1XD-h-k+2" * " XD |U| =k},
Si(X) = {Z|Z = UX 4V, X is
= XX X |V] =k},

Ep(X) = Ppa(X) U Sp(X).
Lemma 3.8. Forany0 = h = D,

E,(X) =2 U

O=k=L(D-h)r2]

Eyi(X).

Proof. The proof is analogous to the first part of the
proof of Lemma 3.3 and is thus omitted. |

Proposition 3.7. For any fixedd = 2 and D = 2,

D—1

Y en(X) > 0(d) — 22d7°", (44)

h=1
where

2d + 1 2d — 1 1
o(d) = + _
() d*—-1 d*—-(d-1)7? d&+1
(45)

2 -dH2d - Hd+d-1
d’-2d°+3d° - 2d* —d* +3d* ~3d + 1’

Proof. The proof is technical and involved so that we
omit it here. The interested reader can find the detailed
proof in the technical report [4]. |

As a corollary of Lemma 3.2 and Proposition 3.7, we
obtain

Corollary 3.2. For any d = 2, D = 2, and any X
€ UB(d, D),

e(X) <D - 6(d) + 22d™""*
(46)

+

X 1 —D/4
~—7+(D = 1= 0(d) + 224",

where 0(d) is defined in (45).
Proof. It follows from (24) and (44) that



D-1
E&X)=D- X exX)
h=1
1 D—1

D = 1~ T (X))

h=1

+

< D — &d) + 224"

1
N-1

1

“(D-1-46(d) + 2247, m

As a consequence of Proposition 3.4 and the above
corollary, we obtain

Proposition 3.8. For any fixed d = 2,

lim sup ((X) — &(a-+-a)) < (2, 2, enr) — 0(d),
Do

h=1 k=0

where 0(d) is defined in (45).

Proof. It follows from Proposition 3.4 that

lim sup (e(X) — e(a- + +a))
D=

= lim A(a* * +a) — lim inf A(X)
Do Do

= (E z eh.k) . g(d);

h=1 k=0
where the inequality comes from (46). |
Numerical results for small d are given below:

Proposition 3.9.

(02155 d =2
0.0393 d =
00117 d =
0.0045 d =
0.0021 d=

L 0.0011 d =

lim sup (e(X) — e(a-+-a)) < §
D=

4. CONCLUSIONS

In this paper, we have provided upper and lower bounds
of the mean eccentricities of the de Bruijn networks. For
the directed de Bruijn network, we have presented tight

bounds as well as the extremal vertices which reach these
bounds. For the undirected de Bruijn network, we have
provided lower and upper bounds which differ from the
diameter by some small constants. We conjecture that
the vertices of the form a- + -a have the largest mean
eccentricity. This conjecture has been verified by numeri-
cal computations for binary de Bruijn networks with di-
ameters up to 18. We have shown that the asymptotic
difference, when the diameter goes to infinity, between
the mean eccentricities of an arbitrary vertex and that of
a- + +ais asmall constant tending to zero with the degree.
We have also provided a simple recursive scheme for the
computation of the asymptotic mean eccentricity of the
vertices a+ * *a.

We have proved that in both directed and undirected
de Bruijn networks all the mean eccentricities tend to the
diameter when the degree goes to infinity. This implies
that when the degree is large, the simple routing algorithm
which consists of doing left shifts all the time or right
shifts all the time is more efficient than are optimal routing
algorithms. In general, the gain of applying optimal rout-
ing algorithms is quite limited, even without considering
their overheads.

We thank the anonymous referees for their helpful remarks.
M. S. was supported by INRIA while visiting the Simon Fraser
University, BC, Canada.
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