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Abstract

The homotopy hypothesis was originally stated by Grothendieck [13] :
topological spaces should be “equivalent” to (weak) co-groupoids, which
give algebraic representatives of homotopy types. Much later, several
authors developed geometrizations of computational models, e.g. for
rewriting, distributed systems, (homotopy) type theory etc. But an essen-
tial feature in the work set up in concurrency theory, is that time should be
considered irreversible, giving rise to the field of directed algebraic topology.
Following the path proposed by Porter, we state here a directed homotopy
hypothesis: Grandis’ directed topological spaces should be “equivalent”
to a weak form of topologically enriched categories, still very close to
(00,1)-categories. We develop, as in ordinary algebraic topology, a directed
homotopy equivalence and a weak equivalence, and show invariance of a
form of directed homology.

1 Introduction

A central motivation in algebraic topology is to be able, through algebraic
calculations, to classify topological spaces, up to homeomorphisms, or up to
some shape equivalence (homotopy equivalence, or equivalence under “elastic
deformations”). Similarly, computer science abounds with notions of equivalences,
first and foremost, bisimulation equivalences between concurrent processes [20].
It has been observed that some of these equivalences are very geometric in
nature: Pratt [23] and van Glabbeek [27], followed by many, among which [9, 12],
advocated for cubical models and topological models of the execution space of
concurrent systems.

Topological spaces naturally give rise to a higher dimensional category: paths,
homotopies, higher homotopies provide the cells of such a structure. Moreover,
by nature those cells are invertible up to higher cells: for example, paths are
invertible up to homotopy, etc. Hence it is natural to ask the following question,
which has become known as the homotopy hypothesis question [13]: “to what
extent is the structure of spaces mirrored by that of co-groupoids?” A modern
answer to this question uses the language of Quillen’s model structure: weak



homotopy types are modeled by structures that can be interpreted as being
oo-groupoids.

The equivalences of interest in computer science are directed, instead: there
is a direction of time, and it must be preserved by deformation. Porter [21, 22]
proposed to look at a directed analogue of the homotopy hypothesis. Directed
spaces also give a natural structure of higher categories (dipaths, dihomotopies,
higher dihomotopies), but dipaths are not meant to be invertible up to dihomo-
topy. The directed homotopy hypothesis should correspond to some question
of the form “To what extent are directed spaces the same as (oo, 1)-
categories ?” and should have an answer in the language of model categories
as well, by comparing directed spaces and simplicial categories, a model of
(00, 1)-categories.

Our goal is to give an answer to that question. We review Porter’s approach in
Section 3, and show some of its limitations. We then design a proposal of directed
homotopy equivalence based on directed deformation retracts along inessential
dipaths (Section 4). Finally, we reformulate the directed homotopy hypothesis,
fixing the limitations of Porter’ proposal, by designing weak equivalences for a
weak version of enriched categories, based on partial enrichment and directed
components, for which we prove adequacy with respect to dihomotopy equivalence
(Section 5) — our main result.

2 A lexicon of equivalences

There will be many notions of equivalences in this paper and it will be important
that they are not mixed up, so here is a brief lexicon:

— weak equivalence: the generic name for an element of the distinguished
class of morphisms of a model category [24] which are meant to be turned
into isomorphisms by the categorical process of localization.

— homotopy equivalence: invertible continuous function up to homotopy.
They are the weak equivalences in the Strgm model structure on topological
spaces [26].

— weak homotopy equivalence: continuous function that induces iso-
morphisms of homotopy groups in every dimensions [14]. A homotopy
equivalence is a weak homotopy equivalence. They are the weak equiva-
lences in the Quillen-Serre model structure on topological spaces. All those
notions are undirected.

— naive dihomotopy equivalence: invertible dmaps (see Section 3) up to
dihomotopy.

— dihomotopy equivalence: to be defined in Section 4.2. They will be our
generalization of homotopy equivalence in the directed case, and should not
be confused with other notions of (almost) the same name (e.g. [25, 12]).

— weak equivalence of partially enriched categories: to be defined in
Section 5.3. They will be a modification of weak equivalences of enriched
categories [2].



— weak dihomotopy equivalence: to be defined in Section 5.3. They will
be our modification of Porter’s proposal (see Section 2), based on weak
equivalences of partially enriched categories.

— strong equivalence of partially enriched categories: to be defined
in Section 5.4. They will be a generalization of equivalence of categories
(but not of equivalence of enriched categories).

3 From homotopy hypothesis to Porter’s directed
homotopy hypothesis

Topological spaces naturally yield a structure of co-groupoids i.e. a structure
with 0-cells or objects, 1-cells or morphisms between 0-cells, 2-cells or morphisms
between 1-cells, and so on, such that every n-cell is invertible up to n + 1-cells for
n > 1. From a topological space X, we can construct an co-groupoid by taking
as 0-cells, the points of X, 1-cells are the paths, i.e., continuous functions from
the unit segment I = [0,1] to X, 2-cells are the homotopies between paths, i.e.
continuous functions H : I x I — X such that H(_,0) and H(_, 1) are constant
maps, ..., higher cells are the higher homotopies. This is a co-groupoid since
n-homotopies are invertible up to n + 1-homotopies for all n. For example, a
path v is invertible up to homotopy since, if we note y~! the path ¢ — (1 — t)
and % the concatenation of paths, v+~ ~! and y~! %+ are homotopic to constant
paths, i.e., there is a homotopy H such that H(0,_) = yx~~! and H(1,.) is
constant (equal to ¥(0)), and similarly for y=1 % .

There are many ways to model (in the sense of model categories) co-groupoids.
One of the simplest ones is Kan complexes, i.e. simplicial sets K for which
“every horn has a filler”. A horn is simply a simplicial map from A;[n], the union
of the faces of the standard n-simplex Aln], except the i-th one, to K. Having
a filler means that this map extends to a simplicial map from A[n] to K. In
the language of model categories, they are precisely the fibrant objects of the
Kan-Quillen model structure on simplicial sets.

The singular simplicial complex functor provides a Kan complex from a
topological space X, where the n-cells are the continuous maps from the geometric
standard n-simplex to X. This functor has a left adjoint, the geometric realization
that build a topological space from a simplicial set by glueing simplices together.
The homotopy hypothesis can then be formulated as follows [24]: this adjunction
is a Quillen-equivalence between the Quillen-Serre model structure on topological
spaces (whose weak equivalences are the weak homotopy equivalences) and the
Kan-Quillen model structure on simplicial sets (whose weak equivalences are
simplicial maps that induce weak homotopy equivalences on the geometric
realization). This formulation has many consequences: first, weak homotopy
types are modeled by oco-groupoids; secondly, one can compare topological spaces
up to weak homotopy equivalence by comparing Kan complexes.

Based on this, Porter [21, 22] proposed a directed homotopy hypothesis for
directed spaces. Let us first recall a few basic notions from directed topology
(as in e.g. [12, 9]). A directed space (or dspace for short), is a topological
space X, together with a subset of paths Py, called the directed paths (or
dipaths), satisfying the following :

— every constant path is in Px;



— Px is closed under concatenation;

— Px is closed under non-decreasing reparametrization, i.e., if v € Px and
r: I — I is a continuous non-decreasing function, then yor € Px.

A dmap f: X — Y is a continuous function such that for every v € Px,
fovy € Py. We note dTop, the category of dspaces and dmaps. A dihomotopy
of dipaths of X is a homotopy between paths H : [ x I — X such that for
every t € I, H(t,.) is a dipath. More generally, one can define n-dihomotopies.
Contrary to topological spaces, dipaths need not be invertible up to dihomotopy:
define as the dspace I whose dipaths are the non-decreasing paths. The
identity function of I is a dipath going from 0 to 1, but there is no dipath from 1
to 0, and so it cannot have an inverse modulo homotopy. Hence if a topological
space is to be thought of as being “the same as” an oco-groupoid, then a dspace,
whose dipaths are not invertible up to dihomotopies, should be the same as
an (0o, 1)-category, namely, a co-groupoid whose 1-cells are not required to be
invertible up to 2-cells.

Much as oo-groupoids, there are many ways to model (0o, 1)-categories. Two
are really close to Kan complexes: quasi-categories [16] (weak Kan complexes in
the sense that only “inner horns”, i.e. i-horns for i # 0 and i # n are required to
have fillers) and enriched categories over Kan complexes [2]. Porter proposed to
follow Quillen’s program, by using the latter. Given a dspace, one can construct
[22] the following simplicial category T(X) (which is actually enriched in Kan
complexes), called the trace category:

— its objects are the points of X;

— for every pair of points (z,y), the simplicial set T(X)(z,y) is the singular
simplicial complex of the trace space T (X)(z,y), which is the space of
dipaths up to non-decreasing reparametrizations with the quotient topology
of the compact-open topology [8].

One can then compare dspaces through the lens of the model structure of
simplicial categories [22]. The weak equivalences are those simplicially enriched
functors F': C — D such that:

— for every pair of objects (c,c’) of C, the simplicial map F, . : C(¢, ) —
D(F(c), F(c')) induces a weak homotopy equivalence between geometric
realizations (i.e., is a weak equivalence in the Kan-Quillen model structure);

— F induces an equivalence of categories mo(F) : mo(C) — (D) where
mo(C), the category of components of C, is obtained from C' by replacing
C(c, ) by the set of 0-cells of C(c, ¢’) quotient by the 1-cells (or equivalently,
the set of path-connected components of the geometric realization of

C(e, ).

Even if this program seems natural and foreshadows the existence of a model
structure for dspaces (which is a very enticing perspective), this method has its
own limitations. Let us consider again the directed segment ? In every obvious
(weak) directed homotopy equivalence (see also later), 7 should be equivalent
to a point space *. So, we expect that they will have the same trace category up
to weak equivalence, which is not the case:



- ’I[‘(?)(l, 0) is empty while T(x)(x, ) is not and so cannot be weakly equiv-
alent (in the Kan-Quillen model structure);

- WQ(T(?)) is isomorphic to the poset (I, <) and so cannot be equivalent to
7o (T(*))-

We must therefore better understand the meaning of (weak) directed homotopy
type to make the whole dihomotopy hypothesis programme work fine.

4 Directed homotopy equivalences

4.1 A naive directed homotopy equivalence

There are numerous proposals for directed homotopy equivalences [12, 25, 18, 10,
5], but none has yet gained unequivocal approval in the community. The simplest
is the textual generalization of the classical definition of homotopy equivalence
in algebraic topology. A homotopy is a continuous function H : I x X — Y.
We then say that two continuous functions f,g: X — Y are homotopic [14],
if there is a homotopy H such that H(0,.) = f and H(1,_) = g. This is an
equivalence relation, compatible with composition. We then write HoT op for
the category of topological spaces and homotopy classes of continuous functions.
We call homotopy equivalence a continuous function f : X — Y whose
homotopy class is an isomorphism in HoT op, i.e., such that there is a continuous
function g : Y — X such that fog and go f are homotopic to identities. We say
that two spaces are homotopy equivalent if there is a homotopy equivalence
between them.

Similarly, a dithomotopy [9] is a continuous function H : I x X — Y, such
that for everyt € I, H(t,_) is a dmap. We say that two dmaps f,g: X — Y are
dihomotopic if there is a dihomotopy H such that H(0,_) = f and H(1,_) = g.
This is an equivalence relation, compatible with composition. We call naive
dihomotopy equivalence a dmap f : X — Y which is invertible up to
dihomotopy, i.e., such that there is a dmap g : Y — X such that fog and go f
are dihomotopic to identities. We say that two dspaces are naive dihomotopy
equivalent if there is a naive dihomotopy equivalence between them.

Example 4.1

1) The following two dspaces come from the geometric semantics of programs
with semaphores [9], one process is taking locks on shared objects a and
b (P actions) before relinquishing them (V actions), the second process is
doing the same, in reverse order on objects :

Those dspaces are subspaces of R? whose points are within the white part
in the square (the grey part represents the forbidden states of the program)
and whose dipaths are non decreasing paths for the componentwise ordering
on R2. They are naive dihomotopy equivalent since there are two maps,
depicted in Figure 2, that form a naive dihomotopy equivalence. The points
in light grey are the points which do not belong to the image of those maps.
The problem is that those two programs are quite different: SF has a
dead-lock in « and inaccessible states (depicted in Figure 1, as the hatched
upper right concavity), while HC' does not. Topologically, they do not have
the same (directed) components in the sense of [11].
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Figure 1: dspaces SF and HS

Figure 2: dmap from SF to HS (left) and from HS to SF (right)

2) Neat, let us consider the dspace in Figure 8, which we call the Fahrenberg
matchbox [7].

Figure 3: Fahrenberg’s matchbox M and two non-dihomotopic dipaths

Geometrically, this is an empty cube without bottom face. Its dipaths are the
paths that only go from bottom to top and from front to back. We expect it
to be mon-dihomotopically equivalent to a point because it has a non-trivial
dihomotopy type (although it is contractible in the usual sense). Indeed,
consider the two dipaths depicted in Figure 3. They are not dihomotopic
because the only way to deform continuously one into the other is to go
through the upper face, and one of the intermediate paths (namely, any
such path that goes through the topmost face) will fail to be a dipath.

However, M is naive dihomotopy equivalent to its upper face (so to a
point), a dihomotopy is depicted in Figure 4. More precisely, the dmap
f, which maps any point of M to the point of T just above of it, is a
naive dihomotopy equivalence, whose inverse modulo dihomotopy is the
embedding g of T into M. Hence, f og =1idr and a dihomotopy from idy,
to go f is depicted in Figure 4.



Figure 4: Naive equivalence between the Fahrenberg’s matchbox M and its
upper face T

4.2 Deformation retracts and dihomotopy equivalence

There is another way to define homotopy equivalence in classical algebraic
topology, which will prove better for getting the right definition in directed
algebraic topology. A homotopy equivalence can be formalized by the notion
of deformation retract [14]. Let X be a space and A be a subspace of X. We
say that A is a deformation retract of X if and only if there is a homotopy
H :Ix X — X such that H(0,-) = idx, for every t € I and every a € A,
H(t,a) = a and for all x € X, H(1,x) € A. This definition of deformation
retract states that the embedding of A into X is a homotopy equivalence with
inverse modulo homotopy H(1,_). In fact, deformation retracts characterize
homotopy equivalence in the following sense [14]: two spaces X and Y are
homotopy equivalent iff there is a space Z such that X and Y are deformation
retracts of Z.

A homotopy being the same as a continuous function from X to Top(I,Y),
where Top(1,Y) is the set of paths in Y equipped with the compact-open
topology, one can define “directed” deformation retracts as continuous functions
from X to Px, (equipped with the subspace topology) satisfying the same kind of
axioms as deformation retracts satisfy. But one must be careful: the dihomotopy
depicted in Figure 4 will be a directed deformation retract in this sense. The
main problem is that the dipaths along which we deform (i.e., the dipaths in the
image of the deformation retracts) will not preserve the fact that two dipaths
are not dihomotopic (for example, dipath 7), and more generally the (classical)
homotopy type of space of dipaths, while it is the case in the non-directed setting.
Hence, some form of “components” as in [11] should underly the definition of
directed deformation retract. As a side effect, we will also naturally get to define
two notions of deformation retracts, one in the future, one in the past.

In the following, we write P (X)(x,y) for the set of dipaths of X from x
to y, namely dipaths v of X such that v(0) = z and (1) = y, equipped with the
compact-open topology. Imitating [11], we call a Yoneda system of dipaths
of X any subset A of Px such that:

— A is closed under concatenation and dihomotopy;

— for every v : x —)_;J € A, for ever_y> z € X such that ED)(X)(y,z) #* @,
the function yx _: P (X)(y,2z) — P (X)(x,2), 6 —> v % d is a homotopy

equivalence;

— for every v : z — y € A, for every w € X such that ﬁ)(X)(w,x) % &, the



- -
function _*x v : P(X)(w,z) — P(X)(w,y), § — d x v is a homotopy
equivalence;

— A has the right Ore condition modulo dihomotopy, i.e., for every f:ax —
y € A and every dipath g : z — y in X there are f' : w — 2z € A and
a dipath ¢’ : w — z in X for some w such that ¢’ x f and f’' x g are
dihomotopic;

w y X
7' € A mod. dihomot| f € A
g’
— A has the left Ore condition modulo dihomotopy, i.e., for every f:ax —
y € A and every dipath g : # — z in X there are ' : z — w € A and

a dipath ¢’ : + — w in X for some w such that g x f’ and f x ¢’ are
dihomotopic.

g
— Y

f € A mod. dihomot: f' € A

M

> w

Rée—g—n

Lemma 4.1 The set of Yoneda systems of dipaths of X is a complete lattice
for inclusion. We note J(X) the largest such system and call its elements
inessential dipaths.

Let X be a dspace and A be a sub-dspace of X, i.e., a sub-topological space
A C X whose dipaths are the dipaths of X with image in A. We say that
A is a future deformation retract of X if there is a continuous function
H:X — 3(X) (3(X) is equipped with the subspace topology of Top(I, X))
such that:

— for every x € X, H(z)(0) = x;

— foreveryae€ Aand t € I, H(a)(t) = a;

— for every x € X, H(x)(1) € A4

— for every t € I, the map Hy; : X — X, x +—— H(x)(¢) is a dmap;

— for every dipath ¢ of A from z to Hi(x) there is a dipath v of X from y to
x with Hy(y) = z and H; oy and § are dihomotopic.

We stress here the fact that H must be with values in the inessential dipaths
J(X). Similarly, we define past deformation retracts by switching the role of
1 and 0 in the previous definition. We then say that two dspaces are directed
homotopy equivalent if there is a zigzag of future and past deformation
retracts between them.



Example 4.2

1) Observe that past deformation retracts (resp. future deformation retracts)
between topological spaces (i.e. dpsaces whose set of dipaths contains all
paths) coincide with non-directed deformation retracts. In particular, if two
topological spaces are homotopically equivalent then they are dihomotopically
equivalent. The converse also holds.

2) {1} is a future deformation retract of 7. Indeed, the function H : 7 —
J(I), s— (t— (1 —t)s +t) satisfies the conditions above. Similarly,
{0} is a past deformation retract of 1. More generally, every past face

Fx {0} x I'! (resp. future face TFx {1} x I'') is a past (resp. future)
deformation retract of the directed cube I *ti+1,

3) Is the deformation depicted in Figure 4 a future deformation retract from
M to its upper face T ? The answer is no because it is not with values
in I(M). Indeed, the dipath v from « to 1 does not induce a homotopy

equivalence between spaces of dipaths. The space ﬁ)(M)(O, «) of dipaths
from 0 to « is homotopically equivalent to a two point space, because there
are two such dipaths that are not dihomotopic, while the space E(M)(O, 1)
of dipaths from 0 to 1 is contractible, so they cannot be homotopically
equivalent.

4.3 A homological invariant of dihomotopy equivalence :
natural homology

Let us recall the notion of natural homology of [6, 25]. Given a dspace X we
form as previously the fundamental category 7 (X) whose objects are points of
X and whose morphisms from x to y are classes modulo dihomotopy of dipaths
from z to y. Then, we take its category of factorizations, noted Fx whose
objects are classes modulo dihomotopy of dipaths and whose morphisms from
the class [y] with v a dipath from z to y to the class [y/] with 4/ a dipath from
a2’ to y' are pairs of classes ([o], [5]) with « from 2’ to z and £ from y to ' such
that [aox v * 8] = [7]. Composition is concatenation and identities are pairs of
classes of constant dipaths. We then define the natural dipath functor of X

the functor B(X) : Fx — HoTop which maps:
— every class [y] with v from z to y to ﬁ)(X)(ac, Y);

— every extension ([a], [(]) to the class modulo homotopy of the map § —
(ax0)* B.

We can then form the natural homology of X by composing with the singular
homology functor. The definition of [6] is based on taking the category of
factorizations of the trace category, instead of the fundamental category. This
gives a “bisimilar” notion, when X is a pospace (the setting of [6]) and will
be more convenient to work with here. This notion of bisimilarity of diagrams
with values in Abelian groups (or more generally in any fixed category) is fully
defined in [6], based on the framework of open maps [17], and is designed for
comparing directed homology of pospaces. It goes as follows. The context is
that of small diagrams with values in a category M which are functors



from any small category C to the category M. A morphism of diagrams from
F:C— MtoG:D— Mis apair (?,0) of a functor ® : C — D and a
natural transformation o : F — G o ®. We note Diag(M) the category of
small diagrams with values in Abelian groups and morphisms of diagrams.

A morphism of diagrams (®,0) from F': C — M to G : D — M is an
open map [6] if and only if:

— o is a natural isomorphism;
— & is surjective-on-objects;

— for every morphism j : F'(¢) — d of D there is a morphism i : ¢ — ¢’ of
C such that F(i) = j.

Two diagrams F' : C — M and G : D — M are bisimilar if there is span of
open maps between them, i.e., there are a diagram H : £ — M and two open
maps (®,0): H — Fand (¥,7): H — G.

We can then prove that natural dipath functors are invariant modulo diho-
motopy equivalence when we compare them up to bisimilarity:

Theorem 4.2 If two dspaces are dihomotopically equivalent then their natural
dipath functors (and so their natural homology) are bisimilar (in Diag(HoTop)).

Since the Fahrenberg matchbox and a point have non-bisimilar natural
homology [6], they cannot be dihomotopically equivalent.

5 Weak directed homotopy equivalence

In Section 3, we have seen the limitation of too simple an implementation of
Porter’s programme on the example of the directed segment: empty path spaces
are not well handled because we are requiring a weak homotopy equivalence for
each pair of points and because the (ordinary) component category is somehow
too rigid. We fix those two problems in this section. First, in Section 5.1, we
introduce a notion of partially enriched categories, i.e., enriched categories where
only some morphism objects between two objects are defined (intuitively, the
non-empty ones). Secondly, we replace components by directed components in
the style of [11]. Altogether, this defines a weak dihomotopy equivalence which
is an invariant of dihomotopy equivalence (see Section 5.3).

5.1 Partially enriched categories and the dipath category

In the following, V is a monoidal category with ® as tensor product, U as unit,
aapc: (A®B)®C — A® (B®C) as associator, Ay : U® A — A as
left unit and p4 : A® U — A as right unit. We will mainly consider the case
of Top (the category of topological spaces and continuous functions), HoT op
(category of topological spaces and continuous functions modulo homotopy) and
Ab (category of Abelian groups and morphisms of groups) with their Cartesian
structure.

A (small V-)partially enriched category C consists of the following data:

— a set Ob(C) of objects;

10



— a preorder < on Ob(C) called domain;
— for every pair ¢ < ¢’ of objects of C, an object C(c, ) of V;

— for every triple ¢ < ¢ < ¢” of objects of C, a composition morphism in V
ocerer 2 Cle, ) @C(c, ") — Cle, ');

— for every object ¢ of C, a unit morphism in V u. : U — C(¢, ¢).
satisfying :

— (associativity): for every quadruple ¢ < ¢/ < ¢” < ¢ of objects of C, the
following diagram commutes:

o. .1 .1 Qid

c,c’ e

(Cle,d)y@C(d, ") @C(c, ") Cle, "y C(", ")
Oty ety e J
Cle,d)® (C(d, ") @C(c", ")) Oc, et et
id®oc/ycuycml

Cle,d)®C(d, ")

Oc,e! e

6(07 C///)

— (unit): for every pair ¢ < ¢’ of objects of C, the following diagrams commute:

Ac(e,e Pe(e,o!
U®C(c,d) e C(e, d) — e Cle,dY@U

uc®idJ Jid Jid®ucf
[e] [e]

c,c,c/ c,c’ e’

Cle,e)®@C(e,d) ————— C(e,d) «——————— C(e, ) @C(, )

The axioms are the same as for V-enriched categories [4], except for the fun-
damental role played by the domain < in every clause. Trivially, an enriched
category is a partially enriched category whose domain is Ob(C) x Ob(C). One
should note that partially enriched categories in Top, in HoTop and in Simp
(category of simplicial sets and simplicial maps) are still very close to (oo, 1)-
categories but also to Gaucher’s flows [10], which were introduced for similar
motivations.

Our main use of partially enriched categories will be the following. Given a
dspace (X, Px), we construct a partially enriched category over HoTop called

the dipath category and written ﬁ(X ):

its objects are points of X;

— its domain, called the accessibility preordering is x < y iff there a
dipath from z to y;

_>
for <y, P(X)(z,y) is the set of dipaths from x to y equipped with the
compact-open topology, as already defined in Section 4.2;

— composition is the class modulo homotopy of the concatenation (vy,d) —
Y * 6;

11



— for z € X, the unit morphism u, is the class modulo homotopy of the
continuous function {*x} — P (X)(x, z), * — ¢,.

A partially enriched functor F' : C — D between partially enriched
categories is the following data:

— a monotonic function F': Ob(C) — Ob(D);
— for every pair ¢ < ¢’ of objects, a morphism F, . : C(c,c’) — D(F(c), F(c'))
in V;
satisfying that:
— for every triple ¢ < ¢/ < ¢” of objects of C, the following diagram commutes:

o /

e el el

Ne

Cle,dy@cC(d, ) Cle, ")

F&C/ ®FC/’CNJ JFC’C”

OF(c),F(c’),F(c!)

D(F(¢), F(¢)) ® D(F(c), F(c")) D(F(c), F(¢"))

— for every object ¢ of C, the following diagram commutes:

Ue

U C(e,c)

M JFc,c

D(F(¢), F(e))

The partially enriched functors between enriched categories seen as partially
enriched categories are exactly the enriched functors. We note PeCat (V) the
category of small V-partially enriched categories and partially enriched functors.

Note that P extends to a functor from dTop to PeCat(HoTop).

5.2 Category of components

We recover the fundamental category 71 (X) of a dspace X [12] by applying
the ordinary path-connected components functor my to its category of dipaths

_)
P(X):
— its objects are points of X;

the morphisms from z to y are the elements of wo(ﬁ(X)(x, y)), i.e., the

%
path-connected components of P (X)(x,y) if + < y and & otherwise;

the composition is the function : o : Wo(ﬁ(X)(y, z)) x Wo(ﬁ)(X)(w, y)) —
mo(F (X)(z, 2)) such that [f] o[g] = [g + fI;

the identity of = is the path-connected components of the constant dipath,
ie., [cz].

12



Morphisms of e (X) are exactly dipaths modulo dihomotopy. More generally, we
can define similarly the fundamental category e (C) of a partially enriched
category C on HoTop which extends to a functor from PeCat(HoTop) to
Cat.

From this fundamental category, we can define a category of components
as in [11]. The idea is to define a class of inessential morphisms, which is
the largest class of morphisms whose compositions to the left and to the right
are bijections, that has a left and right calculi of fractions (exactly like in the
definition of inessential dipaths in Section 4.2). Then those morphisms can be
inverted to give the category of components T (C) of a category C and, by
extension, of a partially enriched category C on HoTop (resp. a dspace X) by
R(C) = WFI(C)) (resp. TH(X) = T(7I(X)).

Explicitly, given a small category C, we define a Yoneda system A of
morphisms of C as a subset of morphisms of C' such that:

— A is closed under composition;

— for every f:c— ¢ € A, for every object ¢’ of C such that C(¢, ") # @,
the function _o f : C(c/, ") — C(c, ") g+ go f is a bijection;

— for every f:c— ¢ € A, for every object ¢’ of C such that C(c¢”,¢) # @,
the function fo_:C(¢",¢) — C(¢",¢') g+ f o g is a bijection;

— A has the right Ore condition, i.e., for every f : x — y € A and every
g:2—>ye€Cthereare f/:w—z€ Aand ¢ : w— z € C for some w
such that fog' =go f’

— A has the left Ore condition, i.e., for every f : z — y € A and every
g:x—> z€Cthereare f': 2 —we Aand ¢’ : x — w € C for some w
such that ffog=g¢ o f.

In particular, (C,A) has left and right calculi of fractions [3]. This is related to
the definition of [11], which additionally requires closure by pullbacks/pushouts
in order to obtain a Van-Kampen theorem.

Lemma 5.1 The set of Yoneda systems of morphisms of C is a complete lattice
for inclusion. We note J(C) the largest such system and call its elements
inessential morphisms. J(C) contains all isomorphisms and has the 2-out-3
property, i.e., if two of the three morphisms f, g and go f are in 3(C), then so
is the third. Moreover, {[y] € T (X) | v € 3(X)} C 3(71(X)).

Now, we define the category of components 7T0>(C ) of C, as the localization
C[3(C)~1] [3]. One interesting property of this localization is that it is equivalent
to the generalized quotient (in the sense of [1]) C/J(C) when C is loop-free [11].
We stress that this is a remarkable property, for a localization, of being equivalent
to a quotient, and this will be particularly useful for examples. In fact, this can
be generalized when J(C) has a “selection”. A partial selection of a category
C is a subcategory of C which is a preorder. A (total) selection is a partial
selection X satisfying moreover that for every pair (¢, ¢’) of objects of C, if C(c, )
is non-empty then so is X(c, ¢).

Theorem 5.2 Let X be a total selection of 3(C). T(C) is equivalent to the

generalized quotient C/X.
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Example 5.1 We show here a few examples of categories of components of
dspaces which are equivalent to quotient of fundamental categories.

1)

2)

3)

If X is a pospace (i.e. a topological space equipped with a closed partial-
ordering), then the fundamental category ﬁ(X) is loop-free in the sense of
[11], and so I(T; (X)) is itself a selection. We then recover the case of [11].
In particular, SF and HS are pospaces and their category of components
are equivalent to the categories depicted in Figure 5 (more precisely, to
the categories generated by those graphs with the relation O representing
commutativity). In particular, this shows that SF and HS do not have the
same category of components, as claimed in Fxample 4.1.

6 — 910 3— 4
INORS

] 78

3-4 1

+ O

1-2——5 11— 2

Figure 5: Category of components of SF' and HS

Let ST = {e¥ | 6 € [0,27[} be the topological circle. We call non-directed
circle the dspace S' whose dipaths are all paths. As all paths are invertible
modulo homotopy, every morphism of 7?{(51) is an isomorphism and so
belongs to 3(m1(SY)). But, as they are all isomorphisms, 74(S*) = 71 (S)
which is the fundamental groupoid of the circle. Moreover, ¥ = {[t —
e (=00+10] 1 9 9/ ¢ [0, 2n[} where [.] is the class modulo homotopy, is a
selection of J(S') and T (SY)/T is the category with one object and Z as
set of morphisms. That category is equivalent to 7?{(,5'1) itself.

Let ? be the dspace whose underlying topological space is S' and whose
dipaths are paths of the form t — e'®®) for some non-decreasing function
®: I — R, i.e., paths that only turn anti-clockwise. In this case, the

only Yoneda morphisms of S* are the identities, i.e., dihomotopy class
of constant paths. Indeed, they are the only ones that induces bijections
between Hom-sets by composition: if you take any non-constant dipath -y,
say from € to e then [y] o _ : T(SH)(e?, i) — T (S1) (¥, ) is
not surjective since it never reaches the class of the constant path. Hence
m(s1) = w5,

In this section, we could have defined the category of components in different
ways. We have chosen here the classical way, from the fundamental category
(just like [2, 11]). But we could have followed the path initiated in the definition
of future and past deformation retracts, requiring inessential morphisms to
induce homotopy equivalences by composition instead of isomorphisms of path-
connected components (cf. conditions 2 and 3). It would have defined a finer
notion of components in the sense that, there would have been less inessential
morphisms and so less dspaces with the same components. The theorem 5.3
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would have also hold with this definition, but there would have been some
redundancy between this notion of components and the requirement of homotopy
equivalences in the definition of weak equivalences.

5.3 Weak equivalences

Imitating [22], we will study dihomotopy types of dspaces using a similar notion
of weak equivalences of partially enriched categories. A weak equivalence
between two partially enriched categories C and D in HoTop is a par-
tially enriched functor F': C — D which induces an equivalence of categories
between 74(C) and 74(D), and such that for every pair ¢ < ¢ in C, F, o is an
isomorphism, i.e. the homotopy class of a homotopy equivalence. We stress
the fact that F' induces a functor between the categories of components is not
automatic since 7T is not a functor. We say that a dmap f: X — Y is a
weak dihomotopy equivalence if P (f) is a weak equivalence, and we say
that X and Y are weakly dihomotopy equivalent if there is a zig-zag of
weak equivalences between X and Y.

Example 5.2

1) As we have said earlier, the directed segment is dihomotopically equivalent
to a point and so is weakly equivalent to a point. We have a continuous

constant map ¢: I — {1}, which is a dmap. Let us prove that this is a
weak equivalence. First, for all x <y, P(c)s,y is a homotopy equivalence
because it is a constant map and P (X)(x,y) is contractible. Now, it is easy

to check that 3(mi (1)) = T1( 1) and is itself a selection. Therefore 7( T )
1s equivalent to the category with one object and one morphism, namely
T6({1}). In fact, ¢ induces an equivalence between those two categories.

2) As we have said earlier, the Fahrenberg matchbox M is not dihomotopically
equivalent to a point. In fact, they also are non-weakly equivalent. We have
seen that there are two dipaths that are not dihomotopic. This implies that
P (M)(0,«) (with the notation of Figure 4) is homotopically equivalent to
a two point spaces. But if two dspaces are weak-equivalent then they have
the same homotopy types of non-empty spaces of dipaths. Since the spaces
of dipaths of a point are all contractible, the matchbox cannot be weakly
equivalent to a point.

Theorem 5.3 If two dspaces are dihomotopically equivalent then they are weakly
equivalent.

That is, weak dihomotopy equivalence is well-suited to prove that two dspaces
are not dihomotopy equivalent (like in the case of T and M). In particular, if two
dspaces do not have the same homotopy types of spaces of dipaths then they are
not weakly dihomotopy equivalent and therefore not dihomotopy equivalent. The
previous examples show in particular that our notion of dihomotopy equivalence
is different from the one of [12] (because that one does not distinguish the
matchbox from a point) and that the notion of weak equivalence used in [22]
is strictly stronger than that introduced above as it distinguishes the directed
segment from the point.

15



5.4 Natural homology and weak equivalences

We have proved that natural homology is an invariant of dihomotopy equivalence
(Theorem 4.2). Is it also an invariant of weak equivalence? At the time of this
article, this is still a conjecture. But as a step in that direction, we observe
that bisimilarity is strongly tied to (strong) equivalence of partially enriched
categories (Theorem 5.5 below).

Equivalence of enriched categories is usually defined as in the non-enriched
case using (enriched) natural isomorphisms. Using the axiom of choice, this
definition is equivalent to the existence of a fully-faithful essentially surjective
functor [19]. Nevertheless, we will not use these definitions in the partially
enriched case : one problem is that there is no clear non-trivial notion of
partially enriched natural transformations. We will rather use the following:

Lemma 5.4 Two categories are equivalent iff there is a span of fully-faithful
surjective-on-objects functors

We say that a partially enriched functor F' : £ — C is:

— fully-faithful if for every paire < ¢’ in &, F, o/ : E(e, €’) — C(F(e), F(e'))
is an isomorphism;

— surjective if F': Ob(E) — Ob(C) is surjective;

— fibrational if for every e € Ob(€) and ¢ € Ob(C) such that F(e) < c there
is €’ such that e < ¢’ and F(e') = c.

We call strong equivalence any partially enriched functor which is fully-faithful,
surjective and fibrational.

We say that two partially enriched categories C and D are strongly equiv-
alent if there are a partially enriched category £ and a span F : £ — C and
G : £ — D of strong equivalences.

Without the fibrational condition, this equivalence would be a bit trivial:
taking a suitable & whose domain is equality would make equivalent two par-
tially enriched categories which have the same endomorphisms. Moreover, the
strong equivalences between two enriched categories are exactly the fully-faithful
surjective enriched functors between them.

Let us look at the case M = Ab, the category of Abelian groups. In [6]
we were only considering diagrams whose domains were pre-orders. Let us call
them po-diagrams and denote by PoDiag(Ab) the full subcategory of those
po-diagrams.

Given a diagram F' : C — Ab, define its unfolding as the diagram Un f(F) :
Unf(C) — Ab such that:

— the objects of Unf(C) are non-empty finite sequences (fi, ..., fn) of com-
posable morphisms of C, i.e. domain of f; = codomain of f;_1;

the set of morphisms of Unf(C) from (f1, ..., fn) to (g1, ..., 9p) 18 {(gn+1, -, Gp) }
if n < pand for all i <n, f; = g;, and is empty otherwise;

— composition of Unf(C) is concatenation;

identities of Unf(C) are empty sequences;
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- Unf(F)(f1,..., fn) = F(c) where c is the codomain of f;

- Unf(F)(gn+1, ~~~7gp) = F(gp ©...0 gn+1)'

Given a po-diagram F : C — Ab, we extend the Grothendieck construction
[15] to partially enriched categories in Ab as follows:

— the objects are objects of C;
— the domain is C, which we recall is a preorder;
—fore <, G(F)(c,c) = F(c);

— for ¢ < ¢ < ¢, the composition o o . : F(c') x F(¢") — F(c") is the
morphism of groups that maps (¢’, ¢"”) to ¢ + F(¢' < ¢”)(¢’), where ¢ < ¢/
is the unique morphism from c to ¢’ in C;

— the unit u. : {0} — F(c) is the null morphism.

Theorem 5.5 Two po-diagrams are bisimilar iff their Grothendieck construc-
tions are equivalent. Two diagrams are bisimilar iff the Grothendieck construction
of their unfoldings are equivalent.

We see Theorem 5.5 as a tool that we may use later to prove that if the dipath
categories of X and Y are weakly equivalent, then their natural homologies are
bisimilar.

6 Conclusion and future work

Using partially enriched categories allows us to compare dspaces modulo dihomo-
topy equivalence. Are partially enriched categories the right models for dspaces
modulo dihomotopy equivalence ? We hope to have at least conveyed the idea
that this should be the case. Are topologically partially enriched categories a
nice model of (oo, 1)-categories ? Can we conversely understand (oo, 1)-categories
using (weak) dihomotopy types of dspaces? Those questions are left to future
work.

Also, a recurrent and associated question concerns the algebraic structure
of directed homotopy. Ordinary homotopy theories can be described in the
framework of Quillen model categories, giving axioms linking classes of morphisms
(in the category of topological spaces, or of simplicial sets, for instance) called
weak equivalences, fibrations and cofibrations.

In this paper, we have developed a class of weak equivalences, which could
be part of such an axiomatics. More precisely, most of what has been described
in Section 5.3 can be parameterized by the class of weak equivalences on the
category of topological spaces that is consistent with the standard model category
theoretic framework. We used the “stronger” one, Strgm model category where
“weak equivalences” are in fact (strong) homotopy equivalences, but indeed, one
would be tempted to use weak homotopy equivalences instead. We only “lifted’
homotopy equivalences onto the hom-sets of our (partially-enriched) category of
dspaces, and of course, we could as well think of lifting fibrations and cofibrations
of any closed model category structure on topological spaces, to give a reasonable
notion of directed homotopy structure on directed spaces. The resulting classes
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of morphisms, lifts of weak equivalences, fibrations and cofibrations should
verify some of Quillen axioms at least, maybe others. The directed topological
community is currently undecided with respect to whether there is a model
category of directed spaces which accounts, faithfully, for directed algebraic
topological phenomena.
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A  Proof of Lemma 4.1

Proof. Let I" be the set of Yoneda systems of X. I' has suprema for inclusion

given by: if (Y;);cs is a family of T then sup(Y;)ier = {7 |3In > 1,3v,...,1m €

M * ... %y, € | Y; such that v is dihomotopic to 41 * ... x v, }. We must prove
i€l

that sup(Y;)ier is in I':

— it is closed under concatenation and dihomotopy by definition;

— ~y%_1is homotopic to (y1*. . .%7¥y,)*_ which is homotopic to (y,*_)o...o(y1%_)
and so is a homotopy equivalence;

— the right Ore condition is proved by induction on n using the right Ore
condition in the Yj.

It is the supremum because:
— every Y; is included in it (case n = 1);

— if Z is a Yoneda system that contains all the Y;, then by closure under
concatenation and dihomotopy, it must contains sup(Y;).c;-

B Proof of Theorem 4.2

Let us begin with the following lemma:

Lemma B.1 If H is a future (or past) deformation retract and if ﬁ(X)(ac7 a') #
& then the map Hyo _: P(X)(z,2') — ﬁ(A)(Hl(x),Hl(x')), o0 Hyod is
a homotopy equivalence.

Proof. [Proof of Lemma B.1] By definition of a future deformation retract,

H(z') is an inessential dipath and since @)(X)(x, x') # &, then the map _xH (z') :
(X) (=, x’)_>—> (X)(x, Hi (")) is a homotopy equilalence.

Lety € P(X)(x,2'). Since Hy is a dmap, Hy(y) € P (X)(H;(z), H;(2")) and
so P(X)(H;(x), Hi(z")) # @. By definition of a future deformation retract, H(z)
iian inessential dipath and therefore, the map H (x)*- : ﬁ(X)(Hl (z), Hi(2")) —
P(X)(z, Hi(z")).

To conclude, we prove that (H(z) * _) o (Hj o _) is homotopic to _x H(z')
and so Hj o _is a homotopy equivalence by the 2-out-of-3 property. Let K :
Ix ﬁ(X)(x, ') — ﬁ(X)(ac, H;y(2')) which maps (¢,7) to the dipath sending
s €1 to:
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K is continuous and satisfies that K (1, 7) = H(x)x(Hyom) = (H(z)*-)o(Hy0.)(7)
and K(0,7) =7 x H(2') = (_x H(2"))(7) and so is a homotopy.

Proof. [Proof of Theorem 4.2] We prove that when A is a future deformation
retract of X then the map H; induces a bisimulation between the natural dipath
functors.

First, it induces a functor ®p, : Fx — F4 by sending every class [7] to
[Hy o v]. This functor is surjective since H; is the identity on A. It satisfies the
lifting property: given a class [H; o 4] of dipath modulo dihomotopy in A with
v from z to y and let ([a], [3]) be an extension in A, i.e., « and S are dipaths in
A with « from 2’ to Hy(x) and § from H;(y) to y/'.

By the last condition of a future deformation retract, there is a dipath o’ in
X fg)}m w to z such that H; o ¢/ and « are dihomotopic.

P (X)(y,y’) is non-empty since it contains H(y) = 5. By the previous lemma,
Hio_: P(X)(y,y) — ﬁ(A)(Hl(y), y'), 6 — Hj 04 is a homotopy equivalence
and so Hy o _: 7 (X)(y, ') — T (A)(H1(y),v), [6] — [Hy 0 8] is a bijection.
There is, thus, a dipath 8’ from y to 3’ such that Hy o 8’ is dihomotopic to 3.
Then ([&'], [8']) is the lifting we were looking for.

Now, H; induces a natural transformation, oy, : B(X ) — B(A) oy, by
OH, [ ﬁ)(X)(a;,y) — ﬁ(A)(Hl(x),Hl(y)), 0 — Hj o6 which is a homotopy
equivalence by the previous lemma.

C Proof of Lemma 5.1

Let us begin with the following lemma:

Lemma C.1 Let W be a subset of morphisms of C containing all the identities
and satisfying all the conditions a Yoneda system except the closure under
composition then:

i) (W), the subcategory of C generated by W satisfies those conditions too
it) TOOT (W), the 2-out-of-3 completion of W, i.e., the set
{feCluveW,uof=v}U{feC|Iu,veW, fou=uv}
also satisfies these conditions.
Proof. [Proof of Lemma C.1]
i) The verification is long but strait-forward.

ii) First, remark that since W contains identities, W C TOOT(W). Now, let
us prove the conditions:

— isomorphisms induced by composition: Let f € TOOT (W) and
let w € W such that fowu € W (the other case will be symmetric).
Assume that f: oz — yand u:w — x.

* First, let z such that C(y, 2) # @. Then _of = (_ou) 1o(_o(fou))
and is an isomorphism.
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* Now, let z such that C(z,z) # @. Let h: z — x. By the right
Ore condition, there exist v’ :aa —s 2z €W and b’ : a« — w €C
such that hou’ =wuoh’. So, let us prove that fo_:C(z,2) —
C(z,y) is injective and surjective.
injective: let g,¢' : 2 — x such that fog = fog'. Then
fogouw = fog ou. Asuo_: Cla,w) — Cla,z) is an
isomorphism, there are h, h’' : « — w such that gou’ = woh and
g'ou’ =uoh and fouoh = fouoh'. Since (fou)o_: C(a,w) —
C(a,y) is an isomorphism then h = A’ and so gou' = ¢ ou'.
Since _ou’ : C(z,z) — C(a, x) is an isomorphism, g = ¢’.
surjective: Let h : 2z — y. Then hov : o« — y. Since
(fou)o_:Clay,w) — C(a,y) is an isomorphism then there
exists b/ : @ — w such that how' = fouoh'. Since _ou :
C(z,2) — C(a, x) is an isomorphism, there exists g : z — x
such that uoh' = gowu' and so houw = fogowu' Since
_ou' :C(z,y) — C(a,y) is an isomorphism, h = f o g.

— right and left Ore conditions: Let f € TOOT (W) and let u € W
such that fowu € W (the other case will be symmetric). Assume that
fix—yand u:w— x.

* right: Let g : 2z — y € C. Since f ou € W then by the right
Ore condition on W, thereis v’ : « — z € W C TOOT (W) and
g : a — w such that gou' = fo(uog’).

* left: Let g : @ — z € C. By the left Ore condition on W with
fou e W and gou € C, thereare v’ : z — a € W C TOOT(W)
and ¢’ : y —> a such that ¢’ o fou =1’ ogowu. Since _ou is an
isomorphism, ¢’ o f =4’ o g.

Proof. [Proof of Lemma 5.1] Let T be the set of Yoneda systems of morphisms
of C.

— complete lattice: similar to lemma 4.1.

— isomorphisms: the set of isomorphisms belongs to I' so isomorphisms
belong to J(C).

— 2-out-of-3 property: We complete J(C) inductively this way:
* Wo =W, =73(C)
* Wi+1 = TOOT(WZ/)
* Wi = (W)

Clearly, W; C W/ and W/ C W;41 (because W] contains identities). So

7 ?

define W, = U W; = U W/. It satisfies that:
i€N iEN

* j(C) = WO Q WOO
* it is a wide subcategory of C which has the 2-out-of-3 property

* it satisfies the other conditions of the definition of J(C) by the previous
lemma.
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Thus, by maximality of J(C), J(C) = Ws and so has the 2-out-of-3
property.

~ link between J(X) and J(7}(X)): the set {[y] € T1(X) | v € 3(X)} is
a Yoneda system of morphisms of 7?1>(X ).

D Proof of Theorem 5.2

Before proving Theorem 5.2, let us recall some definitions from [1] on generalized
quotients.
First, a generalized congruence on a small category C is the following data:

— an equivalence relation ~y on objects of C;

— a partial equivalence relation (i.e., symmetric and transitive relation) ~,,
on Mor;(C) (i.e., the set of non-empty finite sequences of morphisms of
C). We call the support of ~,,, the set {y € Mor,(C) | v ~m 7}.

These are to satisfy:

— if (B, - -+, BosQn, - - -, p) is in the support of ~,,, then source of Sy ~
target of ay,;

— 1 By -5 P0) =m (n, ..., p), then target of 3, ~¢ target of a;
— if ¢ ~¢ d, then (id.) ~, (idq);

—if (B, -5 B0) 2m (ny -5 a0), (Vpy -+ 570) m (0g, - .., do) and source of
Bo ~¢ target of «,,, then

(/Bma"'7B07an7"'7a0) =m (Vpa"'a’7075Q7"'750);

— if @ and S8 are composable (i.e., source of 8 = target of «), then (8, ) ~,,

(Boa).

Given a relation Ry on objects of C and a relation R,, on Mor;(C), there is a
least generalized congruence that contains (Rg, R.,) [1].

Given a generalized congruence (~,~,,) on C, we define the generalized
quotient C/(~p,~,,) as the category whose:

— objects are equivalence classes [x]o of objects of C modulo ~

— morphisms from [z]o to [y]o are equivalence classes

[(an, .- a0)]m

of elements of the domain of ~,, modulo ~,, such that the target of
ay, ~o y and the source of ay ~ z;

— composition is [(Bm, - - -, Bo)|mo[(@n, - - -, @0) ] m = [(Bmy - -+ Bos Qny -« 5 @0) |

— identity on [z]g is [(idz)]m-
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Proof. Let X be a selection of J(C'). Let (~g, ~,) be the generalized con-
gruence on C generated by Ry = @ and R, = {((f), (id,)) | f € £,z € {source
of f, target of f}}. Then the generalized quotient C/¥ is C/(~q, ~m). We note
0,y the unique morphism of ¥ from x to y when it exists.

We start by defining a functor @ : 7?6(6) — C/%. It maps every object x

to the class [z]p modulo ~¢ and every class of span [z L y % 2] in the local-
ization with f € J(C) to [g o fﬁl]m the class of g o f modulo ~,, where f is
the unique morphism from y to ¥ such that oy, © f = f. f is an isomorphism
because it is an endomorphism which belongs to J(C) by the 2-out-of-3 property.

This is well defined: indeed, it does not depend on the span representing

[x L y L z]. If we take another span representing it L y' L5 z, there exists
u v / g o _

aspan y < w — 3y’ such that fou = f'ov, gou =g ovand gou =g ow

belongs to J(C). By the 2-out-of-3 property, u and v belongs to J(C). Since

(u, f) ~m (U;Ji/) :"f{ (uvf) ~m (?a Jf/z-l Moreover (u,f, .]f_lag) ~m (U 9) ~m
(v,g") ~m (0, [ f ,G") ~m (u, fy ", ¢"). But, since fouJ(C), there is a h
such that fouoh = Ow,y and so (f’l,g) ~m (f’_l,g/). It is a functor because
Q(x RN z]) = [idy 0 idy]m = [idy 0 idy]m = [idy]m and if z L vz L
y LN ' let y &w 5/% y' coming from the right Ore condition on h and g with

B € 3(C). Then Q([z Loy ky x'] o[z L v 2) =Q(x LN 2']) =

Fon ™ ko gy and Q= ¢ ' & ) o Qla &y % &) = [/ g.h ™" K.
Si~nce ‘?OiL/ = gloh7 (g) NT (hll_ 7h/7g) ~m (h/_ 7g/ah); So Efillagahilak) ~m
(f~Y 10 g k). But (foh' ,foh') ~p (id) ~m (f~5 R ", foh). Since

FoR3C), (ol ") mm (FHL ") and (F1, g, ht k) rom (Fo B/ foh).

Now, we define a functor R : C/% — 74(C). For every class v modulo ~, make

a choice R(a) € a. Note that by the Ore conditions, if ¢ ~¢ d, then there is a

span ¢ L gof morphisms of J(C) and so of X. Every [f1,..., fn]m with
fi cd; — Ciy, Ci—1 ™0 d; and with Cco = R([dl]o) and dnJrl = R([Cn]()) will be

Oen,Cn oen,dnt1 0€n—1,Cn—1 fnooen_1,dn
mapped to [Cn €n dn+1] o [Cn—l €n—1

d . . .
¢n]o...ofco 700 e frooeo,dr ¢1]. Notice that this depends on neither the

choice of the e;, nor the choice of the element representing [f1, ..., fn]m.

We now prove that Q o R = id. But first, let us prove by induction on n
that for every (f1,...,fn) with f; : di — ¢; and ¢; ~g d;+1 and for every
x ~g dy and y ~q ¢, there is a morphism h : 2z — y such that there is a
morphism in J(C) from z to x and (f1, ..., frn) ~m (h):

— if n=1: wehave f : ¢ —> d, © ~¢ c and y ~g d. We have then e such that
there are morphisms in J(C) from e to d and from e to y. By the right Ore
condition on o, ¢ € J(C) and f there are g : w — eand v : w — ¢ € J(C)
with foy = 0cqg0g. So oy, exists and C(w,e) is non-empty. Since,
Oea©-:C(w,e) — C(w,d) is a bijection, there is h : w — e such that
Ocdoh = fooy,. Since x ~g ¢ ~p w, there is u such that there are
morphisms in J(C) from w to z and from u to w. Then o, , 0 h oo, , and
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u are what we were looking for.

— inductive case: by the induction hypothesis on (fs,..., fn), ¢1 and y,
there is a morphism f : w — y such that (fo, ..., fn) ~m (f) and there is a
morphism in J(C) from w to ¢;. By the right Ore condition on o, ., € J(C)
and fi there are g : w — w and v : u — d1J(C) such that foy = gy, 0g.
As previously, we can assume that v = 0y, .,. Then, the rest is similar as
the previous case.

Now, it is clear that for every class a modulo ~g, Q(R(«)) = [R(a)]o = . Then
for every class v modulo ~,,, by what we just proved, there is f : x — y with
R([y]) = y and there is a morphism in J(C) from « to R([z]) and v = [f]m. So

R(y) = [R([2]) &2 2 L) and Q(R(Y)) = [flm = 7-

It remains to define a natural isomorphism 7 :id — R o @ which will be
defined by 7, : ¢ — R([d]) is equal to [¢c <2 a ZaReD, R([c])] (such an «

exists since z ~¢ R([c])). This does not depend on the choice of o and is an

isomorphism with inverse [R([c]) Zolle) ) Toey q.

E Proof of Theorem 5.3

Proof. We will prove the case where A is a future deformation retract of X.
So we have a continuous function H : X — J(X) satisfying all the conditions
of the definition. We will prove that Hy : X — A is a weak equivalence.

First, notice that the conditions imply that H; is a dmap with values in A.
First, for z < ', P (Hi), 4 is a homotopy equivalence by lemma B.1.

Now, we have to prove that P (H;) induces a functor 74(Hy) from 74(X) to
T(A), Le, if )] € I(F(X)) then [Hy 0] € I(F(A)).
First, let us note some things about dihomotopies in A and X:

— two dipaths in A are dihomotopic in A iff they are dihomotopic in X: the
only if is trivial because a dihomotopy in A is also a dihomotopy in X.
The converse holds because a dihomotopy K in X between two dipaths
v, v in X induces a dihomotopy H; o K in A between H; oy = v and
Hioy =+

— for any pair (x,y) of points of A, ﬁ(A)(x, y) is isomorphic to 7T1>(X)(1', Y):
by the previous point, 71 (A)(xz,y) embeds in 71 (X)(z,y). This injection is
also surjective because any dipath v in X between x and y is dihomotopic
to Hyo7.

Let us prove that J(Hy) = {[Hy 0] | [y] € 3(71(X))} satisfies the conditions
in the definition of J(7(A)) and so that J(H;) C J(71(A)):

~ J(H,) contains all identities of T{(A): those identities are the classes
modulo dihomotopy of the constant paths in A. Those classes belong to
J(71(X)) and as H is the identity on A, they also belong to J(H;)

— J(H,) is closed under composition: easy
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— J(H;) induces isomorphisms by composition: let v be a dipath from
2 to y such that [y] € 3(71(X)) and let z € A such that 71 (A)(H,(y), z) #
@ (the other case will be symmetrlc) We must prove that (Hj o)

FX)(H(y),2) — F(X)(H(@),2), 6] — [(Hy o) %] is an

isomorphism. The following diagram is commutative:

R (X)(Hy (), 2) — 2 R (X) (w, 2)

(Hlov)*‘ ]’y*

T (X)(Hi(y), 2) o THX)(y, )

because v+ H(y) and H(x) * (H; o 7y) are dihomotopic, and H(z) * _ and
H(y) * - are isomorphisms because H(z) and H(y) belongs to J(X) and
~ % _ is an isomorphism because [y] € J(71(X)). (Hy ov)* _ is, thus, an
isomorphism.

~ right Ore condition: let [y] € J(71 (X)) with ~ dipath from z to y and
let § be a dipath in A from z to Hy(y). Since H(y) € I(X), [y * H(y)] €
J(m1(X)). By the right Ore condition in 71 (X) on [y x H(y)] and [d]
there are a dipath 7 in X from w to x and a dipath g in X from w to z
such that [p] € I(71(X)) and p 6 is dihomotopic to 1+ v+ H(y) and so
to nx H(z) x (Hy07v). nx H(x) is dihomotopic to H(w) * (H; on) and
since z € A, u is dihomotopic to H(w) x (Hy o p). H(w) x (Hy o p) * 4 is
dihomotopic to H(w) (Hy on)(Hy o). Since H(w) € J(X), (Hyop)*d
is dihomotopic to (Hy on) % (Hy o) within A and [H; o u] € J(Hy).

— left Ore condition: similar.

Now, we want to prove that the injection ¢ : A — X induces a functor
T6(1) from TH(A) to TH(X), ie., I(T(A)) € I(T(X)). Let us assume that
H ' (3(71(A) = {If] | [Hy o f] € I(TH(A)} € (7 (X)) (we will prove this
later). We prove now that J(7{(A)) U J(7 (X)) satisfies all the conditions of
I(m (X)) except the closure by composition and by the previous lemma we will
deduce that (J(7](A)) UJ(T(X))) C I(71 (X)) by maximality of J(77 (X)) and
so that J(7}(A)) C J(T1(X)). So let us prove those conditions:

~ I(T(A) i duces isomorphisms by composition on the left in X:
let [y] € J(71(A)) with ~ dipath in A from z to y. Let z € X such
that 71(X)(y, z) # @. We prove that v % _: m (X)(y, z) — 71 (X)(z, 2),
[0] — [y * d] is an isomorphism.

* injective: let two dipaths § and ¢’ from y to z such that v d and
~ x &' are dihomotopic. Then v x § x H(z) and % ' x H(z) are
dihomotopic. So v x (Hj 0d) and % (H; 0 ¢’). But since Hy o § and
Hy o ¢’ are dipaths of A then Hj o d and H; o ¢’ are dihomotopic so
dx H(z) and ¢’ x H(z) are dihomotopic. Since H(z) € 3(X), ¢ and ¢’
are dihomotopic.

* surjective: let § be a dipath from z to z. Then H; o § is a dipath
from z to Hi(z) dihomotopic to § « H(z). Since m1(X)(y,z) # @,
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T1(A)(y, Hi(2)) # @. So since H; 0 is in A and [y] € 3(7(A)),
there is a dipath v’ from y to H;(z) such that H; o § is dihomotopic
to v * d'. Since H(z) € J(X), there is a dipath ¢” from y to z such
that ¢’ is dihomotopic to ¢” x H(z). So § x H(z) is dihomotopic to
yx 6" % H(z). Since H(z) € J(X), ¢ is dihomotopic to v % ¢".

- j(ﬁ(A)) induces isomorphisms by composition on the right in X:
similar.

~ right Ore condition with respect to X: let [y] € J(mi(A)) with ~
dipath in A from x to y. Let § be a dipath in X from z to y. Then § is
dihomotopic to H(z) * (Hy 0 d). Since Hy 0§ is a dipath in A from H;(2)
to 4, then by the right Ore condition in 7 (A), there are a dipath 7 from w
to « and p a dipath in A from w to Hy(z) with [11] € J(7;(A)) and 5% is
dihomotopic to g+ (Hy o d). By the last condition of a future deformation
retract, there is a dipath g’ in X from « to z with [Hy o p/] = [p] (and
so Hy(a) = w). [i] belongs to Hy Y(I(71(A))) C 3(m1(X)) and p/ 0§ is
dihomotopic to p'x H (z)*(H; 0d) which is dihomotopic to H («)* pux (H700)
which is dihomotopic to H(a) 1.

— left Ore condition with respect to X: similar.
— the other conditions are easy.

So now, we must prove that H; *(3(7(A))) C J(7(X)). As previously, we
prove that H; Y(3(71(A))) U J(71 (X)) has all the condition of J(7} (X)) except
the closure by composition. The only difficult condition to prove is the right Ore
condition. Let ~ be a dipath from z to y such that [H; o] € 3(71(A)) and let &
be a dipath from z to y. dx H(y) is dihomotopic to H(z)* (H; 0d). Moreover, by
the right Ore condition in 7 (A) between H; o~ and Hj o 4, there are a dipath
n from w to z and a dipath g from w to Hy(z) such that [i] € J(71(A)) and
wx (Hy 06) is dihomotopic to n* (Hy o). Then, by the last condition of a future
deformation retract, there is a dipath p’ from « to z such that [Hyop'] = [p] (and
so Hy(a) = w). Since H(z) € J(X) then by the right Ore condition in 7 (X)
between H (z) and H ()17, there are a dipath e from S to a with [¢] € J(71(X))
and a dipath x from £ to z such that e x H(«) * 7 is dihomotopic to k x H(x).
Then %7 is dihomotopic to ex '+ with [ex /] € (H; *(3(71(A)))UI(7(X))).
Now, we have two functors 74(Hy) : 74(X) — T(A) and T4(0) : To(A) —
7?6(X ). Let us prove that they form an equivalence of categories.

FiI‘St, 7?0>(H1) (@) 7?5([,) = Zdﬁ(A)

Secondly, we have a natural transformation v : idzx) — 76(1) o TG (Hy)
(Eﬁned by vy : & — Hy(x) = [H(z)] € 3(77(X)) and so is an isomorphism in
7T0(X).

F Proof of Lemma 5.4

We prove the following result:

Lemma F.1 Given two categories C and D, the following assertions are equiva-
lent:
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(i) there are two functors FF : C — D, G : D — C and two natural
isomorphisms e : Go F' —> ide andn: F oG — idp

(i) there is a fully-faithful essentially surjective functor F:C — D

(iii) there are a category € and a span F : € — C and G : € — D of
fully-faithful surjective-on-objects functors

Proof.
— the equivalence between @) and i) is classic.
— 4i1) = 141) is obvious because surjectivity implies essential surjectivity

— 41) = ii1) Suppose that there is a fully faithful and essentially surjective
functor F': C — D. Let & be the category whose:

* objects are tuples (c, 8, 1, d) which satisfies the requirement of essential
surjectivity, i.e., 8 : F(¢) — d is inverse of 7 : d — F(c).
* the Hom-set £((c,0,n,d), (,0',7',d")) is C(c,c)

* compositions and identities are those of C
Let F¢ : £ — C be the functor such that:

* FC(C797777d) =c
* FC((Ca 0, , d)a (C/a 0/7 "7/a dl)) :
E((c,0,m,d),(c,0",1,d")) — Clc,c’) is ide(c,er)
It is fully faithful (obvious) and surjective because
(¢,idp(c), idp(c), F(c)) is an object of £.
Let Fp : £ — D be the functor such that:

* Fp(c,0,n,d) =d
* Fp((c,0,m,d), (.6, 7, d')) :
E((c,0,m,d),(d,0,n',d)) — D(d,d") is the function f —— 6 o
F. o (f)on (which is a bijection with inverse g — F;Cl, (' 0ogob))
It is fully faithful because F' is and surjective because F' is essentially surjective.

When C and D satisfy one of these conditions, we say that they are equivalent
(this is actually the classical notion of equivalence of categories).

G Proof of Theorem 5.5

In order to prove this theorem, we have to prove several intermediary results.
We first prove that strong equivalence of partially-enriched categories is
indeed an equivalence relation.
Proof. Reflexivity and symmetry are obvious. The only interesting part is
transitivity, i.e., assume that we have four strong equivalences like this:
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U v
X Y Z
then we must construct two strong equivalences like this:
W
X A

As strong equivalences are closed by composition, it is enough to prove the
following. Assume that we have two strong equivalences like this:

Uq\/j

then we must construct two other strong equivalences like this:

w
/N
U Vv
Construct the partially enriched category W whose:

— objects are pairs of (u,v) with u object of U and v object of V' such that
D(u) = ¥(v);

— its domain has (u,v) < (v/,v") iff u <« and v <

— Hom-object W ((u,v), (uv,v")) = Y(®(u),P(u')) = Y(¥(v), T(v)) (well
defined for v <« and v < v');

— compositions and identities are those of Y.
Define the partially enriched functor 6 : W — U such that:
- O(u,v) =
~ Ol () 2 Y (P(u), ®(u)) — Uu,u) = @, .
It is a strong equivalence:

— fully-faithful obvious;

— surjective 6 is surjective because ¥ is;
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— fibrational given v < «' and v such that ®(u) = ¥(v), then ¥(v) =
O(u) < ®(u') and as U is fibrational, there is v' such that v < v’ and
U(v') = ®(u') that is (u',v’) is an object of W, §(u/,v") = v/ and (u,v) <
(u',v").

We construct a strong equivalence 77 : W — V' the same way.

Now we have:

Lemma G.1
i) For all F, Unf(F) is well defined and is a po-diagram.
it) Unf(F) extends to a functor Unf : Diag(Ab) — PoDiag(Ab).
i) Unf preserves open maps, i.e., if (®,0) is an open map then so is
Unf(®,0).

iv) If we denote the injection by v : PoDiag(Ab) — Diag(Ab), there is a
natural transformation p : 1o Unf — idpiageap) such that for all F, g
1S an open map.

In particular, F and Unf(F) are bisimilar.

Note that Unf is not a right adjoint of «. Now, composing with uy and since
open maps are closed by composition:

Lemma G.2 Two diagrams F and G are bisimilar iff there are a po-diagram
H and a span of open maps F «— H — G.

Proof. [Proof of Lemma G.1]
i) Easy.

ii) Given a morphism of diagrams (®,0) from F': C — Ab to G : D — Ab,
we define Unf(®,0) = (Unf(®),Unf(0)) with:

- Unf((b)(fh ) fn) = ((I)(fl)7 ) (P(fn))
— Unf(o),....f)  F(codom(fp)) — Go®(codom(fy,)) (the codomain
being equal to Ocodom(f,))

It is easy to check that Unf(®) is a functor. Naturality of Unf(o) comes
from the naturality of o.

ili) Now assume that (®, o) is open.

— surjectivity on objects: Let (g1, ...,g,) be a non-empty finite se-
quence of composable morphisms of D. By surjectivity on objects of
®, there is ¢y object of C such that ®(c) = dom(f1). Then by the
lifting property of @, there is a morphism f; : ¢¢ — ¢; of C such that
®(f1) = g1. Then, dom(ge) = codom(g1) = c1, then by the lifting
property of ® there is a morphism f5 such that... By induction, we
construct a non-empty finite sequence of composable morphisms of C
such that for all ¢, g; = ®(f;) and so Unf(®)(f1,..., fn) = (91, -, gn)-

— lifting property: the proof is the same as the previous point.
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— Unf(o) is a natural isomorphism: because o is.

iv) Let F': C — Ab be a diagram. We construct ur = (®r,idy,fr)) :
Unf(F) — F this way:

— ®p(f1, . fn) = codom(fn)
- (I)F(gn+1, mvgp) =9gp©-...00gnt1

So, Unf(F) = F o ®p. Then:

— surjectivity on objects: ®r(id.) = ¢

— lifting property: If we have a morphism f : codom(f,) — ¢
then (f) is a morphism from (fi,..., fn) to (f1,..., fn, f) such that

Pr(f)=f.

— idyn gy is a natural isomorphism: OK.

Naturality of p is easy.
Then we prove the following :

Lemma G.3
i) For every po-diagram F, G(F) is a Ab-partially enriched category.
it) G extends to a functor from PoDiag(Ab) to PeCat(Ab).

iit) G transforms open maps into strong equivalences, i.e., if (®,0) : F — G
is an open map between po-diagrams then G(®,0) : G(F) — G(G) is a
strong equivalence.

Proof. [Proof of Lemma G.3]
i) We must prove (associativity) and (unit):
— (unit) can be expressed as: for all g € F(¢),
g+ Fle<d)0)=g=F( <d)g)+0

which is true because F(¢' < /) = id since F is a functor and

F(c < )(0) =0 since F(c < ¢') is a morphism of groups.

— (associativity) can be expressed as for all ¢’ € F(¢'), ¢ € F(¢”) and
g/// c F(C/N):

F(C// S C///)(F(C/ S C//)(g/)+g//) +g/// —
F(C// S c///)(F(CI Scl/)(g/))+F(cl/ S C///)(g/)+g/// —
F(C/ g C///)(g/)+F(C// g C///)(g/l)+glll

ii) If (9, 0) is a morphism of po-diagrams from F' : C — Abto G : D — Ab,
we define a partially enriched functor G(®, o) from G(F') to G(G) this way:

— the monotonous function part is ®
—fore<d, G(®,0)ce : F() — G(O()) is o
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The first axiom of partially enriched functor comes from the naturality of
o and the second is trivial.

iii) Assume now that (®,0) is open. Let us prove that G(®, o) is a strong
equivalence:

— surjectivity: comes from the surjectivity on ®.
— fibrationality: comes from the lifting property of ®.

— fully-faithful: comes from the fact that o is a natural isomorphism.

We can now prove the main theorem :
Proof. [Proof of Theorem 5.5]

=) If F and G, two po-diagrams are bisimilar then there is span of open maps
whose tip is also a po-diagram. Then by Lemma G.3 iii), there is a span
of strong equivalences between G(F) and G(G).

<) Let F:C — Ab and G : D — Ab be two po-diagrams. Assume there
is a span of strong equivalences between G(F') and G(G), i.e., there are
a partially enriched category M and two strong equivalences K : M —
G(F) and L : M — G(G). Let us start by constructing a diagram
H : £ — Ab this way:

— £ is the set {(e,€’)
preorder (e,e’) < (e
— H(e,e') = M(e,€)

— H((e,e') < (e,e")): M(e,e') — M(e,e”) is the morphism of groups
that maps g € M(e,€’) to oc e e (9, Opq(er,er))

\S'b
So
RS
>
o
/\
@\
-
@D
e}
=
k=l
o)
@
(oW
2
t+
=
o+
=
¢

"

Let us prove that this is a functor:

— H((e,€') < (e,€))(g) = oc.er.er (9, Opm(erer))
= Og¢,e’ e( Ue! ( ))_gby (unlt)
< (e,e")) o H((e,e') < (e, €"))(9g)
H((e, ") < (e,€")) (et (9, Opt(er )
= 0 /,e//,e/// (0876/76// (g’ O./\/l(e’,e”))a OM(e”,e”’))
Oe,e’,e’” (g, Oe/’e//’e/// (OM(e e”)vOM(e” e///))) by (aSSOCiatiVity)
0c,e’ e (9, Opm(er o)) Decause ogr orr v is a morphism of groups

= H((e,¢') < (e,e")(g).

Let us define a open map (®,0) from H to F as follows:

— ®(e,e’) = K(e’) (which is monotonous)

— for every e < €/, (¢ ey : M(e,e') — F(K(e')) = G(F)(K(e), K(e'))
is Ke e

Let us prove that this is a well defined open map:

— naturality of o: it can be reformulated as for every e < e’ < e”, for
every g € M(e,e’),
K o (H((ea e/) < (676//))(9)) = KE,e”(Oe,e’,E” (970))
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= ok (e),K(e),K(e")(Keer (9), Keer(0)) because K is a partially en-
riched functor

= ok (e), K (e"),K () (Ke,er(9), 0) because K¢ ¢ is a morphism of groups
= F(e <e")(Kee(g)) by definition of the composition in G(F).

— surjectivity: comes from the surjectivity of K
— lifting property: comes from the fibrational condition of K

— o0 natural isomorphism: comes from the fully-faithfulness of K

The same way, we can construct an open map from H to G.
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