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RECONSTRUCTING MEASURES ON MANIFOLDS: AN OPTIMAL
TRANSPORT APPROACH

Vincent Divol *

ABSTRACT. Assume that we observe i.i.d. points lying close to some unknown d-dimensional
C* submanifold M in a possibly high-dimensional space. We study the problem of reconstruct-
ing the probability distribution generating the sample. After remarking that this problem is
degenerate for a large class of standard losses (L, Hellinger, total variation, etc.), we focus on
the Wasserstein loss, for which we build an estimator, based on kernel density estimation, whose
rate of convergence depends on d and the regularity s < k — 1 of the underlying density, but not
on the ambient dimension. In particular, we show that the estimator is minimax and matches
previous rates in the literature in the case where the manifold M is a d-dimensional cube. The
related problem of the estimation of the volume measure of M for the Wasserstein loss is also
considered, for which a minimax estimator is exhibited.

1 Introduction

Density estimation is one of the most fundamental tasks in non-parametric statistics. If efficient
methods (from both a theoretical and a practical point of view) exist when the ambient space
is of low dimension, minimax rates of estimation become increasingly slow as the dimension
increases. To overcome this so-called curse of dimensionality, some structural assumptions on
the underlying probability are to be made in moderate to high dimensions, which may take
different forms, including e.g. the existence of a parametric component [LLWO07], the single-
index model [LZZL13], sparsity assumptions [Tib96], or constraints on the shape of the support.
We focus in this work on the latter, namely on the case where the probability distribution p
generating the observations is assumed to be concentrated around a submanifold M of RP,
of dimension d smaller than D. This assumption, known as the manifold assumption, has
been fruitfully studied, with an emphasis put on reconstructing different geometric quantities
related to the manifold, such as M itself [GPPVW12, AL18, AL19, Div20], its homology groups
[NSWO08, BRST12], its dimension [HA05, LIM09, KRW16] or its reach [AKCT19, BHHS20]. The
topic of density estimation in the manifold setting has itself been studied for over thirty years,
with the emphasis initially being put on reconstructing the density in the case where the manifold
M is given—think for instance of datasets lying on the space of orthogonal matrices—notable
works including [Hen90, Pel05, CGK20]. Less attention has been dedicated to the more general
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setting where the manifold M is unknown and acts as a nuisance parameter. Kernel density
estimators on manifolds are designed in [BS17, WW20], where rates are exhibited, respectively
in the case where the manifold has a boundary and in the case where the density is Holder
continuous. In [BH19], kernel density estimators are shown to be minimax, and an adaptive
procedure is designed, based on Lepski’s method, to estimate the unknown density in a point
x € RP which is known to belong to the unknown (and possibly nonsmooth) manifold M.

To go beyond the pointwise estimation of y, even the choice of a relevant loss is nontrivial.
Indeed, most standard losses between probability measures (e.g. the L, distance, the Hellinger
distance or the Kullback-Leibler divergence) are degenerate when comparing mutually singular
measures, which will typically be the case for measures on two distinct manifolds, even if they are
very close to each other with respect to the Hausdorff distance. This implies that the estimation
problem is degenerate from a minimax perspective when choosing such losses (see Theorem
2.13). On the contrary, the Wasserstein distances W), 1 < p < oo are particularly adapted to
this problem, as they are by design robust to small metric perturbations of the support of a
measure.

Apart from this first motivation, the use of Wasserstein distances, and more generally
of the theory of optimal transport, has shown to be an efficient tool in widely different re-
cent problems of machine learning, with fast implementations and sound theoretical results (see
e.g. [PC19] for a survey). From a statistical perspective, most of the attention has been ded-
icated to studying rates of convergence between a probability distribution p and its empirical
counterpart p, [Dud69, DSS13, FG15, SP18, WB19a, L.*20]. Unsurprisingly, if more regularity
is assumed on p, then it is possible to build estimators with smaller risks than the empirical
measure /i,. Assume for instance that y is a probability distribution on the cube [—~1, 1], with
density f of regularity s (measured through the Besov scale By ). In this setting, it has been
shown in [WB19b] that, given n ii.d. points of law p, the minimax rate (up to logarithmic
factors) for the estimation of y with respect to the Wasserstein distance W), is of order

_ s+l
n~ 2s+D itD>3
n~zlogn if D=2 (1.1)
n=s it D=1,

and that this rate is attained by a modified linear wavelet density estimator. Our main contri-
bution consists in extending the results of [WB19b] by allowing the support of the probability to
be any d-dimensional compact C* submanifold M C RP for k > 2. More precisely, assume that
some probability ;4 on M has a lower and upper bounded density f which belongs to the Besov
space B, (M) for some 0 < s <k —1,1<p <o0,1<¢g< oo (see Section 2 for details). We
first show (Theorem 3.1) that some weighted kernel density estimator that we integrate against



the volume measure voly; on M attains, for the W), distance, the rate of estimation

s+1

n~ 2s+d ifd>3
n~2 (log n)% ifd=2 (1.2)
n"3 itd=1.

In the case where the manifold M is unknown, we do not have access to the volume measure
volys, so that the latter estimator is not computable. We therefore propose to estimate the
volume measure voly; in a preliminary step. Such an estimator vol M is defined by using local
polynomial estimation techniques from [AL19]. We show that this estimator is a minimax
estimator of the volume measure up to logarithmic factors (Theorem 3.6), with a risk of order
(logn/ n)k/ ¢ We then show (Theorem 3.7) that a weighted kernel density estimator integrated
against volys attains the rate (1.2). Those rates are significantly faster than the rates of (1.1) if
d < D and are shown to be minimax up to logarithmic factors.

In Section 2, we define our statistical model and give some preliminary results on Wasser-
stein distances. In Section 3, we define kernel density estimators on a manifold M, and state our
main results. Proofs of the main theorems are then given in Section 4 while additional proofs
are found in the Appendix.

2 Preliminaries

2.1 Regularity of manifolds

For any d > 0, we write - for the dot product and |v| for the norm of a vector v € R%. The
ball centered at 2 € R? of radius h > 0 is denoted by B(x,h). For Q Cc R? a set and 2 € R?,
we let d(x,Q) = inf{|z — y|, y € Q} be the distance from x to Q and we write Bqo(z,h) for
B(z,h) N Q. Also, we let Q" := {z € R? d(x,Q) < h} be the h-tubular neighborhood of
Q. Given a tensor A : (R%)? — R% of order i > 0, the operator norm | Al is defined as
|Allop = max{A[vr, ..., v, [v1],...|v;] <1} Also, we let A™: R9 — R% denote the adjoint
of the operator A : R — R%,

Let D > 0 and let M, be the set of all smooth d-dimensional connected submanifolds
in RP without boundary, endowed with the metric induced by the standard metric on RP”. We
denote by d, the geodesic distance on M. The tangent space at a point x € M is denoted by
T,M. It is identified with a d-dimensional subspace of R”, and the orthogonal projection on
T, M is denoted by m,. We also let 7, : R — T, M be defined by 7,(y) = 7.(y — ). We denote
by Ty M=+ the normal space at © € M. If M; € Mg, My € Mg,, x € My and f: My — Mo
is a C! function, then we let d'f(z) : (TpM;)! — T't(x) Mz be the [th differential of f at x and
[ fllct(aryy = maxo<i<i SUP e, Hdif(lf)||0p~ For i = 1, we write df for d'f, and if d; < da, then
we define the Jacobian of f at € My as Jf(x) = /det(df (z)*df(x)). We let C'(M) be the




space of all C! functions f : M — R (with possibly [ = co) and for f € C'(M), we let V f denote
the gradient of f. We also denote by V- the divergence operator on M.

Let volys be the volume measure associated with the Riemannian metric on M (or
equivalently volys is the d-dimensional Hausdorff measure restricted to M). We will denote
the integration with respect to dvolys(x) by dz when the context is clear. For 1 < p < oo,
we let L,(M) be the set of measurable functions f : M — R with finite p-norm || f||z, () =

([ fdvol M)l/ P (and usual modification if p = co). We say that a locally integrable function is
weakly differentiable if there exists a measurable section V f of the tangent bundle 7'M (uniquely
defined almost everywhere) such that for all smooth vector fields w on M with compact support,
we have

[ (9w dvoly = = [(97) - w ol

Furthermore, we will denote by p* € [1, 00| the number satisfying % + 1% =1.

The key quantity used to describe the regularity of a manifold M is its reach 7(M).
It is defined as the distance between M and its medial axis, that is the set of points z € R”
for which there are at least two points of M which attain the distance from x to M. In
particular, the projection 77 on the manifold M is defined on M7 Originally introduced in
[Fed59], the reach 7(M) measures both the local regularity of M (namely its curvature) and its
global regularity, see e.g. [AKCT19, BHHS20] or [DZ01, Section 6.6] for precise results on the
relationships between the reach of a manifold and its geometry. We then measure the regularity
of M through the regularity of local parametrizations of M (see [AL19]).

Definition 2.1. Let M € Mg, and Twin, L > 0, k > 2. Let ro = (Tmin A L)/4. We say that M
s in MZ’TmimL if M is closed, of reach larger than Tmin and if, for all x € M, the projection
g+ M — Tp M is a local diffeomorphism in x, with inverse W, defined on Br,(0,70), satisfying
1Wallck By, ar(0,r0)) < L-

Remark 2.2. (i) For the sake of convenience, we use a definition slightly different from the
definition of [AL19], where authors assume the existence of local parametrizations W,
having controlled C* norms, with W, not necessarily equal to the inverse ¥, of the or-
thogonal projection. However, our definition is not restrictive. Indeed, on can write
U, = U, o (7 © ﬁ/m)*l, where the C* norm of (7, o \i/m)*l is controlled by the inverse
function theorem. Therefore, the C* norm of ¥, can always be controlled by the C* norms
of other parametrizations W,. Both definitions can also be proven to be equivalent to
assuming that the function d?(-, M) has a controlled C* norm on M7 see e.g. [PR84].

(ii) The value of the scale parameter r( is used for convenience. Other small scales could be
used, or the radius rg could also be added as another parameter of the model, without any
substantial gain in doing so.



2.2 Besov spaces on manifolds

Let M € Mldfmiim ; for some k > 2, 7yin, L > 0. As stated in the introduction, minimax rates
for the estimation of a given probability will depend crucially on the regularity of its density f,
which is assumed to belong to some Besov space Bz’q(M ). We first introduce Sobolev spaces
H},(M ) on M for | < k an integer, and Besov spaces on M are then defined by real interpolation.

Definition 2.3 (Sobolev space on a manifold). Let 0 <1<k , 1 <p < oo and let f € C>®(M)
function. We let

d'f(x)

p 1/p 51
191y = s ([ [[a'7@) [ avolust) ™ 2.)

The space H;,(M) is the completion of C*°(M) for the norm || - ”Hg(M)'

Remark 2.4 (On the case p = 00). The previous definition cannot be extended to the case
p = oc. Indeed, the completion of C*°(M) for the norm || - || g1 (ap) is equal to C'(M), whereas
for instance HY (M) should be equal to Loo(M). For I = 1, the space H}(M) can equivalently
be defined as the space of weakly differentiable functions f with ||f]| mi(vry < 00, while this
definition can be easily extended to the case p = oo. In particular, if f € HL (M), then one
can verify that f o W, € HL (Br,1(0,70)) for any 2 € M. It follows from standard results
on Sobolev spaces on domains that f o W, is Lipschitz continuous (see e.g. [Brel0, Proposition
9.3]). Hence, f is also locally Lipschitz continuous. By Rademacher theorem, f is therefore
almost everywhere differentiable, and its differential coincides with the weak differential. As a
consequence, a function f € HL (M) is Lipschitz continuous, with Lipschitz constant for the
distance dg equal to || f|| g1 (ar)-

For 1 < p < oo, we introduce the negative homogeneous Sobolev norm || - ”H‘l(M)’
p

defined, for f € L,(M) with [ fdvoly; = 0, by

190y ) = sup { [ Fodvola, 191l an) < 1] (22)

where the supremum is taken over all functions g € H;(M ). For f € L,(M), the negative
Sobolev norm is defined by

1905100y = w0 { [ Fadvolar, Ny oy <1} (2:3)

and the corresponding Banach space is denoted by H, L),
Proposition 2.5. Let 1 < p < oo and f € Hy'(M) with [ fdvoly = 0.

. =1 g s
(i) We have Cy .. |volyr| P Hf”Hgl(M) < HfHHp—l(M) < “f“Hgl(M) for some positive con-
stant Cq r,.. depending on d and Tmyin.



(ii) We have HfHHp—l(M) = inf{|lwllp, ), V-w = f}, where the infimum is taken over all
measurable vector fields w on M with finite p-norm, and where V - w = f means that
J fgdvolyy = — [w - Vgdvolys for all g € C*°(M).

Following [Tri92], Besov spaces on a manifold M are defined as real interpolation of
Sobolev spaces.

Definition 2.6 (Real interpolation of spaces). Let Ay, A; be two Banach spaces, which con-
tinuously embed into some Banach space A. We endow the space Ay N A1 with the norm
||| agna, = max{||z|la,, [|z|la,} for z € Ao N Ay and the space Ay + Ay with the norm K(z,1)
for x € Ag + Ay, where

K(x,\) = inf{||zo|| 4, + Al|z1]|l4,, ® =20+ z1, x0 € Ao, 71 € A1}, A >0. (2.4)
For 0 € [0,1] and 1 < q < oo, we let

© 4 dxy e
1ol cao Ay, . = (/O A qK(x,)\)q)\) meAg+ Ay, (2.5)

and (Ao, A1)gq = {z € Ao+ A1, [z (45,4,),, < o0} (with usual modification if ¢ = 0o). The
pair (Ao, A1) is called a compatible pair, and (Ag, A1)g,q is the real interpolation between Ay and
Aq of exponents 0 and q.

For A, B two Banach spaces and F': A — B a bounded operator, we let ||F'||4,p be the
operator norm of F. Let (Ao, A1) and (By, B1) be two compatible pairs. Let F' : Ag + A1 —
By + B be a linear map such that the restriction of F' to A; is a bounded linear map into B;
(j =0,1). Then, the following interpolation inequality holds [Lunl8, Theorem 1.1.6]

—0
||FH(Ao,Al)g,q,(Bo,Bl)g,q S ||F||,140,BOHFH?41,31' (26)
Definition 2.7 (Besov space on a manifold). Let 1 < p < 0o and 0 < s < k. The Besov space

B;q(M) is defined as B;q(M) = (Lp(M),H]’;(M))S/kﬂ.

Basic results from interpolation theory then imply that | - (g5 ar) < |- 5y () if
> p,q
0<s<s <k (see e.g. [Lunlg).

2.3 Wasserstein distances and negative Sobolev distances

Let P be the set of finite Borel measures p on R”, with |u| the total mass of u. Let P; be the
set of measures in P with |u| = 1. For 1 < p < oo, let PP be the set of measures p € P satifying

(f |x|pdu(x))1/p < oo (usual modification if p = 0o) and let PY = PP N P;. The pushforward of
a measure 4 by a measurable application ¢ : RP — RP is defined by

Sgn(A) = p(¢~ ' (4)) (2.7)



for any Borel set A C R”. For p : RP — [0, 00) a measurable function, we denote by p - p the
measure having density p with respect to pu.

Definition 2.8 (Wasserstein distance). Let 1 < p < oo and let p,v € PP with the same total
mass. Let II(u,v) be the set of transport plans between p and v, i.e. probability measures on
RP x RP with first marginal ©' (resp. second marginal ©°) equal to p (resp. v). The cost Cp(T)
of m € W(u,v) is defined as [ |x — y[Pdw(x,y). The p-Wasserstein distance between p and v is
defined as

W) = _int Gy, 23)

with usual modification if p = oco.

A crucial point in the study conducted in the next sections is the relation between
Wasserstein distances and negative Sobolev norms.

Proposition 2.9 (Wasserstein distances and negative Sobolev norms). Let 1 < p < co. Let
M € My be a manifold with reach T(M) > Tiin, and let p,v € PY be two probability measures
supported on M, absolutely continuous with respect to volys. Assume that p, v > fmin - volas for
some fmin > 0. Then, identifying measures with their densities, we have

_ 1/p—1
Wyl v) < p Pl = vl

o (2.9)
Sp Cd,TminafminH/‘I’_ VHHp_l(M)’

for some constant Cqr .. ... depending on d, Tmin and fmin.

In particular, if p = 1, then the first inequality in (2.9) is actually an equality by the
Kantorovitch-Rubinstein duality formula [Vil08, Particular Case 5.16]. This inequality appears
in [Peyl8] for p = 2 and in [Sanl5, Section 5.5.1] for measures having density with respect to
the Lebesgue measure. We carefully adapt their proofs in Appendix B.

2.4 Statistical models

Let (V,H), (X,G) be measurable spaces and let Q be a subset of the space of probability
measures on (), H). Assume that there is a measurable function ¢ : (¥, H) — (X,G) such that
we observe i.i.d. variables Xi,..., X, ~ (4§ for some £ € Q. Those random variables are all
defined on some probabilistic space (2, F,P), and the integration with respect to P is denoted
by E. Let 9 be a functional of interest defined on P, taking its value in some measurable space
(E,€). The tuple (V,H,Q,t,V) is a statistical model. Given i.i.d. observations with law ¢4¢
where £ € Q, the goal is to produce an estimator ) (depending on the observations and the
parameters defining Q) such that its risk E£(J,1) is as small as possible, where £ is some



measurable loss function £ : E x E — [0,00]. The infimum of the risk over the estimators 9 is
called the minimax risk for the estimation of ¥ on Q with respect to the loss L:

R (0, Q, L) = inf sup EL(D, ), (2.10)
9 peQ

where 9 = 9(.(X1),...,u(X,)) and X1,..., X, is an i.i.d. sample with law &. We consider the
following models, where points are sampled on a manifold, with possibly tubular noise. We fix
in the following some parameters Timin, Ls, Lt > 0, 1 < ¢ < 00 and 0 < fin < fmax < 00. We
also write M¥ instead of ./\/lsﬁmim Ly

Definition 2.10 (Noise free model). Let d < D be integers, k > 2,0 < s <k and 1 < p < 0.
Let M € /\/llj For s =0, the set QV(M) is the set of probability distributions u on RP absolutely
continuous with respect to the volume measure volys, with a density [ satisfying fmin < f < fmax
almost everywhere. For s > 0, the set Q°(M) is the set of distributions u € Q°(M), with density
[ € By (M) satisfying || fll s vy < Ls- The model Qfl’k is equal to the union of the sets Q%(M)
for M € Mg. The statistical model is completed by letting (¥, H) be RP endowed with its Borel
o-algebra and v and ¥ be the identity.

Remark 2.11. If p € Q°(M), then, as u > fminvolys, one has diam(M) < Cd/(fminTr‘fﬂ_nl) for

some constant Cy depending only on d [AL18, Lemma 2.2]. In particular, the manifold M is
automatically compact.

Definition 2.12 (Tubular noise model). Let d < D be integers, k >2,0<s <k, 1 <p< o0
and v > 0. The set QZ’k('y) is the set of probability distributions & of random variables (Y, Z)
where Y ~ 1 € QZ’k and Z € B(0,7) is such that Z € Ty M*. The statistical model is completed
by letting (Y, H) be RP x RP endowed with its Borel o-algebra, ¢ be the addition RP x RP — RP
and ¥(§) be the first marginal p of €.

Concretely, a n-sample in the tubular noise model is given by Xi,..., X,,, where X; is
equal to Y; + Z; with Y; supported on some manifold M and Z; € Ty,M + is of norm smaller
than ~. The goal is then to reconstruct the law p of Y;. We first show that such a task
is impossible if the loss function £ is larger than the total variation distance TV, which is
defined by TV (u,v) := supy |u(A) — v(A)| for u,v € Pi, where the supremum is taken over all
measurable sets A C RP.

Theorem 2.13. Let d < D be integers, k >2,0<s<k,1<p<oo. Let L: PxP — [0,00] be
a measurable map with respect to the Borel o-algebra associated to the total variation distance on
P x P. Assume that L(p,v) > g(TV(u,v)) for a convex nondecreasing function g : R — [0, o0
with g(0) = 0. Then, for any Tmin > 0, if fimin s small enough and Ly, Ls, fimax are large enough,
we have

Rﬂ(/‘bv Qfl’k’ ‘C) > g(Cd), (211)

for some constant cq > 0.



Examples of such losses include the total variation distance, the Hellinger distance (with
g(z) = z), the Kullback-Leibler divergence (with g(x) = 2?/2), and the L, distance with
respect to some dominating measure (with g(x) = 2P). We give a proof of Theorem 2.13, based
on Assouad’s lemma, in Appendix G. A simple example of loss £ which is not degenerate for
mutually singular measures is given by the W, distance. As stated in the introduction, we will
therefore choose this loss, and study R, (u, QZ’k (7), Wp), the minimax rate of estimation for u
with respect to W), where ¥(§) = p is the first marginal of £ € Qfl’k('y).

Remark 2.14. For v > 0, the statistical model Qfl’k(y) is not identifiable, in the sense that
there exist &, ¢ in the model for which 14§ = 1x&’. Having such an equality implies that
Wp(9(8),9(&)) < Wp(9(€), 148) + W (e’ 9(€')) < 2. This inequality is tight up to a constant.
Indeed, take Y an uniform random variable on the unit sphere, let £ be the law of (Y, 0) and &’
be the law of ((1 4 7)Y, —7Y). Then, £ and ¢ are in QZ’k('y) and (4§ = 14£, whereas, by the
Kantorovitch-Rubinstein duality formula,

Wp(9(€),9(£')) = Wi(9(€),9()) = E[p((1 +7)Y) — ¢(Y))]

for any 1-Lipschitz function ¢. Letting ¢ be the distance to the unit sphere, we obtain that this
distance is larger than . In that sense, v represents the maximal precision for the estimation

of V(&)

Remark 2.15. For ease of notation, we will write in the following a < b to indicate that there
exists a constant C' depending on the parameters p, k, Tmin, Ls, Lk, fmin, fmax, but not on s and
D, such that a < Cb, and write a < b to indicate that a < b and b < a. Also, we will write ¢,
to indicate that a constant ¢ depends on some parameter a.

3 Kernel density estimation on an unknown manifold

Before building an estimator in the model QZ’k(V), let us consider the easier problem of the
estimation of u in the case where v = 0 (noise free model) and the support M is known. Let
p € Q%(M)and Yy,...,Y, bean-sample of law y1. Let p,, = 2 3" 8y, be the empirical measure
of the sample. Identify R? with R? x {0}~ and consider a kernel K : R” — R satisfying the
following conditions:

e Condition A: The kernel K is a smooth radial function with support B(0,1) such that
Jra K = 1.

e Condition B(m): The kernel K is of order m > 0 in the following sense. Let |a| :=

2?21 a; be the length of a multiindex o = (v, ..., @g). Then, for all multiindexes o, o'

with 0 < |a®| < m, 0 < |at| < m + |ag|, and with |a!| > 0 if o = 0, we have

i OQOK(U)valdv =0, (3.1)



d
]:

e Condition C(f): The negative part K_ of K satisfies [pa K_ < f.

where v* = 1 v?j and 0%K is the partial derivative of K in the direction o.

We show in Appendix H that for every integer m > 0 and real number 5 > 0, there exists a
kernel K satisfying conditions A, B(m) and C(f3). Define the convolution of K with a measure
vePas

K xv(zx) = /K(:p —y)dv(y), = eRP, (3.2)

and, for h > 0, let K} := h=9K(-/h). Let py := K}, * voly; and let fin,h, be the measure with
density K}, * (in/pn) with respect to volys. Dividing by pj, ensures that p,j is a measure of
mass 1. Remark that the computation of p, ; requires to have access to M, that is u, ) is an

estimator on Q°(M) but not on QZ’k. By linearity, the expectation of u, 5 is given by uy,, the
measure having for density Kp, * (u/pp) on M.

Theorem 3.1. Let d < D be integers, 0 < s <k—1 withk>2 and1 <p<oo. Let M € MS
and p € Q°(M) with Yi,...,Y, a n-sample of law p. There exists a constant 5 depending on
the parameters of the model such that, if K is a kernel satisfying conditions A, B(k) and C(f5),
then the measure py, p, satisfies the following:

(i) If (logn/n)"/* < h < 1, then, with probability larger than 1 — en%/%, the density of n.h
is larger than fumin/2 and smaller than 2 fiax everywhere on M.
(i) If n= Y4 < h <1, then we have
Ellp— Mn,h|’H;1(M) <|lp— MhHHIjl(M) + El[pn,n — Mh”HIjl(M) (3.3)
h1 =42 14(h)
v
where Iy(h) =1 ifd >3, (—log(h))Y? ifd =2 and h™Y/? if d = 1.

<K

(iii) Let h =< n~Y 44 if 4 > 3 h = (logn/n)"/?® if d < 2. Define u%h = ln,h Of P 15 @
probability measure and “g,h = 0x, otherwise. Then,

s+1

ni 2s+d Zf d 2 3’
EWP(Mg,h;M) SAne (log n)% if d =2, (3.5)
ns ifd=1.

(iv) Furthermore, for any 0 < s < k and Tmin > 0, if fimin 28 small enough and if fuax and Ls
are large enough, then there exists a manifold M € ./\/lfl such that

_ s+1 .
n 2+t ifd >3,

ifd <2.

(3.6)

n

N

Rn(ﬂ? Wp? QS(M)) Z {
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Remark 3.2. The condition C(f) on the kernel is only used to ensure that the measure p,, , has
a lower and upper bounded density on M. An alternative possibility to ensure this property is to
assume that the density of 1 is Holder continuous of exponent d for some § > 0. Techniques from
[BH19] then imply that ||p, n— | e (ar) S hP+n~1/2p=4/2 « 1 with high probability, ensuring in
particular that the density is lowerbounded. If sp > d, then every element of B, , (M) is Holder
continuous (by [Tri92, Theorem 7.4.2]), and condition C(f) is no longer required. However,
Theorem 3.1 also holds for non-continuous densities.

Remark 3.3. Let K be a nonnegative kernel satisfying conditions A, B(0) and C(f5). It is

straightforward to check that Wy(un, tin,n) S h. Therefore, Theorem 3.1(ii) and Proposition

ujﬁld(h). By choosing h of the order n=1/4, we

2.9 imply in particular that W, (un, pn) S h+
obtain that )
n difd>3
Wy (pin, 1) S{ n2(logn) if d =2 (3.7)
n"2ifd=1.

Such a result was already shown for p = co [TGHS20] with additional logarithmic factors, with
a proof very different than ours. See also [Div21] for a short proof of this result when M is the
flat torus.

In (3.4), a classical bias-variance trade-off appears. Namely, the bias of the estimator
is of order h*t!, whereas its fluctuations are of order h'~%2/\/n (at least for d > 3). This
decomposition can be compared to the classical bias-variance decomposition for a kernel density
estimator of bandwidth h, say for the pointwise estimation of a function of class C* on the cube
[0,1]9. Tt is then well-known (see e.g. [Tsy08, Chapter 1]) that the bias of the estimator is
of order h® whereas its variance is of order h~%2 /v/n. The supplementary factor h appearing
both in the bias and fluctuation terms can be explained by the fact that we are using a norm
H, L(M) instead of a pointwise norm to quantify the risk of the estimator: in some sense, we are
estimating the antiderivative of the density rather than the density itself. This is particularly
true if d = 1 and p = 1, where the Wasserstein distance between two measures is given by the L
distance between the cumulative distribution functions of the two measures [Sanl5, Proposition
2.17].

Before giving a proof of Theorem 3.1, let us explain how to extend it to the case where
the manifold M is unknown and in the presence of tubular noise. The measure g, is the
measure having density Kj, * (un/pr) with respect to volys. Of course, if M is unknown, then
so is volys, and we therefore propose the following estimation procedure of vol,s, using local
polynomial estimation techniques from [AL19]. Let X1, ..., X,, be a n-sample in the model with
tubular noise Q5" (v), with X; = Y; + Z;, Y; of law p and Z; € Ty, M+ with |Z;| < 7. Let v be
the empirical measure ﬁ Z#i dx;-x,;- For two positive parameters ¢, ¢, the local polynomial

11



estimator (7;, ngi, ey Vm_u) of order m at X; is defined as an element of

-1 2

arg min v | |z —7(x) = Y Vi[r(x)®)| 1{z € B(0,e)} |, (3.8)

Tr7sup2§j§mflllvj‘lop§£ 7j=2

3

where the argmin is taken over all orthogonal projectors m of rank d and symmetric tensors
Vi (RP)7 — RP of order j. Let T: be the image of ; and U, :veRD — Xi—l—v%—zgnzal TA/j,i[U‘g)j].
Let Z(T1,T>) denote the angle between two d-dimensional subspaces, defined by |77, — 71 ||,
where 77, is the orthogonal projection on 7; for ¢ = 1,2. We summarize the results of [AL19] in
the following proposition (see Appendix A for details).

Proposition 3.4. With probability at least 1 — ecn= %%, if m < k, (log n/n)l/d <e<l, y<e¢
and 1 <0< et then,
max Z(Ty,M,T;) <e™ ! e ! (3.9)
1<i<n

and, for all1 < i <n, if v e T with |v] < 3e, we have

[Wi(v) = Wy, o7y, (v)| S ™+ (3.10)
Hd\f/z(v) —d(Uy;, o w;fi)(v)Hop <em el (3.11)

Hence, if v is of order at most €*, then it is possible to approximate the tangent space
at Y; with precision e*~1 and the local parametrization with precision e*. In particular, authors
in [AL19] show that, with high probability, (i, B\ili(Ti)(Xi7 ¢) is at Hausdorff distance less than

ek 4+~ from M (up to a constant). We now define an estimator volys of voly by using an
appropriate partition of unity (x;);j, which is built thanks to the next lemma. For A, B C RP,
introduce the asymmetric Hausdorff distance dp(A|B) := sup,c4 d(z, B) and the Hausdorff
distance di (A, B) :== dy(A|B) V dgy(B|A). We say that a set S is d-sparse if |z —y| > ¢ for all
distinct points z,y € S.

Lemma 3.5 (Construction of partitions of unity). Let 6 < 1. Let S C M? be a set which is
L6-sparse, with dp(M°|S) < 46. Let 0 : RP — [0,1] be a smooth radial function supported on
B(0,1), which is equal to 1 on B(0,1/2). Define, fory € M? and x € S,

()
ZIIESO (%)

Then, the sequence of functions x, : M® — [0,1] for x € S, satisfies (i) Yowes Xa = 1, with at
most cq non zero terms in the sum at any given point of M?°, (ii) Xz llerarsy < Crad~" for any
1 >0 and, (i) x5 is supported on Bys(x,80).

Xa(y) = (3.12)

12



A proof of Lemma 3.5 is given in Appendix A. Given a set Sy C M?® with dy (M?|Sy) <
5/3, the farthest sampling algorithm with parameter 75/3 (see e.g. [AL18, Section 3.3]) ouputs
a set S C Sp which is 76/3-sparse and 76/3-close from S: the set S then satisfies the hypothesis
of Lemma 3.5. The next proposition describes how we may define a minimax estimator volps of
the volume measure on M (up to logarithmic factors) using such a partition of unity.

Theorem 3.6 (Minimax estimation of the volume measure on M). Let d < D be integers and
k>2 Let&e Qg’k('y) and let X1,..., X, be a n-sample of law v4§. Let (logn/n)l/d <e<l,
7<e 1505t

(i) Let {Xi,,...,Xi,} be the output of the farthest point sampling algorithm with parameter
7¢/24 and input {X1,...,X,}. With probability larger than 1 — en= %/, there exists a
sequence of smooth nonnegative functions x; : Me/® — [0,1] for 1 < j < J, such that x;
is supported on Byess(Xij,€), [IX;lleraersy S e~ and 237:1 x;(2) =1 for z € M¥/8, with
at most c¢q non-zero terms in the sum.

(ii) Let W, be the local polynomial estimator of order m < k with parameter ¢ and £, and T; the
associated tangent space. Let volys be the measure defined by, for all continuous bounded
functions f : RP — R,

/ fz)dvoly (z Z / x;j(z)dz, (3.13)

where the integration is taken against the d-dimensional Hausdorff measure on \Tlij (TZ])

kld we have, for v < €2,

w, (olu volar ) o m. (3.14)
|volys| [volas|

Then, for 1 <r < oo, with probability larger than 1 —cn™

Vd and v < €2, we obtain that

—~ k
w, (Yol volw | (logn>d. (3.15)
[voly| [vola| n

Also, for any Tmin > 0 and 0 < s < k, if fuin s small enough, and if fumax, Lk, Ls are large

enough, then
volpyr ok ) ( 1 )
Ry . 3.16
(‘V lM’ Qd ( )7 ~ v + n ( )

(7ii) In particular, if m =k, € < (logn/n)

al

Let pp, = Kj * \751M. We define 7, j, as the measure having density Kj, * (v,/pp) with

respect to the measure ;(;IM, where v, = %Z?Zl dx, is the empirical measure of the sample
(Xq1,...,Xn).
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Theorem 3.7. Let d < D be integers, 0 < s < k—1 withk > 2 and1 < p < oo. Let& € Qfl’k('y),
with p the first marginal of £ and let Xq,...,X, be a n-sample of law 4. There exists a
constant 8 depending on the parameters of the model such that the following holds. Assume that
K s a kernel satisfying conditions A, B(k) and C(B), that (log n/m)V/?* < e <h <1,y < e
1 < ¢ < et and consider the estimator volyy defined in (3.13) with parameters m, ¢ and £.
Then,
(i) The measure Uy, is a nonnegative measure with probability larger than 1 — en~k/d,
(ii) Define 1927,1 = Upp if Dnp is a nonnegative measure and ﬁ?l,h = 0x, otherwise. Then, with
probability larger than 1 — en%/4,

W (O s i ) S 7+ €™ (3.17)

(iii) In particular, let m = [s+ 1], ¢ < (Inn/n)"/4, £ < e and h < n~ Y@+ 44 > 3,
h = (logn/n)Y? if d < 2. Then,

s+1

n_ 2s+d ifd>3
EW,(00 5, 10) Sv+<{n~3 (logn)?  ifd=2 (3.18)
ns ifd=1.

(iv) Furthermore, if 0 < s < k and Tyin > 0, for any fmin small enough and fumax, Ls, Ly large
enough, we have

s+1 k
5 n"2td +nd  ifd>3
R, Q5% (), W) =~ + ’ 3.19
(1, Q7" (7). Wy) 2 v {n_; Fd<2 (3.19)

Remark 3.8 (Numerical considerations). There are several considerations worth of interest con-
cerning the numerical implementations of the estimators vol v and Dy, p,. In a preprocessing step,
one must first solve the optimization problem (3.8) for each element X;, of the output of the
farthest point sampling algorithm. Let IN; be the number of points of the sample at distance
less than e from X;. (which is with high probability of order ne? < logn). For k = 2, minimiz-
ing (3.8) is equivalent to performing a PCA on the N; neighbors of X, with a corresponding
time complexity of order O(N]‘?’) with high probability. For k& > 3, as the space of orthogonal
projectors of rank d is a non-convex manifold, the minimization of the objective function is more
delicate. In [ZJRS16], a Riemannian SVRG procedure is proposed to minimize a functional de-
fined on some Riemannian manifold. Their procedure outputs values whose costs are provably
close to the minimal value of the objective function, even for non-convex smooth functions. The
implementation of such an algorithm is a promising way to minimize (3.8) in practice.

The uniform measure on M can be approximated by considering the empirical measure
(Uyp)n of a N-sample of law Ups := voly/|volys|. To create such a sample, we may use
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A

importance sampling techniques to sample according to the measure with density x; on \ilij (13,)-

Eventually, the measure ﬁff\,fl) with density Kj, * (v,/pn) with respect to (Upr)y may be used as

a proxy for 7, p,.

4 Proofs of the main theorems

4.1 Bias of the kernel density estimator

The first step to prove Theorem 3.1 is to study the bias of the estimator, given by the distance
H-HHgl(M) between 1y, and p1. Write ¢ for ¢/py,. Introduce the operator Ay, : B (M) — H ' (M)
defined for ¢ € L1(M) and z € M by

()
pr(z)

Apo(e) = Ko (20) — o) = [ Ko —9) (3) - 6(0)) dvolur(a).  (41)

Then,

[[n — MHHp*l(M) = HAthH;l(M) < HAh”BZq(M),szl(M)HfHBg,q(M)
’ (4.2)
S ”AhHB;,q(M),H_l(M)LS'

P

Proposition 4.1. Let 0 < s <k —1, 1 <p < oo, and assume that the kernel K is of order k.
Then, if h <1,
+1
HAh||B;7q(M)7H;1(M) ShT (4.3)

The proof of Proposition 4.1 consists in using the Taylor expansion of a function ¢ €
B, q(M ), and by using that all polynomial terms of low order in the Taylor expansion disappear
when integrated against K, as the kernel K is of sufficiently large order. Namely, we have the
following property, whose proof is given in Appendix C.

Lemma 4.2. Assume that the kernel K is of order k and let B : (RP) — R be a tensor of
order 1 < j < k. Then, for all x € M,

[ Kl = 0Bl ~ 9 dy| < By 1 (4.4

lon(x) =1 S B and |pnllesry S B (4.5)

Let us now give a sketch of proof of Proposition 4.1 in the case 0 < s < 1. The H,*(M)-
norm of Ap¢ is by definition equal to

40y ) = 50 { [ (Andgdvolar, gl oy < 1}
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Let g € HJ. (M) with ||g||H1 y < 1. We use the following symmetrization trick:

[ And@g@)da = [[ Knte = 1)(@(0) = d@)g(a)dyda
= // Kin(y — z)(¢(z) — d(y))g(y)dydz (by swapping the indexes = and y)
=3 [ Batw = )@0) - 3@ g - ) dyd (16)

where, at the last line, we averaged the two previous lines and used that K is an even function.
Informally, as Kp,(z —y) = 0 if |#—y| > h, and as py, is roughly constant, we expect |p(y) — ¢(z)|
to be of order h* and |g(z) — g(y)| to be of order h, leading to a bound of [ Ap¢(x)g(x)dz of
order h*T!. For [ > 1, the following analogue of the symmetrization trick holds.

Lemma 4.3 (Symmetrization trick) There exists hg < 1 such that the following holds. Let

0<1<k—1 beeven and let K (x f Ky (z %d)\ for z € RP. Fix xg € M and

let p € C*(M) be a functzon supported in Bar(xo, ho). Define ¢ = d'(¢p o W) 0 7. Let
9 € Lyp(M) with ||g||z,.ar) < 1. Then, for h S 1, [ Apg(z)g(z)dz is equal to

1 l i i
S ED@ )G - 8@ e - 9] 00) g dyde + R, (47)
2 JJ B (wo,ho)?
where R is a remainder term satisfying |R| S ||¢~5”H;(M)hl+1' Furthermore, if | < k — 2 is even,
s l
we have |R| < HQZ)HH;JH(M)thQ.

Lemma 4.4. Let n € C*°(M) and let 0 <1 < k — 2. Assume that either | = 0 or that n is
supported on Byr(xo, ho). Let g = d'(no Wy,) o 7y,. Then, for any h <1

1/p
(hd// 1{|$—y| < h}Hnl(‘T) ( )”opd d >
Bz (z0,h0)? |l' - y|p

1/p
< / M+1(T pdﬂ?) Sl e .
(BM@O,M I (&)1 Il

Proofs of Lemma 4.3 and Lemma 4.4 are found in Appendix C. Let ¢ € C®°(M) be a
function supported in Bas(xg, ho) and g € H;*(M) with ||g]| 1 oan < L
p*

Case 1: sis even Let [ =s. Assume first that p > 1 and that g is smooth. We have

JL o e =)l @) = @) l9(e) = g(w)le — yl'dady (4.9)
M (20,ho) op
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< 1K ooy )1 [

B (z0,h0)?

1|z — y < A} |du(y) — du(x)

op |z—yl

l9(z) — g()”" v
<o [ e -y < ap LD ZIWL g,
B (zo,ho)?

|z — y|

3@

op

1/p
S om' (zrom [ volus (Bas(a M)z ) Nl
:CEBMI(CCo,hQ) p*

S DMz ary A S 1l ezt 2y AR)H, (4.10)

where at the last line, we used Lemma A.1(iii) to control the volume of By/(x, \h) and, at the
second to last line, we used Lemma 4.4. Furtl}ermore, it follows from Leibniz formula for the
derivative of a product and Lemma 4.2 that ||¢||H;)(M) < ||¢||H§)(M).

As C>*(M) is dense in Hg* (M), inequality (4.10) actually holds for every g € H;*(M)
If p = 1, then every function g € H). (M) with ||g[ g1 () < 1 is Lipschitz continuous for the
distance dg (see Remark 2.4). Using that dg4(z,y) §p2|x —y| if |z — y| < Tmin/4 (see [ALIS,
Proposition 30]), a similar computation than in the case p < oo shows that inequality (4.10)
also holds if p = oco.

By integrating inequality (4.10) against A € (0,1) and by using Lemma 4.3, we obtain
the inequality | 4461 (ar) S b0l a5 0.

Case 2: s is odd Similarly, we treat the case where s < k — 1 is odd. Let I = s — 1. Once
again, assume first that p > 1 and that g is smooth. Then,

I e =)l [aw) @) lo(e) - glwlle — yl'dedy
M (z0,ho)

op

[6) = a1
B op |9(z) — g(y)| 2
< //BM(:COJLO)Q ‘K)\h(x y)’ |ZE — y| ’CL' — y| |‘/E y| dﬂ?dy

W) = @] 1g(@) - 9(y)
< I eogam (A2 [ 1{fe — 4 < A H 2 S T dady
1K lcorr) (AR) Bas (@0.f0)? {lz =yl ; |z —y| |z —y|
_ - P 1/p
1K leoaoyOm)*2 () [ 1fje =y ]
< - z—y| < rdy
CO(RP) B (zo,ho)? o =yl
_ »* 1/p*
x )\h_d// 1{|z —y| < \h M@d;,)
<( ) B (x0,ho)? 4 | J @ = yl?
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< W21l s ). (4.11)

where at last line we used Lemma 4.4 and the inequality H(Z)”Hzl,(M) < H(Z)HHZ@(M). As in the
previous case, the same inequality holds for g € Hz}* (M) non necessarily smooth and if p = 1.
By using Lemma 4.3 and by integrating (4.11) against A € (0, 1), we obtain that ||Ah¢HHp—1(M) <
B g -

So far, we have proven that
[Ar6l-1 0y S 0 1l s (4.12)

for all integers 0 < s < k — 1 and ¢ a smooth function supported on Bys(zo, ho). To obtain the
result when ¢ is not supported on some ball By (xq, ho), we use an appropriate partition of unity.
Indeed, for 6 = ho/8, standard packing arguments show the existence of a set Sy of cardinality
N < ¢glvolps|6~¢ with d (M°|Sy) < 55/3. By the remark following Lemma 3.5, the output S of
the farthest point sampling algorithm with parameter 74/3 satisfies the assumption of Lemma
3.5, and is of cardinality smaller than N < 1. We consider such a covering (B (z, ho))zes, with
associated partition of unity (xz)zes given by Lemma 3.5. Then, || A9 ;1 (v 18 bounded by

D MA@ 2y S B0 Ixadllmgary S Y xalles 191l zrs ooy S B IS s

zeS zeSsS zeS

where the second to last inequality follows from Leibniz rule for the derivative of a product.
Also, the last inequality follows from the fact that (xz)|x = Xz 0inm, where ips : M — M % is the
inclusion, which is a C* function with controlled C¥-norm. Hence, ||xz|lcs(a) < X lles(arsy S 1
by the chain rule.

As C*°(M) is dense in H,(M), this gives the desired bound on the operator norm of
Ay : H5(M) — Hy'(M) for 0 < s < k — 1 an integer. To obtain the conclusion for Besov
spaces B, (M), we use the interpolation inequality (2.6). By the reiteration theorem [Lunls,
Theorem 1.3.5], for 0 < s < k — 1, B (M) = (Lp(M), H ™ (M))5/(—1),4» With an equivalent
norm. Hence, we have, for 0 < s < k — 1,

1-6
‘|Ah|’357q(M)7H;1(M) 5 ”AhHLp(M),H ||AhHHk I(M) (M)
< RUTETIRMET < pstL
so that Proposition 4.1 is proven for s < k£ — 1. It remains to prove the inequality in the case

s =k — 1. By Fatou’s lemma and the definition of interpolation spaces (2.5), we have, for some
constant C' not depending on s,

| AR Sl g1 ary < limin [ Anflls o) < lming (CE £ llss 0)) < CHM S g an,
s<k—1 s<k—1

where we used that [|f|[ps (i) < ”fHngl(M)' This concludes the proof of Proposition 4.1.
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4.2 Fluctuations of the kernel density estimator

The purpose of this section is to prove the following bound on the fluctuations of the kernel
density estimator.

Proposition 4.5. Let u € Q*(M) with Y1,...,Y, a n-sample of law p. Assume that h <1 and
that nh® > 1. Then,
Elltns — 1nll g ay S 0 2R 1), (4.13)

where I4(h) is defined in Theorem 3.1.

Let A be the Laplace-Beltrami operator on M and G : Uy; — R be a Green’s function,
defined on {(z,y) € M x M, x # y} (see [Aub82, Chapter 4]). By definition, if f € C*(M),
then the function Gf : x € M — [G(z,y)f(y)dy is a smooth function satisfying AGf = f,
with VG f(z) = [V,G(z,y)f(y)dy for x € M. Hence, if w = VGf, then V- w = f, so that,
Proposition 2.5 yields

||f||H;1(M) < Hf”['{;l(M) < ||VGfHLp(M)-

By linearity, we have

1 n 5¥K 5}f
e () 2o s )
n ; h pn(Y3) " pn(Y3)

The expectation of the L,-norm of the sum of i.i.d. centered functions is controlled thanks to
the next lemma.

. (4.14)

Lp(M)

p

Lemma 4.6. Let Uy,..., U, be i.i.d. functions on Ly(M). Then, EH% w (U — EU;) L)
P

is smaller than

w2 [ (B [JU3()))" ds dr=2
Con /2 [ E|U1(2)P)"* dz + Cpn! 7 [y, BT ()P dz  if p > 2.

(4.15)

Proof. If p < 2, one has by Jensen’s inequality

p
<|E

and (4.15) follows by integrating this inequality against z € M. For p > 2, we use Rosenthal
inequality [Ros70, Theorem 3] for a fixed z € M, and then integrate the inequality against
ze M. O

n

> (Ui(z) - EU(2))

=1

n

S (Uiz) — EUL(2))

=1

2 p/2 /2
E ) <o (E[Ua(2) )"
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It remains to bound E HVG (Kh * (%)) (z)m where Y ~ p, z € M and p > 2.

Lemma 4.7. Let p > 2. Then, for all z € M and h <1,

e [vo (= Gum)) @

A proof of Lemma 4.7 is found in Appendix D. From (4.14), Lemma 4.6 and Lemma 4.7,
we obtain, in the case p > 2 and d > 3

, ifd=1
} SS—logh ifp=d=2 (4.16)
hPFd=dp  elge.

1/p
Bl — il apy < (Blitn = Iy s
/ oy 2\ /2 v
<C —12u/1ﬂv0<K'*<>) d
< Cpn < n on(¥) (2) z
5 P 1/p
1/p—1 Y
+ Cpn (/IE HVG (Kh * (wh(Y))> (2) } dz)

S n_l/Q‘VOIMP/phl_d/Q —|—nl/p_l‘VOIMP/phl—i_d/p_d.

Recalling that |volys| < frgl < 1 and that nh¢ > 1, one can check that this quantity is smaller

in ~
up to a constant than n~—1/2pl=4/2, proving Proposition 4.5 in the case p > 2 and d > 3. A
similar computation shows that Proposition 4.5 also holds if p < 2 or d < 2.

4.3 Proof of Theorem 3.1

The proof of (i) is found in Appendix E. Let us now prove (ii). If 0 < s < k — 1, by Proposition
4.1 and (4.2), we have

_ < pstl
[ NhHH;l(M) < LSHAhHB;ﬂ(M),H;l(M) ShT

Combining this inequality with Proposition 4.5 yields (3.4).

Let us prove (iii). Let E be the event described in (i). If E is realized, then ngh is
equal to py,p, and it satisfies N%,h > fm%volM. Thus, Proposition 2.9 yields Wp(,u%h,ﬂ) <
| o, — uHHP_1(M). If F is not realized, we bound Wp(ugjh,u) by diam(M), which is itself

bounded by a constant depending only on the parameters of the model (see [AL18, Lemma
2.2]). Hence,

EWy (1o 1) < B [Wyup o ) LB} + diam (M)P(E) < Bl = il g1 agy + 07,

and we conclude thanks to (3.4).
Eventually, a proof of (iv) is found in Appendix G.
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Figure 1 — Illustration of Lemma 4.8(a)

4.4 Proofs of Theorem 3.6 and Theorem 3.7

Proof of Theorem 3.6(3).

Assume that v < ¢/24. Let X = {X,..., X, } and Y = {V7,...,Y,}. By the remark
following Lemma 3.5, the existence of a partition of unity satisfying the requirements of Theorem
3.6(i) is ensured as long as dg (M®/8|X) < 5¢/24. We have dg(M®/8|X) < dy(M/3|Y) +¢/24 <
dp(M|Y)+4e/24. Hence, the partition of unity exists if dg (M|Y) < e/24. This is satisfied with
probability larger than 1 — cn=*/? if ¢ > (logn/n)'/¢ by [Aam17, Lemma II1.23].

Proof of Theorem 3.6(ii).

For ease of notation, we will assume that the output {X;,,..., X;,} of the farthest point
sampling algorithm is equal to {X1,..., X s}. Write v; for the measure having densit  with
pling alg q ) s 'j g Y Xj

A

respect to the d-dimensional Hausdorff measure on W;(75).

Lemma 4.8. If (logn/n)"? < e <1 and v < €2, with probability larger than 1 —en™"/¢, for all
G=1,...,J:

(a) The map Wy, omy; : BTj(O,Ss) — M s a diffeomorphism on its image, which contains
B (Y, 2¢). Let S : Ba(Yj,2¢) — Biy (0,3¢) be the inverse of Wy, omy,. Then, W;08;:
B (Y, 2e) = V;(T5) is also a diffeomorphism on its image, which contains B@j(fj)(Xj, £).
Furthermore, for all z € By (Y}, 2¢), we have |¥; 0 8(z) — X;| > Iz =Y.

(b) The measure (¥; o Sj)#;lyj has a density x; on M equal to
Xi(2) = xj (U5 0 8j(2))J (U5 0 8j)(2) for 2 € M, (4.17)

where the function is extended by 0 for z € M\Bu (Y, 2¢).
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(c) For z € By (Yj,2¢), we have

[Wj08(2) — 2| Se™ +7, (4.18)
Xi(2) =x;(2)| S €™ + - (4.19)

A proof of Lemma 4.8 is found in Appendix F. Let M, = U;-Izl B@j(fj)(Xj,a) be the

support of vol M-

Lemma 4.9. Let (logn/n)"/? < e <1andy <e?. Fizxl<r<ooandlet¢: M —R, ¢: M, —
R be functions satisfying ¢min < qﬁ,é < Pmax for some positive constants Gumin, Pmax > 0. Assume
further that for all j = 1,...,J and for all z € M we have, |p(¥; 0 Sj(2)) — ¢(2)| < T < 1.
Then, with probability larger than 1 — en k4 we have

(qﬁ-\glM ¢ - volys

- < Co(T + €™ +7), 4.20
wme|¢w®m> ol 7 (4.20)

where Cy depends on Gmin and Gmax-

In particular, inequality (3.14) is a consequence of Lemma 4.9 with ¢ = ¢ = 1.

Proof. Assume first that r < co. We have the bound

?\B]M 7 ¢ - volys _ /\1 W, (Z)'\;O\IM,(Z)'V01M|¢ V01M|
¢ - volps| &+ volu| | - volpy |V/7 ¢ - vol|
1 J J -
< ——nr Wr *Vj, \I/‘OS'_ V5
< |¢-V01M]1/7"< jZ::ld) j Jz::l( i°5j)y (- 1) (4.21)

J |6 - voly|
+ W | D0(85087)51 (6 v3), & - voly o —— = )

Jj=1

We use Proposmon 2.9 to bound the second term in (4.21). By a change of variables,
the density of (¥;0S; )4 Y(¢-v;) is given by ¢ : 2z — ¢(¥;08;(2))x;(2). With probability larger

than 1 — en~%/? we have for z € M, should €™ + ~ be small enough,

1

J
1
ilz) > -C >1—==
éﬁf E xj(z ca(e™ +7) 5

where ¢, is the constant of Lemma 3.5. Therefore, the density of Z;le (0 Sj)%g1 (¢-v;) is larger
than ¢min/2. Remark also that x;(z) < 2 for any z € M. Hence, we have according to Lemma
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4.8, ]qgj(z) —0(2)x;(2)| £ T+ 2¢max|x;(2) = Xj(2)] ST + dmax(e™ + ) for some constant Cp.
This gives the bound,

J J
16+ volr| = ¢ - volarl| < |3 <> - [volag| /"
o e e (022
;- .
< Z ¢_j - |V01M| < C’0|V01M|(T‘ + ¢max(5m + ’7))
= Loo (M)
Therefore, (b‘d’VOIM | is larger than
T+ max g™+ m min
i (1= Colvolul L2 5 g COT + sl 49) 2
if T, e and ~y are small enough. Hence, by Proposition 2.9 and using (4.22),
W (3205, 05516 1), - volay 1220
" j=1 ! ‘d) 1]\4|
2\, |6 - voly] 2 - |¢> voly|
< (2 _ gl0volu] v 1) 10 volu|
=" (¢min> E / ¢|¢V01M| (¢m1n Z |¢ VOIM‘
=1 HY(M = Lr(M)
J -
: [ - volas| — | - vola||
v 1)
<(= > b0 e e,
Lo (M)
Lo
< T + buax Lo |L/7 _|volw| Loy |L/7 max)
< (g V1) OO+ fmanle™ 90 (bl -+ - BEE vl
S C rnlna(bmax (T —I_ 6 + Fy)

where we used that |volys| < fmm < 1, and the constant Cy_ . 4. in the upper bound depending

on ¢min and ¢max, but not on r.

To bound the first term in (4.21), consider the transport plan Z}»le(id, (\il] 08;) ™ Hu(o-
vj), which has, according to Lemma 4.8, a cost bounded by

J
> [l (850 8) 7 W)@ 1)) S Smae (7 + )" [v0lag .
j=1

As |[volys| < |volps| + T + bmax(e™ + ) < 1, we obtain the desired bound. By letting r — oo,
and remarking that the different constants involved are independent of r, we observe that the
same bound holds for r = oc. O
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Remark 4.10. Inequality (4.22) with ¢ = ¢’ = 1 gives a bound on the distance between the total
mass of volys and the volume [volys| of M: choosing k = m, it is of order ¥ 4~ with probability
larger than 1 — en /4.

Proof of Theorem 3.6(iii).

Inequality (3.15) is a consequence of Theorem 3.6(ii), whereas the lower bound on the
minimax risk (3.16) is proven in Appendix G.

Proof of Theorem 3.7.

Note first that 7, 5, is indeed a measure of mass 1. We show in Lemma F.2 that

T:= max sup |Kpx* (7") (U 08;(2)) — Kp <,un) (z)‘
3=1-J 2eB(Y; e) Ph Ph

satisfies T' < €™ + v with probability larger than 1 — en~k/d A fmin/2 < Kp, * piy < 2 fimax on
M by Theorem 3.1(i), and as every y € M. is in the image of \ilj 0 S; for some j =1...J, we
have fmin/3 < Kp % vy, < 3fmax on ME should % + ~v be small enough. This proves Theorem
3.1(i) and, together with Lemma 4.9, this also proves Theorem 3.7(ii). Theorem 3.7(iii) is a
consequence of Theorem 3.7(ii) and Theorem 3.7(iv) is proven in Appendix G.
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APPENDIX

A Geometric properties of C¥ manifolds with positive reach and their estimators

Let M € M’jﬁmin, ; for some k£ > 2 and 7yin, L > 0. Recall that the angle between two d-
dimensional subspaces Ty and T is given by Z(T1,1%) := |7, — 71|, = |77, © 71, ||op, Where
7p, (resp. mp,) is the orthogonal projection on Ty (resp. Tz) and 77, = id —7r,.

Lemma A.1. Let xz,y € M. The following properties hold:

(i) One has |7} (z — y)| < % and Z(TyM,T,M) < 2‘3?”'.

- min
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(ii) If mpr(2) = x for some z € M™in | then z — x € T, M=.
(Z’L’L) Ifh S Tmin/47 then thd § volM(BM(a;, h)) S thd.

(iv) If h <o, then Byr(x,h) C Vyp(Br,ar(0,h)) C Ba(z,8h/7). Also, if u € Br,p(0,70), then
lul < [Wg(u) — 2| < 8ul/T.

(v) There exists a map Ny : Br,a(0,70) — T M+ satisfying dN,(0) = 0, and such that, for
u € Br,a(0,70), we have Vo (u) = & + u + Ny(u) with |Ny(u)| < Ll|ul|?.

(vi) There exist tensors BL,... B*=1 of operator norm controlled by a constant depending
on L, d, k and Twin, such that, if u € T, M satisfies |u| < Cyqr, then J¥,(u) = 1+
o150 Biu®] + Ro(u), with |Ra(u)| < Cf g p[ul*.

Proof. See Theorem 4.18 in [Fed59], Lemma 6 in [GWO03] for (i), Theorem 4.8 in [Fed59] for (ii),
and Proposition 8.7 in [AL18] for (iii). See Lemma A.2 in [AL19] for the second inclusion of
balls in (iv), which also implies the second inequality in (iv). The first inclusion as well as the
first inequality in (iv) follow from the fact that ¥, is the inverse of 7., which is 1-Lipschitz.

By a Taylor expansion of ¥, at u = 0, we have ¥, (u) = x + u + N, (u), with N (u) =
fol d?V, (tu)[u®?]dt. Hence, |N,(u)| < Llu[?>. Furthermore, as 7, o ¥,(u) = u, we have
7o(Ng(u)) = 0, i.e. N, takes its values in T, M~*. This proves (v).

Eventually, we prove (vi). We have d¥,(u) = idp, pr +dNz(u), and d¥,(u)*d¥,(u) =
idy, v +(dNy(u))*d N, (u). Therefore,

TUq(u) = \/det(dW, (u) Wy (u)) = \/det(idr, ar + (AN (w))*dNy(u)).

One has dN,(u) = dN,(0) + 352 1‘”Nz<0> [u®U-D] + Ry (u), with |Ry(u)] < Ch.plulF~! and
dN,(0) = 0. Hence, (dNy(u))*dN, ( ) is written as 25;21 Bj[u®’] + R.(u), with |R.(u)| <
C}Q,llu‘k . The operator norm of this operator is smaller than, say, 1/2 for |u| sufficiently small, and
we conclude the proof by writing a Taylor expansion at 0 of the function F + /det(id +F). O

We now prove Lemma 3.5, on the construction of smooth partitions of unity based on
some set S which is sufficiently sparse and dense over a tubular neighborhood of M.

Proof of Lemma 3.5. Consider the functions 6 and (xz)zes as in the statement of the lemma,
and, for y € M?, let Z(y) = Y precg0 (y - ) As d(M?°|S) < 46, we have Z(y) > 1 and the
quantity x.(y) is well defined. The function x, is smooth and we have > cgXxs =1 on M 9
One has d'x,(y) which is written as a sum of terms of the form d!~ 39( ) & (Z7Y)(y), and
d7(Z7")(y) is equal to a sum of terms of the form Z7'~7=2(y)d’' Z(y) for 1 < j/ < j. Also,
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HdJH( )H < ;677 and ||dJZ Hop < 0677 es | —y| < 85}. Hence, as Z > 1, we
have for any l >0
|dxatw)] < cis™ 3 1{le —yl < 86).
zeS

It remains to bound this sum. If x € B(y, 89), then 7ps(z) € B(ma(y), 108). Also, for z # 2’ € S,
we have |mpy(z) — mpr(2')] > |x — 2’| — 26 > 24. In particular, the balls Bys(mp(2),d) for x € S
are pairwise disjoint, and are all included in Bas(mar(y),118) . Therefore, if 116 < 7(M)/4,
using Lemma A.1(iii) twice, we obtain that volys(Bas(mar(),d)) > 6%, and that

volpr (Bar(mar(x), 8))

1 116
cqo cqd
z€S z€S
This concludes the proof. ]

We end this section by detailing the properties of the local polynomial estimators 'z
and 7} defined in [AL19]. In particular, we prove Proposition 3.4. Recall that X; = Y; + Z;
with ¥; € M and |Z;| < 7. Aamari and Levrard introduce tensors V;*Z which are defined as
AW, (0)/5!, where &/ x,(0) is the jth differential of U, at 0 (see the proof of Lemma 2 in
[AL19] for details). In particular, we have Vy*; = my;. Furthermore, as 7y, o ¥y, = id, we have
my; o Vi =0 for j > 2.

Lemma A.2. With probability larger than 1 — en %/, for any 1 < i <n,

(i) We have Z(Ty,M,T;) < e™ 1 44! .

(ii) For v e Ty, we have U;(v) = X; + v + Ny(v), where N; : Ty — T is defined by N;(v) =
Z VJZ[” 7.

(iii) For any 2 < j <m, |Vjio#; —

Al SemT el
op

(iv) For v € By (0,3¢), we have

Wi (v) — By, (my; ()| S €™ +7, (A1)
|Ni(v) = Ny; (7y; (0))| S €™+, (A.2)
|di(v) = d(Wy; o 7y, )(U)HOP <emml g el (A.3)
Hdm(v) — d(Ny, o W)(”)Hop <emlpael, (A.4)

Proof of Proposition 3.4. Lemma A.2(i) is stated in Theorem 2 in [AL19]. Remark that for
x € B(X;,¢e), with z =2 — Xj,
2

—_

(@) - 3 V@]

Jj=2

ZT{' o Vj[m ZT{'OV ]
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A

so that we may always assume that the tensors le minimizing the criterion (3.8) satisfy 7;0V;; =
0 for j > 2. This proves Lemma A.2(ii).

We prove Lemma A.2(iii) by induction on 2 < j < m. The result for j = 2 is stated in
[AL19, Theorem 2]. It is shown in [AL19] (see Equation (3)) that there exist tensors V}, for

1 < j < m satisfying with probability larger than 1 — en=%/4,

The tensors V}’ ; are defined by the relations, for y € M close enough to Y;,

€™ 4 ye, (A.5)

{ y—Yi=my,(y —Yi) + 275 Vilry (y — Y)®) + R(y — Vi)
y—Yi— iy —Y) - 205 Va,z[m(y V)1 = SIS Vv (y = Y] + R (y — Y)),

with |R(y — Y;)|, |R (y — Y;)| < ™, see the proof of Lemma 3 in [AL19]. In particular, for j > 2,
noting that my, o V', = 0, we see that V’ o Ty, is written as the sum of (7y, — ;) o Vii+ (V;*l o

Ty, — f/jl o ;) and of a sum of terms proportlonal to

Vj/,i[moVa”o7ry,...,7ArioVa’;,7io7ryi}, (A.6)
where 2 < j' <jand a1 +---+ay =j,1<ai,...,ay <j. There exists in particular an index
in the sum which is larger than 2. Assume without loss of generality that ai,...,a; > 1 and
aj41,---,a; = 1,80 that 7,0V, ; =0 for 1 <wu < [. Then,

Viilftio V5, iomy;, .-+, oValZo7ry,...,7Arl-oVa’;,7io7ryi] o
= ||V} ilfti o (Va*m — Va1 i) OMy,,. ., ;O (V;;,i —Vai)omy,, ..., o Va’;“i o Ty;] on
/S 14 ’ Va*u i Y; — Vau,i OTY;
u=1 oP
l
SeIL (v ‘—%moﬂcm+ﬂhm—ﬁﬂw>
u=

el H (Em—au + ye 0 +€m—2 +,YE—2) < 6—1(€lm—(j—l) _'_,ylg—(j—l)) < gm—J —l—’)/E_j,

where at the last line we use the induction hypothesis as well as Lemma A.2(i), the fact that
S _iay=j—1and that £ <e ! As H(ﬂ'yi — ) o Vil S g™~ 1 + ~ve~! we obtain that
bl Op

A

|V 0y, = Vo i) = Vi

SemI e,

~

jl
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Hence, using (A.5),

* 9’ A * 9’ A / !
HVN omy; = VjioTi op < H(Vj,z omy, = Vjiomi) =V omy, o + HVN o Ty;

op
<M e,

We now may prove (A.1). Indeed, for v € By (0, 3¢), U;(v) = Xi+ v+ 22751 V;.i[v®),
whereas by a Taylor expansion, Wy, o wy,(v) = Y; + 7y, (v) + Z;”:_Ql Viilmy, (v)®7] + R(v), with
|R(v)| S ™. By Lemma A .2(iii), the difference between the two quantities is bounded with high
probability by a sum of terms of order (¢™7 4+ ye=7)|v)/ < e™ + . Inequality (A.2) is directly
implied by (A.1) and Lemma A.2(i). Inequality (A.3) is proven as (A.1), by noting that, for
hetn7

d(Py, o my,) (v)[A] = 7y, (h) + 375" jVi[my, (v), 7y, () 2U~V] + R (v)h
dW;(v)[h] = h+ 375" jVjalo, hEU7),

with || R (v)|,, < €™ . Equation (A.4) is shown in a similar way. O

op ~
B Properties of negative Sobolev norms

Proof of Proposition 2.5. The second inequality in (i) is trivial. The assertion (ii) is stated in
[BCS10, Theorem 2.1] for an open set  C R?, and their proof can be straightforwardly adapted
to the manifold setting. It remains to prove the first inequality in (i). Note that for any g with

IVgllr,. ) < 1, one has [ fgdvolyy = [ f(g — [ gdvolar)dvolas as [ fdvolyr = 0. Also, by
Poincaré inequality (see [BCH18, Theorem 0.6)),

o= Jys
M

where R = max{dy(z,y), x,y € M} and C depends on d and on a lower bound ~ on the Ricci

D=

R

D=

141
<CPRY T #||Vyllp,. ) £ C
Ly« (M) P

)

1 d 1
curvature of M. Therefore, ||g — [3; 9|l ;1 an <C7 R# 5. The quantity x can be further lower
p*

bounded by a constant depending on 7, and d. Indeed, a bound on the second fundamental

form of M entails a bound on the Ricci curvature according to Gauss equation (see e.g. [dC92,

Chapter 6]), and the second fundamental form is controlled by the reach of M, see [NSWOS,
1

Proposition 6.1]. As C» < C' V1, to conclude, it suffices to bound the geodesic diameter of M.

This is done in the following lemma. O

Tlfd

min °

Lemma B.1. The geodesic diameter of M satisfies sup,, ,en dg(z,y) < calvoly|

Proof. Consider a covering of M by N open balls of radius 71 = 7yin/4 (for the Euclidean
distance) and let x,y € M. Such a covering exists with N < ¢q|volas|r] 4 by standard packing
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Figure 2 — Illustration of the construction in the proof of Lemma B.1

arguments. Let 7 : [0,¢] — M be a unit speed curve between z and y. Let By be the ball of the
covering such that x € By. If y € By, then |z — y| < 2ry, and by [NSWO08, Proposition 6.3], we
have dg4(x,y) < 4r1. Otherwise, let tg = inf{t € [0,4], Vt' > t, v(t') & Bo}. Then z1 := v(to)
belong to the boundary of By, and is also in some other ball B;. By the previous argument, we
have dg(x,z1) < 4r1. If y € By, then dg(x1,y) < 4r and dy(x,y) < 8r1. Otherwise, we define
t1 = inf{t € [to,l], Vt' > t, v(t') € B1} and we iterate the same argument. At the end, we
obtain a sequence z = xg,x1,...,x; of points in M with associated balls B; which contain z;,
such that y € Br and dg(z;, zi+1) < 4r1. Furthermore, all the balls B; are pairwise distinct. As
dg(xr,y) < 4rq, we have £ < (I +1)4ry < (N + 1)4r; < 8Nry. By letting v be a geodesic, we
obtain in particular £ = dg(z,y) < 8Nr; < 80d]V01M|7“}_d. O

Proof of Proposition 2.9. Given a measurable map p : [0,1] — PP, E; a vectorial measure abso-
lutely continuous with respect to p; (see [Sanlb, Box 4.2]) and v(x,t) a time-depending vector
field, defined as the density of F; with respect to p;, we define the Benamou-Brenier functional

B,(p,E) := / (o, £)[Pdpr () dt. (B.1)

The Benamou-Brenier formula [BB00, Bre03] asserts that for pu, v € P supported on some ball
of radius R,

WE(u,v) = min {By(p, E), Oipt +V - Ey = 0,p0 = p, p1 = v}, (B.2)

where p; is supported on the ball of radius R, and the continuity equation d;p+V - E =pu—v
has to be understood in the distributional sense, i.e.

/ Oub(t, )dp(t, z) + Vo(t,z) - dE(t,x) = 0, (B.3)
[0,1]xRD [0,1]xRD
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for all ¢ € C1((0,1) x B(0, R)) with compact support.

Assume that p has a density fo and v has a density f; on M. As 7(M) > 0, the
existence of a probability measure of mass 1, supported on M, with density larger than f,
implies that M is compact, see Remark 2.11. It is in particular included in a ball B(0, R) for
some R large enough. Let w be a vector field on M with V-w = p — v in a distributional sense,
ie. [Vg-w=— [g(p—v)forall g€ C*(M). Let py = (1 — t)u + tv and define E the vector
measure having density w with respect to Leb; xvolys, where Leb; is the Lebesgue measure on
[0,1]. Then (p, E) satisfies the continuity equation and F = v - p where v(t,z) = %
for t € [0,1], x € M. Hence,

// [lPdp =2 //, 1—0)f ftfl( )|p((1—t)fo(x)+tf1(x))dxdt

< - [ u@)Pds fpfl-

By taking the infimum on vector fields w on M satisfying V - w = p — v and using Proposition
2.5, we obtain the conclusion. The second inequality in (2.9) follows from Proposition 2.5. [

C Proofs of Section 4.1

Proof of Lemma 4.2. We first prove (4.4). Note that if |[x—y| > h for x,y € M, then Kj(x—y) =
0. Hence, by a change of variable, using that Bys(x,h) C ¥, (B7,m(0,h)) according to Lemma
Al(iv),

[ K- )Ble 9@y = [ Kiw— W) Bl — Eae) )
M Br, m(0,h)

U, (hv) ;
B0 (h) Bl(x = Wy (hv))*]J ¥, (hv)dv.

As the functions ¥, and K are C*, according to Lemma A.1(v) and Lemma A.1(vi), we can
write by a Taylor expansion, for v, u € Br,(0,70),

U, (v) = & + v+ ) L8O @) 4 Ry (a,0)

JU,(v) = 1+ 5k JB’[ @] 4 Ry(z,v)

K (v +u) = K(v) + S5 S0 + Ry(v,0)

Bl(v+u)®] = Bv®] + Z@;ﬁac{l,...,j} Blv7,u”],
where |R;(x,v)| < Cj|v|* for j = 1,2, |R3(v,u)| < Cs|u|* and (v7,u’") is the j-tuple whose Ith
entry is equal to v if [ € o, u otherwise. We obtain that

(C.1)

- \Px — _
:ch(hv = —y— Z h)®h~t — Ry (x, hv)h ™,
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and that the expression K (%’”(m})) Bl(z — U(hv))®]JV,(hv) is written as a sum of terms
of the form

Cig v igh™ 0 d K (0)[(d W (0)[(hv) =" ]) ¥ Fiy [(hv) "] (C.2)

for 0<ip<k—1,2<i; <k—1and j<iy <k’ where Fj, is some tensor of order i and k' is
some integer depending on k and j, plus a remainder term smaller than || B]| op |hv|F~1%7 up to a
constant depending on k, j, Lx and K. The terms for which igi; + io — ig > k are smaller than
1Bllop h* up to a constant, whereas the integrals of the other the terms are null as the kernel
is of order k. The first inequality in (4.5) is proven in a similar manner. Let us now bound
lonllci(ary- Given z € M, it suffices to bound ||d? (pj, o V,)(0)],p- We have

@ (pp o ,)(0) = b /B o @~ )T )

Therefore, using the same argument as before, we obtain that ||d’(pn o ¥,)(0)| < RF177. O

op

Proof of Lemma 4.3. Let 0 < [ < k — 1 be even, ¢ € C®(M) be supported in By (zg, hgy) for
some ho small enough and g € Lp-(M) with [|g|z .cn < 1. Let @ = Way(u) € Bu(wo, ho)
and let ¢, = ¢ o U, . Recall that ¢; = d'¢y, © 7p,. We have Kj,(z — U, (v)) # 0 only if
|x — W, (v)| < h. Hence, as |z — Wy, (v)| > |u—wv| (recall that W, is the inverse of the projection
Tz ), the function Kp(z — Wy, (+)) is supported on Br, am(u, h) C Br, m(0,70) =: By for h, ho
small enough. Thus,

A(w) = [ Kl )0 - 9y
= [ Bl B (0)) B (1) — (1) T, ()

We may write

(1—Nt

(I

-1 547 u ) _
an®) = Buy0) = 3 P22 (0 )2 [t A~ )0 )

I
-1 v

Each term [p Kp(z — Wy, (U))M[(v —u)®JW,, (v)dv is equal to

il

J, mote == = Lol Bnl D,y — )%,

and is therefore of order smaller than h* maxi<;<j ‘

gZ;i(:c)Hop by Lemma 4.2. Hence, Ap¢(z) is
éz(x)H and of
op

equal to the sum of a remainder term of order h* maxj<i<i ‘

(1 _ /\)l—l

vy
=] JU 4, (v)dvdA

[ [ e = )4 A0 )0 — )
0 JBo
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! ; , (1— )t
— /0 /BO Kn(z — Wy (v)) (dl¢zo (u+Av—u)) — dlqﬁm(u)) (v — u)®l}WJ\pzo (v)dvdA

+ R1($),

i)

change of variables, and as Br, a(u,h) C By for ho, h small enough,

where |Ry(x)] S W maxi<ic |

‘ by Lemma 4.2. We now fix A € (0,1) and write, by a
op

U@)i= | K@ = ey (0)) (¢ + Ao = ) = d'Gay (1) [(0 = 0) ™) Wy (0}l

w—u (w — u)®

N ] JVys (u—i—

Note that |Kp(u) — Kp(v)] < h~ 9y —v|1{|u| < h or |v| < h}, and that, as ¥, is C?,

)\d

)) (€ 0) = g ) Sk

= K, (x—\llxo <u+
By

u) oz \leo(w)’ < ‘d\l'xo(u)[w —u| — (z— \Ifxo(w))’+ Li|w — ul?
A A A 2)2
< Li|w — ul? < lw — ul
f— A ~ A Y

x— Wy (u—i—w

2

whereas, as J¥,, is Lipschitz continuous,

—Uu

'wao <u+ o ) —J\leo(w)’ < ‘u+“’ 4 —w‘ <y

Hence, U(z) is equal to the sum of

A Ky (= Wy (w) (d g (1) = d' g (w)) [(w0 = w) )TV (w) duw
By

=\ /M Kpy (z —v) (gEl(y) — Qf;l(ﬂﬂ)) [(7ay (y — 2))®']dy,

and of a remainder term smaller than

w—1u

AU, (x — 0, <u + = )) Ty, <u + “]A“) — K (2 — Wy (w)) Ty, (w)‘

x|y (w) = d' oy ()|~ du

)\7[
Bo

2
<\ |w — ul 7T, ( w—u) % g, |lw — ul
~ |lw—u|SAh ( ()\h)d—H o A + | hA (33‘ O(w)) A

x|y (w) = d' gy ()|~ du

< hl—i—l()\h)—d/

|lw—u|SAh

[ 6oy (w) = d'y ()]
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Putting all the estimates together, we may now write [,, Ap¢(x)g(x)dz as S + Ry, where, by
the symmetrization trick (using that [ is even)

5= //MxM K}(Ll) (l’ o y) (Qzl(y) - (Z;l(l')) [(7’[‘10 (y - l’))®l]g($)dydx
=[] K @ =) (610) - 30)) [ = 1) *lgly)dyde
MxM
= 3 oy 8 @) (3r) = 1)) ez = 9) ) — gy

and, as Ap¢ is supported on Bys(xg, ho + h) C Bas(z, 2hg) if h is small enough, Ry is smaller up
to a constant than,

CCONY Y S Mthlmo W) = A (g @) lo(@)ldude (C3)

+/ h* max || (x H z)|da
M 1<l
SHHw ‘dl%(w) / lg(2) | dadw (C.4)
weBps (z,3ho) OP J|w—Ttz, (x)| SAR
eyl G, lo@lde+ [ ¢ max ]G] 9tz
x€Bp(z,2h0) 1<7,<l op

where we also used Lemma A.1(iii). By the chain rule,

< max
~ <<l

d'(x

max, Hqﬁi(m)

LSE e

Hence, applying Holder’s inequality and using that ||g|| L,+(m) < 1 show that the two last terms
in (C.4) are of order thHgEHsz)(M). To bound the first term in (C.4), remark that by Young’s

inequality for integral operators [Sog17, Theorem 0.3.1], if Tan(9)(y) = (Ah) ¢ Jo—yi<an l9(2)|dz,
then || 7T gl Lye(M) S < llgll L,(M)- This yields, by Holder’s inequality,

hlJrl /
weBys (z,3h0)

which concludes the proof of the first statement of Lemma 4.3. To bound the remainder term
in terms of ||¢”Hl+1(M)7 we bound the second term in (C.3) in the same fashion, while, to bound
p

[ fan(w)]| | Tha(9) (Wy(w))dw < WG,

the first term, we write, by a change of variables,

[ [0 0) — g (g (2))] o)l durc
B (z0,2h0) Y |w—Tz ()| SAR op

1 ~
<[ g ray (@) 4 X (w = g @) 1o (2) — wllg(a) dodud
B (x0,2h0) Jw—7zy ()| SAR op
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du
dz Wd)\/

sof [ [ e
M (20,2h0) J |u—Ttzq ()| SN A op

and this term is bounded as the first term in (C.4) by h(h/\)nggHHzH(M), concluding the proof
p
of Lemma 4.3. O

Proof of Lemma 4.4. By the chain rule, ‘dl“(n o \I/xo)(u)HOp S maxy<j<i1 | dn( Py ()], for
any u € By, m(0, hg). Hence, by a change of variables,

Py < ax ||din(w "4
/BM(IMO) 741 ()15, wN/BT t(Oho) 1£§ﬁ1H n( zo(u>)H0p u

I+1
p
S v, du
Z BTZ (0,ho) ( ( ))Hop
l+1
p
< < »
Z/BT M (0,10) (\I/xo(u))Hop J\I/xo(u)du ~ ||"7||H;)+1(M)7

where we used at last line that, by Lemma A.1(vi), JY,,(u) > 1/2 for |u| < hg if hg is small
enough. To prove the first inequality, write

- // |<h}llm(ﬂc) ()Ilopd ay
B]w {I?(),ho ":U - y’p

o [0 Way)w) —d'(n o We)w)]
h //Bmomo,ho)f{’q’“(“) B [ 70 0 B 0 1 TR

1
s ) ol < 1) [0 -4 Ay — ) cudua
0 BT ]\4(0,}10)2 op

p

1
< h_d/ // 1{jw — u| < Ah} Hdl“(n o \pzo)(w)Hp dudwA~4dA
0 BTz M 0 2h0)2 op

1 P
<[ o vs)@) dws [ @), dr,
0 JBry,m(0,2h0) op B (w0,ho)

where at the second to last line, we used that w = u + A(v — u) is of norm smaller than 2hg if
|lu| < ho and |v —u| < h < hg, and, at the last line, we used that J¥,,(w) > 1/2 for |w| small
enough. O

D Proof of Lemma 4.7

Lemma 4.7 is heavily based on the following classical control on the gradient of the Green

function.
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Lemma D.1. Let xz,y € M, then

1 1

V.G (z, < < )
VoGl S T T S

(D.1)

Proof. For d > 2, a proof of Lemma D.1 is found in [Aub82, Theorem 4.13|. See also [H'96,
Theorem 5.2] for a proof with more explicit constants in the case d > 3. Constants in their proofs
depend on d, bounds on the curvature of M, |volys| and the geodesic diameter of M. As, those
three last quantities can be further bounded by constants depending on Tin, fmin and d, see
Lemma B.1 and [NSWO08, Proposition 6.1], this concludes the proof. For d = 1, M is isometric
to a circle, for which a closed formula for G exists [Bur94], and satisfies |V,G(z,y)| < 1. O

Recall that, by Lemma 4.2, |pp(x)| > 1/2 for all x € M. Therefore, Lemma D.1 yields

’VG (Kh * (i:)) (2)| = ‘/M VZG(z,y)KW_y)dy‘ < / Mdy

pi(z) ~ By 2=yl
If d = 1, this quantity is smaller than a constant as volys(Bas(x, b)) < h¢ by Lemma A.1(iii).
We then obtain directly the result in this case by integrating this inequality against f(x)dz. If
d > 2, we use the following argument.

o If |z —z| > 2h and y € By (x,h), then |z —y| > |x — 2| — h > |z — z|/2. Therefore, by
Lemma A.1(iii),

| K|looh ™ 21| K| oo h ™ 1
dy < volys (By(z, b)) S ————.
Sy =T S b (B ) $

o If |x — z| < 2h, then

K||ooh™ K||ooh™ K||ooh™®J T,
/ | K] d_ldyﬁ/ | K| d_ldyﬁ/ | K| d_(lu)du
Bu(zh) |2 =Yl Bu(z3h) |2 — Yl Broaw(0,3h) |2 — Yx(u)]

S hfd du < 1-d

Br,11(0,3h) |u’d_1 ~ ’

where at the last line we used that |z — W, (u)| > |u| and that J¥,(u) < 1 by Lemma A.1.

Hence,

E[[V(G(Kn *dx))(2)"] = /M F@)[V(G(Kn + 02))(2)["da

<o ([ V(G P+
B (z,2h) M\B(z,2h)

IV(G(K}, * 5x))(z)|pdx>
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< / p=dp gy o Iz — 2|(1-Dpdy < pO-Dpd | 12 — 2| =Py,
B (2,2h) M\B(2,2h) M\Bas(2,2h)

The latter integral is bounded by
/ |z — x| DPdg 4 |z — |- DPdz
2h<|z—z|<rg |x—2z|>10
< / 12— W, (u)| P JW, (u)du + ]VO]M\T[()l_d)p
2h<|W , (u)—2|<ro
g/ | =Py + 1 < ROA-DPHd it (1 — d)p+ d < 0,
14h/8< |u|<rg

where at the last line we use that |u| < |z — ¥ (u)| < 8|u|/7 by Lemma A.1. If d > 2 or if
d=2and p > 2, the condition (1 — d)p + d < 0 is always satisfied. If d = 2 and p = 2, then
f14h/8<|u|<h0 lu|*=DPdy, is of order — log h, concluding the proof.

E Proof of Theorem 3.1(i)

Let f be the density of 4 and f = f/pj,. By Lemma 4.2, fuin(1—coh?~1) < f< Fmax(14+cohF=1)
for h small enough. We have

Kp * f(x / Kp(z —vy )dy—/ Kn(x — Ua(v))f o Wp(v)JU,(v)dv
Bty a(0,h)

> [ K@ Few @@= [ Ea(e = () = Ka)|f o Wa(0) W (0)do.
7, M (0,R) B, a1 (0,h)

(E.1)
By Lemma A.1(v), the quantity |Kp(z— U, (v))— Kx(v)| is bounded by ,!gi(lR% |lz—v—U,(v)| <
hlgfl, so that the second term in (E.1) is bounded by C fmax [p,. 2 (0h) h'g%dv < h. Also, using

that |JWU,(v) — 1| < e1]v| by Lemma A.1, the first term is larger than
Fuin(L = coh (1 = e1h) [ Ko (@)dv = fae(L+ )1+ coh ) [ K- (o)
R R
— foun(1 = coh) (1 +/ K (v)dv) ~ Foae(1 4 czh)/ K_(v)dv
Rd R4

= Fain(1 = e2h) = (fas(1+ 2h) = fin(1 = e2h)) [ K- (0)dv

> fmin(1 - CZh) - (fmax(l + CQh) - fmin(1 - CQh))ﬂ
Z 3fmin/4a

if B < fmin/(4(fmax — fmin)) and~ h is small enough. Likewise, we show that Kh*f(x) < 3 fmax/2.
It remains to show that |K}, * f(x) — Kp * (pn/pr)(x)| is small enough for all x € M with high
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probability. Note that Kj, * f — Kj, * (ttn/pn) is L-Lipschitz with L < h™% 1. Let t = fuin/4
and consider a covering of M by N balls By (z;,t/(2L)). By standard packing arguments, such
a covering exists with N < (L/)L If | Ky * f(z5) — Kp * po(x;)] < t/2 for all j = 1,..., N,
then || Ky * f — Kp * pn Ly <t/2+ Lt/(20) < t. Hence, using Bernstein inequality [GN15,
Theorem 3.1.7], as |Ky(z; — Vi)| < |K|lcopyh™* and Var(Kp(z; —Y;)) < [|[K2||cogpyh ™%, we
obtain
P(| K+ f = Kp % pnll oy > 1) < PEj, |Kp o flag) — Kp o pn(a;)] > t/2)
S (LI P Ky * f(a)) = Kn * pn()| = ¢/2) S b~ exp(—Cnh?).

Choosing nh® = C"logn for C' large enough yields the conclusion.

F Proofs of Section 4.4

We first prove Lemma 4.8.

Proof of (a). The application Wy, o7y, : BTj (0,3¢) — M is a diffeomorphism on BTj(O> 3e),
as the composition of the diffeomorphisms Wy, and (ij)\T”]- (recall that (T}, Ty,M) Sem !+
ve~! <1 by Proposition 3.4). Furthermore, by Lemma A.1(iv) and the bound on the angle,

BM(Y}',ZS) C \I/yj(BTij(O,25)) - (\Ifyj OW}/})(BTj(O,z%E)).

This proves the first part of Lemma 4.8(a). Let S; : By (Yj,2¢) — BTj (0, 3¢) be the inverse of

WUy, o my;. By Lemma A.2(ii), \Tfj is injective on Tj, while, for v € T] with |v| < 3¢,

m—1
lid —dd; )| < | Vil v®e ]| S e <1/2 (F.1)
°p a=2

if £ < e7! is small enough. Hence, \le : BTj (0,3¢) — \T/](TJ) is a diffeomorphism on its image,

and \ifj o 8 is a diffeomorphism as a composition of diffeomorphisms. Note that the inverse of

VU, is given by 7;(- — Xj), so that B\i,j(;ﬁj)(Xj7€) C \Ilj(BTj(O,E)). Furthermore, by Lemma A.1,
(Wy, o 7y;)(By. (0.2)) € Wy, (Bry, (0.2)) € Bas(Y;,8/7),

so that (U;08;)(Ba(Yj,2¢)) contains B\i,j (Tj)(Xj7 e). Furthermore, these inclusions of balls also
hold for any ¢’ < ¢, proving that |¥; o S;(2) — X;| > (7/8)|z — Y;| for any z € By(Yj, 2¢).

Proof of (b). The formula for the density x; follows from a change of variables.
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Proof of (¢). The inequality (4.18) follows from Proposition 3.4. We now prove that, for
S BM(Y]', 26), .
[y (2 = ¥ 0.55(2))] S e(€™ + ) (F.2)

Let u € Tj be such that z = Wy, o7y, (u) and y = \ffj(u) Recall that X; € Ty,M~* by
assumption, so that 7y, (X; —Y;) = 0. Also, by Lemma A.1(v), we have Wy, (ry,(u)) = Y; +
7y, (u) + Ny, (my, (w)) with Ny, (ry,(u)) € Ty, M=+, while by Lemma A.2(ii), we have ¥;(u) =
X +u+ Nj(u) with Nj(u) € T]-L. Hence,

mv; (= = )| = Jry, (¥ = oy, () Ny (v, () = (3 + - R )
= |my, (Ny, (v, (u)) — Nj(w))|
< L(Ty, M, T))| Ny, (m, (1) — Kj(w)| + 75 (Ny, (xy, (1) — N;(w)
(€™ e (™ +7) + 175 (7, (N (7y; ()]
€™+ e (™ +7) + L(Ty, M, T;)| Ny, (ny, (w))]
(€™M e )™ Fy %) S (EMT e (e + ),

AR AR AN

where we used Proposition 3.4 to bound Z(Ty, M, T}), Lemma A.2 to bound [Ny, (7y; (u)—N;(u)|
and Lemma A.1 to bound |Ny, (my, (u))|. Recalling that v < €2 by assumption, we obtain (F.2).

To prove inequality (4.19), we first bound |x;(¥; o Sj(2)) — x;(2)| and then bound
|J(¥; 0Sj)(z) — 1|. The first bound is based on the following elementary lemma.

0
Lemma F.1. Let 6 : RP? — R be a smooth radial function. Then, |0(z)—0(y)| < ”HCQme)HmP—

lyl?l.

Proof. As df(0) = 0, one can write 8(z) = 6(|z|?) for some function § which is Lipschitz
d26

continuous with Lipschitz constant ”H%. This implies the conclusion. O

Recall from the proof of Lemma 3.5 that we have x;(z) = (;(2)/ 37, Gi(2) where ¢ =
0 (Z_TXZ) for some smooth radial function #, and that furthermore, there is at most ¢4 non-zero
terms in the sum in the denominator, which is always larger than 1. Hence, if we control for
every i = 1,...,J the difference ||z — Xi> = |¥; 0 S;(2) — X;|?|, then we obtain a control on
Ixj(2) — x;(¥; 0 5;(2))]. We have by (4.18) and (F.2),

Uj08j(2) = Xil® — |2 = Xil?| = |9 0 8j(2) — 2> +2(¥; 0 8j(2) — 2) - (= = X))
SE™ )2+ (T 085(2) = 2) - (2 = Vi) + (50 85(2) — 2) - (Xi = V)|

S €™+ + |y, (B 0 8j(2) = 2) -y, (2 = Vi) + |y, (8 0. 8j(2) = 2) - i (2 = Vi) | + (€™ + )y
SE™+7)? el + )|z = Vil + (6F + )7y, (2 = Vi) + (€™ + 7).
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By Lemma A.1(i), |7T§L,j(z -Y)| < ]7?%,] (z)| + |ﬁ'§% (V)| S e+ |Y; = Y;|? and v,e™ < €2, Hence,
we obtain that

100 8(2) = Xl = |2 = Xi’| S (€™ + (" +|Yi = Vj ). (F.3)
Therefore,

- X; W;08(2) — X; m 24 - Y2 Y; — Y2
’9(2 >_0< JOSJ(Z) >§(€ +7)(6_2{_| J|):<€m+7)<1+| 2J| .
€ € € €

(F.4)

Note also that if |Y; —Y;| > 3¢, then |z — X;| > | X; — X|—|2—X| > 36 —e—3v > ¢, while by the
same argument |¥; o S;(z) — X;| > e. Hence, both terms in the left-hand side of (F.4) are null

9(—X)_H<WS<>—X) -

£ ~

in that case. Thus, we may assume that |Y; —Yj| < 3¢, so that

€™ 4 . From the definition of x;(z), and as the function ¢ + 1/t is Lipschitz on [1,00[, we
obtain that |x;(z) — x;(¥; 0 S;(2))| S ™+ 7.

We now prove a bound on |J(¥; 0 S;)(z) — 1]. One has, for u = S;(z) € T},

| JW5(u) = T (Wy; o ;) (u)]
Iy, om)w)

|T(¥; 0 8;)(2) — 1] =

By Lemma A.1(v) and Lemma A.2(ii), ide —d(Vy, o mfj)(u)Hop < |u| and Hide —d\i/j(u)Hop <

|u|l. As a consequence, both Jacobians are larger than, say 1/2 for u small enough, and, as
the function A € R¥? — /det(A) is c4-Lipschitz continuous on the set of matrices with
det(A) > 1/2 and ||A]|,, <2, we have

[T (5 0.8))(2) = 1] < 2cq || (w)*d(u) — d(Wy, o 7y,) () d(Wy; o 7v,)(u) (F.5)

op

Recall that \ifj(u) =X;+u+ Nj(u) and Wy, o7y, (u) = Y; + 7y, (u) + Ny, o 7y, (u). We may
write

AW (u)*d¥;(u) = idg, + (dNj(u))*dN;(u) and

: - - N | PN T 712 -1 —1)2
One has H1de — Ty, 7 o Hﬂﬂrijijj on < LTy, M T;)* S (™t +ye ) Sem™+y

(recall that v < £2). Furthermore, by Lemma A.2(iv),

op

v o) ) [ () — Ay, o 7y, (w)

op

< (s

op
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Se(e™ ™ pye ) <e™ 4.

Putting together (F.5) with those two inequalities, we obtain that |J(¥;0.8;)(z) — 1| < &™ + 7,
concluding the proof of Lemma 4.8.
To conclude the section, we state and prove Lemma F.2, which gives an upper bound on

the quantity 7" appearing in Lemma 4.9 for ¢ = K}, * (v,/pr) and ¢’ = Kp, * (pn/pn)-

Lemma F.2. The quantity T' = max;—..j SUpP.ep(y; ¢) ‘¢(\f1jon(z))—¢’(z)] satisfies T S €™+

with probability larger than 1 — en~k/4.
Proof. For z € B(Y},¢), we have
6(8; 0 8,(2)) — lz": Ky, * 6x,( \I/oS())iKh*éyi(z)
S (et Pn(Xi) pr(Ys) |

Fix an index i € {1,...,n}. By Lemma A.1(i), as X; — Y; € Ty, M+, we have for z € M,
i

Tmin

I = Vi = 12 = X2 = X = Yif? = 2z = YD)+ (X = V)| <92 4|2 = Yif

This inequality together with (F.3) and Lemma F.1 yield
Ku(X; — 05 08)(2)) — Kn(Yi — 2)
< [Kn(Xi = W) 08(2) = Kn(Xi = 2)| + | Kn(Xi = 2) = K (Y = 2)]
SHI2(E ) E + Y - Y P) +97 +9lz - Vi)
We may assume that |Y; — Y;| < 3h and |z — Y;| < 2h, for otherwise both quantities in the

left-hand site of the above equation are equal to zero. Hence, as v < e < h by assumption, we

have
|Kn(X; — W 08;(2) — Kn(Yi — 2)| S b~ %™ +~)1{Y; € Bu(z,2h)}. (F.6)

Let us now bound |ﬁh(\i'] 0 Sj(X;i)) — pn(Yi)]. By the triangle inequality, and using (4.19) and
(F.6), we obtain that this quantity is smaller than

J
S [ 1K~ 50 8,(2) ~ i ()Y - 2)Jdz
J
S /M (l{z € Bar (Y5, 28)}(e™ + )| Kn(Yi — 2)| + %3 (2)h ™4™ +v)1{z € By (Yi, 2h)}> dz

<ShTE™ 4 ) EJ:/M 1{z € By (Y;, 2¢)}1{z € By (Y;, 2h) }dz
=1
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J J
S U™ 4 4) YUY - Vil < 4h} S A +9) S L{JY) - Vil < 4hdvoly(Ba (Y, /8))
j=1 j=1

< W™ + y)volu (Bar(Yi, 5h)) < €™ + 7,

where we use that {X,..., X } is 7e/24-sparse, so that {Y1,...,Y;} is ¢/4-sparse. Therefore,
the balls Bas(Yj,e/8) for |Y; —Y;| < 4h are pairwise distincts, and are all included in By, (Y;, 4h+
e/8) C B (Yi,5h). We conclude by Lemma A.1(iii). Letting N(z,2h) be the number of points
Y; belonging to Bys(z,2h), we obtain

6050 55() ~ F ) S = 3 (1Kn(¥i = (" +9) + A 4 9)1{Y; € Bz, 20)))
1=1
< ME2) 1)

If, for every z € M and some A > 0, N(z,2h) < Anh?, then we have the conclusion. Let us
bound
Py =P(3z € M, N(z,2h) > Anh?).

If N(z,2h) > Anh?, then there exists a point Y; with N(Y;,4h) > N(z,2h) > Anh?. Hence,
Py < nP(N(Y1,4h) > Anh?). Conditionally on Y;, N(Y1,4h) = 1+ U with U a binomial
random variable of parameters n — 1 and u(Bas(Y1,4h)) < fmaxvolar(Bar(Y1,4h)) < h? (see
Lemma A.1(iii)). In particular, for X large enough, the probability Py is smaller than n=*/¢ by
Hoeffding’s inequality. O

G Lower bounds on minimax risks

In this section, we prove the different lower bounds on minimax risks stated in the article. The
main tool used will be Assouad’s lemma. Fix as in Section 2.4 a statistical model (Y, H, Q, ¢, 1),
where 9 : Y — (E, L) is a measurable function taking its values in some semi-metric space
(B, L).

Lemma G.1 (Assouad’s lemma [Yu97]). Let m > 1 be an integer and Q, = {&, o €
{=1,1}™} C Q be a set of probability measures. Assume that for all 0,0’ € {—1,1}™,

L(9(&5),9(€o)) = o — 0’6, (G.1)
where | —o'| = Y1 1{o(i) # o'(i)} is the Hamming distance between o and o’. Then,
Rn(9,0,L) > m156 (1 — max {TV (14&s, 14ls), |0 — 0’| =1})°". (G.2)

The lower bound on the minimax rates we prove are actually going to hold on the smaller
model of uniform distributions on manifolds.

41



Definition G.2. Let k > 2 and v > 0. The set QX(v) is the set of probability distributions & of
random variables (Y, Z), where Y follows the uniform distribution on some manifold M € MS
with fil. < |voly| < fol, and Z € B(0,7) is such that Z € Ty M*. The statistical model

is completed by letting (Y, H) be RP x RP endowed with its Borel o-algebra, ¢ be the addition
RP x RP — RP and 9(€) be the first marginal pu of €.

We write QF for Q%(0). One can check that OF v) C Qk’s v), with parameter L, =
d d d d

fmlln/ PV foa L 1/ P Therefore, a lowerbound on the minimax risk on the model Qfl(v) yields a

lowerbound on the minimax risk on the model QZ’S (7) should the parameter Lg be large enough.

We build a subfamily of manifolds indexed by ¢ € {—1,1}"" following [AL19]. By
[AL19, Section C.2], there exists a manifold M C R+ of reach 27y, of volume Cy7d. which
contains Bra (0, Tmin). Let 6 > 0 and consider a family of m points 1, ..., Zn € Bra(0, Tmin/2),
with |z; — x4 > 40 for i # 4" and cg(Tmin/0)? < m < Cg(Tmin/6)%. Let 0 < A < § and let
¢ : R — [0,1] be a smooth radial function supported on B(0,1), with ¢ = 1 on B(0,1/2).
Let e be the unit vector in the (d + 1)th direction. We then let, for o € {—1,1}",

M a) =2+ Z oi t 1A¢ ( ) e. (G.3)

Let M2 = ®X(M) and 2 be the the uniform measure on M. If A < ¢ 4.5, 6%, then p2 € QO
provided that Ly is large enough [AL19, Lemma C.13]. If o; = 1, the volume of ®2(Bga(z;,d))
satisfies, with wg the volume of the d-dimensional unit ball,

[volya (@2 (Bga (a1, 6)) — wad?| < / 17O (2) — 1|dz

Bya(wi,0)
< / \/ | 4 A26-2
B4 (21,0)

2
Xr — Xy
Vol——])| —1
o(5")
R
Hence, for § small enough, we have [|vola| — Cardi | < mCy6IA2672 < Cgrl; /3, as m <
Ca(Tmin/8)? and A < ¢t 4.1, 0% As a consequence, if |0 — o’| = 1, with for instance o; = 1 and

= —1, then

do < C 6902572,

TV (i, 1t2) < mas(ud (B2 (Bga (21, 9))) . 1 (Bpa(21,8)) < Campnd°. (G.4)

We may now prove the different minimax lower bounds using Assouad’s Lemma on the family
{,U/g, o€ {_17 1}m}

Proof of Theorem 2.13. As g is nondecreasing and convex, by Jensen’s inequality, we may as-
sume without loss of generality that £ = TV. Let T' = |(u® — p2)(B;)|, where B; = Bga(;,9)
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and o(i) # o'(i). Then, TV(ud, u2) > |o — o/[T. Furthermore, if for instance o’(i) = 1,
I > ud(B) = (Wd(sd)/|V01MA | > cq6?/7%. . By Assouad’s Lemma,

mlIl

S m 5d 2n n
R Qs TV) = R (1 Qs TV) = fa—g— (1= Crn) = Ca (1= Ca8°)

min
We obtain the conclusion by letting § go to 0. O

Lemma G.3. For any Tmin > 0 and 1 < r < 00, for fmin small enough and fuax, Ly large
enough, one has

R (o Qb W, ) 24 m b0, (@5)
[volas|’

Proof. As, W, > Wi, we may assume that r = 1. Let 0,0’ € {—1,1}" with o(i) # o'(i).

Let po(;y = volpa(B(z;,6)) and Ué\’i = p;(li) (volpsa)|B(z;,5)- By the Kantorovitch-Rubinstein

duality formula, Wi (u,v) = max [ fd(u — v), where the maximum is taken over all 1-Lipschitz

continuous functions f : R” — R. Let f : 2 + 2 - e. Assume for instance that (i) = —1 and

o'(i) = 1. We have f(z) = 0 for x € Bya(z;,6) and f(z) = A for x € By (2i,6/2). Therefore,
we have, as p,/(;) < o4,

WU, Ui i) = Py Awa(8/2) > e1A.
Note also that |py(;) — porgiy| < ‘volMé\(q)f,\(BRd(xiﬁ)) —wdéd‘ < Cy6%A%572. Furthermore,
[[volpgal = [volpm [| < 32321 [Po(iy —Por ()| < lo—0'|Cy67A2672. Let f; be a 1-Lipschitz continuous
function such that Wl(UA UA = fid(Ué\J - U[f}%). One can choose f; such that f;(x;) =0,

0,1
so that the maximum of |f;] on B(z;,0) is at most 0. One can then change the value of f;

outside the ball without changing the value of the integral, so that f; is supported on B(z;,20)
and is 1-Lipschitz continuous. Consider the function f obtained by gluing together the different
functions f;. The function f is 1-Lipschitz continuous, so that

Wi (M?»M?’) > Z ( Potd) Uc/r\,i _ 2o Uo[}’z) (f)

= |V01Mé\| |v01M;\, |
= [volyal ]VOIMA| ’ [volpa| ]volMé\/\

Wi(U2, U ) ZC4|pm — Por(i)|61{0 (i) # 0'(i)} — c50]o — o’ |07A%6 2

0"67

AV
.
iz

> Z 1{o (i) # o' () }cgd?A — ¢409A2671) — e56]0 — 0 |69A2672 > ¢;0%A|0 — o).
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Hence, letting A = Ck,d,rmin,kask and § = n~!, we have, by Assouad’s Lemma,

<v01M| Ok (), W, ) > okl

|vol

Consider now the case v > 0. Let My be the d-dimensional sphere of radius 7, and M;p be
the d-dimensional sphere of radius mnin + 6. Let Y be uniform on Mi, and let £ be the law
of (Y,0). Also, let ¢ be the law of ((1 4 7/Tmin) Y, —7/TminY). Then, 14§ = 14, whereas
Wi ( oluy %> > ~v. We conclude by Le Cam lemma [Yu97] that R, ( voly Ok (), Wr) 2

[volary |7 [volar, | [volps]’ ~
~.

Proof of Theorem 3.1(iv). Let a, = nf%ﬁd ifd>3and a, =n 2 ifd <2 As W, > W,
we may assume without loss of generality that p = 1, and up to rescaling, we assume that
Tmin = Vd. Consider the manifold M C R containing Bga(0,v/d) of the previous proof.
In particular, M contains the cube [~1,1]%. We adapt the proof of Theorem 3 in [WB19b],
where authors consider a family of functions f, : [~1,1]? — M indexed by o € {—1,1}™, with
fo=1+n"12 L1095, where (1)j=1,_m are elements of a wavelet basis of [-1, 1]¢ (see
[WB19b, Appendix E] for details on the construction of the wavelet basis). If m < nd/(2s+d)
then tg < f, < t; for some positive constants ¢y < 1 < t1, and ”fO—HB;q([_Ll}d) < 1. Define a
function g, by go(z) = f,(x) if z € [~1,1]¢ and g, (z) = 1 otherwise. The function g, satisfies
to < go < t1, as well as ||gollps, () S IfollBs, + [vola|"/? < 1. Such an inequality is clear
for the || - ||H}](M) norm for | an integer, as Hgg”i]{,( HgUHHZ (119 T ”gg'HHl (M\[-1,1]4)’
while the result follows from interpolation for Besov spaces [Lun18 Corollary 1.1. 7] Also, as
Jiz14y2 fo =1, we have [ g5 = |[volu|, and go/[voly] is larger than fmin = to/|volas| and smaller
than fiax = t1/|volys|. Hence, identifying measures with their densities, the set

Qm = {MU = ga/’VOIM‘7 o€ {_17 1}m}

is a subset of QZ’k for fumin small enough and Ly, L, fimax large enough. Furthermore, for 0,0’ €
{=1,1}™, TV (o, o) = TV(fo, f2), while Wi(ue, ttor) = Wi(fs, for) by the Kantorovitch-
Rubinstein duality formula. Hence, applying Assouad’s inequality in the same fashion than in
[WB19b, Theorem 3] yields that R, (1, @5, W1) = a,. O

Proof of Theorem 3.7(iv). According to Lemma G.3, R, (u, ink, ) > Ru(p, Q8 W) 2 v +

n~k/4 and according to Theorem 3.1(iv), Ry (1, sz, Wy) 2 an. O

H Existence of kernels satisfying conditions A, B(m) and C(/5)

The goal of the section is to prove the existence of a kernel K satisfying the conditions A, B(m)
and C(f) stated at the beginning of Section 3.
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If K is a radial kernel, we have by integration by parts, as K is smooth with compact
support,

/ aaoK(v)valdv _ Ca07a1 / K(v)valJrozodU — Cf/lo,al / K(T)Td+|ao\+|a1\fldr'
R4 Rd R

Hence, to show the existence of such a kernel, it suffices to find, for every m > 0 and every
positive constant s, a smooth even function K : R — R supported on [—1, 1] satisfying

e Condition A": [ K(r)r¢~ldr =k,

e Condition B'(m): [p K(r)r®*=tdr =0fori=1,...,m,

e Condition C’'(B): [z K(r)~r? tdr < 3.
We show by recursion on m that for any 5 > 0, there exists a such a kernel. For m = 0, let K
be any smooth even nonnegative function supported on [—1,1]. Then, letting K = kKo/ [ Ko,

we obtain a kernel K satisfying the desired conditions for any 5 > 0. Consider now the case
m > 0. Let 5 > 0.

e If m+d is even, then any K satisfying conditions A’, B'(m —1) and C’(3) will also satisfy
B'(m). Indeed, as K is even, we have [p K (r)r™+?=1dr = 0, so that the induction step is
proven.

e If m + d is odd, let K be a kernel satisfying conditions A’, B'(m — 1) and C’'(5/2). We
use the following lemma.

Lemma H.1. Fori > 0, let e; : € R — 2791 and fix an integer m > 0. Then, for any
a € R, let F, be the set of smooth functions f : (1,00) — R with compact support satisfying
[ fei=0for0<i<mand [ fe, =a. Then,

inf{/ () dr, f e F} 0. (1)

Assume first the lemma. Let a = —3 [z K(r)r™ T4~ and f € F,. Then,

JKE )+ f(r))r*tdr = 5+ [ f(|r))ritdr = &
[(KE () + f(|r])rte=tdr = [ f(|r)ritd=tdr = 0 for 0 < i < m
JE )+ f(r))yrmTi=tdr = [ K(r)rm™ttdr +2 [ f(r)rm T dr = 0.

Hence, the kernel K + f(| - |) satisfies the conditions A and B’(m). Also, we have, as K(r) =0
if |r| > 1,

d—14. * d—1
/R(K(r)+f(|r|)),r dr_/RK(r),de/l Fr)_rildy
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<sj2+ [ ),

where we used at the last line that [ f(r)_r?=tdr = [[° f(r)4r@~tdr = 5 [ |f(r)|[r¢ dr.
Lemma H.1 asserts the existence of f € F, with [|f(r)[r¢'dr < B/2. For such a choice of
f, the kernel K = K + f(| - |) satisfies also C’(53). Finally, f has a compact support, included
in [0, R] for some R > 0. The kernel K, /R is supported on B(0, 1), and satisfies conditions A’,
B'(m) and C'(B). This concludes the induction step, and the proof of the existence of kernels
satisfying conditions A, B(m) and C(f).

Proof of Lemma H.1. Consider functions f supported on [rg,r;] for some 1 < r9 < 7 to fix.
Let Gy, be the subspace of La([rg,r1]) spanned by the functions e; for 0 < i < m — 1 and
let g, be the projection of e, on G7J”I),T1 the orthogonal space of Gy, with Lo norm ¢. The
function f = “%* is a polynomial of degree m restricted to [ro,r1] and satisfies [ fe; = 0 for
0 <i <m — 1 by construction, with [ fe;, = = [ €mgm = a. Also, we have for any polynomial

P e Gryp,

n

r1 = _
e =PIy = [ 1744 = POPAr = [ rol(rony™ 7t = Plrro) Far
To

1
_ 7,(2)(d+m)fl /1m |7’d+m71 . Tof(derfl)P(rro)‘QdT'

Asr— To_(d+m_1)P(rr0) is an element of G ,, /y,, letting r1 = 279, we obtain
2 2 : 2
" = ||gm||L2([r0,r1]) = Pelgg)l,rl ||€m - P||L2([TO7T1])

2(d4+m)—1 2(d+m)—1
= 7"0

. 2 =
g lem = Pl = O3

where C' = Cy,, > 0 is the distance between e,, restricted to [1,2] and G . The function f is not
smooth so that it does not belong to F,. To overcome this issue, we consider a smooth kernel
p on R satisfying [p =1 and [ p(r)r‘dr =0 for i = 1,...,m + d — 1, with support included in
Br(0,70/2). See e.g. [BH19, Section 3.2] for the construction of such a kernel p. The map p * f
is supported on (1,00) and it is straighforward to check that p * f € Fj, for o > 2. By Young’s

inequality, [[p* fllL,®) < Pl @)l ]l Lo(r), sO that

1/2
=14, < 5ro/2 2d-2 4 < 2d—1\1/2
o f@ < ([T ) o Pl < (card™) ol
T0

< Cd,maro_m

By letting r¢ goes to 0o, we see that inf {f |f(r)|rdtdr, f € Fa} =0. O
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