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ABSTRACT

Sound synthesis of reed wind instruments requires special
care to ensure numerical stability and accuracy of the time-
domain simulation. Energy-based methods have proven
very efficient for this purpose, where the instrument model
is split into several sub-systems which exchange and dis-
sipate a numerical analog of the physical energy. A wide
range of reed, propagation, tone hole and radiation mod-
els may thus be coupled. Space discretization is performed
using 1D spectral finite elements, offering an affordable,
flexible and more accurate alternative to finite differences
for computing propagation of the acoustic waves along
the instrument’s bore, and energy-consistent time-stepping
schemes are used for numerical integration of the equa-
tions. Whenever implicit couplings are used to ensure
energy consistency, algorithmic tricks allow us to update
all the unknowns explicitly via algebraic elimination, such
that in the end, no matrix inversion is required. We will
present some of the models and numerical schemes imple-
mented in our open-source software OpenWInD ( open-
wind.gitlabpages.inria.fr/web ), including a new model for
approximating losses due to viscothermal boundary layers
in the time domain. Simulation code will be made avail-
able in the toolbox OpenWInD under GPLv3.

1. INTRODUCTION

This work is part of the OpenWInD project, which aims
at making up-to-date models of wind instrument acoustics
widely available to research teams and instrument mak-
ers. All the results of this paper have been obtained us-
ing OpenWInD toolbox. The latest public version can be
downloaded under GPLv3 licence on our website [1].

Time-domain simulation of a wind instrument has been
addressed in various ways, many of which rely on a simpli-
fied version of a resonator, such as digital waveguides [2],
or impedance-based methods [3]. The approach presented
thereafter aims for high numerical precision; for this rea-
son it is based on the direct simulation of the 1D partial dif-
ferential equation of wave propagation in a variable section
pipe . Such simulation has been successfully performed
with finite-differences time-domain methods [4]. The cur-
rent spatial discretization generalizes this approach to high
order by using 1D spectral finite elements. This variational
framework is well suited to the inclusion of time-varying
and non-linear effects such as tone holes that can be opened

and closed continuously, or a lumped reed. To ensure sta-
bility, the models must be chosen appropriately so that
each verifies an energy balance equation. Through ap-
propriate time-stepping schemes, discrete energy balance
equations are then preserved at the numerical level.

Section 2 presents the physical models used for acoustic
propagation, radiation, tone holes, and reed. Section 3 ex-
plains the space- and time-discretizations. Finally, section
4 gives an example of use of OpenWInD on a real bassoon.

2. PHYSICAL MODELS

2.1 Acoustic propagation

The classical horn equations describing plane wave prop-
agation in an axisymmetric lossless pipe of length L with
varying section S(x) are written as [5]:

ρ

S
∂tv + ∂xp = 0, x ∈ [0, L] (1a)

S

ρc2
∂tp+ ∂xv = 0, x ∈ [0, L], (1b)

where ρ is the quiescent density, c is the acoustic celer-
ity, and the unknowns p(x, t) and u(x, t) represent respec-
tively the pressure and flow through each cross-section.
System (1) must be complemented by boundary conditions
relating p(0, t) with the flow exiting the pipe −v(0, t), and
similarly p(L, t) with v(L, t): these are described below.

System (1) always verifies the following energy bal-
ance:

dE
dt

= v(0, t)p(0, t)− v(L, t)p(L, t)−Q(t), (2)

where E =
1

2

∫ L

0

ρ

S
v2dx+

1

2

∫ L

0

S

ρc2
p2dx, (3)

and the dissipation term is Q(t) = 0, signifying that vari-
ation of energy is only due to work exchanged at the ends
of the tube.

2.2 Propagation with viscothermal losses

Energy losses due to viscosity and thermal effects can be
expressed in the harmonic domain as non-rational func-
tions of frequency [6]. In order to approximate the corre-
sponding pseudo-differential operators, 2N + 1 auxiliary



variables vi(x, t), p0(x, t), pi(x, t) are introduced [7, 8]:

ρ

S
∂tv +R0v +

∑N
i=1Ri(v − vi) + ∂xp = 0, (4a)

S

ρc2
∂tp+G0(p− p0) +

∑N
i=1Gi(p− p0 − pi)

+∂xv = 0, (4b)

Li
d
dtvi = Ri(v − vi), for 1 ≤ i ≤ N, (4c)

C0
d
dtp0 = G0(p− p0)

+
∑N
i=1Gi(p− p0 − pi), (4d)

Ci
d
dtpi = Gi(p− p0 − pi) for 1≤ i≤N, (4e)

where the choice of integer N is a trade-off between pre-
cision of the approximation and computational cost. The
coefficients of this system are defined as

R0(x) = πµ
S(x)2 a0, (5a)

Li(x) = ρ
S(x)ai, Ri(x) = πµ

S(x)2
ai
bi
, (5b)

C0(x) = S(x)(γ−1)
ρc2 , G0 = πκ(γ−1)

ρ2c2CP
a0, (5c)

Ci(x) = S(x)(γ−1)
ρc2 ai, Gi = πκ(γ−1)

ρ2c2CP

ai
bi
, (5d)

where µ is the viscosity, κ is the thermal conductivity, CP
is the specific heat with constant pressure, and the coeffi-
cients ai and bi are dimensionless constants obtained from
an optimization procedure, see Table 1 for N ∈ {2, 4, 8}.
The technique from [7] requires to perform several opti-
mizations depending on the physical and geometrical pa-
rameters. By contrast, in our formalism a single optimiza-
tion procedure has been done [8], and the dependence of
coefficients (Ri, Li, Ci, Gi) on physical parameters is ex-
plicit.

i ai bi
0 8
1 5.829 22× 10−2 2.737 45× 10−4

2 2.005 69× 10−3 3.284 31× 10−7

Coefficients for N = 2

i ai bi
0 8
1 1.788 20× 10−1 4.894 08× 10−3

2 2.252 97× 10−2 8.061 16× 10−5

3 2.957 06× 10−3 1.397 82× 10−6

4 4.227 96× 10−4 2.295 78× 10−8

Coefficients for N = 4

i ai bi
0 8
1 2.098 23× 10−1 2.474 86× 10−2

2 7.254 46× 10−2 2.825 34× 10−3

3 2.472 34× 10−2 3.304 86× 10−4

4 8.482 65× 10−3 3.908 28× 10−5

5 2.919 83× 10−3 4.639 50× 10−6

6 1.006 47× 10−3 5.516 88× 10−7

7 3.505 10× 10−4 6.520 03× 10−8

8 1.764 48× 10−4 5.169 62× 10−9

Coefficients for N = 8

Table 1. Coefficients (ai, bi) to use in (5), optimized for
radii of 5× 10−4 m to 0.1 m and frequencies of 20 Hz to
2× 104 Hz.

Additional terms appear in the expression of the energy
(3), and the dissipation term Q(t) becomes positive:

E =
1

2

∫
Ω

[
ρ
S v

2 + S
ρc2 p

2 + C0p
2
0

+
∑N
i=1Cip

2
i +

∑N
i=1Liv

2
i

]
, (6)

Q(t) =

∫
Ω

[
R0v

2 +
∑N
i=1Ri (v − vi)2

+G0 (p− p0)
2

+
∑N
i=1Gi (p− p0 − pi)2

]
≥ 0 (7)

In the following, the equations for lossless propagation
are assumed, but all techniques can also be applied to the
model with losses, as described in [8].

2.3 Radiation impedance

The relation between pressure and flow at the radiating
end of an instrument is often expressed in the Fourier
domain through a radiation impedance [6]. The primary
model used in OpenWInD is (using convention ejωt for
the Fourier transform):

p̂(L, ω)

v̂(L, ω)
= ZR = Zc

jω

α+ jωβ
, (8)

where Zc = ρc
S is the characteristic impedance at the end

of the pipe, and the two parameters α and β can be chosen
to fit various radiation models. This leads to time-domain
system:

Zc
dv

dt
= αp+ β

dp

dt
at x = L. (9)

A suitable choice of representation uses the new unknown
ζ such that

√
αζ + v − β

Zc
p = 0.

Then the energy balance is:

dErad

dt
= pv − β

Zc
p2, where Erad =

Zc
2
ζ2. (10)

This representation makes possible the use of time-varying
coefficients α(t), β(t), e.g. for continuous opening and
closing of tone holes.

2.4 Three-way junctions

A tone hole is represented using a three-way junction be-
tween the main bore of the instrument, and a smaller tube
representing the chimney. The junction model used is that
of [6, sec. 7.7], in which flow conservation is enforced, but
a pressure discontinuity is introduced through the use of
effective acoustic masses. Let p1, p2, p3 denote the pres-
sure values at the three ports of the junction, and v1, v2, v3

the flow entering the junction through each port:

v1 + v2 + v3 = 0, (11)(
p1 − p3

p2 − p3

)
=

(
m11 m12

m21 m22

)
d

dt

(
v1

v2

)
. (12)



The energy stored in the junction can be expressed accord-
ing to the quadratic form defined by the acoustic mass ma-
trix. Thus, as long as the eigenvalues ms,ma of the acous-
tic mass matrix are positive, the model is usable in the time
domain, and induces perfect energy conservation through
the junction. However measured data of real tonholes con-
figurations lead to negative values for ma [9]. For our
purposes, this is deplorable, as it may lead to instability
and divergence. Further research could be devoted to find-
ing a more appropriate formulation ; in the meantime we
have chosen to change the second mass for a small, posi-
tive value.

2.5 Lumped reed model

We use a reed model with a single degree of freedom y
representing the reed opening [4, 6]:

ÿ + gẏ + ω2
0(y − y0) = −Sr∆p

Mr
, (13)

where g is a damping factor, ω0 is a natural frequency of
the reed, y0 is the opening at rest, Sr andMr model respec-
tively a characteristic surface and characteristic mass of the
reed, and ∆p = pm − p(0, t) is the pressure difference be-
tween the mouth and the beginning of the instrument bore.
The mouth pressure pm may be time-varying. The flow en-
tering the mouthpiece chamber is then given by applying
a Bernoulli law. We compensate it with the chamber size
variation caused by the motion of the reed.

v(0, t) = wy+

√
2|∆p|
ρ

sign(∆p)− Srẏ. (14)

This model is subject to the following energy balance:

dEreed

dt
= −v(0, t)p(0, t)−Qreed + Smusician, (15)

where Ereed = F (y) +
Mr

2
ẏ2, (16)

Qreed(t) = Mrgẏ
2 + w y+

√
2

ρ
|∆p|3/2, (17)

Smusician(t) = v(0, t) pm(t). (18)

The reed’s dissipation Qreed(t) is the sum of mechanical
and hydrodynamic effects, and work effected by the musi-
cian is represented by Smusician(t).

2.6 Assembled instrument

All these models can be connected to one another, to form
complex instruments with a reed, many toneholes, and
many radiating parts. The inner work terms pv then cancel
out, resulting in a global energy balance of the form:

dEtotal

dt
= Smusician(t)−Qtotal(t), (19)

where the total energy Etotal is the sum of the energies of
each component, and likewise the total dissipated power
Qtotal(t) is the sum of the power dissipated by each com-
ponent.

3. NUMERICAL SCHEMES

In order to obtain high-precision solutions of systems
formed with the models of instrument parts described pre-
viously, one-dimensional finite elements in space are used,
followed by an energy-consistent time discretization, in or-
der to ensure numerical stability in the presence of cou-
plings.

3.1 Spatial discretization

Spectral finite elements [10] are used on each section of
tubing. The variational formulation of equation (1) is used
to find approximate solutions ph, vh in a finite-dimensional
space composed of piecewise polynomial functions. By
using Gauss-Lobatto points as both the interpolation nodes
and quadrature points, diagonal mass matrices are ob-
tained. This approach has been shown to be computa-
tionally affordable, and to exhibit better results than the
Transfer Matrix Method in the frequency domain [6, 10]
as soon as viscothermal losses are considered in complex
shaped instrument. It is compatible with arbitrary radius
profiles, and not just cylinders and cones. Moreover, it
allows the straightforward use of non-uniform grids and
adaptive high-order elements. The following semi-discrete
system is obtained:

MP
h

dPh
dt

+B∗
hVh + λ−E

−
h + λ+E

+
h = 0, (20a)

MV
h

dVh
dt
−BhPh = 0, (20b)

where λ−(t), λ+(t) are Lagrange multipliers correspond-
ing to −v(0, t), v(L, t) respectively; diagonal matrices
MV
h and MP

h are called mass matrices, rectangular matrix
Bh corresponds to spatial differentiation, and E−

h and E+
h

are vectors containing only zeros and a single one, associ-
ated with the first and last degrees of freedom of pressure.
System (20) verifies a finite-dimensional analogue of en-
ergy balance equation (2).

3.2 Temporal discretization: propagation

For each model, a discrete-time version is sought which
preserves a similar energy balance. For acoustic propaga-
tion, integration of system (20) is performed with a classi-
cal leap-frog scheme, where Pnh is defined at integer steps
and V n+1/2

n is defined on an interleaved grid:
MP
h

Pn+1
h − Pnh

∆t
+B∗

hV
n+1/2
h (21a)

+λ
n+1/2
− E−

h + λ
n+1/2
+ E+

h = 0,

MV
h

V
n+3/2
h − V n+1/2

h

∆t
−BhPn+1

h = 0. (21b)

Assuming the Lagrangian multipliers are known, these
equations allow to update Pn+1

h and V n+3/2
h alternately.

Note that the mass matrices are diagonal, and thus no ma-
trix inversion is required. A discrete energy balance is ob-



tained:

Enh =
1

2
(V̄ nh )∗MV

h V̄
n
h +

1

2
(Pnh )∗M̃P

h P
n
h , (22)

En+1
h − Enh

∆t
= −

(
λ
n+1/2
− E−

h + λ
n+1/2
+ E+

h

)∗
P̄
n+1/2
h ,

(23)

where the averaged flow and pressure

V̄ nh =
V
n+1/2
h + V

n−1/2
h

2
, P̄

n+1/2
h =

Pn+1
h + Pnh

2

are involved respectively in the energy and the work ; and
the modified mass matrix M̃P

h is:

M̃P
h = Mp

h −
∆t2

4
B∗
hM

V
h Bh. (24)

Positivity of the energy is required; this leads to the fol-
lowing CFL-stability condition:

∆t ≤ 2
[
ρ
(
(MP

h )−1B∗
h(MV

h )−1Bh
)]−1/2

. (25)

In the presence of viscothermal losses, a similar numerical
scheme may be used, with the same stability condition [8].

3.3 Temporal discretization: radiation, junction, reed

Proper numerical schemes must be designed for radiation,
junctions and reed to ensure the preservation of a discrete
energy, with exact cancellation of the discrete work terms.
The following scheme is chosen for radiation:
Zc
ζn+1 − ζn

∆t
+
√
αE∗

hP̄
n+1/2
h = 0, (26a)

λn+1/2 +
√
α
ζn+1 + ζn

2
− β

Zc
E∗
hP̄

n+1/2
h = 0, (26b)

where the energy-storing unknown ζ is discretized at inte-
ger time steps, and the flow unknown λ is interleaved. With
knowledge of Pnh and V n+1/2

h , the update of this scheme
is an explicit operation. Indeed, equation (21a) induces
an affine relation between two unknowns of this system,
namely the discrete tube-end pressure E∗

hP̄
n+1/2
h and flow

λn+1/2. It is thus possible to eliminate the former from
system (26) ; a linear system of two equations in two un-
knowns (λn+1/2, ζn+1) is obtained, which can be solved
algebraically to obtain explicit update formulae. The re-
sulting discrete energy balance is:

Enrad =
Zc
2

(ζn)2 (27)

En+1
rad − Enrad

∆t
= λn+1/2E∗

hP̄
n+1/2
h − β

Zc

(
E∗
hP̄

n+1/2
h

)2

.

(28)

Note that this energy balance is a discrete analogue of (10),
and that the discrete work term exactly compensates its
counterpart in the pipe’s energy balance (23).

Time discretizations of junction and reed are done using
other energy-consistent schemes. Similarly, their update
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Figure 1. Geometry of the Buffet-Crampon bassoon from
[11]. Hole chimneys are placed at their point of junction
with the main bore.

is performed before the pressure update (21a), but with
knowledge of the affine relation between E∗

hP̄
n+1/2
h and

Lagrange multiplier λn+1/2. This approach makes all up-
dates fully explicit. Moreover, the discrete energy balance
exactly compensates the work terms in (23), leading to the
following global energy balance:

En+1
total − Entotal

∆t
= Sn+1/2

musician −Q
n+1/2
total , (29)

which is a discrete version of (19).

4. APPLICATION: SIMULATION OF A BASSOON

The methods described above are applied to simulate a
French Buffet-Crampon bassoon, of which the geometry
can be found in [11]. The function R(x) describing its
radius along the bore axis is affine by parts ; note how-
ever that thanks to the 1D finite elements discretization,
any bore shape could be used, such as power functions or
splines. The overall shape of the bassoon, along with the
position of its main holes can be seen in figure 1.

The experiments are performed with the fingering of
note C3, i.e. the three holes closest to the reed are closed,
which we simulate by setting a boundary condition v = 0
at the end of the chimneys. The frequentialmodule of
OpenWInD, which solves a Fourier-domain version of the
instrument’s equations, can compute the impedance curve
of the bassoon in this setting ; it is displayed in figure 2.
More details on this module can be found in [10, 12].

The choice of the reed parameters is challenging, and
influences greatly the instrument behavior [3,13] ; the sim-
ulations are performed with the following reed parameters :

Mr = 2.04× 10−3 kg, ω0 = 2π × 415 rad s−1, (30)

g = 1.04× 103 s−1, y0 = 3.03× 10−4 m, (31)

W = 1.5× 10−2 m, Sr = 3.0× 10−4 m2. (32)

The simulations are done on a mesh composed of finite
elements of order ranging between 1 and 10 (where ele-
ments of order 1 correspond to very short hole chimneys),
and length ranging between 4 mm and 16 cm. The mesh is
such that there is always at least one degree of freedom per
1.7 cm, which roughly corresponds to one half-wavelength
at 10 kHz. The time step is ∆t = 1× 10−5 s. In a first
simulation, mouth pressure pm(t) is set to be linearly in-
creasing for 0 < t < 0.01 s, and constant at 5187 Pa after
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Figure 3. Error on the global energy balance (19) during
the simulation.

that. Figure 3 shows the relative error on the global en-
ergy balance (19) during the simulation: as expected, the
numerical error is only due to the limits of floating-point
precision. In a second simulation, a more realistic attack-
sustain-release envelope is used for pm(t), with a maximal
pressure of 5706 Pa. The evolution of pressure at the bell
of the instrument is displayed in figure 4. Periodic oscil-
lation is visible. Pressure and flow are also available ev-
erywhere along the bore, as well as in each hole. Sound
examples will be played during the presentation.

5. CONCLUSION AND PROSPECTS

A high-precision time-domain simulation method for wind
instruments has been presented. The classical equations of
acoustic propagation in a variable section pipe are used,
optionally with viscothermal losses, and discretized in
space using 1D high-order finite elements. Models of ra-
diation impedance, tone holes, and reed close the acous-
tical system ; special care is taken to ensure all models
verify an energy balance. Finite differences are used for

0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

125

100

75

50

25

0

25

50

75

Pr
es

su
re

 a
t t

he
 b

el
l (

Pa
)

Figure 4. Evolution of the bell pressure of a Buffet-
Crampon bassoon playing note C3.

the time discretization, ensuring numerical stability via en-
ergy techniques. These methods can be applied to simulate
complex real instruments. An open-source Python imple-
mentation of the methods is available on the OpenWInD
project website [1]. It provides a reliable foundation on
which additional state-of-the-art models may be combined.
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