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Lo and BIBO stability of systems with variable delays

Catherine Bonnet* and Jonathan R. Partington'

March 11, 2020

Abstract

This paper considers Lo and BIBO stability and stabilization issues for systems with
time-varying delays which can be of retarded or neutral type. An important role is played
by a nominal system with fixed delays which are close to the time-varying ones. Under
stability or stabilizability conditions of this nominal system, sufficient conditions are given
in order to ensure similar properties for the system with time-varying delays.

Keywords: neutral delay systems, time-varying delays, Lo-stability, BI BO-stability

In memory of Ruth Curtain.

1 Introduction and notation

There has been a growing interest in systems with time-varying delays in recent years, in
particular due to the study of large-scale networked systems where delays may have to be
considered to be time-varying for better accuracy of the model. The presence of time-varying
delays induces complex behaviours which have been pointed out and studied by many authors
(see e.g. [14] 15 2I] the monograph [7] and the references therein). Although the case of
autonomous systems has been widely studied, much less work has been dedicated to such
systems submitted to arbitrary external inputs. Several studies, e.g. [2], consider the L?-
input-output norm of the time-varying delay operator, however to the best of our knowledge,
no study has been made of the input—output stability of a standard feedback scheme involving
a system with time-varying delays. We can find in [I9] an input-output setting for determining
rate-based flow controllers for communication networks in the presence of time-varying delays;
however, an H,, optimization problem is considered here which deals with several types
of perturbations acting on the state-space system including time-varying coefficients and
time-varying delays and this renders the comparison with our work inappropriate. Several
papers (for example [8, 9, 12| 20]) mention an input—output approach for systems with time-
varying delays; however the input—output framework is not considered for the given system
but is introduced once an initially autonomous system with time-varying delays has been
transformed into a system with external input by means of the introduction of additional
variables given in terms of the states.
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In our setting, the classical condition on the boundedness of the derivative of the time-
varying delay by a constant strictly lesser than one is not necessary. Note that this is also the
case in [22] where H, state-feedback control of systems time-varying input delays is consid-
ered. Physical considerations (such as the order of events being preserved in the presence of
a time-varying delay) may impose that for a time-varying delay 7(¢) the function ¢ — ¢t — 7(t)
is strictly increasing, but since this only implies that the derivative of 7 is bounded by one, a
relaxation of the classical condition of boundedness is of use (moderately varying delays were
first considered in [10]).

We consider two versions of input—output stability: so-called H.-stability (a finite gain
when the signals are measured in terms of energy, that is, Ly norm), and BIBO stability
(bounded inputs give bounded outputs). Retarded and neutral type systems with pointwise
or distributed delays are studied here. Note that in [8], the input-output approach to neutral
systems has been presented, but the results were confined to slowly-varying delays.

The very general framework is introduced in Section [2| and the stability analysis is given
in Section Then, a discussion of feedback stabilization is given in Section Finally,
numerical examples appear in Section bl The results we derive yield very explicit estimates
for stability margins, as will be seen by considering the examples we present.

Notation

H,, or Hy(C, ), denotes the space of bounded analytic functions on the complex right half-
plane C, with the supremum norm || F'[|oc = supsec, |#'(s)[- The H> norm gives an explicit
expression for the Ly input/output gain of a stable system.

In addition, A denotes the space of distributions of the form

g(t) = ga(t) + Zgi5(t —ti),
i=0

where g, € L1(0,00) and Y |g;| < oo; here, §(t — t;) denotes a delay Dirac distribution,
0=ty < t1,t2,t3... the t; being distinct. This is equipped with the norm

) [e%S)
lglla = /O ga®ldt + 3 lgil,
1=0

which gives an expression for the L, input/output gain of a stable system. Then A is the
space of Laplace transforms of functions in A, which is a subalgebra of H°.

2 The class of systems studied

In this paper we shall consider the variable-delay input—output system

L J 5(t)
B(t)+ Y At —ye(t) = Ax(t)+ Y Azt —7(t) + /0 h(6)Iz(t — 6) df
=1 j=1
K
+Bu(t) + Y Bru(t — o(t)) do, (t > 0), (1)
k=1



where z(t) € C" denotes the state and u(t) € CP the input, both assumed zero for ¢ < 0, the
matrices A, A_y, A;, B, By, and I (identity matrix) have the appropriate sizes, the function
h(0) is of polynomial type and the delays ~(t), 7;(t), ox(t) and §(t) are positive (to ensure
stability, further hypotheses will be required later).

Were the delays constant (say, v¢(t) = Hy, 7;(t) = hj, 6(t) = D, and oy(t) = T} for each
Jj, k and 1), then this system would have a transfer function given by

(=1 0

—1
L J D K

o) = (14 s Yt [T ) (503,
J=1 k=1

and H, stability (bounded Lo gain) would correspond to G being analytic and bounded in
the right half-plane C,..

Let us mention that the considered distributed delay will give rise only to polynomial
and exponential terms in the transfer function allowing one to divide the considered class of
systems into retarded and neutral type classes as in the generic (distributed delay free) case.

In [9], Fridman and Gil’ considered an autonomous system with variable delays, given by

L

B(t) = Aj(t—7(1),  (t>0),

J=1

with initial conditions specified on an interval [—n,0]. They analysed its asymptotic stability
using a frequency-domain approach.

It is our aim to analyse the H,, and BIBO stability of the system , using methods
similar to those of [9] in a far more general context, assuming stability of the nominal system
where the delays are fixed.

Consider the nominal system (as always, with zero initial conditions),

L J D K
0(t)+Y A_go(t—Hy) = Av(t)+Y_ Aju(t—h;)+ / h(0)Iv(t—0) do+Bu(t)+»  Bu(t—T}),
=1 j=1 0 k=1
(2)

for t > 0,
Throughout the rest of the paper, we make the following hypothesis.
Hypothesis (H): we assume that Zngl |A_s| < 1.

If the Lo gain from wu to v is finite we have that v(t) + Zé::l A_po(t — Hy) is in Ly, and
there exists a constant K such that

L
b(t) + > A_gi(t — H)
/=1

< K|ufloo-

o0




From this inequality and the fact that ||0(t — H)||oo = ||0(t)|lco , We get that

L
<1 - HAA> 1] < Kfjullo,

(=1

which means, as Zé;:l IlIA_¢|| < 1, that we also have a finite Lo, gain from u to ©.

If the Lo gain from w to v is finite we have that the associated transfer function G, is
in Hy, its denominator being

J

D
> Ajehi — / h(0)Ie= % dp)

L
det(sI + Z A_yse Hes A —
=1 j=1 0

We can easily deduce from this that sG(s) is also in Hy, as there is no problem with properness
and no problem with boundedness on the imaginary axis. This means that there is a finite
Lo gain from u to v.

We shall need to consider the system

J
At + > Agi(t— Hy) = Az(t) + Y Ajz(t — hy) + /D h(O)Iz(t—0)do +w(t),  (t>0).
j=1 0

For the same reasons as above, if the Ls-gain (from w to z) is finite, we also have a Lo
finite gain from w to Z and if the Lo-gain (from w to z) is finite we also have a finite L
gain from w to 2.

Let us denote :

Mgem™ o the Lo gain from u to v
MZem™ ¢ the Lo gain from u to v
Mnmomd . the Lo gain from u to o
Mypomd . the L gain from u to ©
Mo . the Lo gain from w to z
My :  the Ly gains from w to z
M :  the Ly gain from w to 2
ME : the Ly gain from w to 2

3 Stability analysis

Our standing assumptions, together with Hypothesis (H) are that
0<Hp—mne<v(t) < He+me
0 <hj—pj <7j(t) < hj+py
0<D—-e<i(t)<D+e
0 < Ty — v <op(t) < T+ v

for all ¢ and for each j, k and ¢, where ny, u;, €, andvy, are positive constants.



Writing y = x — v we have

L
gt)+ Y Ayt — H) = Ay(t)
/=1
J

J
Y Ayt —hy) + Y Ajla(t = 7(t) — x(t — hy)]
j=1

Jj=1

D 5(t)
+ /0 h(O)Ty(t — 0)do + /D h(0)Ix(t — 0) b

L
+ Z A_g[2(t — Hy) — @(t — v(t))]
=1

K
+3 " Bylu(t — op(t) —u(t —Ti)l, (£ >0).
k=1

We may write this as

L J D
G+ Y At — Hy) = Ay(t)+ Y Ayt —hy) + /O h(0)Iy(t — 0) do
=1 j=1

®) K
h(0)Iz(t — 0)d6 + > _ Brgil(t)

J L } 5
F L0+ AdA0+ [
j=1 =1 D k=1
(3)

with

fit) = x(t—7@)) —x(t - hy),
fe(t) = @(t — Hp) — @(t — y(t)),
and  gp(t) = u(t—ox(t)) —u(t —T).

We now need supplementary conditions to ensure that the functions 1, fj and g lie in
L(0,00) or Lo (0, 00).
3.1 The special case of retarded type systems

We begin with the case that all A_, = 0, since the system is then more robust to perturbations.
The equations under consideration are

J 5(t) K

B(t) = Ax(t)+ Y Ajz(t—7(t)) + /0 h(0)Iz(t—0) df+Bu(t)+ Y Bru(t—ok(t)) (t > 0),
j=1 k=1

(4)

K

J
0(t) = Av(t)—i—z Ajv(t—hj)—i—/D h(0)Iv(t—0) d9+Bu(t)+Z Bu(t—Ty), (t>0) (5)
j=1 0 k=1



J D J 5(t) K
i) = Ay(1+> Ajyle—hy)+ [ HOI-0)d0+3° A L0+ [ h6)Talt-0) a0+ Bugi (o)
=1 0 j=1 D k=1
(6)
and
J D
Ht) = Az(t) + 3 Ajz(t — hy) + / h(O)I=(t — 0)dO + w(t),  (t>0). (7)
j=1 0

Theorem 3.1. 1) Suppose that the system (@ is BIBO-stable.
1ML Sy | Al < 1 and Mocel|hllse (S5oy Mt A7 (1 — M) 4+1) < 1, then the sys-
tem is BIBO-stable.

2) Suppose that the system (@ is Hyo-stable and that @ € Lo.
IFM = M$Y oy sl Al < 1 and Mae||hlloo(X5my pll A (1 — M/)™1 + 1) < 1, then the
system is Hoo-stable in the sense that there is a finite L? gain between (u,t) and x.

Proof. 1) The basic calculation is as follows:

[Elloc < [0lloo + [19]lo0

l m
< illos + MEO AN £lloo + ellBllscllzlloo + > 1Bl llgklloo)
j=1 k=1

and then we shall bound || fj|| in terms of ||Z] .

We have
t—hj
/ z(s) ds
t—7;(t)

lgklloe = sup f[[u(t = ok (t)) = ult = Te)l| < 2[ulloc

< pll#]loo

I filloo = sup

and

So that, provided that M := M% Z§:1 will 4] < 1, we have

m
llloo < N[0lloc + M&]loc + MG elBlloolilloo + M5 D 2] Brllllulloo,
k=1
or

m
|#]lo0 < (1 — M)~ (Mé‘o"deUHoo + Me||hlool@lloo + M% > 2HBkH\U\|oo> ,
k=1
Now x = v + y and so by and @ we have

[z]loc < N[loo + [[¥lloo

l m
< ME™lloo + Moo O N A lloo + €l ool lloo + D I Brllllgrlloo)
Jj=1 k=1
l m
< ME™|ulloo + Moo Y il A5l 11E oo + > 20 Blll[lloe + €llPlool2o0)

j=1 k=1



l
Let M = Muoe|hlloo | 14+ pillAjll|1MZ (1 — M)~ |, we have
j=1

(1= M)alle < ME™ulloo +

4 m m
Moo | D pill Ajll (1= M)TH M2 + ML "2 Bil) + D 20 Bill | llulloo
Jj=1 k=1 k=1

which under the condition M < 1 gives a finite Lo gain from u to z.

2) In the case of Lo-stability, we start with the same inequality as above. First, similarly
to [9], we have, recalling that z(t) = @(t) = 0 for ¢t <0,

9 [ee) t—hj 2 o] t—hj )
|mm=:/ /“ i(s) ds ﬁé//@/ ()] ds dt
0 t—7(t) 0 t

—hj—n;
o0
@A ()2 dr = 222

IN

Then, to bound ||gk||2 requires some restrictive conditions on w. With the condition that
U € Lo, we get ||gklle < vg||@]|2 and the stability result obtained in the case that there are
input delays will take the form

[z]l2 < Chllull2 + Cal|t]|2.

Here again, provided that M’ := M{ Zﬁ:l pillAj] < 1, we have

m
. . . d .
lillz < l[ollz + MllEll2 + elllloollzllz + M5y~ viel Blllllle,
k=1

or
m
4]l < (1—M")~ <M50deUII2 +elBlloollzll2 + Mg > VkIIBkHIﬂII2> ;
k=1
By and @ we have
V4 m
zll2 < My ullz + M2 il Az 11Nz + ellPlloollzllz + > vill Brlllll2),
j=1 k=1
that is,
l
1= Mael|Allo(D il A (1 = M) "1 4 1) | [l
j=1

4 m
< [ Mg+ MyME N " | Ay (1= M) lullz + (Mz > vl Bill (M5 + 1)) [4]]2,

j=1 k=1



which gives, if MQGH}LHOO(Zgzl il Al (1= M)~ +1) < 1, a finite Ly gain from (u, ) to =
if there are input delays.
O

Remark 3.1. If B = 0 for all k, or if the oj are constant functions for all j, we do not
need to impose the condition that @ lies in Lo in order to get Hoo-stability.

3.2 The general case of neutral systems

In general it is easier to destabilize a neutral delay system by a perturbation, and here we
simply give a result for BIBO stability.

Theorem 3.2. Suppose that the system @ is BIBO-stable.
If Mgo(zgzl il Al + 230 1AL]) < 1 then the system is BIBO-stable.

Proof. As for retarded systems we start with the inequality

l m L
l#lloo < ll8lloo + MO N A flloo + D NIBrllllgrllo + Y 1Al flloo + €l llcollloo)-
k=1 =1

=1 — —
We have 3
[ flloo = sup [2(t — () — 2t — H)| < 2(|2| oo,

whereas

[filloo < pjllZlloo
and

19jlloo < 2[Jullo

as in the retarded case.
Provided that M"” := MZ (Y5, pllAjl + 237, |A-]l) < 1, we have

m
e < (1= M")7! (Mé?deUIoo + M5 Y 2| Brlllulle + thHoonHoo> )
k=1

From the relation z = v + y, we get a finite Lo, gain from u to z.

4 Stabilization properties

4.1 The case of retarded systems

We consider here the stabilization of system through the following standard feedback
scheme where r and d are external input signals.

Retarded systems are Hoo-stabilizable (see [3]) and so strongly stabilizable (see [18§]).
They are also BI BO-stabilizable (see [3]) and those with commensurate delays are strongly
BIBO-stabilizable (see [16]).

Therefore, we may consider here only strong stabilization of system by a controller K,
with convolution kernel K. In this case, instead of studying the stability of the four matrix



Figure 1: Standard Feedback Configuration

entries between (r,d)” and (z,u)”, it becomes sufficient to only study the stability of that
between r and x. In the following, the control law wu is then taken of the type u = K xx + r.
The closed-loop has the following equation

L 5(t) m
z(t) = Ax(t)+ Z Ajz(t —1j(t)) + / h(0)x(t — 0) db + B(K = x)(t) + Z Br(K xx)(t — op(t))
j=1 0 k=1
+Br(t)+ Y Bpr(t—ox(t)),  (t>0), (8)
k=1
Consider the system
1 D m
o(t) = Av(t)+ Y Aj(t—hy)+ / h(O)v(t — 0) df + B(K  v)(t) + > Br(K xv)(t — Ty)
j=1 0 k=1
+Br(t)+ Y Br(t—Ty),  (t>0), (9)
k=1
and let us denote:
Mg :  the Lo-gain of the closed-loop
Mgéd . Lyo-gain between input and derivative of the state of the closed-loop
Mg :  the Lo-gain of the closed-loop
Mglnomd . [, -gain between input r and ©

Theorem 4.1. 1) Let us suppose that the nominal system (@ has commensurate delays. Let
K be a stable controller which BIBO-stabilizes the nominal system @, the Loo-gain of K
being denoted MXE .

If gg(zle will Ajll 4+ S0 vel| Brl| ME + €||h|loo) < 1 then the controller K stabilizes
system in a BIBO sense.

2) Let K be a stable controller which Ho,-stabilizes the nominal system (@, the Lo-gain of K
being denoted MQK Let us suppose that 7 is in Lo.

If Mgl(zﬁzl il Al + S vel| Brl|M3S) < 1 then the controller K stabilizes system
in the sense that there is a finite Lo gain between v and x.



Proof. 1) Let K be a stable BIBO-stabilizing controller of system (5)) with convolution kernel
K.

Considering the stabilization of and we deal with the following equations, where
as before y = x — v:
and

y4 l
gty = Ay(t)+ D> Ayt —hy)+ > A f(t)
=1 i=1

5(t)
+B(K xy)(t) + /D h(0)z(t — 6) do

+) Bu(Kx fo)(t) + ) Be(K*#)(t),  (t>0),

k=1 k=1
with f;(t) = z(t —7;(t)) — x(t — hj), fu(t) = 2(t — op(t)) — x(t — Tp) and 7(t) = r(t — ox(t)) —
T'(t — Tk)
Using the same arguments as in section (3|, we get

l m m
[2llo0 < 8lloo+ME O~ il AjllIEl oo+ > vl Bl MEE)4+2 Y NI Bl ME]|r[lcotell 2l oo 12l 00)-
j=1 k=1 k=1

If1— Mgéd(2§:1 willAjll + Do vkl| Bel| Mk ) > 0, the above inequality gives us:

4 m m
(=M il A I+D_ vl Brl M) ]| < (Mo 42M 8> || Bl ME) |17l sotellhlloo |2 oo
j=1 k=1 k=1

As before writing x = y + v we get a Lo-bound between r and x.
2) Taking 7 in Lo enables us, as in the Proof of Theorem to bound ||7*||2, which proves
the result.

O]

4.2 The case of neutral systems

Proposition 4.1. Let us suppose that there exits a stable controller K which BI BO-stabilizes
the nominal system @, the Loo-gain of K being denoted ME | the Lo-gain of the closed-loop
being denoted Mgé and the Lo-gain between the input and the derivative of the state of the
closed-loop being denoted M4,

If M0y sl Ajl+ S0 vill Brl ME + 2+ 0/, |[AL|) < 1 then K BIBO-stabilizes
system .
Proof. For neutral systems, we deal with equations

L 1 m
0(t) ++ZA_lb(t—Hl) = Av(t) +ZAjv(t— h;) + BK * v(t) +ZBkIC*U(t—Tk)
=1 Jj=1 k=1

—|——|—/D h(0)v(t — 6)do + Br(t) +§:Bkr(t—Tk), (t>0),
0 k=1

10



and

L l V4
gt) + > At — H) = Av(yt)+ZAjy(t—hj)+ZAjfj(t)

=1 j=1

L D
3 ALt — Hy) — a(t — (1) + +/ h(O)y(t — 6) do
=1 0

5(t)
+ /D h(0)z(t — ) do

+B(K +y)(t)+ Y Be(K #y)(t — Tp) + Br(t) + Y _ Br(t — Ti)
k=1 k=1

+) Bu(Kx fo) + > Bk x (r(t — op(t)) = r(t = T3)),  (t>0),

k=1 k=1

from which we get

L ¢
I#]00 < [6lloo + M2 Y T NA-tlldlloo D 114711151200
=1 j=1

m m
+ 3 IBrllveME Nl +2 ) | Bl ME|Irlloo + ellhlloollz]lo)-
k=1 k=1

O]

Although the existence of a stable controller cannot be guaranteed in the general case,
let us mention that the existence of a stabilizing controller can be indeed guaranteed in the
particular case of systems with commensurate delays.

It has been shown in [5] that neutral systems with commensurate delays and a finite num-
ber of poles in {Re s > a} with a < 0 are stabilizable in an Hy-sense: coprime factorizations
over H., have been determined and the set of all stabilizing controllers was given. It is not
difficult to see that the coprime factorizations are also in .,21, inducing BIBO-stabilizability as
well.

The next Proposition shows that, under hypothesis (H) systems with commensurate
delays fall into the study of [5].

Proposition 4.2. If the system (@ has commensurate delays, then there exists a < 0 such
that system @ only has a finite number of poles in {Res > a}.

Proof. Tt is well-known [I] that the location of chains of poles of system ([2)) can be determined
from the denominator of its transfer function, more precisely from the coefficient (containing
exponential terms) of the term s”.

Considering det(sl — A + Zle Agse™stH — Z‘szl Ajeshi — fOD h(0)Ie=%dh) we notice
that it is sufficient to look at det(sI + 25:1 A_yse™") as other terms do not contribute to
the coefficient of the term s™.

Letting z = e, we get det(sI + 7 A_gse ') = s det(I + S A_¢2b).

Now, assume that there is z € C such that |z| < 1 and det(] + Z£:1 A_y2") = 0. Then
there exits z* € C" \ 0 with ||z*|| = 1 such that 2* = —(Zle A_y2ha*,

11



In this case, by hypothesis (H)

L L L
L= =" =) Aez'a"| <Y IA-dllllzlzl < O A-el)l=l < 1
(=1 (=1 /=1

which is absurd so all roots of det(I + Zé;:l A_y2%) = 0 are of modulus strictly greater than
one entailing that all roots in s are strictly in the left half plane. All chains of poles of neutral
system are then asymptotic to vertical axes located in the open right half-plane ensuring
a finite number of pole in {Res > a} with a < 0. O

5 Example
Consider the elementary delay system
&(t) + x(t — h) = u(t),

with transfer function Gp,(s) = 1/(s + e™*"). This is Hy and BIBO stable provided that
0 < h < 7/2 (see, for example, [I7, Chap. 6]).
Now we consider the perturbed system

&(t) + x(t — 7(t)) = u(t), (10)

with 0 < h <7(t) < h+ p.

By Theorem m we have H> stability if u < Mg~

For h = 0,0.5,1 and 1.5 these values are 1, 0.63, 0.32 and 0.03 respectively; naturally
h+p < /2 in all cases.

For BIBO stability a similar result holds, except that we require the BIBO norm of
sGy(s) = 1 — e *"G},(s), which is not easy to calculate as we do not have an explicit form of
the impulse response. One way round this is to use the Hardy—Littlewood inequality given in
[11, p. 182] (see also [4]), namely that

1
|GhllBrBO < §||GZ||L1(¢R)~

Using this bound, we find that for h = 0,0.5,1 and 1.5 the BIBO norm of G}, is at most 1,
1.01, 2.96 and 39.1 respectively, giving BIBO stability for p at most 0.5, 0.50, 0.25 and 0.025
respectively.

Now for h = 2 the system G}, is not stable, but it is easily stabilized with the constant

controller K = —1, giving a closed-loop transfer function of
54728
G =——.
) = e

Calculations indicate that ||Gyllec = 1.54 and ||Gyl|BrBo < 3.89. We may therefore apply
Theorem and conclude that K stabilizes the system provided that 2 < 7(t) < 2+ p,
where ¢ = 0.26 in the BIBO case and p = 0.65 in the H,, case.

12
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