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Introduction

Presence of delays in the modern interconnected plants is hard to neglect, especially for networked and distributed large-scale systems. Delays and lags may inuence the system stability, as well as quality of transients, see [START_REF] Gu | Stability of Time-Delay Systems[END_REF][START_REF] Hale | Theory of Functional Dierential Equations[END_REF][START_REF] Kolmanovsky | Stability of functional dierential equations[END_REF]. Synthesis of control and estimation algorithms, which take into account uncertain or time-varying delays, is a popular subject of research [START_REF]Recent Results on Nonlinear Delay Control Systems[END_REF][START_REF] Karafyllis | Predictor Feedback forDelay Systems: Implementations and Approximations[END_REF][START_REF] Hetel | Recent developments on the stability of systems with aperiodic sampling: An overview[END_REF]. For stability analysis of time-delay systems, a Lyapunov-Krasovskii functional or a Lyapunov-Razumikhin function can be used [START_REF] Richard | Time-delay systems: an overview of some recent advances and open problems[END_REF], and there are plenty of results in the domain, e.g., [START_REF] Monaco | Nonlinear average passivity and stabilizingcontrollers in discrete-time[END_REF][START_REF] Gielen | Lyapunov methods for time-invariant delay dierence inclusions[END_REF], mainly related with linear dynamics [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF]. The popularity of the latter is based on a wide choice of available Lyapunov-Krasovskii functionals and Lyapunov-Razumikhin functions, which is also the case for some classes of nonlinear plants, as port-Hamiltonian systems [START_REF] Schier | Stability of a class of delayed port-Hamiltonian systems with application to microgrids with distributed rotational and electronic generation[END_REF], for instance.

Another promising class of canonical nonlinear dynamical models, which disposes a variety of tools, is composed by homogeneous systems that take an intermediate place between linear and nonlinear ones [START_REF] Bernuau | On homogeneity and its application in sliding mode[END_REF].

The theory of homogeneous dynamical systems has been established, rst, for ordinary dierential equations [START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF][START_REF] Bhat | Geometric homogeneity with applications to nite-time stability[END_REF][START_REF] Kawski | Progress in systems and control theory: New trends in systems theory[END_REF][START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF], and next extended to dierential inclusions [START_REF] Filippov | Stability of dierential equations with discontinuous and multi-valued right-hand parts[END_REF][START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF][START_REF] Bernuau | On homogeneity and its application in sliding mode[END_REF], time-delay systems [START_REF] Emov | Development of homogeneity concept for time-delay systems[END_REF][START_REF] Emov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF], discrete-time systems [START_REF] Sanchez | On homogeneity of discrete-time systems: stability and convergence rates[END_REF] and partial dierential equations [START_REF] Polyakov | On homogeneous distributed parameter systems[END_REF]. The main feature of a homogeneous nonlinear model is that its local behavior is the same as the global one, the homogeneous stable/unstable systems admit homogeneous Lyapunov/Chetaev functions [START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF][START_REF] Kanevskiy | Design of homogeneous Lyapunov-Krasovskii functions[END_REF][START_REF] Rosier | Homogeneous Lyapunov function for homogeneous continuous vector eld[END_REF][START_REF] Emov | Oscillations conditions in homogenous systems[END_REF][START_REF] Emov | On necessary conditions of instability and design of destabilizing controls[END_REF][START_REF] Emov | Homogeneous lyapunov functions: from converse design to numerical implementation[END_REF] and possess robustness properties with respect to external inputs and delays [START_REF] Bernuau | Verication of iss, iiss and ioss properties applying weighted homogeneity[END_REF][START_REF] Aleksandrov | Delay-independent stability of homogeneous systems[END_REF][START_REF] Emov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF][START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF]. Using the concept of local homogeneity [START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF][START_REF] Andrieu | Homogeneous approximation, recursive observer design, and output feedback[END_REF][START_REF] Emov | Oscillations conditions in homogenous systems[END_REF][START_REF] Emov | Conditions of oscillations and multi-homogeneity[END_REF]] a generic dynamical system may be locally approximated by a homogeneous one, which allows the set of methods developed for this class of dynamics to be applied at large. It has been shown that homogeneous systems have certain robustness of stability with respect to delays [START_REF] Diblik | Asymptotic equilibrium for homogeneous delay linear dierential equations with l-perturbation term[END_REF][START_REF] Asl | Analytical solution of a system of homogeneous delay dierential equations via the Lambert function[END_REF][START_REF] Mazenc | Global asymptotic stabilization for chains of integrators with a delay in the input[END_REF][START_REF] Bokharaie | D-stability and delay-independent stability of homogeneous cooperative systems[END_REF][START_REF] Aleksandrov | On the asymptotic stability of solutions of nonlinear systems with delay[END_REF][START_REF] Emov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF][START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF]. In particular, for the case of positive degree it has been proven that homogeneity and global asymptotic stability in the delay-free case imply local asymptotic stability for any value of delay. For the case of negative degree, under similar restrictions, for any delay, global asymptotic stability with respect to a compact set containing the origin is obtained. The latter results have been obtained in [START_REF] Emov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF][START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF] using Lyapunov-Razumikhin theory, and in [START_REF] Aleksandrov | Complete type functionals for some classes of homogeneous dirential-dierence systems[END_REF][START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF] by applying Lyapunov-Krasovskii approach.

In the present work, following the results of [START_REF] Aleksandrov | On stability of solutions to one class of nonlinear dierence systems[END_REF][START_REF] Aleksandrov | Complete type functionals for some classes of homogeneous dirential-dierence systems[END_REF][START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF], we consider a discrete-time system obtained after discretization (using the explicit Euler method) of a (locally) homogeneous system with non-zero degree, which is asymptotically stable in the delay-free case. The stability conditions are derived by proposing a generic structure of Lyapunov-Krasovskii functional for this class of dynamics. The presented approach allows the convergence rates and the domain of stability/attraction to be evaluated. It is demonstrated that for a homogeneous timedelay system (asymptotically stable for zero delay) the Euler discretization preserves the rates of decay, which is not the case for non-delayed homogeneous dynamics [START_REF] Emov | Realization and discretization of asymptotically stable homogeneous systems[END_REF].

The outline of this paper is as follows. The preliminary denitions and the homogeneity for delay-free systems are given in Section 2. The problem statement and the main results are presented in Section 3, their * D. 

Preliminaries

In the sequel, R denotes the eld of real numbers, and R n is the n-dimensional Euclidean space; R + = {s ∈ R : s ≥ 0}. The Euclidean norm |x| will be used for vectors x ∈ R n .

A continuous function σ : R + → R + belongs to class K if it is strictly increasing and σ(0) = 0; it belongs to class K ∞ if it is also unbounded.

Convergence conditions

We will need the following results estimating the rate of convergence for discrete-time scalar nonlinear systems:

Lemma 1. [40] If a sequence {v k } +∞ k=0 satises the condition 0 ≤ v k+1 ≤ v k -αv 1+ k with α > 0, > 0, v 0 ∈ [0, α --1 (1+ ) -1 ], then v k ≤ v 0 (1 + α v 0 k) -1 for k = 0, 1, . . .
In a similar way, it can be proven that the following lemma is valid:

Lemma 2. If a sequence {v k } N k=0 with N > 0 satises the condition 0 ≤ v k+1 ≤ v k -αv 1- k , for k = 0, 1, . . . , N , where α > 0, ∈ (0, 1), v 0 ≥ α -1 , then v k ≤ v 0 (1 -α v - 0 k) -1 for k = 0, 1, . . . , N with N ≤ N 0 = v 0 -α α .
Proof. Let us use the same arguments as in the proof of Lemma 1 [START_REF] Aleksandrov | On stability of solutions to one class of nonlinear dierence systems[END_REF].

Note that the restriction

v k+1 ≥ 0 follows v k ≥ α -1
for all k = 0, 1, . . . , N , then the upper estimate veries this condition for v 0 -α α ≥ k. By induction, the estimate obviously holds for k = 0, and assuming that it is satised for all k ≤ l for some integer l ∈ [1, N 0 -1) let us demonstrate that it is valid in such a case for k = l + 1. Hence,

v l+1 ≤ v l (1 -αv - l ) ≤ v 0 (1 -α v - 0 l) -1 1 - αv - 0 1 -α v - 0 l = v 0 (1 -α v - 0 (l + 1)) -1 g(z, l), where z = α v - 0 and g(z, l) = 1 -zl 1 -z(l + 1) -1 1 - 1 z 1 -zl .
It is necessary to establish the conditions providing g(z, l) ≤ 1 for any z > 0 and l ∈ [1, N 0 -1). Note that the restriction on l and N 0 implies that (α (l + 1)) -1 < v 0 , and we have 1 -z(l + 1) > 0 for any l ∈ [1, N 0 -1)

(thus, 1 -zl > 0 also). For g(z, 0) = 1 1-z -1
1 -z we get that g(z, 0) ≤ 1 (indeed, g(0, 0) = 1 and ∂g(z,0) ∂z

= z 2 -1 (1-z) 1+ < 0 for z ∈ (0, 1), which is the case for v 0 > α -1 > ( α) -1
), then

∂g(z, l) ∂l = - z 3 (1 -) 2 (1 -zl) 2 (1 -z(l + 1)) 1 -zl 1 -z(l + 1) -1
and it is always negative for l ∈ [1, N 0 -1), which implies the desired result.

In the conditions of this lemma, we have that from any initial value v 0 satisfying the introduced restrictions, the corresponding sequence converges to the zone

v k ≤ α -1
for k ≤ N 0 , and it stays there if additionally 0 ≤ v k+1 ≤ v k for all k = 0, 1, . . .

Homogeneity

For any r i > 0, i = 1, n and λ > 0, dene the dilation matrix Λ r (λ) = diag{λ ri } n i=1 and the vector of weights r = [r 1 , ..., r n ] , r max = max 1≤j≤n r j and r min = min 1≤j≤n r j .

For any r and x ∈ R n the homogeneous norm can be dened, for example, as follows

|x| r = n i=1 |x i | ϑ/ri 1/ϑ , ϑ ≥ r max .
For all x ∈ R n , its Euclidean norm |x| is related with the homogeneous one:

σ r (|x| r ) ≤ |x| ≤ σ r (|x| r )
for some σ r , σ r ∈ K ∞ [START_REF] Emov | Homogeneous lyapunov functions: from converse design to numerical implementation[END_REF]. The homogeneous norm has an important property that is |Λ r (λ)x| r = λ|x| r for all x ∈ R n . Dene S r = {x ∈ R n : |x| r = 1} and B r = {x ∈ R n : |x| r ≤ 1} as the unit sphere and the unit ball in the homogeneous norm, respectively.

Denition 1. [START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF][START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF] The function g : R n → R is called rhomogeneous if for any x ∈ R n the relation

g(Λ r (λ)x) = λ d g(x)
holds for some d ∈ R and all λ > 0.

The vector eld f : R n → R n is called rhomogeneous if for any x ∈ R n the relation

f (Λ r (λ)x) = λ d Λ r (λ)f (x)
holds for some d ≥ -r min and all λ > 0.

In both cases, the constant d is called the degree of homogeneity.

A system ẋ = f (x) is called homogeneous if f is rhomogeneous. An advantage of homogeneous systems is that any its solution can be obtained from another solution under the dilation and a suitable time reparametrization, and that homogeneous asymptotically stable system admits a homogeneous Lyapunov function [START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF][START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF]. If f (x) = Ax for some A ∈ R n×n , then it is rhomogeneous of zero degree for r = [1, ..., 1] , and the properties of scalability of solutions and existence of a homogeneous (quadratic) Lyapunov function are well-known for linear systems, then homogeneity allows these useful features to be extended on a wider class of dynamics.

Lemma 3. Let h : R n → R be χ-Hölder continuous on B r with constant L > 0 and rhomogeneous function of

degree ν ≥ χr min , then |h(x) -h(z)| ≤ L max{1, |x| ν-χrmin r , |z| ν-χrmin r }|x -z| χ for all x, z ∈ R n .
Proof. By denition of homogeneity h(Λ(λ)x) = λ ν h(x) for any x ∈ R n and λ > 0. Take any x, z ∈ R n and introduce λ = max{|x| r , |z| r }.

If λ ≤ 1, then |h(x) -h(z)| ≤ L|x -z| χ
by the properties of L, and the required estimate holds. Let λ > 1, then there exist ξ, ζ

∈ B r such that x = Λ(λ)ξ and z = Λ(λ)ζ, hence |h(x) -h(z)| = |h(Λ(λ)ξ) -h(Λ(λ)ζ)| = λ ν |h(ξ) -h(ζ)| ≤ L|ξ -ζ| χ λ ν = L|Λ -1 (λ)x -Λ -1 (λ)z| χ λ ν ≤ L|Λ -1 (λ)| χ |x -z| χ λ ν ,
and recalling that

|Λ -1 (λ)| ≤ λ -rmin λ > 1 λ -rmax λ ≤ 1
we obtain the desired result.

This lemma shows that if a homogeneous function is Lipschitz or Hölder continuous in B r with a constant L, then it possesses this property on any compact set X ⊂ R n with the constant L max{1, sup x∈X |x| ν-χrmin r }.

Useful inequalities

Finally, Young's inequality claims that for any a, b ∈ R + and γ > 0, δ > 0:

a γ b δ ≤ 1 p a γp + p -1 p b δp p-1
for any p > 1. Jensen's inequality for any convex κ ∪ : R → R or concave κ ∩ : R → R function reads:

κ ∪ n i=1 x i n ≤ n i=1 κ ∪ (x i ) n , κ ∩ n i=1 x i n ≥ n i=1 κ ∩ (x i ) n
for any x 1 , . . . , x n ∈ R. In addition,

n i=1 x i γ ≤ n i=1
x γ i for any x 1 , . . . , x n ∈ R + and γ ∈ [0, 1).

Another related result can be obtained using the properties of homogeneous functions and a specially dened homogeneous norm: Lemma 4. [START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF] Let a, b ∈ R + and > 0, α > 0, β > 0, γ > 0, δ > 0 be given, then

a α + b β -a γ b δ ≥ 0 provided that 1) max{a α , b β } ≥ 1 1- γ α -δ β and γ α + δ β < 1, 2) max{a α , b β } ≤ 1 1- γ α -δ β and γ α + δ β > 1.

Main Results

In this section, rst, the system of interest will be introduced with the basic hypotheses. Next, two cases will be analyzed with positive and negative homogeneous degrees.

Problem statement

Consider the dierence system

x(k + 1) = x(k) + hF (x(k), x(k -m)), (1) 
where

x(k) ∈ R n and x (k) = x T (k), x T (k -1), . . . , x T (k -m) T ∈ R n(m+1) is the augmented state vector, m
is a nonnegative integer representing delay; h > 0 is a discretization step, k = 0, 1, . . . is the discrete time; the vector function F : R 2n → R n is locally bounded in R 2n . Denote by x k, x (0) a solution of (1) with initial conditions x (0) ∈ R n(m+1) , and x (k) (x (0) ) as the corresponding state trajectory.

The system (1) is a discrete-time counterpart of the continuous-time system

ż(t) = F (z(t), z(t -mh)) (2) 
obtained by applying the explicit Euler discretization method with the step h.

Assumption 1. The vector eld F is rhomogeneous of degree ν ∈ (-r min , 0) ∪ (0, +∞):

F (Λ(λ)ξ, Λ(λ)ζ) = λ ν Λ(λ)F (ξ, ζ) ∀ξ, ζ ∈ R n , ∀λ > 0,
and uniformly continuous with respect to the rst argument in B r : for any L > 0 there exists χ > 0 such that

|F (φ + ϕ, ψ) -F (φ, ψ)| ≤ L for any φ, ψ ∈ B r with |ϕ| ≤ χ.
This continuity hypothesis is satised if, for example, F is continuous in R 2n . We will need also stability of the corresponding delay-free system:

Assumption 2. The zero solution of

ż(t) = F (z(t), z(t))
is asymptotically stable.

Following [START_REF] Zubov | On systems of ordinary dierential equations with generalized homogenous right-hand sides[END_REF][START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF], let V (z) be a twice continuously dierentiable rhomogeneous Lyapunov function of the degree µ > r max constructed for the delay-free (homogeneous) system from Assumption 2 and satisfying the conditions of the Lyapunov asymptotic stability theorem [START_REF] Bacciotti | Liapunov Functions and Stability in Control Theory[END_REF].

Hence, it is assumed that a dynamical system (2) is given, which is asymptotically stable and homogeneous with non-zero degree for the delay-free case in continuous time (assumptions 1 and 2). Under these restrictions and for any mh ≥ 0, the origin is asymptotically stable for (2) with ν > 0 and there is a vicinity of the origin that globally attracts all trajectories of (2) with ν < 0 [START_REF] Emov | Development of homogeneity concept for time-delay systems[END_REF][START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF]. Let us consider its discretization (1) obtained by the explicit Euler method, and the objective is to determine the conditions and the kind of the discrete-time system (1) stability under introduced hypotheses. To this end, the Lyapunov-Krasovskii theory will be used.

Note that the case of ν = 0 is excluded by Assumption 1, hence, in the sequel the case of linear dynamics in [START_REF] Gu | Stability of Time-Delay Systems[END_REF], which is well studied already [START_REF] Fridman | Introduction to Time-Delay Systems: Analysis and Control[END_REF], is not addressed. Recall that in the delay-free continuous-time setting, an asymptotically stable homogeneous system has a faster converge rate than any linear dynamics close to the origin (nite-time stability) for a negative degree and at innity (nearly xed-time stability) for a positive degree [START_REF] Bernuau | On homogeneity and its application in sliding mode[END_REF].

Lyapunov-Krasovskii functional

Choose a Lyapunov-Krasovskii functional candidate for the system (1) as follows

W x (k) = V (x(k)) + h ∂V (x(k)) ∂z T m i=1 F (x(k), x(k -i)) +h m i=1 β i |x(k -i)| ρ r , (3) 
where ρ, β 1 , . . . , β m are positive parameters, whose values will be dened later. It is a functional of the complete type [START_REF] Kharitonov | Lyapunov-Krasovskii approach to the robust stability analysis of time-delay systems[END_REF], which is based on the Lyapunov function V of the delay-free continuous-time counterpart of (1), and its feature consists in the introduction of a sign-indenite middle term, whose advantages can be eectively utilized due to the homogeneity [START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF]. We will use the following norm in the sequel:

x (k) = max{|x(k)| r , |x(k -1)| r , . . . , |x(k -m)| r }.
Using the homogeneity of V and F we obtain:

h m i=1 β i |x(k -i)| ρ r -a 3 h n j=1 |x(k)| µ-rj r m i=1 (|x(k)| ν+rj r + |x(k -i)| ν+rj r ) +a 1 |x(k)| µ r ≤ W x (k) ≤ a 2 |x(k)| µ r + h m i=1 β i |x(k -i)| ρ r (4) +a 3 h n j=1 |x(k)| µ-rj r m i=1 (|x(k)| ν+rj r + |x(k -i)| ν+rj r ),
where a 1 , a 2 , a 3 are the positive constants, which may be evaluated as follows:

a 1 = inf y∈Sr V (y), a 2 = sup y∈Sr V (y), a 3 = sup φ,ψ∈Br ∂V (φ) ∂φ T F (φ, ψ) .
Consider the dierence ∆W = W x (k+1) -W x (k) of W along the solutions of (1):

∆W = h ∂V (x(k) + hθ 1k F (x(k), x(k -m))) ∂z T F (x(k), x(k -m)) +h m i=1 β i |x(k -i + 1)| ρ r -h m i=1 β i |x(k -i)| ρ r +h ∂V (x(k) + hF (x(k), x(k -m))) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) -h ∂V (x(k)) ∂z T m i=1 F (x(k), x(k -i)),
where θ 1k ∈ (0, 1) comes from application of the Mean Value Theorem to the dierence V (x(k + 1)) -V (x(k)).

Further,

∆W = h ∂V (x(k)) ∂z T F (x(k), x(k -m)) +h ∂V (x(k) + hθ 1k F (x(k), x(k -m))) ∂z - ∂V (x(k)) ∂z T F (x(k), x(k -m)) +hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +h ∂V (x(k) + hF (x(k), x(k -m))) ∂z - ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) +h ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) - m i=1 F (x(k), x(k -i + 1)) +h ∂V (x(k)) ∂z T m i=1 F (x(k), x(k -i + 1)) - m i=1 F (x(k), x(k -i))
and making a direct sum of the rst and the last terms we obtain:

∆W = h ∂V (x(k)) ∂z T F (x(k), x(k)) +hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +h ∂V (x(k) + hθ 1k F (x(k), x(k -m))) ∂z - ∂V (x(k)) ∂z T F (x(k), x(k -m)) +h ∂V (x(k) + hF (x(k), x(k -m))) ∂z - ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) +h ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) - m i=1 F (x(k), x(k -i + 1)) .
Hence, due to the homogeneity of V and F the following estimate can be substantiated:

∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +ha 5 n l=1 ∂V (x(k) + hθ 1k F (x(k), x(k -m))) ∂z l - ∂V (x(k)) ∂z l (|x(k)| ν+r l r + |x(k -m)| ν+r l r ) +ha 5 n l=1 ∂V (x(k) + hF (x(k), x(k -m))) ∂z l - ∂V (x(k)) ∂z l m i=1 (|x(k + 1)| ν+r l r + |x(k -i + 1)| ν+r l r ) +ha 6 n l=1 |x(k)| µ-r l r m i=1 |F l (x(k + 1), x(k -i + 1)) -F l (x(k), x(k -i + 1))| ,
where a 4 , a 5 , a 6 are positive constants, which may be derived as Note that in such a case a 3 ≤ a 5 a 6 .

a 4 = -sup y∈Sr ∂V ( 
For brevity of notation denote λ = x (k) and recall that Λ(λ) = diag{λ r1 , . . . , λ rn } (we assume that λ = 0).

Then, applying again the Mean Value Theorem we obtain:

∂V (x(k) + hθ 1k F (x(k), x(k -m))) ∂z l - ∂V (x(k)) ∂z l (|x(k)| ν+r l r + |x(k -m)| ν+r l r ) ≤ a 5 h n s=1 ∂ 2 V (x(k) + hθ 2kl F (x(k), x(k -m))) ∂z l ∂z s ×(|x(k)| ν+rs r + |x(k -m)| ν+rs r )(|x(k)| ν+r l r + |x(k -m)| ν+r l r ) = a 5 h n s=1 λ µ-r l -rs ∂ 2 V (Λ -1 (λ)x(k) + hθ 2kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s ×(|x(k)| ν+rs r + |x(k -m)| ν+rs r )(|x(k)| ν+r l r + |x(k -m)| ν+r l r ) ≤ 4a 5 hλ 2ν+µ n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 2kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s ≤ 4a 5 h m p=0 |x(k -p)| 2ν+µ r n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 2kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s ,
where θ 2kl ∈ (0, 1).

In a similar way, we obtain for θ 3kl ∈ (0, 1):

∂V (x(k) + hF (x(k), x(k -m))) ∂z l - ∂V (x(k)) ∂z l m i=1 (|x(k + 1)| ν+r l r + |x(k -i + 1)| ν+r l r ) ≤ 2a 5 hλ ν+µ-r l n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 3kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s × mλ ν+r l Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) ν+r l + m i=1 |x(k -i + 1)| ν+r l r ≤ 2ma 5 h m p=0 |x(k -p)| 2ν+µ r n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 3kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s × Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) ν+r l + 1 .
Dene ω = max{|x(k + 1)| r , λ}, recall that λ = 0 and that due to imposed restrictions on F we get

n l=1 |x(k)| µ-r l r m i=1 |F l (x(k + 1), x(k -i + 1)) -F l (x(k), x(k -i + 1))| = n l=1 |x(k)| µ-r l r ω ν+r l m i=1 |F l (Λ -1 (ω)x(k + 1), Λ -1 (ω)x(k -i + 1)) -F l (Λ -1 (ω)x(k), Λ -1 (ω)x(k -i + 1))| = n l=1 |x(k)| µ-r l r ω ν+r l m i=1 |F l (Λ -1 (ω)x(k) + Λ -1 (ω)hF (x(k), x(k -m)), Λ -1 (ω)x(k -i + 1)) -F l (Λ -1 (ω)x(k), Λ -1 (ω)x(k -i + 1))| = n l=1 |x(k)| µ-r l r ω ν+r l m i=1 |F l (Λ -1 (ω)x(k) +hλ ν Λ -1 (ω)Λ(λ)F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)), Λ -1 (ω)x(k -i + 1)) -F l (Λ -1 (ω)x(k), Λ -1 (ω)x(k -i + 1))| ≤ Lm n l=1 |x(k)| µ-r l r ω ν+r l ≤ Lm n l=1 |x(k)| µ-r l r max{|x(k) + hF (x(k), x(k -m))| ν+r l r , λ ν+r l } ≤ Lm n l=1 |x(k)| µ-r l r λ ν+r l |Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))| ν+r l r + 1 ≤ Lm m p=0 |x(k -p)| ν+µ r n l=1 |Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))| ν+r l r + 1
where the rst inequality is satised since Λ -1 (ω)x(k), Λ -1 (ω)x(k -i + 1) ∈ B r for any L > 0 and provided that

hλ ν |Λ -1 (ω)Λ(λ)F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))| ≤ χ
for some χ > 0 using the uniform continuity of F from Assumption 1 (we select a gain L > 0 suciently small as we need, then we can nd χ > 0 corresponding to this L). The latter property is valid if

ha 5 λ ν ≤ χ. (5) 
Therefore, combining all obtained estimates we conclude that

∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +4a 2 5 h 2 m p=0 |x(k -p)| 2ν+µ r n l=1 n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 2kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s +2ma 2 5 h 2 m p=0 |x(k -p)| 2ν+µ r n l=1 n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 3kl λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))) ∂z l ∂z s × Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) ν+r l + 1 +Lma 6 h m p=0 |x(k -p)| ν+µ r n l=1 |Λ -1 (λ)x(k) + hλ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m))| ν+r l r + 1 .
Recall that Λ -1 (λ)x(k), Λ -1 (λ)x(k -m) ∈ B r , then the following upper estimate on the increment of W is derived: Call back that L can be chosen arbitrary small by decreasing the value of λ ν due to (5).

∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +4n 2 a 2 5 h 2 g 1 (λ) m p=0 |x(k -p)| 2ν+µ r +2mna 2 5 h 2 g 1 (λ) m p=0 |x(k -p)| 2ν+µ

Stability results

Now we are in position to formulate the main results of this section.

Positive degree

Theorem 1. Let assumptions 1, 2 be valid with ν > 0, β j+1 < β j for all j = 1, . . . , m -1, β 1 ≤ a4

4 and ρ = µ + ν. Then for any h > 0 and integer m ≥ 0 there exists D > 0 such that for the Lyapunov-Krasovskii functional (3) and the system (1) the relations Proof. Note that µ ν rmax + 1 > ν + µ since we selected µ > r max , and ρ < µ ν rmax + 1 due to the selection of ρ. Thus, using estimates (4) we obtain that

a 1 2 |x(k)| µ r + h 2 m j=1 β j |x(k -j)| ν+µ r ≤ W ≤ (a 2 + 2a 3 hnm)|x(k)| µ
a 1 2 |x(k)| µ r + h 2 m j=1 β j |x(k -j)| ρ r ≤ W ≤ a 2 |x(k)| µ r + h m j=1 β j |x(k -j)| ρ r +2a 3 hnm m p=0 |x(k -p)| ν+µ r for x (k) ≤ D 1 with D 1 ≤ min 1≤j≤n        a 1 4a 3 hnm ν -1 ,   2na 3 h ρ-ν-r j ρ min{ a1 2m , β j }   µ -1 1- µ-r j µ - ν+r j ρ , h -ρ -1   2na 3 h ρ-ν-r j ρ min{ a1 2m , β j }   ρ -1 1- µ-r j µ - ν+r j ρ       
, where the computations for the upper estimate are straightforward (it holds without a restriction on x (k) ) and Lemma 4 was used for the lower one. Note that for ν > 0, for any D 2 > 0 the functions g 1 (λ) and g 2 (λ) admit an upper bound for all λ = x (k) ≤ D 2 and for all x (k) ≤ D 2 (and additionally L > 0 can be made arbitrary small by decreasing the value of D 2 using ( 5)), where g 3 (D 2 ) and g 4 (D 2 ) are the respective upper bounds for g 3 and g 4 . For ρ = ν + µ and any D 2 > 0,

g 1 (λ) ≥ a 7 = max 1≤l,s≤n sup φ∈Br ∂ 2 V (φ) ∂z l ∂z s , g 2 (λ) ≥ a 8 = sup φ∈Br |φ| , then a 9 ≤ g 3 (λ) ≤ g 3 (D 2 ), a 10 ≤ g 4 (λ) ≤ g 4 (D 2 ),
the estimate ( 6) can be rewritten as follows:

∆W ≤ - h 2   a 4 |x(k)| µ+ν r + β m |x(k -m)| ρ r + m-1 j=1 (β j -β j+1 )|x(k -j)| ρ r   for all x (k) ≤ D 2 , which is a solution of the inequality D 2 ≤ min{ a4 2 , β m , β 1 -β 2 , . . . , β m-1 -β m } 4hg 3 (D 2 ) ν -1
, and for

β 1 ≤ a 4 4 , g 4 (D 2 ) ≤ min{ a4 2 , β m , β 1 -β 2 , . . . , β m-1 -β m } 4 .
These inequalities always have a solution with respect to D 2 since for D 2 → 0 the right-hand side of the former stays separated from zero converging to

min{ a4 2 , β m , β 1 -β 2 , . . . , β m-1 -β m } 4ha 9 ν -1
, while g 4 (D 2 ) can be made as small as needed with D 2 → 0 recalling (5). Thus, with D = min{D 1 , D 2 } and = min{a 4 , β m , β 1 -β 2 , . . . , β m-1 -β m } the statements of the theorem are veried.

An approach to evaluate the values of D (the bound on domain of positive deniteness of W and negative deniteness of ∆W ) and (the convergence rate) is suggested in the proof of Theorem 1. Remark 1. As we can conclude from the proof of Theorem

1, if h → +∞ or m → +∞, then D → 0 (since 1 - µ-rj µ - ν+rj ρ
< 0), which corresponds to the results obtained in [START_REF] Emov | Weighted homogeneity for time-delay systems: Finite-time and independent of delay stability[END_REF][START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF] that with the growth of the delay, the domain of convergence is shrinking.

Remark 2. If we assume that F is χ -Hölder continuous on B r with constant L > 0 with respect to the rst argument, χ ∈ (0, 1], and for µ > (1 + χ )r max (see also Lemma 3), then the conclusion of Theorem 1 can be obtained for µ + ν < ρ < (1 + χ )ν + µ and without a restriction on β 1 .

Using the result of Lemma 1 the following time estimate on decay of solutions in (1) can be obtained:

Corollary 1. Let all conditions of Theorem 1 be valid, then there exist δ > 0 and α > 0 such that

W x (k) (x (0) ) ≤ W x (0) 1 + α ν µ W ν µ x (0) k -µ ν
for all k ≥ 0 and all x (0) ≤ δ.

Proof. Consider the Lyapunov-Krasovskii functional (3) constructed for the system (1) in Theorem 1. Since all conditions of the theorem are valid, there exists D > 0 such that for all x (k) ≤ D:

W 1+ ν µ ≤ c   |x(k)| µ+ν r + m j=1 |x(k -j)| (ν+µ) 2 µ r   ≤ c m p=0 |x(k -p)| ν+µ r , where c = (2m + 2) ν µ max{a 2 , h max 1≤j≤m β j } + 2a 3 hnm 1+ ν µ , c = c max{1, D ν+ ν 2 µ },
and Jensen's inequality was used on the rst step, while simple relation s η+ ≤ D s η , which is true for any s ∈ [0, D] and η, > 0, was utilized on the last one. Therefore,

W (x (k+1) ) ≤ W (x (k) ) -αW 1+ ν µ (x (k) )
,

where α = h 2c . Choose δ > 0 such that if x (0) ≤ δ, then x (k) (x (0) ) ≤ D for k ≥ 0 and α(1+ ν µ )W ν µ (x (0) ) ≤ 1,
and with the aid of Lemma 1 we obtain the required estimate.

Note that a1

2 |x(k)| µ r ≤ W (x (k) ), then the time rate of convergence of x(k) is of order k -ν -1
, which is the same as for the continuous-time delay-free system.

Negative degree

For this part we introduce an additional restriction on V and assume that µ > max{r max , 1 + r min }.

Theorem 2. Let assumptions 1, 2 be valid with -r min < ν < 0, β j+1 < β j for all j = 1, . . . , m -1, β 1 < a4 4 and ρ = µ + ν. Then for any h > 0 and integer m ≥ 0 there exists D > 0 such that for the Lyapunov-Krasovskii functional (3) and the system (1) the relations

a 1 2 |x(k)| µ r + h 2 m j=1 β j |x(k -j)| ν+µ r ≤ W ≤ (a 2 + 2a 3 hnm)|x(k)| µ r +h m j=1 (β j + 2a 3 nm)|x(k -j)| ν+µ r , ∆W ≤ - h 2 m p=0 |x(k -p)| ν+µ r , > 0 are satised for all x (k) ≥ D.
Proof. Note that µ ν rmax + 1 < ν + µ since we selected µ > r max and ν < 0, and ρ > µ ν rmax + 1 due to the selection of ρ. Thus, using (4) the upper estimate can be derived in the same way as in Theorem 1, and the lower estimate holds provided that

min{a 1 , β min } max{|x(k)| µ r , h m i=1 |x(k -i)| ρ r } ≥ 2a 3 h   nm|x(k)| ν+µ r + n j=1 |x(k)| µ-rj r m i=1 |x(k -i)| ν+rj r   ,
where β min = min{β 1 , . . . , β m }. Dening d 1 = 4a3h min{a1,βmin} this inequality can be decomposed on

max{|x(k)| µ r , h m i=1 |x(k -i)| ρ r } ≥ d 1 nm|x(k)| ν+µ r , max{|x(k)| µ r , h m i=1 |x(k -i)| ρ r } ≥ d 1 n j=1 |x(k)| µ-rj r m i=1 |x(k -i)| ν+rj r .
This former can be resolved directly, and Lemma 4 can be used for the latter since

m i=1 |x(k -i)| ν+rj r ≤ m 1-ν+r j ρ m i=1 |x(k -i)| ρ r ν+r j ρ
by applying Jensen's inequality for µ > r max . Hence, these inequalities are valid for

max{|x(k)| µ r , h m i=1 |x(k -i)| ρ r } ≥ max 1≤j≤n (d 1 nm) -ν -1 , 2d 1 nm(hm) -ν+r j ρ 1 1- µ-r j µ - ν+r j ρ , (d 1 nm) -µ ν ,
and there exists D 1 > 0 such that x (k) ≥ D 1 is included in the above domain. Note that for ν < 0, for any D 2 > 0 the functions g 1 (λ) and g 2 (λ) admit an upper bound for all λ = x (k) ≥ D 2 and

g 1 (λ) ≥ a 7 , g 2 (λ) ≥ a 8 , then a 9 ≤ g 3 (λ) ≤ g 3 (D 2 ), a 10 ≤ g 4 (λ) ≤ g 4 (D 2 ),
for all x (k) ≥ D 2 , where g 3 (D 2 ) and g 4 (D 2 ) are the respective upper bounds for g 3 and g 4 , and the constants a 7 , a 8 , a 9 and a 10 are dened in the proof of Theorem 1 (similarly, g 4 (D 2 ) is proportional to L that can be made arbitrary small by increasing the value of D 2 using ( 5)). For any D 2 > 0, the estimate ( 6) can be rewritten as follows:

∆W ≤ - h 2   a 4 |x(k)| µ+ν r + β m |x(k -m)| ρ r + m-1 j=1 (β j -β j+1 )|x(k -j)| ρ r   provided that 1 2   a 4 |x(k)| µ+ν r + β m |x(k -m)| ρ r + m-1 j=1 (β j -β j+1 )|x(k -j)| ρ r   ≥ β 1 |x(k)| ρ r +hg 3 (D 2 ) m p=0 |x(k -p)| 2ν+µ r + g 4 (D 2 ) m p=0 |x(k -p)| ν+µ r .
Since ρ = ν + µ, verifying the terms with the same powers leads to:

β 1 + g 4 (D 2 ) ≤ a 4 4 , g 4 (D 2 ) ≤ min{β m , β 1 -β 2 , . . . , β m-1 -β m } 4 ,
which can be ensured by increasing the value of D 2 as it was explained above. Then the last property to

establish is m p=0 |x(k -j)| ν+µ r ≥ d 2 m p=0 |x(k -p)| 2ν+µ r for d 2 = 4hg 3 (D 2 ) min{a 4 , β m , β 1 -β 2 , . . . , β m-1 -β m } .
Applying Jensen's inequality we get

m p=0 |x(k -p)| 2ν+µ r ≤ (m + 1) -ν ν+µ m p=0 |x(k -j)| ν+µ r 2ν+µ ν+µ due to ν + µ ≥ 1 for µ > 1 + r min , then m p=0 |x(k -j)| ν+µ r ≥ (m + 1)d -ν+µ ν 2
is the condition to check, and using again Jensen's inequality we can show that there exists D 2 > 0 such that the above relation is satised for x (k) ≥ D 2 (as in the proof of Theorem 1, increasing the value of D 2 will push g 3 (D 2 ) to its lower bound a 9 ). Thus, with D = max{D 1 , D 2 } and = min{a 4 , β m , β 1 -β 2 , . . . , β m-1 -β m } the statements of the theorem are veried.

Since as in theorems 1 or 2, the analysis will be performed either for x (k) ≤ D (ν > 0) or for x (k) ≥ D (ν < 0), then the above hypothesis we will not need globally, and this formulation is given for all R n(m+1) for brevity only.

Remark 5. Under Assumption 3, the system (7) admits homogeneous approximations at the origin or at innity in the form of (1) for σ > ν > 0 or σ < ν < 0, respectively. These scenarios will be analyzed in the sequel of the section.

To study the stability of ( 7), the Lyapunov-Krasovskii functional (3) can again be applied. The lower and upper estimates (4) save their meaning. Hence, consider the increment of the functional W along the solutions of ( 7):

∆W = h ∂V (x(k) + θ 1k ∆x(k)) ∂z T (F (x(k), x(k -m)) + Q(k, x (k) )) +h m j=1 β j |x(k -j + 1)| ρ r -h m j=1 β j |x(k -j)| ρ r +h ∂V (x(k) + ∆x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) -h ∂V (x(k)) ∂z T m i=1 F (x(k), x(k -i)) = h ∂V (x(k)) ∂z T F (x(k), x(k)) + h ∂V (x(k)) ∂z T Q(k, x (k) ) +h ∂V (x(k) + θ 1k ∆x(k)) ∂z - ∂V (x(k)) ∂z T (F (x(k), x(k -m)) + Q(k, x (k) )) +hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r +h ∂V (x(k) + ∆x(k)) ∂z - ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) +h ∂V (x(k)) ∂z T m i=1 F (x(k + 1), x(k -i + 1)) - m i=1 F (x(k), x(k -i + 1)) ,
where ∆x(k) = h F (x(k), x(k -m)) + Q(k, x (k) ) , θ 1k ∈ (0, 1) and we used the same tricks as before. Applying Assumption 3 and since (as previously, denote λ = x (k) for brevity) Repeating the same operations as in the previous section and using the equality

∂V (x(k)) ∂z T Q(k, x (k) ) ≤ a 6 c n i=1 |x(k)| µ-ri
Q(k, x (k) ) = λ σ Λ(λ)ς k with ς k ∈ Γ = {z ∈ R n : |z| ≤ (m + 1)c} we derive: ∂V (x(k) + θ 1k ∆x(k)) ∂z l - ∂V (x(k)) ∂z l (|x(k)| ν+r l r + |x(k -m)| ν+r l r + m p=0 |x(k -p)| σ+r l r ) ≤ hw 1 m p=0 |x(k -p)| 2ν+µ r + m p=0 |x(k -p)| σ+ν+µ r + m p=0 |x(k -p)| 2σ+µ r × n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 2kl [λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) + λ σ ς k ]) ∂z l ∂z s , ∂V (x(k) + ∆x(k)) ∂z l - ∂V (x(k)) ∂z l m i=1 (|x(k + 1)| ν+r l r + |x(k -i + 1)| ν+r l r ) ≤ m max{a 5 , c}h 2 m p=0 |x(k -p)| 2ν+µ r + (m + 1) m p=0 |x(k -p)| σ+ν+µ r × n s=1 ∂ 2 V (Λ -1 (λ)x(k) + hθ 3kl [λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) + λ σ ς k ]) ∂z l ∂z s × Λ -1 (λ)x(k) + h[λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) + λ σ ς k ] ν+r l + 1 , n l=1 |x(k)| µ-r l r m i=1 |F l (x(k + 1), x(k -i + 1)) -F l (x(k), x(k -i + 1))| ≤ Lm m p=0 |x(k -p)| ν+µ r n l=1 |Λ -1 (λ)x(k) + h[λ ν F (Λ -1 (λ)x(k), Λ -1 (λ)x(k -m)) + λ σ ς]| ν+r l r + 1 ,
where θ 2kl , θ 3kl ∈ (0, 1), w 1 = max{a 5 , c} max{4, 4(m + 1), (m + 1) 2 }, and for any L > 0 the latter inequality is satised under the constraint

h[a 5 λ ν + λ σ (m + 1)c] ≤ χ (8) 
with some χ > 0 due to uniform continuity of F from Assumption 1. Combining with the estimates calculated in the previous section we conclude: (λ) + 1 g 5,l (λ),

∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r + h m-1 j=1 (β j+1 -β j )|x(k -j)| ρ r (9) +ha 6 c(m + 1)n m p=0 |x(k -p)| σ+µ r + hg 9 (λ) m p=0 |x(k -p)| ν+µ r + h 2 (g 7 (λ) + 2g 8 (λ)) m p=0 |x(k -p)| 2ν+µ r +h 2 (g 7 (λ) + (m + 1)g 8 (λ)) m p=0 |x(k -p)| σ+ν+µ r + h 2 g 7 (λ) m p=0 |x(k -p)| 2σ+µ r , where g 5,l (λ) = sup φ,ψ∈Br sup ς∈Γ n s=1 ∂ 2 V (φ + h[λ ν F (φ, ψ) + λ σ ς]) ∂z l ∂z s , g 6 (λ) = sup φ,ψ∈Br sup ς∈Γ |φ + h[λ ν F (φ, ψ) + λ σ ς k ]| , g 7 
g 9 (λ) = La 6 m n l=1 σ -1 r (g 6 (λ)) ν+r l + 1 .
Thus, in [START_REF] Gielen | Lyapunov methods for time-invariant delay dierence inclusions[END_REF] with respect to (6), there are three additional terms containing the powers proportional to σ (their appearance is related with the disturbing term Q).

Theorem 3. Let assumptions 1, 2 and 3 be valid for σ > ν > 0. Then for any h > 0 and integer m ≥ 0 there exists D > 0 such that the zero solution of ( 7) is asymptotically stable for all x (0) ≤ D.

Proof. The proof of this result, rst, follows the steps of the proof of Theorem 1 to establish the same properties of W with β j+1 < β j for all j = 1, . . . , m -1, β 1 ≤ a4 4 and ρ = µ + ν (the terms containing the powers with σ, since σ > ν, can be treated as ones with µ + 2ν previously). Second, the result of Corollary 1 can be used to prove asymptotic convergence to the origin. Theorem 4. Let assumptions 1, 2 and 3 be valid for -r min ≤ σ < ν < 0. Then for any h > 0 and integer m ≥ 0 there exists D > 0 such that all trajectories of (7) with x (0) ≥ D converge to the set {ξ ∈ R n(m+1) : ξ ≤ D}.

Proof. The proof is based on application of the arguments used in the proof of Theorem 2 (for W with β j+1 < β j for all j = 1, . . . , m -1, β 1 < a4 4 and ρ = µ + ν) and on Corollary 2.

Simulations

Consider a double integrator nominal system:

ẋ1 (t) = x 2 (t) + Q 1 (t, x(t), x(t -h), . . . , x(t -mh)), ẋ2 (t) = u(t) + Q 2 (t, x(t), x(t -h), . . . , x(t -mh)), where x 1 (t), x 2 (t) ∈ R, x(t) = [x 1 (t), x 2 (t)] , u(t) ∈ R is the control, t ≥ 0, Q 1 , Q 2 : R m+2 → R are the disturbances.
This system can be stabilized by a feedback [START_REF] Bhat | Geometric homogeneity with applications to nite-time stability[END_REF]:

u(t) = -k 1 |x 1 (t -mh)| 1+2ν sign(x 1 (t -mh)) -k 2 |x 2 (t -mh)| 1+2ν 1+ν sign(x 2 (t -mh)),
where k 1 > 0 and k 2 > 0 are the control gains, ν ∈ (-0.5, 0) ∪ (0, +∞) is a tuning parameter. In the delay-free case with m = 0, and without perturbations Q 1 and Q 2 , this control makes the closed-loop system rhomogeneous of degree ν with the weights r = [1, 1+ν] ,

the assumptions 1 and 2 are satised (the control is continuous for ν > -0.5), and discretization of this controlled dynamics leads to the system of interest [START_REF] Richard | Time-delay systems: an overview of some recent advances and open problems[END_REF].

For simulations let To apply our results it is enough to check assumptions 1 and 2, which are essential. Indeed, if we drop Assumption 1 by considering in the above system u(t) = -k 1 |x 1 (t -mh)| 1+2ν sign(x 1 (t -mh)) -k 2 |x 2 (t -mh)| 1+2ν 1+3ν sign(x 2 (t -mh)),

where the power for the variable x 2 was slightly modied, ν > -1

3 , then the closed loop dynamics is still globally asymptotically stable with m = 0 and Q 1 (•) = Q 2 (•) = 0 (to verify this claim, a Lyapunov function 2 can be utilized together with the LaSalle invariance principle). However, for ν = -0.2 and the rest values of parameters being unchanged, the system (7) admits a locally asymptotically stable oscillating trajectory with unbounded solutions for suciently large initial conditions, see Fig. 3. Similar unstable behavior can be obtained by considering a homogeneous system with ν = 0 (the scenario not studied in this work) and a big enough discretization step h, since it is well-known that for linear systems the explicit Euler discretization method can be applied for a suciently small h only.

Conclusion

The problem of stability analysis for a discrete-time time-delay system, which is derived from Euler discretization of homogeneous continuous-time model, was studied by applying the Lyapunov-Krasovskii theory. A generic structure of the Lyapunov-Krasovskii functional was proposed that can be utilized for any homogeneous system of non-zero degree. An extension of this results to the class of dynamics admitting a homogeneous approximation was developed. The obtained stability conditions were illustrated by simulation of a discretized delayed locally homogeneous planar system of negative and positive degrees. The presented results demonstrate that the explicit Euler method preserves stability properties for the selected class of homogeneous systems with non-zero degree for any value of the discretization step. Extension of this approach to the case of innite dimensional systems with m → +∞ can be a direction of future research.

  y) ∂y T F (y, y), a 5 = sup φ,ψ∈Br |F (φ, ψ)| , a 6 = sup y∈Sr ∂V (y) ∂y .

∂ 2 V

 2 (φ + hλ ν F (φ, ψ)) ∂z l ∂z s , g 2 (λ) = sup φ,ψ∈Br |φ + hλ ν F (φ, ψ)| ; and nally ∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r -β j )|x(k -j)| ρ r +h 2 g 3 (λ)

,

  + 2a 3 nm)|x(k -j)| ν+µ r all x (k) ≤ D.

λ+ h m- 1 j=1(∂V

 1 σ+ri ≤ a 6 c(m + 1)n m p=0 |x(k -p)| σ+µ r we obtain:∆W ≤ -a 4 h|x(k)| µ+ν r + hβ 1 |x(k)| ρ r -hβ m |x(k -m)| ρ r β j+1 -β j )|x(k -j)| (x(k) + ∆x(k)) ∂z l -∂V (x(k)) ∂z l m i=1 (|x(k + 1)| ν+r l r + |x(k -i + 1)| ν+r l r ) +ha 6 n l=1 |x(k)| µ-r l r m i=1|F l (x(k + 1), x(k -i + 1)) -F l (x(k), x(k -i + 1))| .

  (λ) = max{a 5 , c}w 1 n l=1 g 5,l (λ), g 8 (λ) = a 5 m max{a 5 , c} n l=1 g ν+r l 6

  (then we select |x| r = |x 1 |+|x 2 | 1 1+ν), and the system is globally nite-time stable for ν ∈ (-0.5, 0) or globally nearly xed-time stable for ν > 0. Appearance of the delay m > 0 models the information measurement and processing lags in the control feedback. Obviously,F (φ, ψ) = φ 2 -k 1 |ψ 1 | 1+2ν sign(ψ 1 ) -k 2 |ψ 2 | 1+2ν 1+ν sign(ψ 2 )

k 1 = 1 , 1

 111 k 2 = 2, h = 0.01, m = 10, (k, x (k) ) = c sin(kh)m p=0 |x(k -p)| σ+r1 r , Q 2 (k, x (k) ) = c cos(2kh) a choice of Q 1 and Q 2 Assumption 3 is valid.Thus, all conditions of theorems 3, 4 are veried. For ν = -0.2 and c = 0.1 the behavior of the norm |x(k)| r for three dierent initial conditions (they are assumed to be constant for negative values of the time) is presented in Fig.1in logarithmic scale. For ν = 0.2 and c = 10 -2 the respective behavior of |x(k)| r is given in Fig.2. As we can see from these plots, the convergence of the trajectories is faster than exponential (nite-time) in Fig.1and slower in Fig.2, which conrms the results of corollaries 1, 2.

Figure 1 :

 1 Figure 1: Trajectories of |x(k)| r for ν < 0

Figure 2 :

 2 Figure 2: Trajectories of |x(k)| r for ν > 0

Figure 3 :

 3 Figure 3: Trajectories of |x(k)| r for non-homogeneous case
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	Section 5.

Remark 3. For h → +∞ or m → +∞ the constants d 1 and d 2 , whose values are given in the proof of Theorem 2, will also grow to innity implying the same property of D (it is a function of d 1 and d 2 ). This result for the continuous-time systems was established in [START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF][START_REF] Emov | Analysis of robustness of homogeneous systems with time delays using Lyapunov-Krasovskii functionals[END_REF]. Similarly to the continuous-time case, in theorems 1 or 2, h → 0 implies the growth of D to innity (ν > 0) or its decay to zero (ν < 0). Corollary 2. Let all conditions of Theorem 2 be valid, then there exist positive numbers δ 1 , δ 2 and α such that

for all k ≥ 0 and all x (0) ≥ δ 1 .

Proof. Consider the Lyapunov-Krasovskii functional (3) constructed for the system (1) in Theorem 2. Since all conditions of the theorem are valid, there exists D > 0 such that for all x (k) ≥ D:

and inequality s η-≤ D -s η was used in the second case, which is true for any s ≥ D and η, > 0. Therefore,

,

then with the aid of Lemma 2 we obtain the estimate

. From another side, W (x (k+1) ) ≤ W (x (k) ) while W (x (k) ) > c(m + 1) max{D µ , D ν+µ } = δ 2 , which leads to the proposed estimate. Remark 4. The obtained results in this section can be extended to a homogeneous system with multiple delays:

Due to properties of the Lyapunov-Krasovskii functional (3), the results of corollaries 1 and 2 imply asymptotic stability of the zero solution of (1) with the domain of attraction x (0) ≤ δ and convergence of all trajectories of (1) with initial conditions in {ξ ∈ R n(m+1

Perturbed System

Consider a perturbed version of the system (1):

where Q : R + × R n(m+1) → R n is a locally bounded function, which satises the condition: Assumption 3. For all x (k) ∈ R n(m+1) , k ≥ 0 and i = 1, . . . , n,