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Une méthode bloc de sous-espace minimisant la norme des résidus
pour des séquence de systemes linéaires

Résumé :  Nous nous intéressons a la solution itérative de systémes linéaires avec plusieurs second-
membres disponibles un groupe apres ’autre, y compris le cas ol il y a un nombre massif (comme des
dizaines de milliers) de second-membres associés a une seule matrice de sorte que tous ne peuvent pas
étre résolus en une fois mais doivent plutdt étre divisés en morceaux de tailles variables possibles. Pour
de telles séquences de systemes linéaires a matrices et second-membres multiples, nous développons une
nouvelle méthode de recyclage des résidus conjugués généralisés par blocs avec orthogonalisation interne
et convergence partielle (IB-BGCRO-DR), qui exploite technique de recyclage subspatial dans GCRO-
DR [SIAM J. Sci. Comput., 28(5) (2006), pp. 1651-1674] mécanisme de convergence partielle dans IB-
BGMRES [Algebre linéaire, 419 (2006), pp. 265-285] pour garantir que ce nouvel algorithme pourrait
réutiliser les informations spectrales pour les cycles suivants ainsi que pour les systémes linéaires restants
arésoudre. La variante connexe IB-BFGCRO-DR qui convient au préconditionnement flexible est congue
pour faire face aux contraintes de certaines applications tout en permettant un calcul de précision mixte,
ce qui présente des avantages en termes de vitesse et d’utilisation de la mémoire par rapport a la double
précision ainsi que dans la perspective des unités de calcul émergentes telles que les GPU. En outre, nous
discutons également des choix possibles lors de la construction d’un sous-espace de recyclage ainsi que
de la maniere d’exploiter le mécanisme de convergence partielle pour réaliser la flexibilité des politiques
d’expansion de I’espace de recherche et surveiller les seuils de convergence individuels pour chaque
second-membre. Comme effet secondaire, on peut également illustrer le fait que cette méthode peut étre
appliquée au cas des matrices constantes ou variant lentement. Enfin, nous démontrons les avantages
numériques et informatiques de la combinaison de ces idées dans de tels algorithmes sur un ensemble
d’exemples académiques simples.

Mots-clés :  Méthode bloc de sous-espace, augmentation, déflation, recyclage de sous-espace, block-
GMRES, convergence partielle.
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Block GCRO-DR methods with inexact breakdowns 5

1 Introduction

We consider the solution of a long sequence of slowly-changing families of general linear systems of
the form:

AOXxO = O p=12 ..., 1)

where, associated with the /! family, A() € C™*" is a slowly-changing square nonsingular matrix of
large dimension n along the family index ¢, B = [p(&D 52 p@r )] e cP'” are simulta-
neously given right-hand sides of full rank with p(©) < n, and X(*) = [x(“), z@2 ,x(z’pm)] €
<P are the solutions to be computed. Both the coefficient matrix A and right-hand sides B()
change from one family to the next, and the families of linear systems are typically available in sequence.

Many large scientific and industrial applications warrant the solution of such a sequence of families
of linear systems, to name a few, such as full waveform inversion problems [?, ?], frequency response
functions computation of a vibrating system over a given frequency range in engineering applications
including structural dynamics and acoustics [?], parameter estimation involving parameter-dependent
partial differential equations with multiple right-hand sides under realistic settings of Marine acqui-
sition with different sources and receivers both moving [?], parametric macro-modeling problems of
micro-electro-mechanical systems with the parametric model order reduction technique [?], electromag-
netic wave propagation problems with the model reduction approach consisting of a multipoint Galerkin
asymptotic waveform evaluation to automate the fast frequency sweep process [?], computations for dif-
fuse optical tomographic imaging with multiple sources [?], Google PageRank model problems with mul-
tiple damping factors and multiple personalization vectors [?], electromagnetic scattering problems [?,?],
various source locations in seismic, parametric studies in general, and some other related time-dependent
nonlinear inverse problems [?]. Specifically, large sparse complex non-Hermitian and nonsymmetric lin-
ear systems with thousands of right-hand sides are required to be solved when multiple wave sources are
used in the solution of the acoustic full waveform inversion problem in geophysics associated with the
phenomena of wave propagation through a heterogeneous model simulating the subsurface of Earth [?].
We refer to [2,?,2,2,2,2,2,?] for more applications.

When solving sequences of linear systems as (1), attractive approaches are those that can exploit
information generated during the solution of a given system to accelerate the convergence for the next
ones. Deflated restarting is implementing a similar idea between the cycles in the generalized minimum
residual norm method (GMRES) [?, 2, ?]; it is realized by using a deflation subspace containing a few
approximate eigenvectors deemed to hamper the convergence of the Krylov subspace [?, ?, ?] methods.
Another alternative technique is the subspace recycling proposed in the GCRO-DR [?] method, which
is a combination of GMRES-DR [?] and GCRO [?] since it reuses the target approximated eigenvectors
associated with deflated restarting technique in GMRES-DR within the GCRO framework. This latter
method can reuse information accumulated in previous cycles as well as that accumulated in solving
previous families. Given the multiple right-hand sides of (1) are simultaneously available, block Krylov
subspace methods are often considered as the suitable candidates for their capability of sharing search
subspaces that can be generated using BLAS3-like implementation [?]. A common issue in block Krylov
subspace methods is the rank deficiency that might appear when expanding the residual spaces, which is
caused by the convergence of individual or linear combination of solution vectors. Such rank deficiency
problem could lead the block Arnoldi process to breakdown before the solution for all the right-hand sides
are found. Although deflating the directions associated with almost converged solutions might appear as
a natural way to deal with such issue, this often leads to eventually slowing down the convergence [?].
For the sake of balancing robustness and convergence rate, Robbé and Sadkane proposed an inexact
breakdown detecting mechanism for the block GMRES algorithm (denoted by IB-BGMRES) [?], which
could keep and reintroduce directions associated with the almost converged parts in next iterations if
necessary. We refer to [?,?,?] for relevant works on inexact breakdown detection, as well as to [?,?,2,2,?]
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6 Giraud, Jing & Xiang

for related variants of block Krylov subspace methods for solving linear systems with multiple right-hand
sides.

The contribution of this paper is to combine subspace recycling techniques of GCRO-DR [?] with the
inexact breakdown mechanism of IB-BGMRES [?] to develop a new recycling block GCRO-DR variant
with inexact breakdown detection. The remainder of this paper is organized as follows. We first recall
the governing ideas of the minimum norm residual block Krylov subspace methods in Section 2. We
also briefly discuss the inexact breakdown mechanism developed by Robbé and Sadkane [?]. Those two
ingredients are exploited to develop the new algorithm IB-BGCRO-DR and its flexible preconditioning
variant referred to as IB-BFGCRO-DR discussed in Section 2.4. Some additional numerical features to
combine numerical and computation efficiency in the subspace expansion policy are discussed in Sec-
tion 3. We also describe in this section how the subspace expansion can be adapted to accommodate
different individual thresholds for each right-hand side. In Section 4 we show the benefit of combining
the ideas mentioned above on a set of simple academic examples with both constant and slowly varying
successive linear systems with multiple right-hand sides and finally make some concluding remarks in
Section 5.

The symbol || - ||, denotes the Euclidean norm when ¢ = 2 and the Frobenius norm when ¢ = F'. The
superscript H denotes the transpose conjugate of a vector or a matrix, and the superscript T refers to the
Moore-Penrose inverse. For convenience of the algorithm illustration and presentation, some MATLAB
notation is used. A subscript j for a scalar or a matrix is used to indicate that the scalar or the matrix is
obtained at iteration j. A matrix C' € C*** consisting of k rows and ¢ columns sometimes is denoted as
Cx ¢ explicitly. The identity and null matrices of dimension k are denoted respectively by I and 0, or
just I and 0 when the dimension is evident from the context. If C' € C***, the singular values of C' are
denoted by 01(C) > ... > Opmin(k,)(C) in descent order. A positive integer m represents the maximal
dimension of the underlying block approximation subspace in each cycle.

2 Block GCRO-DR with inexact breakdown

In this section, we first recall the subspace recycling techniques existing in minimum residual Krylov
methods GCRO [?] and GCRO-DR [?]. For the sake of simplicity of exposure, the block formulation of
GCRO-DR (BGCRO-DR) [?,?,?] is presented straightforwardly. Then, in the context of the block meth-
ods, the driving ideas of inexact breakdown mechanism as well as the corresponding block Arnoldi-like
recurrence formula developed by Robbé and Sadkane [?] are discussed for handing the partial conver-
gence of the solution vectors that might lead to rank deficiency.

For simplicity and notational convenience, we drop in the rest of this paper the superscript (©) in B()
and X ) when considering to solve the current ¢t" family of linear systems in the entire sequence of
families. We indicate the superscript for a family order explicitly when necessary. That is, suppose that
the current £*" family of linear systems to be solved is

AX =B, @)
where, A € C™*" is the current square nonsingular matrix of dimension n, B = [b™), () ... p(P)] ¢
C™*P are the simultaneously given right-hand sides and X = [z(1), 23 ... 2] € C"*P are the

solutions to be computed.

2.1 Block GCRO

The background of GCRO [?], a nested GMRES [?,?] method based on GCR, is briefly reviewed first
in the case of a single right-hand side and then extended to the block case. As described in [?], the GCRO
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Block GCRO-DR methods with inexact breakdowns 7

method relies on a given full-rank matrix U, € C™**, and a matrix C}, as the image of U}, with respect
to the general matrix A satisfying the relations

AU, = Cy, 3)
CiCr = I “
For the solution of a single right-hand side linear system Az = b and a given initial guess g, the

governing idea is to first define 1 € z¢ + Range(Uy) that minimizes the residual norm. From z; and
its associated residual 7, Arnoldi iterations are performed to enlarge the nested orthonormal basis of the
residual spaces. The vector

x1 =  argmin  ||b— Azl|s,
r€xo+Range(Uy)
is defined by
_ H _ H 1
x1 =29+ UpCi'rg, and 1y = (I —CyCy)rosothatr; € Cj .
Starting from the unitary vector v; = r1/||r1]|2, the Arnoldi procedure enables us to form an or-

thonormal basis Vi, = [v1,...,v,,] of the Krylov space K,,((I — C,CH)A,v1) = span(vy, (I —
CrCH) Avy, ..., (I — CLCH)A)™10y) that can be written in the matrix form as

(I - CLCEAV,, =V, H,. ®)

Combining (3) and (5) in a matrix form allows us to write a relation very similar to an Arnoldi equality
that reads - R
AWm = m+1Qm7 (6)

where W, = [Us, Vinl, Vins1 = [ Ck, Vinga] and G, = L B | it VH Vipr =
m Oms1yxe Hipy m

Iyy1 and By, = C,f AV,,. The minimum residual norm solution in the affine space 1 + Range(Wm)
can be written as x,, = x1 + W,y where

Ym = argmin[jc — G, ||
y€Cm+k

and ¢ = VI 1r1 = (O, ||r1]]2,0—r)7 are the components of the residual associated with z; in the

residual space V4 1.

GCRO and GMRES, both belong to the family of residual norm minimization approach and rely on
an orthonormal basis of the residual space. In addition to sharing the Arnoldi procedure to form part or
all this basis, they do also share the property of “happy breakdown”; that is, if the search space cannot be
enlarged because the new direction computed by the Arnoldi process is the null vector, then the solution
is exactly found in the search space. This sharing of features does extend to the block context for the
solution of linear system with multiple right-hand sides; in particular the inexact breakdown principle
introduced in [?] in the context of block GMRES can be accommodated to block GCRO as discussed in
the sequel. The purpose of the inexact breakdown mechanism is to handle in an elegant and effective way
the loss of numerical rank of the search space basis, that turns out to be also a way to monitor the search
space extension according to the final target accuracy.

The straightforward extension of the GCRO method in the block context can be briefly described.
For ease of reading, we change the calligraphy of the notation but keep the same letters to denote the
block counterpart of the quantities involved in the method. Starting from the block initial guess Xo =

[x(()l), mgf), e xgp)] € C™*? and associated initial residual Ro = B — AX, one can define
X = argmin [|B— AX||F,
XeXo+Range(Ug)

RR n° 9393



8 Giraud, Jing & Xiang

given by
X, = Xo+U,CHRy, and Ry = (I — CLCH )Ry so that Ry € Ci-. (7
For the sake of simplicity of exposure, we first assume that R; is of full rank and denote Ry = V1A,

as its reduced @ R-factorization. The orthonormal block V is then used to build the search space via m
steps of block Arnoldi procedure depicted in Algorithm 1 to generate ¥;,, = [V, ..., V,,,] whose columns

form an orthonormal basis of Ky, ((I — C,CH)A, V1) = @i_, Kn((I — C,CH)A, vgt)). The block
Arnoldi procedure leads to the matrix equality

(I - Ckclf])Aly/m = m+1£7n (8)

where J,, is a block Hessenberg matrix with (7, j) block defined by H; ;. Similarly to the single

Algorithm 1 Block Arnoldi procedure with deflation of the C}, space

1: Given a nonsingular coefficient matrix A € C™*", choose a unitary matrix V; of size n x p
2: for j=1,2,...,mdo

3 Compute W; = (I — C,CH)AV;

4. fori=1,2,...,5do
5 HiJ = Vf{WJ

6 Wj = Wj — Vin"j
7. end for
8

9:

W, =V, 11Hj4q; (reduced () R-factorization)
end for

right-hand side case, (3) and (8) can be gathered in a matrix form

A = VG, ©)

where 7//:,1 = [Ug, Yml, ”f/AmH = [Ck, Ym+1] and G = 0 j’:) . jl;m with ”IZfH“/?mH =
m pX Y m

Imt1yxp and By, = C,f AY,, € CF*mP with mp = m x p. The minimum residual norm solution in the
affine space X; + Range(/Wm) can be written as X,,, = X1 + %,Ym where

Y= argmin |C—G, Yl
Y eC(mp+k)Xp

and C = ”f/n{ﬂ_lRl = (Okxp, AlT, Ompxp)T, the columns of C are the components of the residual R; in

the residual space ¥;,41-

2.2 Block GCRO with inexact breakdowns

When one solution or a linear combination of the solutions has converged to the target accuracy, the
block-Arnoldi procedure implemented to build an orthonormal basis of K;(A, Ry) needs to be modified
to account for this partial convergence. This partial convergence is characterized by a numerical rank
deficiency in the new p directions one attempts to introduce for enlarging the Krylov space. In [?], the
authors present an elegant numerical variant that enables the detection of what is referred to as inexact
breakdowns. In that approach the directions that have a low contribution to the residual block are dis-
carded from the set of vectors used to expand the search space at the next iteration but these directions are
kept and reintroduced in iterations afterwards if necessary. In this section, we try to give an insight and the
main equality required to derive the IB-BGMRES algorithm. We refer the reader to the original paper [?]

Inria



Block GCRO-DR methods with inexact breakdowns 9

for a detailed and complete description. For the sake of simplicity of exposure and easy cross-reading,
we adopt most of the notations from [?].

Because when an inexact breakdown occurs, not all the space spanned by W is considered to build
V41 in order to expand the space, a subscript j is added to denote its block number of columns. Let
p1 = p and denote by p; 1 the column rank of the block orthonormal basis vector V; ;. Then V; 4 €
Cr*Pi+1 'W; € C**Pi and Hjy1; € CPi+1%Pi_ As a consequence the dimension of the search space
K; (A V1) considered at the j'" iteration is no longer necessarily equal to j x p but is equal to n; =

J_, pi; thatis, the sum of the column ranks of Vs (i = 1,...,5). ¥ = [Ck, V1,...,V;] € C*(nitk)
(Y;41 =[7;, Vji1]) denotes the orthonormal basis of the remdual space.
When no inexact breakdown has occurred p;41 = p; = ... = p; = p, the range of W; has always

been used to enlarge the search space and we obtain the block relation given by (9). To account for a
numerical deficiency in the residual block R; = B — AX; in a way that is described later, Robbé and
Sadkane [?] proposed to split

W; =Vl +Q; (10

so that the columns of ); and V1, are orthogonal to each other and only V; is used to enlarge ¥; to
form ;1. We can then extend Equation (9) into

AW = 7,G, +1Q-1, W, (11)

where Q;_1 = [Q1,...,Q;—1] € C"*™~1 accounts for all the abandoned directions. The matrix Q;_
is rank deficient, and it reduces to the zero matrix of C™*™i-1 as long as no inexact breakdown has
occurred. -

In order to characterize a minimum norm solution in the space spanned by %; using Equation (11)
we need to form an orthonormal basis of the space spanned by [”//J, Q,;—1, W;]. This is performed by first
orthogonalizing Q;_; against 7/j, that is Qj 1= - 7/ ”f/ )Q;_1. Because Q;_; is of low rank so is

Qj_l that can be written

~ . P;_, € C"*% has orthonormal columns with yH P,_1=0
i1 =P, 1G,;_1 with J 77 ’ 12
Q-1 jm1g-1 W { Gj—1 € C9>Mi-1 js of full rank with ¢; = p — p;. (12)
Next W}, that is already orthogonal to 7/ is made to be orthogonal to P;_; with W; — P;_; E; where

E; = P 1 W;; then one computes W D; with W € C™Piand D; € CPi*Pi the reduced QR-
factorization of W; — P;_, E;. Eventually, the columns of the matrix [“//] ,Pi—1, WJ] form an orthonormal
basis of the space spanned by [¥;, Q;_1, W;].

With this new basis Equation (11) writes

I B; ~1[ E.
A[Uk”%] = [Ck,%} |: 0 92,?] :| |:0]€7 J— lGj 17|: Jj— 17WJj| I Dj :|:|
Ik Bj i
_ b T Zj
- |:Ck7,7/j7P]717W]j| 0 Gj—l E_/ ) (13)
0 D; |
[ Hy, o - Hy;
Hs, ;
where .&; = vEQ, . : € C™*™i is no longer upper Hessenberg as
RR%9393 | VHQy - VHQ; 5 Hj; 0 Hyj |




10 Giraud, Jing & Xiang

soon as one inexact breakdown occurs, i.e., 3¢, Q; # 0.
Equation (13) can be written in a more compact form as

AW = [Ckv”f/j,[Pj—th]} Z

YR

(14)

so that the least-squares problem to be solved to compute the minimum norm solution associated with the
generalized Arnoldi relation (13) becomes

Y; = argmin HAj —ﬁjYHF, (15)
Ye(c(k+nj)><p
with
I Bj
T = j = | 77 | e Clhrni+p)x(kiny) 16
= O(n; +p)xk Gi—1 Ej { H; } 1o
0 D;
kap .
and A, = Ay , where %, = Iy 5, € Cltng)x(ktny)
J J 0 k Z;
O, xp (nj+p)x J
G i—1 E; n;
and H] = Opxk ‘70 Dj e (CpX(k+ J).

The numerical mechanism to select V;; out of [Pj,l, Wj} follows the same ideas as discussed
in [?,?] in the context of block GMRES. The governing idea consists in building an orthonormal basis
for the directions that contribute the most to the individual residual norms and make them larger than the
target threshold ¢(/!). Based on the SVD of the coordinate vector of the residual

Aj— Z,Y; = Uy 151U + Us 1 5o U8 g, (17)

where X1 contains the p;,, singular values larger than the prescribed threshold ¢ they decompose

UMy . . ! ket (2
Ui = | 4 ) in accordance with {[Ck,”//j] ) [Pj,th]}, that is U}’ € CH+m)xP and U™ €
1

CP*P, Because, the objective is to construct orthonormal basis we consider [W1, W5] unitary so that
Range(W;) = Range(U&Q)). The new set of orthonormal candidate vectors to expand the search space

Vi = [Py, W] W (18)
is the one that contributes the most to the residual norms while
Py = [Py, W5 | W,

is the new set of orthogonal abandoned directions. Through this mechanism, directions that have been
abandoned at a given iteration can be reintroduced, if the residual block has a large component along
them. Furthermore, this selection strategy ensures that all the solutions have converged when p inexact
breakdowns have been detected; we refer to Section 3.2 for the discussion on how ¢(*) should be defined
to ensure a convergence of all the solutions to a common or individual prescribed backward error. We do
not give the details of the calculation and refer to [?] for a complete description, but only state that via
this decomposition the main terms that appear in Equation (13) can be computed incrementally.

Inria



Block GCRO-DR methods with inexact breakdowns 11

2.3 Subspace recycling policies

So far, we have not made any specific assumption on the definition of the deflation space U} except
that it has full column rank. In the context of subspace recycling, one key point is to specify what subspace
is to be recycled at restart. At the cost of the extra storage of k vectors, block GCRO offers more flexibility
than block GMRES in the choice of the recycled space. This extra storage, that enables us to remove the
constraints to have the search space included in the residual space, allows us to consider any subspace to
be deflated at restart. In particular any of the two classical alternatives, that are Rayleigh-Ritz (RR) or
Harmonic-Ritz (HR) approaches, can be considered to compute approximated eigenvectors to define Uy,
and C}, at restart.

Definition 1. Harmonic Ritz projection.
Consider a subspace W of C™. Given a general nonsingular matrix B € C"*", A € Candy € W,
(X, y) is a harmonic Ritz pair of B with respect to the space W if and only if

By— Ay L BW

or equivalently,
Yw € Range(BW) w (By —\y) =0.

The vector y is a harmonic Ritz vector associated with the harmonic Ritz value .

Definition 2. Rayleigh-Ritz projection.
Consider a subspace W of C™. Given a general nonsingular matrix B € C"*", A € Candy € W,
(\,y) is a Rayleigh-Ritz pair of B with respect to the space W if and only if

By—Ay LW

or equivalently,
Vw € Range(W) w' (By —Ay) =0.

The vector y is a Rayleigh-Ritz vector associated with the Rayleigh Ritz value \.

Once the maximum size of the space has been reached, we have

AWy, = 77m+1zm=[ok,7/m,[13m_1,m]} Z, (19)
Xy = X1+ WY,

R, = B—AXm:[Ok,”i/m,[Pm,th]} (A — Z. V), (20)
Y, = argmin  |Ap —Z,Yr,  Am = 0pxks AL, Opxen, ] h (1)

Y €Clk+nm)xp

a restart procedure has to be implemented to possibly refine the spectral information to be recycled during
the next cycle. Based on this equality we have to compute the approximated eigen-information as shown
in Proposition 1 and then use it to define U'°* and C}° as described in Theorem 1.

Proposition 1. At the restart of IB-BGCRO-DR, the update of the deﬂated subspace for the next cycle
(HR) (RR)

relies on the computation of harmonic Ritz vectors g, € span(W ), or Rayleigh Ritz vectors g; €
span( m), of A with respect to Wm =[Up V] € C¥ktnm),
o The harmonic Ritz pairs (6;, 7//; ggHR)) to be possibly used for the next restart satisfy
I g = 0, F T W g™, for1 < i < iy (22)
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CHU Ok xnm,

o 710y I,

where V,H_\ Wy, = P,él[n_ll;k e CkAnm+p)x (k+nm)

WH Uk‘ Opxnm
* The Rayleigh Ritz pairs (;, 7//; gi(RR)) to be possibly used for the next restart satisfy
Wit Tnir Z g = 09,0 Wng "™ for 1 < j < m (23)
N H H i

Where ﬁym+1 = |: Uk Ck Uk ,Vm Ukl:IPm71 Uk{IWm c C(k"l‘n'm)x(k"l‘n'm"!‘p) and
On, xk I, On,xp

. _ | UdU. U, (k1) X (kt-10m)

Wl W = [ vy, T, eC .

Proof. The proofs basically rely on some matrix computations as shortly described below:

e According to Definition 1, each harmonic Ritz pair (6;, %zggHR)) satisfies

—

Yw € Range(AV//;) wh (A%9§HR) —0; ngEHR)) =0,

which is equivalent to

(AW )T (AW g™ — 0, Wrgt ™) = 0. 24)
Using Equation (19) leads to
~ H ~ —
(Fi1Zn) " (T Zng™ = 0, 7g ") = 0. (25)
Because ”17m+1 = [Ck, Y, [Prm-1, V[N/m]} generated at the end of each cycle is orthonormal, (25)
becomes N .
T Z 0" = 0 Z 0T g =0,

which is the same as formulation (22).

* Rayleigh Ritz pairs: using Definition 2 and similar arguments and matrix computation enable to
derive the proof.

O

Depending on the region of the spectrum that is intended to be deflated (e.g., subspace associated
with the smallest, largest eigenvalues in magnitude), a subset of k£ approximated eigenvectors is chosen
among the n,,, ones to define the space that will span U;*“*. Then, we describe in Theorem 1 the update
of U»*" and its image C*" with respect to A at restart of IB-BGCRO-DR.

Theorem 1. At restart of the IB-BGCRO-DR, if we intend to deflate the space span([Uy, "I/m]G,(:)) where
G](:) = [gg), s gl(:)} the set of vectors associated with the targeted eigenvalues, the matrices U['*" and

Cpe" to be used for the next cycle are defined by

Uper — G R = (U, ]GO R, (26)
Cl?ew = 7//;IL+1Q = [Ck7 Yms Pm—1, /V\V/WL]Q’ @n

where (Q and R are the factors of the reduced QR-factorization of . mG,(:), which ensure that AU}" =
opew and (Cpev )™ opew = I with GV = G or GV = G,

Inria



Block GCRO-DR methods with inexact breakdowns 13

Proof. Let [Q, R] be the reduced ) R-factorization of %, mGé*) and multiply by GE:) on the right both
sides of Equation (19). It leads to A%G’Eﬂ*) = ”/7m+1£mG§:) = Am+1QR, that is equivalent to
AV//;,G,(:)R*1 = ”IZ,LHZmGE:)R’l = “/Z,,,HQ concluding the proof as span(f/:nG;:)R’l) = span(V//:nGE:))
and “17m+1Q is the product of two matrices with orthonormal columns so are its columns. O

Corollary 1. The residual at restart R7*" = R0 = B — AX7]V with X7°v = X2 is orthogonal to
C;;L@’ll].

Proof. Xf,fd = X1+ ”///,\nYm where Y, solve the least-squares problem (21) so that (A,,, —.Z,,Y:,) €

~

(Range(.Z,,))* = Null(.ZX). We also have R%4 = ¥, .1 (A, — %, Y;), consequently

(Cpe)H Rold - = (77m+1Q)H (77m+1 (A — imYm))

(“/ZnHsz;(:)R_I)H (7//\m+1 (Am — szm)>

RHGHH g (N, — Z V,)=0.
=0 because (21)

O

Next, we discuss the relationship between residuals of harmonic Ritz pairs and the linear system

residuals at restart, that can be exploited to lower the cost of the calculation of G,(CHR) at the end of the
next cycle. The residuals of the harmonic Ritz pairs can be formulated in a matrix form as

RUIR) — A7, G 77 G diag 6y, . 6),). (28)

The linear system residuals R,,, € C"*P and R%{ B) ¢ onxk belong to the same subspace Range([Ck, ¥, Pm—1, Wm]) €
Cmx (k+nm+p): because of the minimum residual norm property R,, is orthogonal to Range(A%) €
Crx(k+nm) go s Rgf B by definition. Therefore the linear system residuals R,,, and the residuals
of harmonic Ritz vectors R\ ™ are in Range(A%n)J- N Range([Ck, ¥m, Prm—1, Wm]), that is a p-

dimensional space since Range(AV//;) C Range([Ck, ¥m, Pm—1, Wi]). This means that it exists a
matrix Sy € CP *k guch that Rff B Ry, Bpx i, that combines with (28) leads to:

AW G = 7, G diag (01, 0k) + Rin By (29)
Proposition 2. At the restart of IB-BGCRO-DR, if harmonic Ritz pairs are used to define recycling space,
then the following relations hold:
Range(Up") < Range([CF¢", V4]), (30)
where V1 A is the reduced Q R-factorization of R7¢" = R%d =ViA;.
Proof.  Substituting (26) into C}}** = AU;** and from (29), we have

cper = AWRGTYRY
= #,G" diag(0y, -+ ,0) R + R Bpuu R,
= G P diag(6y,- -, 0:) R + V1A Bypus R,
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so that

diag(917 cee ,Hk)R_l kap

new _ - ~(HR)
Cre, V1] = WG, , Vq] Alﬁpka_l I, . 31

By (26) we also have: U[°" = %G,&HR)R*I. That shows that
Range(U.") C Range([%G;HR) , V1]) = Range([C}¢", Vq]).

O

Corollary 2. For all the restarts but the first, if harmonic Ritz vectors are used to define the deflated
space, the generalized eigenvalue problem to be solved simplifies and reads:

iz ¢ =0, 71 7, for1 <j<npy, (32)
o CHU, Ok xrm
where F,, = “//,f_,_ly/m(l sk, ) = VfIUk [ Iy, Opx(nm—p1) ] € ClkAnm)x(ktnm)

O(n‘m_pl)Xk [ O(nmfpl)xpl Inm._pl

Proof. The simplified right-hand side of (32) is deduced from the (2 x 1) block structure of # in Equa-

o~

tion (16) and the equality ¥, #;,, = [Z,,, O,,]T that comes from Range(U;°") C Range([CJ*", V1]) C

—~ —~

Range(“l/mﬂ) = Range([C};ew , V1]7V2, cors Vo, P 1, Wm]), Vi € {2, ..,m} VfIUk = 0p, x% and
([Prn—la Wm])HUk = Opxk- U

2.4 A variant suited for flexible preconditioning

All what has been described in the previous sections, naturally extends to the preconditioned case
where, for right preconditioning with a fixed preconditioner M, the central equality writes

AUk, M) = | Ch, Vi [Prrt, W] | Z,, (33)
the least-squares problem to be solved to compute the minimum norm solution becomes

)/m B argmin HAm - sz“F ’
Yy eCltnm)xp

and the solution is
Xm = X1+ [Ug, M7 Y.

If we denote .#; a (possibly nonlinear) nonsingular preconditioning operator at iteration j and .#; (V)
denotes the action of .#; on a block vector V;, Equation (33) translates to

AU, Zn) = |Cry Yoy [Prn1, Wi | Zy with Zy = [0 (V1) oy M (V,)]
that writes in a more compact form

AZy, = Ty T, with Zy, = [Uy,, %] and Vs = [Ck, Vi, [Pm_l,f/[v/m]} . (34)
The solution update is X,,, = X1 + [Ug, Z7»]Y:m. To keep the notation simple, we choose to keep the

notation for quantities that have the same meaning as in the non-flexible case but of course will have
different values.

Inria



Block GCRO-DR methods with inexact breakdowns 15

In the context of flexible preconditioning many strategies for defining harmonic Ritz vectors can be
envisioned for GCRO-DR. Among those considered in [?], we follow the one with a lower computational
cost required in solving the generalized eigenvalue problem, referred to as Strategy C in [?]. Further-
more, it also allows us to obtain very similar properties in the flexible case to the ones we have exposed
in the non-preconditioned case shown in Section 2.3. We refer to Appendix A for two other strategies for
approximating target eigen-information. The proposition below indicates that with an appropriated defi-
nition of the harmonic Ritz vectors, all the properties of IB-BGCRO-DR extend to the flexible situation.

Proposition 3. At the end of a cycle of the IB-BFGCRO-DR algorithm, if the deflation space is built
(HR) o span(W,,,) of AZ,, W} with respect to Wy, = Wy V] €

%

on the harmonic Ritz vectors g
C7L><(k+nm) .

1. The harmonic Ritz pairs (0;, ngl(HR))

e for the first restart satisfy

FHhF g — o, ZH7H W g - for1 <i <, (35)
CHW Ok,
”f/mHWk L,

where 7//\7,If{+1Wm = € Clktnm+p)x(ktnm)

Eg*lwk 0
Wnl;l Wk PXNm

o for the subsequent restart, we have ¥, \W,, = [, 0,]" with

CHW), Ok xnm,
Ty = V{I)/Vk [ Iy Opix(nm—pr) ] c C(k+nm)x(/€+nm), (36)
O(Ttmfpl)Xk 0(7lm—P1)><p1 Inm—Pl

and Equation (35) can be recast in

ZnZ g = 0. T g™ for1 < j<np. (37)

2. At restart, if G,(CHR) = {gEIHR), e ,gEkHR)} are associated with the k targeted eigenvalues, the
matrices Wi, U and C*V to be used for the next cycle are defined by

Wier = WG RT = Wy, %46 PR (38)

vper = Z,GPP R — 1y, 2,16 PR (39)

CE = Fm1Q = [y Vi, Pt Wl Q, (40)

where () and R are the factors of the reduced QR-factorization of %, GECHR) that ensures AU} =
cpew with (Cpew) ™ opew = I,
3. The residual at restart RY*" = RO = B — AXPY with X7°¥ = X2 is orthogonal to C7**.
4. At all the restarts but the first, we have the following relation that holds
Range(Wp¥) < Range([C7Y, V1)), (41)
where V1 Ay is the reduced () R-factorization of R1°" = R%d = VA1

Proof. The proof essentially follows the same arguments as the ones developed for IB-BGCRO-DR, and
we refer the reader to the Appendix B for the technical details. O

We also mention that a closely related numerical technique that extend IB-BGMRES-DR in the flexi-
ble preconditioning context can be derived. We refer to Appendix C where the resulting algorithm named
IB-BFGMRES-DR is detailed and its properties are described.
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3 Additional numerical features to complement the inexact break-
down

3.1 Subspace expansion policies

Thanks to the inexact breakdown mechanism, the abandoned directions at a given iteration might be
reintroduced in a subsequent one, thereby we can trade on the original policy and select for the subspace
expansion only a subset of those defined by the SVD decomposition of the least-squares residuals defined
by (17). In particular, it might be relevant to choose a block size p©? that is suited to best cope with the
computational features on a given platform rather than selecting the numerical block size p;; defined
as the number of singular values larger than the prescribed threshold e’*. In that respect, we consider a
subspace expansion policy so that the block size at the end of step j is defined as pjcﬁ = min(p®?, Djt1)-
We refer this variant as Inexact Breakdown Block GCRO-DR with computational blocking (denoted by
IB-BGCRO-DR-CB).

3.2 Monitoring individual convergence thresholds

A classical stopping criterion for the solution of a linear system Ax = b is based on backward error
analysis and consists in stopping the iteration when
[[b— Az;|l2
m(z;) = bij <e. 42)
161l
When we have to solve for a family of right-hand sides B = [bD), ..., b(P)], we can first scale all the right-
hand sides so that they are all of norm one (i.e., form b(") = b(?) /||b(?) |4, iterate for the scaled right-hand

sides B = [0V, ..., b®)] until all the residual norms [|b(*) — A:E;-i) ]2 < ¢ and scale back the computed

solutions to get the one initially sought () = ig»i) (|69 ||2; this latter will comply with (42). For the sake
of simplicity of exposure and without loss of generality, we will assume in the rest of this section that the
set of right-hand sides are of norm one.

The governing idea in the inexact breakdown mechanism is to only select the directions associated
with singular values larger than e(R), so that, when there is no more candidate direction for extending the
search space, i.e., pj41 = 0 all the solutions are computed at the target accuracy () Setting () = ¢
ensures that all the solutions complied with the stopping criterion (42). This relies on the following
inequalities:

199 — Az o < B~ AX;ll» = [|A; = Z;Y| < . (43)
The occurrence of p inexact breakdowns is a sufficient condition that ensures the convergence of the p
solution vectors, but the convergence might happen before and a more classic stopping criterion can be
accommodated at a very low computational cost. One can also check the convergence by looking at the
norm of the least-squares residuals, that are easy to compute. Let Q]LS RJL “ be the (full) Q R-factorization
of Z, (ie., Q]LS is unitary) , then

0.
A - Z,Y; = Q8 ( ( -’1;’;)“”) , (44)
J

where Rf* € CP*? are the last p rows of (QF9)A; so that [[p() — AxE-i)HQ = [|R%(:,4)|l2. Those

residual norm calculations allow the definition of a stopping criterion for the block algorithm based on
the individual convergence criterion of each right-hand side defined by (43).
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Block GCRO-DR methods with inexact breakdowns 17

In some applications all the solutions associated with a block of right-hand sides do not need to be
solved with the same accuracy. In that context, the subspace expansion policy and the stopping criterion
should be adapted. Let () denotes the target accuracy for the solution associated with the right-hand side
b("). We define the candidate direction by applying the candidate directions policy to the scaled residual
matrix (A; — % ,Y;)D. where D, = diag (€M)= (e~ ... [ (e®)=1) with ¢) = 1. When p
inexact breakdowns have occurred, because the 2-norm of a matrix is an upper bound of the 2-norm of its
columns (that are the residual scaled by their associated stopping criterion threshold), we have

Hb(“ — Az

LED)T < (A = 2, V) Delly < 1for Vi€ {1, p}.

As discussed previously the individual convergence of the solutions can be checked at each iteration by
computing the norm of the columns of the (p X p) least-squares residual Rfs D..

3.3 Remarks on some computational and algorithmic aspects

On the computational point of view, a few remarks can be made for the practical implementation
of the described numerical methods. For the sake of conciseness of this paper, we do not give the full
technical details of what we briefly expose below but rather refer for each of them to a particular section
in the appendix where a complete proof is given. The points we wanted to make are:

1. Note that both techniques for monitoring individual convergence thresholds and the subspace ex-
pansion policies discussed in Section 3.1 and 3.2 could be applied to any other block minimum
residual norm methods equipped with the inexact breakdown mechanism such as the IB-BGMRES
and IB-BGMRES-DR algorithms.

2. The full QJL S RJLS -factorization involved in the solution of the least-squares problems (44) enables
the cheap calculation of the SVD for the residual block (17). This observation applies naturally to
the IB-BGMRES and IB-BGMRES-DR algorithms (we refer to Appendix E for the details).

3. For the sake of exposure, we made the assumption that the initial residual block R; is of full rank.
In practice, this constraint can be removed by applying already to V; the candidate search space
expansion policy based on the SVD of the R factor of the reduced Q) R factorization of R;. We refer
to the Appendix F for the details for a detailed exposure of the resulting algorithm. In particular,
a consequence of the occurrence of an inexact breakdown in I?; is that the right-hand side of the
least-squares problems needs to be updated at each iteration and not simply expanded with a zero
block. The pseudocode for IB-BGCRO-DR with inexact breakdown detection in R; and updated
right-hand side of the least-squares problems for constant and slowly-changing left-hand sides with
massive number of right-hand sides are presented in Appendix I and J, respectively.

4 Numerical experiments

In the following sections we illustrate the different numerical features of the novel algorithm intro-
duced above. For the sake of comparison, for some of the experiments we also display results with closely
related block methods such as BGCRO-DR [?,?,?,?] or IB-BGMRES-DR [?]. All the numerical experi-
ments have been run using a Matlab prototype, so that the respective performances of the algorithms are
evaluated in term of number of matrix-vector products, denoted as mwvps (and preconditioner applications

in the preconditioned case) required to converge. For all block methods, the stopping criterion is that the

T . . i () _ Az (D
p individual normwise backward errors satisfy 7, (2') = W

spect to the approximate solution xgi), or the mvps exceeds the allowed maximal number (referred to as
maxMuvops).

<e(i=1,...,p) with re-
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For each set of block of right-hand sides, referred to as a family, the block initial guess is equal to 0 €
C™*P_ where p is the number of right-hand sides. The block of right-hand side B = [b(l), b, b(p)] €
C"*P is composed of p linearly independent vectors generated randomly (using the same seed when
block methods are compared). While any part of the spectrum could be considered to define the recycled
space we consider for all the experiments the approximated eigenvectors associated with the & smallest
approximated eigenvalues in magnitude. The maximum dimension of the search space in each cycle is
set to be mg = 15 x p, the targeted backward error is ¢ = 1078 and mazMuvps = 2000 x p for each
solver run. To illustrate the potential benefit of IB-BGCRO-DR when compared to another block solver,
we consider the overall potential gain when solving a sequence of ¢ families defined as

S°¢_, #mups (method))

Gain ({) = —; )
3oy #mups (IB-BGCRO-DR)(#)

(45)

4.1 Ritz versus harmonic Ritz subspace recycling policies

To illustrate the flexibility of subspace recycling in IB-BGCRO-DR as discussed in Section 2.3, both
the harmonic Ritz (HR) and Rayleigh Ritz (RR) projections are considered to construct the recycled
subspace; the associated algorithms are referred to as IB-BGCRO-DR(HR) and IB-BGCRO-DR(RR).
Following the spirit of the test examples considered in [?] we consider bidiagonal matrices of size 5000
with lower diagonal unity so that their spectrum is defined by their diagonal entries; we denote them
Matrix 1 and Matrix 2. Matrix 1 has diagonal entries 0.1,1,2,3,...,4999 and Matrix 2 has diagonal
entries 10.1,10.2,...,20,21,...,4920. We consider experiments with a family size p = 20, the size of
the recycled space £ = 30 and the maximal dimension of the search space my = 300. In Figure 1 we
display some experimental results. The graphs on the left give the envelope of the convergence histories
of the p backward errors as a function of the number of matrix-vector products (mwvps) for the first three
families. On the right graphs we depict the number of matrix-vector products for each of the 30 families.
For Matrix 1, one can observe that the HR-projection does capture a space that slows down the initial
convergence once the first family has been solved; that is, for families 2 and 3 the converge histories
do not exhibit anymore any plateau. On that example the RR-projection does not capture a recycled
space that helps much the convergence as the three convergence histories exhibit very similar pattern. For
Matrix 2, both RR and HR projections work pretty much the same. In Table 1, we report the total required
mups for the two matrix examples for 3 and 30 families. Those results do not attempt to highlight that
one projection is superior to the other one, but simply illustrate the flexibility of the GCRO approach to
accommodate both. The selection or discussion of the best suited projection method is out of the scope
of this paper.

In the rest of this paper, only the HR projection is considered to build recycling subspace used in the
GCRO-DR like methods. Besides, the bidiagonal Matrix 1 is chosen as the constant left-hand sides in
following Subsection 4.2- 4.5, in which the related parameters are likewise set to be p = 20, £ = 30 and
mq = 300.

4.2 Comparison with IB-BGMRES-DR

In order to illustrate the difference between BGCRO-DR, IB-BGCRO-DR and IB-BGMRES-DR.
The convergence histories of two consecutive families are displayed in the left plot of Figure 2. Several
observations can be made. Because IB-BGCRO-DR and BGCRO-DR do not have a deflation space to
start with for the first family, the convergence histories of the three solvers overlap as long as the IB-
mechanism does not detect any partial convergence. At this point, the convergence rate of IB-BGCRO-
DR and IB-BGMRES-DR becomes faster (in terms of matrix-vector products) than that of BGCRO-
DR, and the two convergence histories mostly overlap as the two IB techniques remain mathematically
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Figure 1: History of bidiagonal Matrix 1 and Matrix 2 (p = 20, mq = 300 and k& = 30). Left: convergence histories
of the largest/smallest backward errors 7,y at each mwvps for 3 consecutive families. Right: consumed number of
mups versus family index.

Family number | Matrix Method mups
, IB-BGCRO-DR(HR) 6950
3 Matrix 1 IB-BGCRO-DR(RR) 7280
. [B-BGCRO-DR(HR) 65686
30 Matrix 1 IB-BGCRO-DR(RR) 68421
. IB-BGCRO-DR(HR) 13281
3 Matrix 2 IB-BGCRO-DR(RR) 12977
' IB-BGCRO-DR(HR) | 131401
30 Matrix 2 IB-BGCRO-DR(RR) | 129865

Table 1: Numerical results of IB-BGCRO-DR with recycling subspace generated by RR or HR-projection for Matrix
1 and Matrix 2 with p = 20, mg = 300 and k = 30.

equivalent. For the second and subsequent families, the capability to start with a deflation space shows
its benefit for BGCRO-DR and IB-BGCRO-DR. Because IB-BGMRES-DR has to capture again this
spectral information it needs a few restarts before it finds the spectral information again and refines it
in its subsequent search spaces; eventually it exhibits a convergence rate similar to the BGCRO-DR
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counterpart.

For the sake of comparison and to illustrate the benefit of the IB mechanism we also display the
converge histories of BGCRO-DR that always requires more matrix-vector products compared to its IB
counterpart. Those extra matrix-vector products mostly concur to improve the solution quality for some
right-hand sides beyond the targeted accuracy. To further highlight the effect of the IB mechanism, we
report in the right plot the size of search space expansion as a function of the iterations. Because BGCRO-
DR does not implement the IB mechanism, the search space is increased by p = 20 at each iteration. For
the two other block solvers, the block size monotonically decreases down to 1. Because the IB mechanism
is implemented on R; in IB-BGCRO-DR, the block size does not increase at restart. By construction,
IB-BGMRES-DR implements the IB mechanism at restart so that the same observation applies.

A summary of the mvps and the number of block iterations (referred to as its) is given in Table 2 that
shows the benefit of using IB-BGCRO-DR.

Convergence for 2 consecutive families Blocksize along iterations for 2 consecutive families

% ——IB-BGCRO-DR
——B-BGMRES-DR
BGCRO-DR

7, (Min,max)
blocksize

——IB-BGCRO-DR
——IB-BGMRES-DR
——BGCRO-DR

L L L L A 100 i L L
3000 4000 5000 6000 7000 0 50 100 150 200 250 300 350

mvps iterations

0 1000 2000

Figure 2: History for Section 4.2. Comparison IB-BGCRO-DR with BGCRO-DR and IB-BGMRES-DR by solving
bidiagonal Matrix 1 (p = 20, mq = 300 and k = 30). Left: convergence histories of the largest/smallest backward
errors 1), (i) at each mups for 2 consecutive families. Right: varying blocksize comparison along iterations.

Family number | Method mups | its
BGCRO-DR 6640 | 332
2 IB-BGMRES-DR 5407 | 343
IB-BGCRO-DR 4774 | 291

Table 2: Numerical results in both terms of mwps and its for Matrix 1 (p = 20, mg = 300 and k = 30).

4.3 Convergence analysis with different target accuracies

In this section we illustrate how the target accuracy interplays with the quality of the extracted spectral
information.

The convergence histories of solving three successive families with accuracy ¢ = 1072,1073, 104,108
are described in Figure 3, from which it is observed that the benefits of inexact breakdown detection is
significative especially when solving the first family with lower accuracy, like 10~2, 102 or 10~*. Be-
sides it is interesting to notice the different curve shapes of IB-BGCRO-DR displayed among the accuracy
1072, 1073 and 10~*,108. For the former two, with lower accuracy, it seems that the inexact break-
down detection mechanism prevents IB-BGCRO-DR to capture a deflation space enabling us to have as
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smooth and fast convergence for the subsequent families similar to what BGCRO-DR exhibits. For the
first family, the absence of IB mechanism in regular BGCRO-DR leads to the exploration of spaces that
are not important for the linear system solution (at least for the level of targeted accuracy) but relevant
to capture useful spectral information that will significant speed-up its convergence for the subsequent
families.

For e = 10~4, IB-BGCRO-DR needs the solution of two families to capture all the relevant spectral
information and to exhibit the same convergence rate as BGCRO-DR. While, the first family is enough
for e = 1078,
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Figure 3: History of Section 4.3 for the behavior in case of different target accuracy (1072, 1073, 10~ and
10~®). Convergence history of IB-BGCRO-DR, BGCRO-DR and IB-BGMRES-DR on the families constructed by
bidiagonal Matrix 1 with parameters setting as p = 20, mq = 300 and k£ = 30.

4.4 Subspace expansion policies

As discussed in Section 3.1, only a subset of the candidate directions exhibited by the IB mechanism
can be eventually selected to expand the search space at the next block iteration; we denote this maximum
size p©P and refer to this variant as IB-BGCRO-DR-CB where the CB stands for Computational Block-
ing. In Table 3 we show the effect of this algorithmic parameter on muvps and its for the solution of 3 and
30 families with Matrix 1 when p©? varies from 1 to 15 for a number of right-hand sides p = 20. It can
be seen that smaller p©? is, the smaller mups, but larger its. While reported only on one example this
trend has been observed in all our numerical experiments. Depending on the computational efficiency
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or cost of the matrix-vector products with respect to the computation weight of the least-squares solu-
tion and SVD of the least squares residuals, this gives opportunities to monitor the overall computational
efficiency of the complete solution.

Family number | Method mups its
IB-BGCRO-DR 6950 | 416
3 IB-BGCRO-DR-CB (pCB = 15) 6849 | 460
IB-BGCRO-DR-CB (p“E = 10) 6856 661
IB-BGCRO-DR-CB (p“? = 5) 6859 | 1297
IB-BGCRO-DR-CB (p“Z =1) 6844 | 6370
IB-BGCRO-DR 65686 | 3818
30 IB-BGCRO-DR-CB (p©Z = 1) 64700 | 60131

Table 3: Numerical results of IB-BGCRO-DR and IB-BGCRO-DR-CB for p©® = 1, 5,10, 15 in terms of muvps
and ¢ts for Section 4.4, where the involved parameters for bidiagonal Matrix 1 are set to be p = 20, mq = 300 and
k = 30.

We notice that this subspace expansion policy also applies to IB-BGMRES-DR, and we refer to
Figure 9 and Table 8 of Appendix L for an illustration for this block solver.

4.5 Solution with individual convergence thresholds

To illustrate this feature, we consider a family of p right-hand sides and a convergence threshold 10~4
for the first p/2 and 10~ for the last p/2 ones. To illustrate the benefit of this feature we compare with
calculations where all the right-hand sides are solved with the most stringent accuracy, that is 10~3. We
display in the left part of Figure 4, the convergence histories for 3 successive families. The variant that
controls the individual threshold is denoted as IB-BGCRO-DR-VA where VA stands for Variable Accu-
racy. It can be seen that the numerical feature works well and that the envelope of the backward errors has
the expected shape, that is, the minimum backward error goes down to 10~% while the maximum ones
(associated with the first p/2 solutions) only goes down to 10~%. If we compare the convergence history
of IB-BGCRO-DR and IB-BGCRO-DR-VA, it can be seen that the slope of IB-BGCRO-DR-VA is deeper
than that of IB-BGCRO-DR once the first p/2 solutions have converged; at this point IB-BGCRO-DR-VA
somehow focuses the new directions (produced by the matrix-vector products used for the x-axis) to re-
duce the residual norms of the remaining p/2 solutions that have not yet converged. The plot on the right
of Figure 4 shows the computational gain induced by the individual control of the accuracy compared to
the situation where all the right-hand sides would have been solved the most stringent one if this feature
had not been designed. In this case the individual monitoring of the convergence saves around 30 % of
the matrix-vector products. Those results are summarized in Table 4.

Similar to previous subsections, we refer to Figure 10 and Table 9 of Appendix M for an illustration
of extending such individual control to the block solver IB-BGMRES-DR that can also accommodate this
feature.

4.6 Behavior on sequences of slowly varying left-hand sides problems

The example used in this section is from a finite element fracture mechanics problem that is fully
documented in [?, Section 4.1]. Over 2000 linear systems of size 3988 x 3988 need to be solved in
order to capture the fracture progression, and among them 151 linear systems 400 — 550 representing a
typical subset of the fracture progression in which many cohesive elements break are examined in [?].
The solution of these linear systems have been investigated using both GCRO-DR and GCROT, and we
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Figure 4: Comparison of IB-BGCRO-DR to IB-BGCRO-DR-VA on families with Matrix 1 (p = 20, mq = 300 and
k = 15). Left: convergence histories of the largest/smallest backward errors 7,:) at each mwvps for 3 consecutive

families. Right: Gain (¢) of IB-BGCRO-DR-VA to IB-BGCRO-DR versus family index.

Family number | Method mups its
IB-BGCRO-DR 6948 | 416
3 IB-BGCRO-DR-VA 5118 | 395
IB-BGCRO-DR 65641 | 3820
30 IB-BGCRO-DR-VA 47141 | 3567

Table 4: Numerical results of IB-BGCRO-DR with fixed/varying target accuracy for each right-hand side in terms of
mups and its for Section 4.5, where the coefficient matrix is bidiagonal Matrix 1 with involving parameters defined
as p = 20, mq = 300 and k£ = 30.

refer to [?] for a comprehensive experimental analysis. For our numerical experiments we borrow the ten
linear systems numbered 400 — 409 of this FFEC collection. For each set of linear system we select the
matrix and the corresponding right-hand sides that we expand to form a block of p = 20 right-hand sides
by appending random linearly independent vectors.

We display the convergence histories for solving first 3 consecutive families of linear systems in
the left plot of Figure 5. For the solution of the first block of right-hand sides, the observations on
the IB and DR mechanisms discussed in Section 4.2 apply. Even though the matrix has changed, the
recycled spectral information computed for the previous matrix still enable a faster convergence at the
beginning of the solution of the next one. For the solution of the first family the convergence histories
of the three methods fully overlap until the first inexact breakdown occurs, as until this step the three
methods are mathematically equivalent. For the subsequent families, it can be seen that the sequence
of matrices are close enough to ensure that the recycled space from one system to the next still makes
benefit to the convergence as IB-BGCRO-DR and BGCRO-DR converge faster than IB-BGMRES-DR at
the initial stage. The benefit of the IB mechanism is also illustrated on that example as IB-BGCRO-DR
still outperforms BGCRO-DR. The overall benefit in term of mvps saving is illustrated in the right plot
on a sequence of 10 linear systems, where the saving is close to 14% with respect to IB-BGMRES-DR
and more than 67 % with respect to BGCRO-DR. Those results are summarized in Table 5.
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Figure 5: Convergence results of IB-BGCRO-DR, BGCRO-DR and IB-BGMRES-DR on a sequence of slowly
varying left-hand sides built on FFEC with p = 20, mq = 300 and k = 15.

Family number | Method mups its
BGCRO-DR 13200 | 660
3 IB-BGMRES-DR 8068 | 622
IB-BGCRO-DR 7363 | 523
BGCRO-DR 39515 | 1969
10 IB-BGMRES-DR 26832 | 2022
IB-BGCRO-DR 23603 | 1611

Table 5: Numerical results in terms of muvps and its for Section 4.6, in which the involving parameters for FFEC
are set to be p = 20, mg = 300 and k& = 15.

4.7 A variant suited for flexible preconditioning

In this section, we illustrate the numerical behavior of the flexible variant IB-BFGCRO-DR that we
have derived in Section 2.4 and make comparison with closely related variants namely BFGCRO-DR (a
straightforward block extension of FGCRO-DR [?]) and IB-BFGMRES-DR. We refer to Appendix C for
a detailed description of IB-BFGMRES-DR that is although novel.

We consider a representative quantum chromodynamics (QCD) matrix from the University of Florida
sparse matrix collection [?]. It is the conf5.4-0018x8-0500 matrix denoted as B of size 49152 x 49152 with
the critical parameter x. = 0.17865 as a model problem. Thirty families of linear systems are constructed
that are defined as A) = I — k.(¢)B with 0 < r.(f) < k. and £ = 1,2,...,30. We use the Matlab
function linspace(0.1780, 0.1786, 30) to generate the parameters . (¢) for the sequence of left-hand side
matrices and observe that those matrices have the same eigenvectors associated with shifted eigenvalues.
A sequence of p = 12 successive canonical basis vectors are chosen to be the block of right-hand sides
for a given left-hand side matrix following [?, Section 4.3] so that the complete set of the right-hand sides
for the ¢ linear systems reduces to the first p x ¢ columns of the identity matrix. This choice could be
supported by the fact that the problem of numerical simulations of QCD on a four-dimensional space-time
lattice for solving QCD ab initio (cf. [?, Section 4.3]) has a 12 x 12 block structure, and then a system
with 12 right-hand sides related to a single lattice site is often of interest to solve.

The flexible preconditioner is defined by a 32-bit TLU(0) factorization of the matrix involved in
the linear system. In a 64-bit calculation framework, the preconditioning consists in casting the set of
directions to be preconditioned in 32-bit format, performing the forward/backward substitution in 32-bit
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calculation and casting back the solutions in 64-bit arithmetic. The rounding applied to the vectors has a
nonlinear effect that makes the preconditioner nonlinear.
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Figure 6: Behavior of flexible block solver variant on families of QC D matrices with p = 12, mg = 180 and

k = 90. Left: convergence histories of the largest/smallest backward errors 7, ;) at each mvps for 3 consecutive
families. Right: Gain (1) of the block methods with respect to IB-BFGCRO-DR along family index.

Family number | Method mups its
BFGCRO-DR 1944 | 147
3 IB-BFGMRES-DR 1911 177
IB-BFGCRO-DR 1797 | 145
BFGCRO-DR 18774 | 1347
30 IB-BFGMRES-DR 19147 | 1779
IB-BFGCRO-DR 17770 | 1327
BFGCRO-DR 37494 | 2682
60 IB-BFGMRES-DR 38363 | 3570
IB-BFGCRO-DR 35642 | 2655

Table 6: Numerical results in terms of mwvps and its for Section 4.7, in which the involving parameters for QCD
matrix are set to be p = 12, mg = 15 X p = 180 and k = 90.

For those experiments, we attempt to favor the recycling of the space, because the matrices share the
same invariant space, so that we choose a relative large value for k that is k = my/2. We report in the
left plot of Figure 6, the convergence histories of the three flexible block variants. Similarly to what has
already been observed previously the convergences are very similar on the first family and only differ
when the IB mechanism becomes active mostly in the last restart. For the second and third families, one
can see that IB-BFGCRO-DR and BFGCRO-DR have identical convergence speed. One can observe a
shift in the convergence histories between the end of the solution of one family and the beginning of
the next one for both IB-BFGCRO-DR and BFGCRO-DR. This shift is due to the extra & matrix-vector
products that have to be performed when the matrix changes in order to adapt the deflation space as
follows

1. compute A(”UU,iZ) =C

2. compute the reduced QR factorization of Cj, = C,EHI)R
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3. update the basis of the deflation space Ué“_l) = U,gé)Rf1 so that A(+1) U,i“l) = C,(CHI).

Because k is large, we can clearly see the shift in the left plot of Figure 6. On the second and third
family IB-BFGMRES-DR has the same convergence history as for the solution of the first one. For this
parameter selection on those examples, it can be noticed that the dominating effect on the convergence
improvement is due to the space recycling and not the IB mechanism as BFEGCRO-DR outperforms IB-
BFGMRES-DR gradually. This observation is highlighted in the right plot of Figure 6, where the benefit
of using IB-BFGCRO-DR rather than BFGCRO-DR does shrink when compared to previous experiments
and is only about 8%. This example also illustrate the benefit of combining the two numerical features
IB and subspace recycling as IB-BGCRO-DR is the method that requires the less matrix-vector products
(and preconditioning applications) as well as the less iterations as it is summarized in Table 6 for various
numbers of linear system families.

5 Concluding remarks

In this paper, we develop new variants of block GCRO-DR methods denoted as IB-BGCRO-DR.
We demonstrate that these new solvers combine the nice numerical features of both inexact breakdown
detection mechanism and subspace recycling strategy through extensive numerical experiments for solv-
ing linear systems with constant or slowing-varying left-hand sides and massive number of right-hand
sides. We discuss the multiple choices for constructing the recycling subspace used in the GCRO-DR like
methods and illustrate that the performance of IB-BGCRO-DR with the recycling subspace built by the
commonly used Harmonic Ritz projection is not always superior to that with Rayleigh Ritz projection.
Based on the inexact breakdown mechanism, we present the flexibility of the search space expansion
policy that can be accommodated to find a trade-off between the computational and numerical efficiency
of the solver. We also introduce a technique for monitoring individual convergence thresholds for each
right-hand. To comply with mixed-precision calculation, the flexible preconditioning variant is also pro-
posed, which would be of interest for emerging computing platforms where mixed-precision calculation
could be a way to reduce data movement that is foreseen as one of the major bottleneck to reach high
performance.
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A Other two alternatives to compute the approximate eigen-information

Proposition 4. (Strategy A [?]) At the end of a cycle of the IB-BFGCRO-DR algorlthm if the deflation

space is built on the harmonic Ritz vectors gZ( R) ¢ span( %, ) of A with respect to f'f =[U, Zn]€

cnx (k+nm)
1. The harmonic Ritz pairs (6;, Q/’;gl(HR)) for the each restart satisfy

FHz 1R — g ghyH 5 R 1 <i <y, (46)

“Z m’ " m+1

—~ qH
o for the first restart: ¥/, +lff = {Ck,”//m, [Pm_th]] [Uy, Z,] € Cltnm+p)x (ktnm)

* for the subsequent restart:

CcHUy clz,
Vi, }
S Vv,
A//n?-i-lgm = [ O(n—p1) xk " 47)
Pl Zn
Opx WH%,
2. At restart, if G(HR) = {gleR), . ,gz(f )} are associated with the k targeted eigenvalues, the
matrices UJ'*" and C}}°V to be used for the next cycle are defined by
vrer = 2, RT = Uy, 2, )G R (48)
CE = Tm1Q = [Crs Viny P, Wl Q, (49)

where () and R are the factors of the reduced QR-factorization of %, GECHR) that ensures AU[*" =
Crev with (C”ew) cpev = 1.

3. The residual at restart R7*" = RO = B — AXPeY with X7*¥ = X2 is orthogonal to C7*.
4. At all the restarts but the first, we have the following relation that holds
Range(UpY) < Range([Cp”, V4]), (50)
where V1 Ay is the reduced Q R-factorization of R} = Rf,lbd ViAq.
Proof. The proofs basically relay on some matrix computations as shortly described below:
* According to Definition 1, each harmonic Ritz pair (6;, Q/’}\n ngR)) satisfies
Yw € Range(Aé’;\n) wh (Aé’;ngR) —6; @ggHR)) =0, (51)

which equivalently becomes

o~

(AZ)" (AZgi"™ — 0, Z,9("") = 0. (52)

Using Equation (34) leads to

(FirZ) (Foir ™™ 0, Zg"™) = 0. 53

3
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Because 77m+1 = [Ck, Ym, [Pm—1, Wm]] generated at the end of cycle is orthonormal, (53) be-
comes - .
F1h 7, " — g FHgH 7 g

=—m =—m g

which is the same as formulation (46). The corresponding simplified form of 7775 1 5’; in the right

hand side of (46) established in the second and subsequent cycles could be deduced by the to-
be-proved formula (50), which means Range(U;"") C Range([Cy*, V1]) C Range(¥p,11) =
Range([C7" , V1], Va, ..., Vi, Po—1, Win]). Vi € {2,.,m}  VEU, = 0, 1 and ([Pp—1, W) 2 U =
Opxk-

i 1s the reduce actorization o and multiply by on the right bot
Q, R] is the reduced Q R-factorization of .Z,, G\"™ and l'leéHR) he right both
sides of Equation (34). It leads to AQP G, (HE) _ mt1Z G(HR) = m+1QR, that is equivalent

to AQfmGiHR)R_ = “I/m imG,iHR)R_ = m+1Q that concludes the proof as 77m+1Q is the
product of two matrices with orthonormal columns so are its columns.

* The same process for proving Corollary 1.

* Prove (50): Range(Up") C Range([CJ", V1]). According to (52), the residuals of the har-
monic Ritz pairs can be formulated in a matrix form as

RUD = AZ,G\"P — 7, G diag (0, ,61),

from which and the relationship between residual of harmonic Ritz pairs and the residual at restart:

Rgf R _ R, Bpx k. proved in Section 2.3, we obtain

AZ, G = 7 G\ diag(6y,- -, 0k) + RonBp- (54)
Using (48) into C}}¢* = AU** and from (54), we have

oper = AZ,GMRY
2, G diag(6y, -+, 0,) R + R Bpuis R,
= %,G"Mdiag(6y,- - ,0,) R + V1A By R,

so that
new o 7 ~(HR) diag(917 e 79k)R_1 kap
[Ck ’ Vl] - [QfmGk ) Vl] Alﬁpka_l Ip ) (55)
By (48) we also have: U[}°" = %G;HR)R*I. That shows that
Range(U;") C Range([ffmG,(cHR) , V1]) = Range([C7°Y, V4]).
O

Proposition 5. (Strategy B [?]) At the end of a cycle of the IB-BF GCRO DR algorlthm if the deﬂatlon

space is built on the harmonic Ritz vectors gz( R) ¢ span( m) of Af'f 7/H with respect to “//
[Ck 2 ] S Cnx(k+nm)

(HR)

1. The harmonic Ritz pairs Y gl ) for the each restart satisfy

(05,
gz M — 0, ZH N for1 <i <y, (56)
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2. At restart, if G(HR) = [gleR), e ,gEfR)} are associated with the k targeted eigenvalues, the
matrices U®" and C}}°V to be used for the next cycle are defined by

vper = 2, R = U, 2,6 R (57)

CE™ = Tm1Q = [Cr, Viny P, Wl Q, (58)

where Q) and R are the factors of the reduced QR-factorization of F , GéHR) that ensures AU =
C}::le'u) Wlth (C]::leﬂ))H Cl'?e?l) — Ik;.

3. The residual at restart R} = Ro! = B — AXPY with X7*¥ = X2 is orthogonal to C7*.

Proof. Given the proof essentially follows the same arguments as the ones developed for Proposition 4
or 3, the details are omitted here. O

Although the Strategy A depicted in Proposition 4 is the most efficient way among the possible three
strategies described in [?] for appr0x1mat1ng the elgen -information of the coefficient matrix A, the com-
putational cost of the last n,,, columns of v, Hff as shown in the right-hand side of Equation (47) is
too heavy especially with larger n,,. Therefore, another possible alternatives are considered to reduce
the computational cost of solving such general eigen-solving problem. Inspired from the way of com-
puting eigen-information under the context of flexible GMRES with deflated restarting (FGMRES-DR)
as shown in [?, Proposition 1], Strategy B shown in Proposition 5 is described for the IB-BFGCRO-DR,
while which turns out to be not that suitable under the GCRO-DR context by numerical results shown
in Table 7. Thus, the Strategy C is devised and described in Proposition 3, which has the same sense
as Strategy A but with a lower computational cost of solving the general eigen-solving problem thanks
to the structure of ¥, +1VV = [T Op]T with the simplified form .7}, as shown in Equation (36).
From Table 7, it is easy to observed that the numerical result of IB-BFGCRO-DR with Strategy C is
approximate to that with Strategy A through the later one costs the fewest mwvps and its.

Family number | Method mups | its
IB-BFGCRO-DR (Strategy A) 1750 | 139
3 IB-BFGCRO-DR (Strategy B) 2006 | 171
IB-BFGCRO-DR (Strategy C) 1797 | 145

Table 7: Numerical results of IB-BFGCRO-DR with three kinds of strategies in terms of mwvps and its, in which
the involving parameters for QCD matrix are setto be p = 12, mg = 15 X p = 180 and k£ = 90.
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B Proof of Proposition 3

Proof. The proofs basically relay on some matrix computations as shortly described below:

* According to Definition 1, each harmonic Ritz pair (¢;, ngZ(HR)) satisfies
Vuw € Range(AZ, Wi W) w (AZpWE W™ — 0, W,g™ ™) = 0. (59)

Because W, is initially set to be equal to #;,, and then is updated by (38), which has full column
rank, taking a left inverse for the Moore-Penrose inverse of W,,, makes WLWm = I. Therefore,
the second formula of (59) equivalently becomes

(AZ,) T (AZ, g — 0, W, gy = 0. (60)

Using Equation (34) leads to
~ H , <
(Ft1Z.) (FnirZong ™™ = 0, Wg"™) = 0. ©1)

Because ”/7m+1 = [Ck, Vs [Prm—1, Wm]] generated at the end of each cycle is orthonormal, (61)

becomes

FH 7 " 0, FETH W,gM =0,

which is the same as formulation (35). The corresponding alternative form (37) with simplified
right-hand side established in the second and subsequent cycles could be deduced by the (2 x 1)

block structure of .% in Equation (16) and the equality 7, +1W = [T Op]T that comes
from the to-be-proved formula (41), which means Range(W;“) C Range([C7*", V1]) C

Range(“f/m+1) Range([C,?ew Vi), Vo, ...,V Py W D, Vi € {2,...,m} VEW, =
Op xk and ([ m— lan])HWk:ZOpXk-

J , R] is the reduced ) R-factorization of % G (HR) and multiply b G(HR) on the right both
ply by g
sides of Equation (34). It leads to Aff G, HR) “// 17 G(HR) = mHQR that is equivalent

to AffmG;HR)R_ = “//m ZWGECHR)R_ = m+1Q that concludes the proof as “I/m+1Q is the
product of two matrices with orthonormal columns so are its columns.

* The same process for proving Corollary 1.

* Prove (41): Range(W};¢") C Range([Cp°", V1]). According to (60), the residuals of the har-
monic Ritz pairs can be formulated in a matrix form as

RUP — 42,7 —w, ¢ diag(6,,- - ,6),

from which and the relationship between residuals of harmonic Ritz pairs and the linear system

residuals at restart: RS,? B _ R, Bpxk proved in Section 2.3, we obtain
AZ, G =W, G diag (6, -+ ,0k) + R Bpxck- (62)

Using (39) into C}}¢* = AU*** and from (62), we have

oper = AZ,GUMRY
= WG diag(6y, -+ ,0,)R™" + Ry Bpxi R,
= WG Pdiag(0y,--- ,0.) R + Vi1 Bper R,
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so that
new _ (HR) diag(alv e 79k)R_1 OkXP
[Ck; ) Vl] - [WmGk ) Vl] AlﬂpXkRil Ip (63)
By (38) we also have: W} = WmG,(gHR)R’l. That shows that
Range(Wp®) < Range((WnGL"™ , V1]) = Range([Cpe , V4]).
O
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C IB-BFGMRES-DR: Block flexible GMRES with inexact break-
downs and deflated restarting

C.1 Block flexible Arnoldi with inexact breakdowns

Starting from an orthonormal block vector V; obtained from the reduced () R-factorization of the
initial residual ' Ry = B — AXy = VA, Algorithm 2 describes details about the block flexible
Arnoldi process used to construct a pair of orthonormal basis. In the no exact breakdown situation,
ie., pjy1 =p; = ... = p1 = p, the whole columns of W, in step 10 of Algorithm 2 have been used to
enlarge the search space, and then the block Arnoldi relation at the jth iteration is obtained as

AZG = Vi + Onsen, o, W] =0, (64)

in which & = [#1(V4), ..., M (V;)], ¥ = [V1,...,V;] € C**™ (n; = j X p) contains orthonormal

7
0...0 Hj+17j
is a block upper Hessenberg matrix. The minimum residual norm solution in the affine space X, +
Range(Z}) can be written as X; = X + Z;Y; where

columns and ; = € C+1*™ composed by square matrices H; ;1 ; € CPi*Pi (p; = p)

Y; = argmin ||/~XJ —inHF
YeCmi*?

and [Xj = jﬁlRO = (Al,Oanp)T, the columns of i&j are the components of the individual initial
residual in the residual space ¥;, .

Algorithm 2 BLOCK FLEXIBLE ARNOLDI PROCEDURE WITH BLOCKWISE MODIFIED GRAM-
SCHMIDT ORTHOGONALIZATION:

1: Given a nonsingular coefficient matrix A € C™*", choose a unitary matrix V; of size n X p

2: for j=1,2,...,mdo

3:  Choose a (possibly nonlinear) preconditioning operator .#;

4 Zj=AM;(V;)

s Compute W; = AZ;

6: fori=1,2,...,5do

7T: Hi,j = V{{W]

8: Wj = Wj — ViHi,j

9:  end for

10:  W; =V, 1H;4q ; (reduced QQ R-factorization)
11: end for

When an inexact breakdown occurs up to iteration j in Algorithm 2, the dimension of the approxima-
tion space Range(.Z;) generated at the jth iteration is no longer equal to j x p but equal to n; = Zle Di
withn; < j xp. According to the inexact breakdown detecting mechanism in IB-BGMRES [?], the block
flexible Arnoldi with inexact breakdowns 2 and equation (10) developed by Robbé and Sadkane [?], the

10ut of simplicity, the initial residual R in here is assumed to be of full column rank, while such assumption could be removed
by introducing inexact breakdown detection in R as the contents described in Appendix F.
2The block flexible Arnoldi with inexact breakdowns is obtained by changing the step 4 of Algorithm 3 of Appendix D into
4:  Orthogonalize A.#;(V ;) against previous block orthonormal vector ¥} = [V1,...,V;] as

flyljj = %H(Auf/j(V]')), W]' = AL%/J‘ (VJ) — /7/j$1,1:j: where fl,l:j is a block column matrix.
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Block GCRO-DR methods with inexact breakdowns 33

Equation (64) could be extended into
AZy =V +[Qj-1, Wi, (65)

where Q;_1 = [Q1,...,Q,—-1] € C**"—1 is rank deficient and accounts for all the abandoned direc-
tions.

In order to characterize a minimum norm solution in the space spanned by Z; using Equation (65)
we need to form an orthonormal basis of the space spanned by [#;, Q;_1, W;]. This is performed by first
orthogonalizing Q;_; against ¥}, that is @j,l = (I = ¥;%")Q;_1. Because Q;_; is of low rank so
is @j,l that can be written as formula (12). Next W, that is already orthogonal to ¥}, is made to be
orthogonal to P;_; with W; — P; _; F'; where IJ; = Pfi 1 W;; then one computes Wj D the reduced QR-
factorization of W; — P;_ E;. Eventually, the columns of the matrix [¥}, P;_1, WJ] form an orthonormal
basis of the space spanned by [¥;, Q,_1, W;].

With this new basis Equation (65) writes

AZ; = {7/; [ijl,Wj]} Z,, (66)
where Zj = ﬁ’% € CytP)xnj with Hj = Gj(';l gi } € CP*™ and &£ € C™>*™ owns the

same details as described in formula (13), which is no longer a block upper Hessenberg as shown in the
right-hand sides of (64) as soon as inexact breakdown occurs, i.e., 3¢ Q, # 0.

The numerical mechanism to select V; 1 out of |P;_1, ’W]} follows the same ideas as discussed
in [?, ?] within the context of block GMRES. The governing idea consists in building the orthonormal
basis for the directions that contribute the most to the individual residual norms and make them larger
than the target threshold ("), Based on the SVD of the coordinate vector of the least-square residual ]Xj —
2 ij = Uy, L21Vf r+ Us, LEQVg r Where ¥; contains the singular values larger than the prescribed

i

threshold €/, they decompose Uy = (U@)) in accordance with [7/], [Pj_1, Wﬂ , that is Ugl) €
1

C™i*P and Uéz) € CP*P, Because, the objective is to construct orthonormal basis we consider [Wy, Ws]
unitary so that Range(W;) = Range(Ugg)). The new set of orthonormal vectors selected to expand the
search space as formula (18), which contributes the most to the residual. We do not give the detailed
calculation and refer to [?] for a complete description, but only state that via this decomposition the main
terms that appear in Equation (66) can be computed incrementally by an alternative formulation:

A% = YL+ 9 (67)

Hy
.,?j J

with &, =
- Vit195-1 Hjpa,j

},where,fj: Z

-1 , the last block row of .Z; at next

Hjj
iteration (j + 1) is givenby £, ;. = WIH;. The last block column of %1 results from the block
flexible Arnoldi orthogonalization. The new compressed form of the abandoned direction ij is given by
the new orthonomal set of vectors

by = [Pj—th} W, (68)

and the complementary part of V1 and their components in the space spanned by P; are G; = W H,.
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Consequently, in one cycle of IB-BFGMRES-DR, once the maximum size of the space has been
reached, we have

A%, = {“//m, [Pm,l,Wm]} Z., (69)

A%y = V1 Ly, + O, (70)
Xy = Xo+ ZnY, (71)
R, = {Vm, [Pm_l,Wm]} (]\m _ gmym), 72)
Y,, = argmin A, — ZmYHF ,i&m = [AlT,Oanm]T.

Y eCrm xp

C.2 Harmonic Ritz vectors and residuals

We first illustrate how to compute the harmonic Ritz vectors used for deflation as described in Propo-
sition 6 and then discuss the relation between the linear system residuals and the residuals of harmonic
Ritz vectors at the restart of IB-BFGMRES-DR.

Proposition 6. At the end of a cycle of IB-BFGMRES-DR, the updating of deflated restarting used in
next cycle relies on the computation of k harmonic Ritz vectors Yy, = ”I/mG;HR) of AZ, Y, with respect
to Range(7;,), where each harmonic Ritz pair (6, ”//mg](-HR)) computed at the end of cycle is supposed
to satisfy

(L + LT HHR) g = 0,670 for1 <<k, (73)
where L, € Cm>xnm gnd H,, € CPXnm,

Proof.  According to Definition 1, each harmonic Ritz pair (6, ¥/, g(HR)

;) satisfies

Vw € Range(AZ, V2 4,.)  w (AZ, V24,0 — 0, ;477 = 0,

J J
which is equivalent to
(AZ)" (A% = 0, Vg™ = 0,

J
by the orthonormality of 7;,,. Substituting (69) into the above equation yields

([P (Prats Wil | Z,) 7 ([, (Pt Wond| Z 70 = 03 V0 gy = 0. 74)

Because of the structure of 2 m and the orthonormality of [¥/,,, Pp,—1, Wm], (74) becomes

(LI L + W, ) g = 0; 21 g1 (75)

which completes the proof since .Z,, is assumed to be nonsingular. U

Assume Rﬁf = 1~\m — Z mYm> € Cmm+P)XP_ the residual of linear system presented in (72)
could be simplified as

Ry, = [”Ifm, [Py, Wi]| RES € 2P, (76)

Denote the corresponding residual of harmonic vectors as R%" similarly, which owns form as

R = 42, G g G diag(6,,. .., 6)) € CPE. (77)
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Given that both R,,, and R are resided in the subspace Range( ["//m, [Pr—1, Wm]}) € Cnx(nm+p)
and are orthogonal to the same subspace Range(AZ;,) € C"*"m. Therefore, the residuals of linear
system R,,, and the residuals of harmonic Ritz vectors R%" are in the same p-dimensional space denoted
as Range(AZ;,)* N Range( [Vm, [Pr_1, Wm]} ), which means there exists a 3,x; € CP*¥ such that

Rhar = R, Bpxk. According to (76) and (77), such collinear relationship between the linear system
residuals and residuals of harmonic Ritz vectors could be further described as the following formula

P P G[ tig 0y -+ 00 } , 78)
(HR)

here G](CHR) _ [g%HR),---vgl(@HR)] € Cnmxk, G = [ C(’;k . R,I;LS] S ((j("m-~-1))x(k—&-p)7 Bpxk =
P X

(B, ,Br) € CP**and B; € CP (1 < i < k). Based on (66) and the orthonormality of ["//m, [Pr-1, Wn,}] ,
relation (78) can be also expressed as

Z GECHR) — G|: dzag(ela 79k) :| , (79)

m Bpxk

which is the block form of Equation (3.4) shown in [?, Lemma3.3].

C.3 Flexible block GMRES with inexact breakdowns at restart

In this subsection, the forthcoming Theorem 2 will be presented to illustrate that the flexible Arnoldi
relation with inexact breakdowns described in (66) and (67) (or in (69) and (70)) still hold at restart.
Firstly, let us denote G = Qg Rg the reduced ()R-factorization of G shown in (79) and the reduced
factors could be partitioned as

Qe — [ OF:k 1"2:| € Comtp)x (k). (80)
P
n. — | © g (R +p) % (k+P)
G = Opxk 2| € (C 9 (81)

withT'y = Qg(1: n, 11 k), To = Qa(,k+1:k+p),01 =Rg(l:np,1:k),0 =Rg(:,k+1:
k + p) and

G = 10, (82)
RLS = Qq0,. (83)

Theorem 2. At each restart of block flexible GMRES with inexact breakdowns and deflated restarting,
the initial block-flexible-Arnoldi-like relation (66) and (67) still hold in exact arithmtic as

A%Hew _ |:4//1new’ [P(), /V‘[}:l]new} Z?6w7 (84)
A‘Qﬁnew — 4//2newz71ww + é7{ew7 (85)
RE = Ry = [9000, [Py, W] B and B3 = @, (86)
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with

ﬁflnew = %nrh |:4//1new’ [Po, /V\V/l]new:| = |:4//7na [Pm—h Wrn]:| QQ7

P = YTy, [Po, Wi = {VW [meb/Wm]} Iy,

onew flnew new H Tnew H o

7 - Hnew and gl = Fl gmrlv Hl = 1—‘2 imrlv

1
Vgew _ [PO; ’V\[;l]neww'izew H’ %new _ [7/1new V;LewL
new new Hrnew new ag/ﬂlnew

32,: = Wy H7", Zl = |: szQrf:ew :| )

Pl"LeU) — [PO’ /V‘[}:l]neulwg,6w7 G'{Leﬂ) — Wg,eﬂ) H]ﬁl/ll'le'u), é?eﬂ] — P]TLEU}G?EU)7
where W7 and W5V satisfy

@) Unew(l)
Range(W7°”) = Range(Uy“""") with U $" U}Lew@) and W7 W5Y] is unitary
1

with
A new F Yy new _ rnewywnewynew H new yvnewynew H
AT = F YV =UT ST VIR T + Uy T 8y Ve,

where 0 in (X7 > e > Omaz (X5Y), the SVD to detect inexact breakdown in the restarting block
residual where

~_new

Ry - 27y
F

Y = argmin
YeCr1xp

Proof.  Starting from the relationship between residual and harmonic Ritz vectors as shown in (78), let’s
substitute G by these reduced factors ()¢ in (80) and R in (81) obtained by its reduced () R-factorization

and change G,(CHR) by relation (82), then we have

AZ T, — [”Vm,[qu,’va]] QGRG[ dzag(eﬁl,-.. ,0k) ]@11
DXk
by the nonsingularity of ©1, which could be rewritten as
AZuDy = [Fl0 D [P Wllla] g | #9000 ot
P

because of the partition of ()¢ shown in (80). Then, repeating the same processes described above, the
corresponding formula (79) could also be reformed as

znll—‘l _ QQR |: dlag(eh T 7916) :| @1—1’

ﬁp xk
from which, we have

diag(0y,- - ,0%)
Bpxk

According to the structure of ()¢ and .%#,, as shown in (80) and (66), we obtain

diag(@l, e ,Hk) -1 _ ].—‘{Ifm].—‘l
R¢ [ Bk o7 = rig o, | (88)

Rg { } o;' = ngmrl-
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If we denote

féplnew = 2,1, ’7/1"5“’ = VI, [PO7 /Wl]new = [Vm, [mela Wm}] Iy,
new H rTnew H g7 e Zlnew
Zl = Fl og/ﬂmrla Hl = FQ imrl’il - H?ew ’

and substitute (88) into (87), then (84) is proven.
Next, show that equality (85) holds. Given [W7¢* WZ¥] is unitary, we have

[Po, WA = [Py, Wy]"e [Wyew Hyypew 4 wyew Hyygew),

and substituting this into (84) gives

— " " flnew
A%new — [%new, [P07 Wl}new [W’i}ew W?EU) + Wgew Wgew]} { } ,

H?ew

a//lnewogplnew + I:PO, Wl}new [W?ew HW?I’LSUJ _|_ W;LEU} HW;E’U)]H?E’UJ7

— aj/lnewglnew + [PO, Wﬂneww?ew HW?EWH?@W + I:PO, Wl]newwgew HW;GWIHNI?va
aj/lnewglnew + %ﬂewjz’new JF P{LEU}G?SU}

new
b

new
32,:

[%’I’LGU} 2’!’7.610] |: } _|_ Plnew G’EL(’,U)’

which is relation (85).
From relations (76) and (83), at restart we have

Ry = R = |Yin, [Pt Winl| RES
= [P [Pt Wil | Q02 = [97, [Ro, W) | A,

This complete the proof. O
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D Block Arnoldi with inexact breakdown detection after the initial
residuals
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Algorithm 3 BLOCK ARNOLDI USING R-CRITERION TO DETECT INEXACT BREAKDOWNS.

1: Assuming B = [b(l), i ,b(”)] € C™*P is of full rank, choose the initial block guess X, and
compute the corresponding nonsingular initial block residual Ry = B — AX.
2: Form initial unitary matrix V; from initial block residual Ry = V3 A; with reduced @) R-factorization.

Let Py = 0,Go = 0 and .Z, = []. Choose a targeted backward error ¢ and set the corresponding
e (orif ||b@||, =1, then ¢V = [e(V),-. @] and D, = diag ((¢"*)~") in step 7. iii.

3: forj=1,2,...,mdo

4:  Orthogonalize AV; against previous block orthonormal vector ¥; = [V, ...,V;] as

Ly = 7/jH(AVj), W; = AV; — ;.2 1.5, where ] 1.; is a block column matrix.

Setafj = [zj—l’ gl,l:j} € Crixni,

Orthogonalize W; against P;_; and carry out its reduced () R-factorization as

E; =P1\W;, W,D; =W, — P;_,E;.

7. Compute Y} the solution of the least-squares problem: min
YGC”J Xp

i Ay (nj+p)xp o _ "Zj (nj+p)xn; i GJ'*I E; PXN
AJ(O)EC ,ij— Hj eC ,and]Hij 0 DJ eC .

A, —ijH with
F

Based on different criteria to carry out the singular value decomposition algorithm to detect inexact
breakdowns in residuals (i.e., implement 7.i., 7.ii. or 7.iii. distinguished by different color for the
forward step)

7.i. if based on Section 2.2, then:(A; — .7 Y;) = Uy ;51 Vi, + Uz B0V 5, with 0nin (1) = € > 0pnax ().

J

7.ii. if computational blocking based on Section 3.1 is considered in subspace expansion policy, then:

(Aj = Z,Y) =Utnos 108 Vitres + Uznos D205 Vo Ry With 0min(S105) = € > 0 (Sae )

Then, U; = Uy 1.,(;,1: p]CB) with p]CB = min(p®B, size(X1,.,,2)) and 1 < p©B < p.

7.iii. if individual convergence criterion based on Section 3.2 is considered for each right-hand side, then:

(Aj — Z,Y;)De = Uy 1 S0V 4+ Us 152 VE , where 0min(S1) > € > 0inax (Z2) with € = 1.

Compute W; and Wy such that
1

(
Range(W;) = Range(U{?) with Uy, = (g;2)> and [W, W] is unitary.
1

Compute orthonormal matrices V11 and P;, the last block row matrix .11 . of £ e and G as

Vini= [P, Wi| Wi Pr= [P, Wi |Wa, Lo, =WIH, Gy =W,

8  SetZ; = (‘fijl)
Rﬁ:ng%g’r
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E The SVD decomposition of the residual block involved and the
solution of the least-squares problem solution

The Inexact Breakdown mechanism (IB) allows to extract from the residual spaces new directions to
expand the search space at the next iteration of the block method. The selection consists in extracting
the directions that contribute the most to the residual block and is based on the SVD of the least-squares
residuals. In this section, we detail how the solution of the least-squares problem (15) enables to compute
easily and cheaply the SVD of the associated residual block. The least-squares problems that writes

Y; = argmin ||Aj —ﬁjYHF, (89)
Yec(k+"kj)XP ’

is solved using a full Q) R-factorization of .7 ; = Q ]LS RJL 9 5o that the residual of the least-squares problem
is given by (44) that allows to compute it without forming Y;:

A= 7Y = Aj—QF°R}Y)
= Q77 (@A, - R}¥Y;)

0y,
_ LS njXp
- o ()
J

where RS* € CP*? are the last p rows of (Q%%)" A;. The SVD of R%* can be written
R = Ui SV,

so that the SVD of the least-squares residual is

Oy 1. %
A —FY = LS ( (nj+k)xp n;+k ) ( ) VH
i—ZY =0 Upe Op (m; +4) O(n, +4)xp is

Unitary
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F Inexact breakdown detection in the initial residuals 7,

In that case, only a candidate subspace of the space spanned by R; will be selected to define the first
search space but abandoned directions should be kept in the basis of the residual space. This has two
main consequences:

1. The first iteration needs some extra attention to setup Py and G defined by (12).

2. A consequence of having abandoned directions in the first search space is that the projection of the
initial residual in the residual space, that defines the right-hand side of the least-squares problem
solved at each block iteration, will not longer have the nested block structure that is expanded by a
p % p zero block at each block iteration as presented in (21).

Let consider the reduced SVD of R, denoted

E ~
Rl = [Vhpo] |: P N :| Vgl = [VI;PO]AI

q1

where ¥, contains the p; singular values of R; larger than ¢(), and >4, the ones lower than ¢() with
p1 + g1 = p. Consequently #; = V; will serve to span the first search space and Py will be abandoned
for this first block iteration that will be run as follows.

1. we form W; = AV, and orthogonalize it against the set of orthonormal vectors that are part of the
residual space [Cy,, V1, Py] by computing By = CH W1, £ 1 = ¥H W, and By = PHW;.

2. we compute W the resulting block that writes W1 = Wy — CxBy — Y141 — PyEy and Wy =

Wl Dy its reduced Q R-factorization.

3. In matrix form this also writes
Wi = AVy = [Cp, Vi, Po, W1 |

So that we have the first Arnoldi-like relation

A[Uk7V1] = [Ck7V17PO7 /V‘[}:l]zl

with
I By
Zl _ jl,l
0(n1+p)><k E
D,

4. Next, we have to define the minimum norm solution X3 = X; + [U, V;1]Y and notice that Ry
belongs to the space [Cy, V1, Py, W;] where its components in this orthogonal basis are given by
[Ck, Vl, Po, Wl]HRl, we have

IB-AXlr = IRy - AU AV
||R1 - [CkthPOle]leHF
I[Cx, V1, Py, W1]" Ry — Z,Y ||

I[Ch, Vi, Po, Wi [#4, PoJAy — Z,Y ||
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so that the right-hand side of the least-squares reads

OkXPl 0k><¢h
A = [ClthPO; W1]H[%7P0]A1 _ OIpl 0le><¢11 Al c C(k+p1+P)XP.
q1Xp1 q1
Opl Xp1 0p1 Xq1

5. Compute Y7 the solution of the first new least-squares problem

Y1 = argmin ||[A; —ZF Y.
Y eCk+n1)xp

As in regular IB-BGCRO-DR iteration carry out the singular value decomposition algorithm to
detect inexact breakdown in the new residual block

(Al — Zlyl) = Ul,Lzlng + UQ,LEQV;’R, where amin(El) Z €(R) > O'max(zg).

(1)
Compute W, and Wy such that Range(W;) = Range(ng)) € CP*P2 with Uy 1, = (g}2)> €
Clkt+n1+P)xp2 and [Wy, Wo] is unitary and Wy € CP*9 with py + g2 = p.
Compute new orthonormal matrices Vy and P, the last block row matrix %5 . of .Z;, and G; as

Vo = [R),Wl]wl c CnXp2, P = [.P(),Wl]WQ c (Cnxqz,gz’: = W{{Hl S szXpl, Gl = W?Hl € C2*p1,

6. Set £, = (:??;1) € CP1+p2)xp1 — Cnr2Xxp1

Refer to Algorithm 4 for the corresponding pseudocode form of these contents described in above item
1-6. The subsequent iterations will then be run by IB-BGCRO-DR as discussed in the core of the report.

Whenever an inexact breakdown is detected in 1?1, some of its directions, namely F, are abandoned
and put into the residual space for the first iteration. The beauty of the IB mechanism is that the aban-
doned directions at a given iteration can be re-introduced in some subsequent iterations. One of the
consequences, is that the last ¢; columns of the least-squares residual will evolve from one iteration to
the next, depending on how Py directions will be re-introduced in the search space along the iterations.
There is still a way to incrementally update it as discussed in the next proposition.

Proposition 7. If an inexact breakdown is detected in R, that is

E ~
Rlz[Vl,Po]{ P > }Vglz[VhPo}Al,

q1

where ¥, contains the py singular values of Ry larger than e and Yq, the ones lower than ) with

p1+q1=p.
At each iteration of IB-BGCRO-DR, the new least-squares problem reads

Yipr=  argmin  [|Aj —F Y], Ay e CEFntee i 01,2, (90)
yecktri+xp

with the updated right-hand sides being

Ok><p1 0k><q1
Ipl A : Opl Xq1 DX q1
A]‘+1 = 0 q)j—i-l Ay with &, = Ji eC
(nj+p—p1)Xxp1 q
0P.7+1 XPp1 OP.;’-H Xq1
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and
®;(1:my,:)
(b' =
Jj+1 [W17W2]H 0 ;
pjxXq1

Q;(nj+1:n5+4q,:)

e clnitp)xa forj=1,2,---,

where q; = p — p; and [W1, Ws] is unitary as defined in step 7 of Algorithm 3.

Proof. The initial residuals with inexact breakdown detection at restart could be described as

Ri = [Cw, Vi, Py, Wi][Ck, V1, Po, W1 Ry = [Cy, V1, Py, W1][Ch, Vi, Po, W1 ] [V, Py A
kapl 0k><q1
= [Ck, Vl, Po, Wl]Al Wlth A1 = Ipl 0p1 X Al c (C(k+n1+p)><p’
0111 Xp1 Ith
Opl XPp1 OZ)1><II1
That can also be written
kal)l Ok'><lh
OQ1 XPp1
Opl Xp1 Om Xq1
The right-hand sides of the least-squares problem at iteration (j + 1) for j = 1,2, - - -, is defined by
Ajrr = [Cr, Y [P Wil Ry = [Ch, %5, Vi, [P, W)/ Ry
N _ N H
= {Ck, Vi, [Pj—1, W;]W1, [Pj_1, W;]Wy, Wj+1} Ry
— —~ H -
= {Clm V5, [Pj—1, W;][W1, W], Wj+1} [V1, Po]Aq
O 1 1 O 1 1
T CHv, cHp, v hxa
”f/,Hvl ”f/HPO P @j(l 1Ny, I)
— ! " I ! __1H [\1 _ O(Hj—Pl)Xpl i
[Vit1, Pj]7 Vi [Wy, W] JPj—lv WJ} Fo w | B
= - Opxp, (W1, W] WH B
L Wit Vi Wit Fo 0 0 J
Pj+1XPp1 Pji+1Xq1
i OkX])l Oqu1
|: Ipl :| d _(1 ey :) kam 0k><fh
- Ot —p1)xps o A = { ” Dj
Opxm [W17W2]H |: éj (n] +01 . nj + qj, ) :| O(né+p_pl)xpl O
PjXq1 Pj+1XDp1 Pj+1Xq1
L 0Pj+1 Xp1 O:Dj+1 Xq1
where @, € CWHP)X0% for j = 1,2, -+ . O

Note that we denote the new solver with constant right-hand sides of least-squares problem as shown
in (15) or (21) as IBa-BGCRO-DR, where IBa stands for carrying out Inexact Breakdown after initial
iteration (or without IB in the initial residuals), for contrasting with IB-BGCRO-DR that with updating
right-hand sides of least-squares problem as shown in (90). The pseudocode for IBa-BGCRO-DR for
constant and slowly-changing left-hand sides with massive number of right-hand sides are presented in
Algorithm 5 in Appendix G and Algorithm 6 in Appendix H, respectively.

Figure 7 displays the results of adding the performance of IBa-BGCRO-DR to Figure 2 in Section 4.2
to illustrate the benefit of introducing IB in the initial residuals.
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Convergence for 2 consecutive families Blocksize along iterations for 2 consecutive families

% ——IB-BGCRO-DR
IBa-BGCRO-DR
IB-BGMRES-DR

<
< 10 o
E 8
‘_’D o
=
10°®
——IB-BGCRO-DR
IBa-BGCRO-DR
108 ——IB-BGMRES-DR
——BGCRO-DR
N 00 JOCRO: | ‘
0 1000 2000 3000 4000 5000 6000 7000 0 50 100 150 200 250 300 350
mvps iterations

Figure 7: Comparison of IB-BGCRO-DR with IBa-BGCRO-DR, BGCRO-DR and IB-BGMRES-DR by solving
bidiagonal Matrix 1 (p = 20, mq = 300 and k = 30). Left: convergence histories of the largest/smallest backward

errors 1), (i) at each mups for 2 consecutive families. Right: varying blocksize comparison along iterations.
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G 1IBa-BGCRO-DR without IB in the initial residuals R; for con-
stant left-hand side and massive number of right-hand sides
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Algorithm 4 SUBSPACE RECYCLING WITH INEXACT BREAKDOWN DETECTION IN INITIAL
RESIDUALS R;.

1: Let go = [] and the reduced SVD of R1 as R1 = [VI»R]} |: Zpl ¥ :| Vgl = [Vl,P()]Al,
q1

where V; € C"*Pt and Py € C"*% with p; + ¢1 = p and Cy, L[V, Py].
2: Orthogonalize AV, against Cy, as Wq = (I — CxC#) AV;. Then orthogonalize W7 against previous
block orthonormal vector ¥ = [V4] as

.,?1’1 = 7/1H(W1) = %H(Avl) eC™ ><p17 Wy, = Wl—%fl,l = AVl—CkO]?Awl—%ng € Cnxr,

Set & = [ Ly, L1 1] € CXm = CPrxpr,
3: Orthogonalize W7 against Py and carry out its reduced ) R-factorization as

Ey = PIW, € Co*P1 | WDy = Wy — PyEy with Wy € C*Pt Dy € CPrxP1,

4: Arnoldi relation at the end of first step

A[Uk,Vl} = [Ok:7V17 P07 Wl]zl

with
I B
LA k k E
T, = > e Clhtmtp)xthim) B = CHAV, H; = € crxm
T O Bn R T Dy
D,
07€><P1 Ok><CJ1
5: Compute Rl = [Ck,Vl, PQ, WﬂAl with Al = Ipl 0p1><q1 Al € C(k+n1+p)><p
Oth Xp1 q1

. OPl Xp1 Opl Xq1
6: Compute Y; the solution of the first new least-squares problem

Yi= argmin |[A —ZY| 5.
Ye(c(kJrnl)Xp

Carry out the singular value decomposition algorithm to detect inexact breakdown in first new block
residuals

(A1 — Z, Y1) = Uy 1 51 Vi + Us 1 35 VE L, where omin(21) > € > 0yax (22).

(1)
Compute W; and Wy such that Range(W;) = Range(Uf)) € CP*r2 with Uy, = (E}2)> €
Clk+ni+P)xP2 and [Wy, Wo] is unitary and Wy € CP*9 with py + g2 = p.
Compute new orthonormal matrices V5 and P, the last block row matrix %5 . of £, and G as

Vg = [Po,ﬁ?l]wl S (CnXp27 Pl = [Po,/Wl]Wg S C7lxq2,$27; = W{{Hl S (Cp2><p17 Gl = Wé{Hl S CePxP1,

7. Set L, = (5;:1) e CP1tp2)xp1 — Cn2Xp1 |
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Algorithm 5 IBa-BGCRO-DR FOR CONSTANT LEFT-HAND SIDE AND MASSIVE NUMBER OF
RIGHT-HAND SIDES.

1:

W

10:

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24

25:
26:

27:
28:

29:
30:
. if the current family is the first one being solved then
32:

33:
34:
35:
: Restart with X7 = X, and R1 = R, i.e., go to 13.
37:

Suppose the ¢th family of linear systems is currently to be solved. Let the current p linearly independent right-hand sides be
B = [b(l)7 b2 .. b(p)} given simultaneously. Choose the maximal dimension m of the underlying block approximation
subspace in each cycle, k the desired number of approximate targeted eigenvectors, ¢ the targeted backward error, Xg =
[zél), x((f), e ,x(()p)] the initial block guess. Let r(()l) = b — Awél), i =1,...,p. Denote Ry = ['rél), rém, ey T(()p)]

the initial full-rank block residual. The recast problems are A(z(") — zéi>) = réw, i=1,...,p. Setngyee = 1.

. if an (¢ — 1)st family of linear systems has been solved, that is if C, Uy, ﬁk and Dy, are defined from solving a previous (the

(¢ — 1)st) family of linear systems then
X1 =Xo+UxCHRy, and R = Ry — CxCH Ry

: else

Form the initial unitary matrix V7 from the initial block residual Ry = V7 A; with reduced @ R-factorization. Implement
an initial cycle of IB-BGMRES within m matrix-vector products.
Ry = [“//m, Py, Wm] ([\m — zm Ym). Check convergence, and proceed if not satisfied.

Compute k& harmonic Ritz vectors of A with respect to Range(#;,) and store them in ?k That is, compute k eigenvectors
gj of L + %L HHTHnHm associated with the smallest magnitude eigenvalues 6; and store in G, such that Yy, = 77, G.

Let [Q, R] be the reduced Q R-factorization of Z m G-
Ch = [Yims Pn1, Win | Q. Ui = VG R
Set X1 = X, and Ry = R,
end if
if ncycre = 1 then
if an (¢ — 1)st family of linear systems has been solved then
Form the initial unitary matrix V; from the initial block residual R; = Vj A1 with reduced @ R-factorization.
else
Let [Q, R] be the reduced Q R-factorization of A — Em Ym. SetVq = [“I/m, Pr_1, Wm} Qand A1 = R.
end if
else R
Let [Q, R] be the reduced Q R-factorization of Ay, — Z, Y. Set Vi = ¥4 p,Q and A1 = R.
end if
Neycle = Neycle +1
if the current family is the first one being solved then
To reduce unnecessary ill-conditioning of the rightmost matrix in (14) or (19), let Dy, be a diagonal scaling matrix such that
U 1 = Ui Dy, where the columns of U . have unit norm [?, Section 2.4].
end if
Perform the block Arnoldi with inexact breakdowns as in Algorithm 3 within my — k matrix-vector products with the linear
operator (I —C%CH') A and solve the least-squares problem as min || Ap, — Z,, Y| ;- for Yo, € Ck+nm) XP with right-hand

kap —~ ~
sides Ay, = A1 € Clk+nm+p)xp, generating Y, R#S, Vi, [’Y/m, Poy—1, Wm] , F o and By, = C,fAVm.
On”m Xp
% = [Ak Wm}s q?m+1 = [Clw mepmflyfwvm]
F = | | e cltnmin) xtnm) | 7, = Dy B | ¢ cltnm)x@tnm) and  H,, =
- Ho, Onm+p)xk  Lm

Gm-1 FE k
Rl E R
Rm = Vm+1 R,{“ns . Check convergence, and go to 37 if satisfied or else proceed.

Compute k harmonic Ritz vectors of A with respect to Range(%) = [ﬁk, Y] and store them in Y. That is, keep k

]
eigenvectors g; from solving the generalized eigenvalue problem .7 Tan mdi = 0;F 'an VH W g associated with the

m+1
smallest magnitude eigenvalues 6; and store in G, such that Yy, = %7, G|,
Let [Q, R] be the reduced Q R-factorization of .Z,, G.
Ck = Vm+1Q, Uy = #mGrR™1
end if

Retain C,, Ug, ﬁk and Dy, for the next (i.e., (¢ + 1)st) family of linear systems.
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H IBa-BGCRO-DR without IB in the initial residuals R; for slowly-
changing left-hand sides and massive number of right-hand sides
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Algorithm 6 IBa-BGCRO-DR FOR SLOWLY-CHANGING LEFT-HAND SIDES AND MASSIVE
NUMBER OF RIGHT-HAND SIDES.

1:

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

27:

28:
29:

30:
31:
32:

33:
34:
35:
36:

e AN A ol 4

Suppose the ¢th family of linear systems is currently to be solved. Let the current p linearly independent right-hand sides be
B = [b(l), b2 .., b(p)} given simultaneously. Choose the maximal dimension m of the underlying block approximation
subspace in each cycle, k the desired number of approximate targeted eigenvectors, € the targeted backward error, Xg =
[x(()l), x(()2>, .. <p)] the initial block guess. Let r( 0 — pi) Axél), i =1,...,p. Denote Ry = [r(gl), r(<)2>, . r(()p)]

the initial full—rank block residual. The recast problems are A(x(“ - a:((f)) = réw, 1=1,...,p. Setneyere = 1.

:if f/k is defined from solving a previous (the (¢ — 1)st) family of linear systems then

Let [Q, R] be the reduced Q R-factorization of AY}.
Cr = Q, Lﬁ,iﬁ§il{71
X1 =4X04*UkC%{R0
Rliilﬁ)—(jkC£{Ro
else
Form the initial unitary matrix V7 from the initial block residual Ry = V7 A; with reduced @ R-factorization. Implement
an initial cycle of IB-BGMRES within m matrix-vector products.
Ry = [‘//m, Prn-1, Wm} (]\m — Z m Ym) . Check convergence, and proceed if not satisfied.

Compute k harmonic Ritz vectors of A with respect to Range(¥;y,) and store them in ?k That is, compute k eigenvectors
gj of L+ L HHTI,{HM associated with the smallest magnitude eigenvalues 0; and store in G, such that Y, = 7, Gy,

Let [Q, R] be the reduced QR-factorization of Z,, Gy.

Chy = [Yims P, Wn| Q. Uk = Fin G R

Set X1 = X, and R; = R,
end if
if ncycie = 1 then

if an (¢ — 1)st family of linear systems has been solved then

Form the initial unitary matrix V; from the initial block residual R; = Vj A with reduced @ R-factorization.
else
Let [Q, R] be the reduced Q R-factorization of A — Em Ym. Set Vi = [’Vm, Pr_1, Wm} Qand A1 = R

end if
else R

Let [Q, R] be the reduced Q R-factorization of Ay — Z, Y. Set Vi = ¥, 1Q and Ay = R.
end if
Neycle = Neycle +1
To reduce unnecessary ill- condmomng of the rightmost matrix in (14) or (19), let Dy, be a diagonal scaling matrix such that
Uk = Uy D}, where the columns of Uk have unit norm [?, Section 2.4].
Perform the block Arnoldi with inexact breakdowns as in Algorithm 3 within my — k matrix-vector products with the linear
operator (I —C%CH) A and solve the least-squares problem as min || Ap, — Z,, Y || for Yo € Ck+1m) XP with right-hand

kap

sides Ay, = A € Ck+nm+p) X generating Yyn, R s Vs [‘I/m, Pr_1, Wm] F

07L7n Xp

and B,, = C AV

=m>

W =[Ok Ym), Fmi1 = [Ch, Y, Prn1, W]
Z, = { T ] € ClhtnmAp)x(btnm) Z [

m

Dr Bm (ktmm) % (K- ) _
O(rum+p) xk Zm ] €cC and - Fn =
Gm-1 E k+n,

{opxk ot ] € Cpx (k+nm)
R = V41 R,Lns . Check convergence, and go to 36 if satisfied or else proceed

Compute k harmonic Ritz vectors of A with respect to Range(“/?/\ ) = [Uk, ¥n] and store them in Yj,. That is, keep k
eigenvectors g; from solving the generalized eigenvalue problem FzH m mdi = 0; i m I/m +1Wm g; associated with the

smallest magnitude eigenvalues 6; and store in Gy, such that Yk = //mG k-
Let [Q, R] be the reduced Q R-factorization of %, Gy.

Ck = Vms1Q, Up = #mGrR™!

Restart with X1 = X, and Ry = R, i.e., go to 16.

Retain Y}, = Uy, for the next (i.e., (¢ + 1)st) family of linear systems.
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I IB-BGCRO-DR with inexact breakdown detection in the initial
residuals R; for constant left-hand side and massive number of
right-hand sides
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Algorithm 7 IB-BGCRO-DR WITH INEXACT BREAKDOWN DETECTION IN INITIAL RESIDU-
ALS FOR CONSTANT LEFT-HAND SIDE AND MASSIVE NUMBER OF RIGHT-HAND SIDES.

1:

10:
11:

12:

13:
: end if
15:
16:
17:

18:
19:

20:
21: .

22:
t Rm = ‘//m+1 RL S, Check convergence, and go to 30 if satisfied or else proceed.
24:

25:

26:
27:
28:
29:
30:

Suppose the ¢th family of linear systems is currently to be solved. Let the current p linearly independent right-hand sides be
B = [b(l)7 b2 .. b(p)} given simultaneously. Choose the maximal dimension m of the underlying block approximation
subspace in each cycle, k the desired number of approximate targeted eigenvectors, ¢ the targeted backward error, Xg =
[r(()l), :1382), .. (p)] the initial block guess. Let r(’) = b — Axél), i =1,...,p. Denote Ry = [rél), réQ), ey r(()p)]

the initial full-rank block residual. The recast problems are A(z(*) — m((]i)) = ré”, t=1,...,p. Setncyere = 1.

: Following step 2-12 of Algorithm 5 in Appendix G
:ifneycre = 1 then

if an (¢ — 1)st family of linear systems has been solved then
Carry out the economic singular value decomposition algorithm to detect inexact breakdown in R

> ~
Ry = ULLElV{-{R +U2,L22V£R = [V1, P] [ P > i| Vgl = [V1, Po]A1, ©On
q1

where o, (21) > E;R) > omax (22).

Zl’l

SetV; = Ul,L e Cnxr1 Py = Us, 1 € C"*4q1 with p1 + 1 :pand[h = |: :| Vgl € CrxP,

Xq
else

- —~— 1H
Compute RTLnS = Am — /mYm = 7/mH+1Rm = [’Vm, [Pm—1, Wm]] R € Cim+P)XP the least-squares
residuals at the end of of one cycle of Algorithm 3 with operator A. Carry out the economic singular value decomposition
algorithm to detect inexact breakdown in RZS as shown in equation (91) where R changed into RS,
SetVi = #n41Uq,, € C*"*P1, Py = ¥4, 1Ua 1, € C**91 with p1 + g1 = p and Ay e Cpxp,
end if
else u
Compute RLS = Ay — F,, Vi = VerlRm = [Ck, Vi, [Prm— 1,Wm]] Ry € ChH+nm+p)XD the least-squares

residuals at the end of of one cycle of Algorithm 3 with operator (I — CkCH )A. Carry out the economic singular value
decompo%ltlon algorithm to detect inexact breakdown in RLS as shown in equation (91) where R changed into RL S
SetV, = Vm+1U1,L e CnxP1 Py = “Vm+1[U2 L € C"X91 with p; + q1 = pand A1 € Crxp,

Neyele = Neyele + 1. Perform Algorithm 4 to fulfill the initialization of Algorithm 3.
if the current family is the first one being solved then
To reduce unnecessary ill-conditioning of the rightmost matrix in (14) or (19), let Dy, be a diagonal scaling matrix such that
ﬁk = Uy Dy, where the columns of ﬁk have unit norm [?, Section 2.4].
end if
Then perform the block Arnoldi with inexact breakdowns as in Algorithm 3 for j = 2,...,m with the linear oper-
ator (I — CkCH A and update the least-squares right-hand sides (90) as description in Proposmon 7, generating ¥y,

)
[‘//m, - 1,Wm] > Yy RES = Ay — Z, Y, and By, = CH AV,
W = Uk Yl Fint1 = [Chs Yo, Pme1, Wn),

7 = [ﬁm € Cltnmip)x(ktnm) g, = [o o fp’“ € Clinm)x(ktnm) — H,, =
m (nm+p)xk m

_—m

0 Gmfl Enm
PxXk 0 D

Xm—X1+/V Ym

] c cpx(k+nm)

if the current family is the first one being solved then

Compute k harmonic Ritz vectors of A with respect to Range(”/;/;@) = [Uk, ¥m] and store them in Yj,. That is, keep k
eigenvectors g; from solving the generalized eigenvalue problem .7 ,{iz mdi = 0; fﬁ ‘//m _HW g; associated with the

smallest magnitude eigenvalues 6; and store in G, such that ?k = %Gk.
Let [Q, R] be the reduced QR tactorlzatlon of Z .. Gy.
Ck = Im+1Q,  Up = #mGR™

end if

Restart with X1 = X, and R1 = Ry, 1.e., goto 3.

Retain Cy, Uy, ﬁk and Dy, for the next (i.e., (¢ + 1)st) family of linear systems.
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J IB-BGCRO-DR with inexact breakdown detection in the initial
residuals 7 for slowly-changing left-hand side and massive num-
ber of right-hand sides
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Algorithm 8 IB-BGCRO-DR WITH INEXACT BREAKDOWN DETECTION IN INITIAL RESIDU-
ALS FOR SLOWLY-CHANGING LEFT-HAND SIDE AND MASSIVE NUMBER OF RIGHT-HAND
SIDES.

1:

Nk

10:
11:

12:

13:
14:
15:

16:

17: #,
18:

19:
20:

21:

22:
23:
24:
25:

Suppose the £th family of linear systems is currently to be solved. Let the current p linearly independent right-hand sides be
B = [b(l)7 b2, ..., b(P)} given simultaneously. Choose the maximal dimension m of the underlying block approximation
subspace in each cycle, k the desired number of approximate targeted eigenvectors, ¢ the targeted backward error, Xg =
[xél), :1:82), . ,mgp)] the initial block guess. Let r(()z) = b — Ax( ), ] [rél), réQ), ey r(()p)]

= 1 ..,p. Denote Ry =
the initial full-rank block residual. The recast problems are A(:p( 9 ) 1‘ , i=1,...,p. Setneyce = 1.

: Following step 2-15 of Algorithm 6 in Appendix H
: if neyere = 1 then

if an (¢ — 1)st family of linear systems has been solved then
Carry out the economic singular value decomposition algorithm to detect inexact breakdown in R as shown in (91). Set

A% :ULLGCnXpl,P():UQ,LE(C"X(H with p1 + ¢1 :pand[\lz[ Epl 1|V§I1€(Cp><p.
else "
Compute R{‘ns = Am — mYm =7, +1Rm = [‘I/m,[Pm,l,,WV/m]jl R € Cvm+P)XP the least-squares

residuals at the end of of one cycle of Algorithm 3 with operator A. Carry out the economic singular value decomposition
algorithm to detect inexact breakdown in RZS as shown in equation (91) where R changed into RS,

Zpy ]
ELZI

E‘H

SetV; = ’Vm+1U1’L € CnxP1 Py = 'Vm+1U2,L € C"*91 withp;+q1 = pand ]\1 = VgLS (S
cPxp, '

end if

else .
Compute RLS = Ay — F, Yo, = ‘// L1 Rm = [Ck,“//m,[ o — 1,Wm}] Ry, € Chtnm+p)XP the least-squares
residuals at the end of of one cycle of Algorithm 3 with operator (I — CkC'H )A. Carry out the economic singular value
decomposition algorithm to detect inexact breakdown in RLS as shown in equation (91) where R; changed into RLS
SetV; = "Vm+1U1,L € Cm*r, Py =7 m+1U2,L € C"¥91 withpy 4+ q1 = pand Ay = { o
CPxP,

end if

Neycle = Neyele + 1. Perform Algorithm 4 to fulfill the initialization of Algorithm 3.

To reduce unnecessary ill-conditioning of the rightmost matrix in (14) or (19), let Dy, be a diagonal scaling matrix such that

Uy, = Uy Dy, where the columns of Uy, have unit norm [?, Section 2.4].

Then perform the block Arnoldi with inexact breakdowns as in Algorithm 3 for j = 2,...,m with the linear oper-

ator (I — CkCH )A and update the least-squares right-hand sides (90) as description in Proposition 7, generating ¥y,

[Vm,Pm 1, Wm] F e Y, RES = A — Z Yo, and By, = CH AV,

m — [Uk /Vm]s /1/;1L+1 - [Ckvnf/mypm—hwm]
_ Fm c C(k+nm+p)><(lc+nm), T = Dy, B, c Clk+nm)X(k+nm) apd H,, =

" Hm L Oty xk D

{opxk Gt Bm ]ecw<k+nm>

Xm =X A1 + mem
Ry = Vm+1 RL: S Check convergence, and go to 25 if satisfied or else proceed

mo

H
S } Vhes €

9

Compute k harmonic Ritz vectors of A with respect to Range(?/m) = [0y, #n] and store them in Y},. That is, keep k
eigenvectors g; from solving the generalized eigenvalue problem .7 ﬁﬁ mdi = 05 FH T 7/m +1ngj associated with the
smallest magnitude eigenvalues 6; and store in G, such that ?k = %G k-

Let [Q, R] be the reduced Q R-factorization of %, G.

Cr = Vm41Q, Uy =W#mGpR™!

Restart with X1 = X, and Ry = Ry, i.e., goto 3.

Retain Yy, = Uy, for the next (i.e., (¢ 4 1)st) family of linear systems.
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K Numerical results for various target accuracy
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Ccn\(gggence for 10 consecutive families with threshold 1e-2
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Figure 8: History of Section 4.3 for the behavior in case of different target accuracy (10™2, 10™% and 10™*) for
the families constructed by bidiagonal Matrix 1 with parameters setting as p = 20, mq = 300 and & = 30. Left:
convergence histories of IB-BGCRO-DR, BGCRO-DR and IB-BGMRES-DR on the largest/smallest backward errors
M,¢:) at each mwps for 10 consecutive families. Right: Gain (1) of the block methods with respect to IB-BGCRO-DR

along family index.
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L.  Numerical results for IB-BGMRES-DR-CB

Convergence for 3 consecutive families
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Figure 9: Comparison of IB-BGMRES-DR to IB-BGMRES-DR-CB on families constructed by bidiagonal Matrix 1
with parameters setting as p°Z = 1, p = 20, mq = 300 and k = 15. Left: convergence histories of largest/smallest
backward errors 7, (:) at each muvps for 3 consecutive families. Right: number of consumed mwvps verse family

index.

Family number | Method mups its
IB-BGMRES-DR 8069 515
3 IB-BGMRES-DR-CB (p¢? = 15) 7844 561
IB-BGMRES-DR-CB (p©?Z = 1) 7820 | 7250
IB-BGMRES-DR 80861 | 5198
30 IB-BGMRES-DR-CB (p©B =1) | 78308 | 72608

Table 8: Numerical results of IB-BGMRES-DR, IB-BGMRES-DR-CB with parameter p°Z = 1,15 in terms of
mups and its, where the involving parameters for bidiagonal Matrix 1 are set to be p = 20, mq = 300 and k£ = 30.
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M Numerical results for IB-BGMRES-DR-VA

10°

Convergence for 3 consecutive families

15 Gain (I) along the family index
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Figure 10: Comparison of IB-BGMRES-DR to IB-BGMRES-DR-VA on families built by bidiagonal Matrix 1 with
parameters as p = 20, mq = 300 and k = 15. Left: convergence histories of largest/smallest backward errors 7, (:

at each mups for 3 consecutive families. Right: Gain (¢) of IB-BGMRES-DR-VA to IB-BGMRES-DR verse family
index.

Family number | Method mups its
IB-BGMRES-DR 8066 | 515
3 IB-BGMRES-DR-VA 5903 | 490
IB-BGMRES-DR 80717 | 5191
30 IB-BGMRES-DR-VA | 59069 | 4957

Table 9: Numerical results of IB-BGMRES-DR and IB-BGMRES-DR-VA in terms of mwvps and its, where the
coefficient matrix is bidiagonal Matrix 1 with involving parameters defined as p = 20, mq = 300 and k = 30.
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