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AssTrRACT. We propose an interpretation of multiparty sessions with asynchronous commu-
nication as Flow Event Structures. We introduce a new notion of global type for asynchronous
multiparty sessions, ensuring the expected properties for sessions, including progress. Our
global types, which reflect asynchrony more directly than standard global types and are
more permissive, are themselves interpreted as Prime Event Structures. The main result is
that the Event Structure interpretation of a session is equivalent, when the session is typable,
to the Event Structure interpretation of its global type.

1. INTRODUCTION

Session types describe interactions among a number of participants, which proceed ac-
cording to a given protocol. They extend classical data types by specifying, in addition to
the type of exchanged data, also the interactive behaviour of participants, namely the se-
quence of their input/output actions towards other participants. The aim of session typesis
to ensure safety properties for sessions, such as the absence of communication errors (no type
mismatch in exchanged data) and deadlock-freedom (no standstill until every participant is
terminated). Sometimes, a stronger property is targeted, called progress (no participant
waits forever).

Initially conceived for describing binary protocols in the nt-calculus [THK94, HVK98],
session types have been later extended to multiparty protocols [HYC08, HYC16] and
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embedded into a range of functional, concurrent, and object-oriented programming lan-
guages [ABB*16]. While binary sessions can be described by a single session type, mul-
tiparty sessions require two kinds of types: a global type that describes the whole session
protocol, and local types that describe the contributions of the individual participants to the
protocol. The key requirement in order to achieve the expected safety properties is that all
local types be obtained as projections from the same global type.

Communication in sessions is always directed from a given sender to a given receiver.
It can be synchronous or asynchronous. In the first case, sender and receiver need to
synchronise in order to exchange a message. In the second case, messages may be sent
at any time, hence a sender is never blocked. The sent messages are stored in a queue,
where they may be fetched by the intended receiver. Asynchronous communication is
often favoured for multiparty sessions, since such sessions may be used to model web
services or distributed applications, where the participants are spread over different sites.

Session types have been shown to bear a strong connection with models of con-
currency such as communicating automata [DY12], as well as with message-sequence
charts [HYC16], graphical choreographies [LTY15, TG18], and various brands of linear
logics [CP10, TCP11, Wad14, PCPT14, CPT16].

In a companion paper [CDG19a], we investigated the relationship between synchro-
nous multiparty sessions and Event Structures (ESs) [Win88], a well-known model of
concurrency which is grounded on the notions of causality and conflict between events.
We considered a simple calculus, where sessions are described as networks of sequential
processes [DCGJ*16], equipped with standard global types [HYC08]. We proposed an
interpretation of sessions as Flow Event Structures (FESs) [BC88, BC94], as well as an inter-
pretation of global types as Prime Event Structures (PESs) [Win80, NPW81]. We showed that
for typed sessions these two interpretations agree, in the sense that they yield isomorphic
domains of configurations.

In the present paper, we undertake a similar endeavour in the asynchronous setting.
This involves devising a new notion of global type for asynchronous networks. We start
by considering a core session calculus as in the synchronous case, where processes are only
able to exchange labels, not values, hence local types coincide with processes and global
types may be directly projected to processes. Moreover, networks are now endowed with
a queue and they act on this queue by performing outputs or inputs: an output stores a
message in the queue, while an input fetches a message from the queue.

To illustrate the difference between synchronous and asynchronous sessions and mo-
tivate the introduction of new global types for the latter, let us discuss a simple example.
Consider the network:

N =pl[q!A;q?A" Tl gl p!A’;p?A ]
where each of the participants p and q wishes to first send a message to the other one and
then receive a message from the other one.

In a synchronous setting this network is stuck, because a network communication
arises from the synchronisation of an output with a matching input, and here the output
g'A of p cannot synchronise with the input p?A of g, since the latter is guarded by the output
p!A’. Similarly, the output p!A” of q cannot synchronise with the input q?A’ of p. Indeed,
this network is not typable because any global type for it should have one of the two forms:

Gi=p—q:A,qg—-p: A Ga=q—op:A;p—q:A



However, neither of the G; projects down to the correct processes for both p and g in N.
For instance, G; projects to the correct process q!A-q?A’” for p, but its projection on q is
p?A-p!A’, which is not the correct process for q.

In an asynchronous setting, on the other hand, this network is run in parallel with a
queue M, which we indicate by N || M, and it can always move for whatever choice of
M. Indeed, the moves of an asynchronous network are no more complete communications
but rather “communication halves”, namely outputs or inputs. For instance, if the queue
is empty, then N || @ can move by first performing the two outputs in any order, and
then the two inputs in any order. If instead the queue contains a message from p to q
with label A4, followed by a message from q to p with label A, which we indicate by
M =(p,A1,Q)-(q, Az, p), then the network will be stuck after performing the two outputs,
since the two messages on top of the queue will not be those expected by p and g. Hence
we look for a notion of global type that accepts the network N || @ but rejects the network
N ” <p/ Al/ q> : <q/ /\2/ p)

The idea for our new asynchronous global types is quite simple: to split communications
into outputs and inputs, and to add a queue to the type, thus mimicking very closely
the behaviour of asynchronous networks. Hence, our global types have the form G || M.
Clearly, we must impose some well formedness conditions on such global types, taking
into account also the content of the queue. Essentially, this amounts to requiring that each
input appearing in the type be justified by a preceding output or by a message in the queue,
and vice versa, that each output or message in the queue be matched by a corresponding
input.

With our new global types, it becomes now possible to type the network N || 0 with
the asynchronous global type G || 0, where G = pg!A; qp!A’; pg?A; qp?A’, or with the other
global types obtained from it by swapping the outputs or the inputs. Instead, the network
N || {p, A1, Q) - €q, A2, p) will be rejected because the global type G || {p, A1,9) - (q, A2, p) is not
well formed, since its two inputs do not match the first two messages in the queue.

A different solution was proposed in [MYH09] by means of an asynchronous subtyping
relation on local types which allows outputs to be anticipated. In our setting this boils down
to a subtyping relation on processes yielding both g!A;g?A” < g?A’;g!A and p!A’;p?A <
p?A; p!A’. With the help of this subtyping, both G; and G, become types for the network
N || @ above. Unfortunately, however, this subtyping turned out to be undecidable [BCZ17,
LY17].

To define our interpretations of asynchronous networks and asynchronous global types
into Flow and Prime Event Structures, respectively, we follow the same schema as for their
synchronous counterparts in our previous work [CDG19a]. In particular, the events of the
ESs are defined syntactically and they record their “history”. More specifically, the events
of the FES associated with a network record their local history (namely the past actions of
the involved participants), while the events of the PES associated with a global type record
the global history of the computation (the whole sequence of past communications) and
thus they must be quotiented by a permutation equivalence. However, while in [CDG19a]
an event represented a communication between two participants, here it represents an
output or an input pertaining to a single participant. As a consequence, some care must
be taken in defining the causality relation, and in particular the “cross-causality” between
an output and the matching input, which are events pertaining to different participants.
A further complication is due to the presence of the queue, which appears inside the
events themselves. Therefore, our ES semantics for the asynchronous setting is far from
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being a trivial adaptation of that given in [CDG19a] for the synchronous setting. To
our knowledge, this is also the first time Event Structures are used to give semantics
to an asynchronous calculus. We should mention, however, that a semantics for finite
asynchronous choreographies by means of PESs was recently proposed in [LMT20].

To sum up, the contribution of this paper is twofold:

1) We propose an original syntax for asynchronous global types, which, in our view,
models asynchronous communication in a more natural way than existing approaches. In
the literature, typing rules for asynchronous multiparty session types use the standard
syntax of global types, as introduced in [HYC16]. Typability of asynchronous networks is
enhanced by the subtyping first proposed in [MYH09], which, however, was later shown
to be undecidable [BCZ17, LY17]. Our type system is more permissive than the standard
one [HYC16] - in particular, since it allows outputs to take precedence over inputs as
in [MYHO09], a characteristics of asynchronous communication — but it remains decidable.
We show that our new global types ensure classical safety properties as well as progress.

2) We present an Event Structure semantics for asynchronous networks and for our
new asynchronous global types. Networks are interpreted as FESs and asynchronous
global types are interpreted as PESs. Our main result here is an isomorphism between the
configuration domains of the FES of a typed network and the PES of its global type.

The paper is organised as follows. Section 2 introduces our calculus for asynchronous
multiparty sessions. In Section 3 we recap from previous work the necessary material
about Event Structures. In Section 4 we recall our interpretation of processes as PESs, taken
from our companion paper [CDG19a]. In Section 5 we present our interpretation of asyn-
chronous networks as FESs. Section 6 introduces our new global types and the associated
type system, establishing its main properties. In Section 7 we define our interpretation of
asynchronous global types as PESs. Finally, in Section 8 we prove the equivalence between
the FES semantics of a network and the PES semantics of its global type. We conclude with
a discussion on related work and future research directions in Section 9.

2. A Core CALCULUS FOR MULTIPARTY SESSIONS

We now formally introduce our calculus, where multiparty sessions are represented as
networks of processes. The operational semantics is based on asynchronous communication,
where message emission is non-blocking and sent messages are stored in a queue while
waiting to be read by their receiver.

We assume the following base sets: participants, ranged over by p, g, r and forming the
set Part, and labels, ranged over by A, A’,... and forming the set Lab.

Let r € {p!A, p?A | p € Part, A € Lab} denote an atomic action. The action p!A represents
an output of label A to participant p, while the action p?A represents an input of label A
from participant p.

Definition 2.1 (Processes and their tree representations). Processes are defined in three steps:

(1) Pre-processes are coinductively defined by:
p u=comd (B plA;Pi | Liep?A;Pi | 0
where I is non-empty and Aj # Ay, forall jh €I, j # h, i.e. labels in choices are all different.
(2) The tree representation of a pre-process is a directed rooted tree, where: (a) each internal node
is decorated by p! or p? and has as many children as the number of branches of the choice, (b)



the edge from p! or p? to the child P; is decorated by A; and (c) the leaves of the tree (if any) are
decorated by 0.

(3) A process is a pre-process whose tree representation is reqular (namely, it has finitely many
distinct sub-trees). Processes of the shape EB iy PIAG; Piand Y.icIP?A;; P; are called output and
input processes, respectively.

In the following, we will omit trailing 0’s when writing processes. We identify processes
with their tree representations and we shall sometimes refer to the trees as the processes
themselves. The regularity condition implies that we only consider processes admitting a
finite description. Internal choice (EB) and external choice (}) are assumed to be associative
and commutative, so the order of children of a node does not matter.

Observe that, because of the condition A; # Aj in choices, each path starting from
the root in the tree representation of a process is uniquely identified by the sequence of
decorations along its nodes and edges.

Note that identifying processes with their tree representations is equivalent to writing
processes with the u-notation and considering them up to an equality which allows for
an infinite number of unfoldings. This is also called the equirecursive approach, since it
views processes as the unique solutions of recursive equations [Pie02] (Section 20.2). The
existence and uniqueness of a solution follow from known results (see [Cou83] and also
Theorem 7.5.34 of [CC13]). When writing processes, we shall use (mutually) recursive
equations.

In a full-fledged calculus, labels would carry values, namely the exchanges between
participants would be of the form A(v). For simplicity, we consider only labels here. This
will allow us to project global types directly to processes, without having to explicitly
introduce local types, see Section 6.

In our calculus, sent labels are stored in a queue together with sender and receiver
names, from where they are subsequently fetched by the receiver’.

We define messages to be triples (p, A, q) and message queues (or simply queues) to be
possibly empty sequences of messages:

Mz=01<p,Aq M

The order of messages in the queue is the order in which they will be read. Since the
only reading order that matters is that between messages with the same sender and the
same receiver, we consider message queues modulo the structural equivalence given by:

M-p,Aq)y-(r,A,s)y M = M-(r,A,s) -(p,A,q) - M'ifp#rorq#s
The equivalence = says that a global queue may be split into a set of reading queues, one
for each participant (in which messages with different senders are not ordered), or even
further, into a set of channel queues, one for each unidirectional channel pq or ordered pair
(p, q) of participants.
Note in particular that {p, A,Qq)-<{q, A’, p) = (q, A/, p) - {p, A, Q). These two equivalent queues
represent a situation in which both participants p and g have sent a label to the other
one, and neither of them has read the label sent by the other one. This situation may
indeed happen in a network with asynchronous communication. Since the two sends
occur in parallel, namely, in any order, the order of the corresponding messages in the
queue should be irrelevant. This point will be further illustrated by Example 2.4.

IWe need a queue instead of a multiset, because we want labels between two participants to be read in the
same order in which they are sent.
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Figure 1: LTS for networks.

Networks are comprised of located processes of the form p[[ P ]| composed in parallel,
each with a different participant p, and by a message queue.

Definition 2.2 (Networks). Networks are defined by:
NI M
where N = p1[PL] || -+ | pull Pu [ with p; # pj for any i # j, and M is a message queue.

We assume the standard structural congruence on networks, stating that parallel com-
position is associative and commutative and has neutral element p[[ 0 ]| for any fresh p.

If P #0we write p[ P] € N as short for N = p[ P] || N’ for some N’. This abbreviation
is justified by the associativity and commutativity of ||.

To define the operational semantics of networks, we use an LTS whose transitions are
decorated by inputs or outputs. Therefore, we define the set of inputjoutput communications
(communications for short), ranged over by g, f’, to be {pq!A, pg?A | p,q € Part, A € Lab},
where pq!A represents the emission of a label A from participant p to participant g, and pg?A
the actual reading by participant q of the label A sent by participant p. To memorise this
notation, it is helpful to view pq as the channel from p to g and the exclamation/question
mark as the mode (write/read) in which the channel is used. The LTS semantics of networks
is specified by the two Rules [SExp] and [Rcv] given in Figure 1. Rule [SEnD] allows a
participant p with an internal choice (a sender) to send to a participant q one of its possible
labels A; by adding it to the queue. Symmetrically, Rule [Rcv] allows a participant g with
an external choice (a receiver) to read the first label A; sent to her by participant p, provided
this label is among the A;’s specified in the choice. Thanks to structural equivalence, this
message can always be moved to the top of the queue.

A key role in this paper is played by (possibly empty) sequences of communications.
As usual we define them as traces.

Definition 2.3 (Traces). (Finite) traces are defined by:
Tu=€l|p-T
We use | t| to denote the length of the trace T.
Whent=p8;-... B, (n>1) we write N || M5 N || M as short for
p Bn ’ ’
N M= Ny My Ny [ Mg = N M

In the following example, we consider the semantics of the network N || @ discussed in
the introduction.

Example 2.4 . Consider the network: N || 0, where N = p[q!A;Q?A" ] || q[ p!'A/; p?A]. Then
N || @ can move by first performing the two sends, in any order, and then the two reads, in any order.




A possible execution of N || 0 is:
1
NI0 == pl[q2A’TllaLpiA’;p?A T 1 P, A, @)

T, pIa?A T alp?AT Il (p, A, Q) - <q, )
= pla?A T lalp?ATI<a, A", p)-<p, A Q)

Y, pIollialp?AT Il (b, A, q)

P ol liqrol o

Note the use of =, allowing label A’ to be read by p before label A is read by q.

We now introduce the notion of player, which will be extensively used in the rest of
the paper. A player of a communication § is a participant who is active in .

Definition 2.5 (Players of communications). We denote by play(p) the sets of players of
communication f defined by

play(pa!r) = {p}  play(pg?A) = {a}
The function play is extended to traces in the obvious way:
play(e) =0  play(g-7) = play(8) U play()
In Section 6 we will use the same notation for the players of a global type. In all cases,
the context should make it easy to understand which function is in use.

3. EVENT STRUCTURES

We recall now the definitions of Prime Event Structure (PES) from [NPW81] and Flow Event
Structure (FES) from [BC88]. The class of FESs is more general than that of PESs: for a
precise comparison of various classes of event structures, we refer the reader to [BC91].
As we shall see in Sections 4 and 5, while PESs are sufficient to interpret processes, the
generality of FESs is needed to interpret networks.

Definition 3.1 (Prime Event Structure). A prime event structure (PES) is a tuple S = (E, <, #)
where:

(1) E is a denumerable set of events;

(2) <C (E X E) is a partial order relation, called the causality relation;

(3) # C (E X E) is an irreflexive symmetric relation, called the conflict relation, satisfying the
property: Ve,e’, e’ € E:e#e’ <e” = e#e” (conflict hereditariness).

We say that two events are concurrent if they are neither causally related nor in conflict.

Definition 3.2 (Flow Event Structure). A flow event structure (FES) is a tuple S = (E, <, #)
where:

(1) E is a denumerable set of events;
(2) <C (E X E) is an irreflexive relation, called the flow relation;
(3) # C (E X E) is a symmetric relation, called the conflict relation.

Note that the flow relation is not required to be transitive, nor acyclic (its reflexive
and transitive closure is just a preorder, not necessarily a partial order). Intuitively, the
flow relation represents a possible direct causality between two events. Observe also that
in a FES the conflict relation is not required to be irreflexive nor hereditary; indeed, FESs
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may exhibit self-conflicting events, as well as disjunctive causality (an event may have
conflicting causes).

Any PES S = (E, <, #) may be regarded as a FES, with < given by < (the strict ordering)
or by the covering relation of <.

We now recall the definition of configuration for event structures. Intuitively, a con-
figuration is a set of events having occurred at some stage of the computation. Thus, the
semantics of an event structure S is given by its poset of configurations ordered by set
inclusion, where X; € X, means that S may evolve from X to X».

Definition 3.3 (PES Configuration). Let S = (E, <, #) be a prime event structure. A configura-
tion of S is a finite subset X of E such that:

(1) X is downward-closed: ¢ <ee X = ¢ e€X;
(2) X is conflict-free: Ve, e’ € X, —(e#e’).

The definition of configuration for FESs is slightly more elaborated. For a subset X of
E, let <x be the restriction of the flow relation to X and <;( be its transitive and reflexive
closure.

Definition 3.4 (FES Configuration). Let S = (E, <, #) be a flow event structure. A configuration
of S is a finite subset X of E such that:

(1) X is downward-closed up to conflicts: ¢’ <ec€ X, ¢’ ¢ X = Je" e X.e'#e" <¢;
(2) Xis conflict-free: Ve, e’ € X, —(e#e’);
(3) X has no causality cycles: the relation <, is a partial order.

Condition (2) is the same as for prime event structures. Condition (1) is adapted to
account for the more general — non-hereditary — conflict relation. It states that any event
appears in a configuration with a “complete set of causes”. Condition (3) ensures that any
event in a configuration is actually reachable at some stage of the computation.

If S is a prime or flow event structure, we denote by C(S) its set of configurations. Then,
the domain of configurations of S is defined as follows:

Definition 3.5 (ES Configuration Domain). Let S be a prime or flow event structure with
set of configurations C(S). The domain of configurations of S is the partially ordered set
D(5)=det(C(S), S)-

We recall from [BC91] a useful characterisation for configurations of FESs, which is
based on the notion of proving sequence, defined as follows:

Definition 3.6 (Proving Sequences). Given a flow event structure S = (E, <, #), a proving
sequence in S is a sequence ey; - - - ; ey of distinct non-conflicting events (i.e. i # j = e; # ejand
—(e; #e;) for all i, ) satisfying:

Vi<nVee€eE: e<e = Jk<i. either e=e; or e#er <e;

Note that any prefix of a proving sequence is itself a proving sequence.
We have the following characterisation of configurations of FESs in terms of proving
sequences.

Proposition 3.7 (Representation of configurations as proving sequences [BC91]). Given a
flow event structure S = (E, <, #), a subset X of E is a configuration of S if and only if it can be
enumerated as a proving sequence ey; - ;ey.



Since PESs may be viewed as particular FESs, we may use Definition 3.6 and Propo-
sition 3.7 both for the FESs associated with networks (see Section 5) and for the PESs
associated with asynchronous global types (see Section 7). Note that for a PES the condi-
tion of Definition 3.6 simplifies to

Vi<nVeeE: e<e = Jk<i.e=¢g

To conclude this section, we recall from [CZ97] the definition of downward surjectivity
(or downward-onto, as it was called there), a property that is required for partial functions
between two FESs in order to ensure that they preserve configurations. We will make use
of this property in Section 5.

Definition 3.8 (Downward surjectivity). Let S; = (E;, <;, #;), be a flow event structure, i = 0, 1.
Let e;, e, range over E;, i = 0,1. A partial function f : Eg — E; is downward surjective if it
satisfies the condition:

e1 <1 f(eo) — 366 S Eo .e1 = f(eé)

4. EVENT STRUCTURE SEMANTICS OF PROCESSES

In this section, we present an ES semantics for processes, and show that the obtained ESs
are PESs. This semantics, which is borrowed from our companion paper [CDG19a], will
be the basis for defining the ES semantics for networks in Section 5.

We start by introducing process events, which are non-empty sequences of atomic
actions 7 as defined at the beginning of Section 2.

Definition 4.1 (Process event). Process events (p-events for short) n, 1" are defined by:
n uw=n|mngy
We denote by FE the set of p-events.

Let C denote a (possibly empty) sequence of actions, and E denote the prefix ordering
on such sequences. Each p-event  may be written either in the form n = n-C or in the
form n = C-nt. We shall feel free to use any of these forms. When a p-event is written as
n = C-n, then C may be viewed as the causal history of 1, namely the sequence of actions
that must have been executed by the process for 1 to be able to happen.

We define the action of a p-event to be its last atomic action:

act(C-m)=m

A p-event 1) is an output p-event if act(n) is an output and an input p-event if act(n) is an
input.

Definition 4.2 (Causality and conflict relations on p-events). The causality relation < and the
conflict relation # on the set of p-events FE are defined by:

M ntn = n<n;

Qn#n’'=>C-n-0# C-n'-C

Definition 4.3 (Event Structure of a process). The event structure of process P is the triple
S”(P) = (FE(P), <p, #p)
where:
(1) PE(P) C FE is the set of sequences of decorations along the nodes and edges of a path from the
root to an edge in the tree of P;
(2) <p is the restriction of < to the set PE(P);
(3) #p is the restriction of # to the set PE(P).



In the following we shall feel free to drop the subscript in <p and #p.

Note that the set £E(P) may be denumerable, as shown by the following example.

Example 4.4. If P = q'A; P®q!A’, then
PEP)= {Q'A-...-g'A|n=>1} U {qA-...-qA-g!A | n >0}
~—_——— ~——— ——
n n

We conclude this section by showing that the ESs of processes are PESs.

Proposition 4.5 . Let P be a process. Then S”(P) is a prime event structure with an empty
concurrency relation.

Proof. We show that < and # satisfy Properties (2) and (3) of Definition 3.1. Reflexivity,
transitivity and antisymmetry of < follow from the corresponding properties of C. As
for irreflexivity and symmetry of #, they follow from Clause (2) of Definition 4.2 and the
symmetry of inequality. To show conflict hereditariness, suppose that n#n" < n”’. From
Clause (2) of Definition 4.2 there are 7, n’/, {, ¢’ and (" such that m # n’ and n = C-n-
and ' = C-n'-C”. From 1 < 1" we derive that ”/ = C-n"- " - {; for some (;. Therefore
again from Clause (2) we obtain n#n". [

5. EVENT STRUCTURE SEMANTICS OF NETWORKS

We present now the ES semantics of networks. In the ES of a network, asynchronous
communication will be modelled by two causally related events, the first representing an
asynchronous output, namely the enqueuing of a message in the queue, and the second
representing an asynchronous input, namely the dequeuing of a message from the queue.

We start by defining the o-trace of a queue M, notation otr(M), which is the sequence of
output communications in the queue. We use w to range over o-traces.

Definition 5.1 . The o-trace corresponding to a queue is defined by

otr(0) = ¢ otr({p, A, q) - M) = pq!A - otr(M)

O-traces are considered modulo the following equivalence =, which mimics the struc-
tural equivalence on queues.

Definition 5.2 (o-trace equivalence =). The equivalence = on o-traces is the least equivalence
such that
w-pqIA-rsIV " = w-rs!A”-pg!A-w’ ifp#rorq#s

Network events are relative to a given participant p. They are pairs made of an o-trace
@ modulo = (notation w=), representing a queue modulo =, and of a p-event 7.

Definition 5.3 (Network events). (1) Network events p, p’, also called n-events, are pairs
(w=, 1) located at some participant p, written p :: (w=,1). We call w~ the queue and 1 the
p-event of p, respectively.

A ifp=p: .q!
(2) We definei/o(p) = {pq.A z.fp =P (@=,C-qih)
Pa?A ifp =g (w=C-p2A)
and we say that p is an output n-event representing the communication pq!A or is an input
n-event representing the communication pq?A, respectively.
(3) We denote by NE the set of n-events.
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In order to define the flow relation between an output n-event p :: (w=,C-q!A) and
the matching input n-event q :: (w=, C-p?A), we introduce a duality relation on projections
of action sequences, see Definition 5.5. We first define the projection of traces on partic-
ipants, producing action sequences (Definition 5.4(1)), and then the projection of action
sequences on participants, producing sequences of undirected actions of the form A and ?A
(Definition 5.4(2)).

In the sequel, we will use the symbol t to stand for either ! or ?. Then ptA will stand
for either p!A or p?A. Similarly, tA will stand for either !A or ?A.

Definition 5.4 (Projections). (1) The projection of a trace on a participant is defined by:
g'A-t@r ifp=rqld
€E@r =€ B-r)@r =p?A-t@r ifp=pr?A
T@r otherwise
(2) The projection of an action sequence on a participant is defined by:

) _[tA-CPr ifm=rtA
EPr =e (m-Q)rr = {CI"I’ otherwise

We use x to range over sequences of output actions and 9 to range over sequences of
undirected actions.

We now introduce a partial order relation 5 on sequences of undirected actions, which
reflects the fact that in an asynchronous semantics it is better to anticipate outputs, as
tirst observed in [MYHO09]. This relation, as well as the standard duality relation > on
projections, will be used to define our specific duality relation < >3 on projections of action
sequences.

Definition 5.5 (Partial order and duality relations on undirected action sequences). The
three relations 3, » and <>y on undirected action sequences are defined as follows:

(1) The relation 3 on undirected action sequences is defined as the smallest partial order such that:
- IA2A -8 920 Y
(2) The relation v on undirected action sequences is defined by:
EME Iy = NI ?2A.Yand 2A.9 LY
(3) The relation <>y undirected action sequences is defined by:
91 x>z O if V] > 8, for some 87, 97, such that 91 3 9] and 83 3 9]

For example !A; - 115 - ?2A3 $ ?A3 111 - Ay, which implies A1 - 145 - ?2A3 x4y 143241 - 245,
We may now define the flow and conflict relations on n-events.

Definition 5.6 (Flow and conflict relations on n-events). The flow relation < and the conflict
relation # on the set of n-events N& are defined by:
(1) @ n<n'=p:(ws,n) <p:(wsn)
(b) (w@p -Orqx™y (w@q -C")rp and (T'-p?A)Pp 3 (C7-p?A-x)Pp for some L and
X=>p:(ws,C-qA) <q:(ws, T -p?A);
(2) n#n’ = p (v, N)#p i (w=,1).

Clause (1a) defines flows within the same “locality” p, which we call local flows, while
Clause (1b) defines flows between different localities, which we call cross-flows: these are
flows between an output of p towards q and the corresponding input of q from p. The
condition in this clause expresses a sort of “weak duality” between the history of the output
and the history of the input: the intuition is that if q has some outputs towards p occurring
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in (', namely before its input p?A, then when checking for duality these outputs can be
moved after p?A, namely in x, because q does not need to wait until p has consumed these
outputs to perform its input p?A. This condition can be seen at work in Examples 5.10
and 5.11.
The reason for using the same o-traces when defining the flow and conflict relations is
that in the ES of a network they will be images through otr of the same queue.
For example, we have a cross-flow p < p’ between the following n-events, where
@ = pPQ!A;-pgldz - gs!As - gplAs:
p=p:(wsr?A-9?A3-9!1) < g (ws,PIA -P?A1-pP?A2-p?A) = p’
since in this case C = r?A4-q?Az and ¢’ = p!A”-p?A; - p?Ay, and thus, taking (" = p?A; - p?A;
and y = p!A’/, we obtain
(a)@pC)l"q =121 1A 243 2 ?2A5-1A1 - 1Ay > 1A3 244 -2A, = (a)@qC”)Pp
and
(@ -p2A)Pp = A -2A1- 24524 £ ?2A1 - 245 - 2A - I = (T -p?A- )PP

Whenp =p :: (ws,1) <q: (ws,n') = p’and p # q, then by definition p is an outputand
p’ is an input. In this case we say that the output p justifies the input p’, or symmetrically
that the input p’ is justified by the output p.

An input n-event may also be justified by a message in the queue. This is formalised
by the following definition.

Definition 5.7 (Queue-justified n-events). The input n-event p = q :: ((w-pg'A - @’)=, C-p?A)
is queue-justified if (W @p )P q x>y C'Pp and (C-p?A)Pp 2 (T -p?A-x)Pp for some L’ and .
The conditions (w@p) P q gy C'Pp and (C-p?2A)Pp 5 (C'-p?A-x) P p for some ('
and x ensure that the input will consume the shown message in the queue. For example,
if o = pg!A-pg!A, then both q :: (w=,p!A"-p?A) and q :: (w=,p'A"-p?A-p?A) are queue-
justified. On the other hand, if w = pg!A then q :: (w=, p?A - p?A) is not queue-justified.
To define the set of n-events associated with a network, we filter the set of all its
potential n-events by keeping only
— those n-events whose constituent p-events have all their predecessors appearing in some
other n-event of the network and
— those input n-events that are either queue justified or justified by output n-events of the
network.

Given a set E of n-events, we define the narrowing of E (notation nr(E)) as the greatest
tixpoint of the function fr on sets of n-events defined by:

feE(X) = {peElp=p:(ws,n-n) = Fp'€X.p’ =p:(wsn) and
(p is an input n-event = p is either queue-justified or justified by some p” € X))}
Thus, nr(E) is the greatest set X C E such that X = fg(X).

Note that we could not have taken nr(E) to be the least fixpoint of fg rather than its
greatest fixpoint. Indeed, the least fixpoint of fr would be the empty set.

We have now enough machinery to define the ES of networks.

Definition 5.8 (Event Structure of a network). The event structure of network N || M is the
triple:
SNIN | M) = (NENN [| M), <, #)

where
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(1) NEN || M) =nr({p :: (w=, 1) | @ = otr(M) and n € PEP) with p[ P ]| € N});
(2) <Nym is the restriction of < to the set NE(N || M),
(3) #Nym is the restriction of # to the set NE(N || M).

The following example shows how the operation of narrowing prunes the set of poten-
tial n-events of a network ES. It also illustrates the interplay between the two conditions in
the definition of narrowing.

Example 5.9 . Consider the network N || O, where N = p[q?A;r!A” ] || r[p?A" 1. The set of
potential n-events of SN(N || 0) is {p = (€,92A),p == (€,92A;r'A"),r == (e,p?A’)}. The n-event
p :: (e,9°A) is cancelled, since it is neither queue-justified nor justified by another n-event of the ES.
Then p :: (€,9?A; r'A") is cancelled since it lacks its predecessor p :: (€,Q?A). Lastly r :: (e, p?A’) is
cancelled, since it is neither queue-justified nor justified by another n-event of the ES. Notice that
p :: (e,9?A; r'A") would have justified r :: (e, p?A"), if it had not been cancelled. We conclude that
NE(N || 0) = 0.

Example 5.10 . Consider the ES associated with the network N || 0, with
N =pl[q!A;q?A;qlA; q?A" [ 11 gl p!A’; p2A; pIA7; p?A ]l
The n-events of SV (N || 0) are:

p1=p :(e,q!A) py =9 :(e,p!1)
p2=p:(,9'A-q?A") py =4 (€,p!A - p?A)
p3=p:(,9'A-9?A"-qlA) p5 =0 :(e,p!A -p?A-plA)
pa=p:(e,qA-g?A”"-qlA-g?A") py=q:(€,p!A -p?A-plIA - p?A)

The flow relation is given by the cross-flows py < p}, p3 < p}, p] < P2, p5 < pa, as well as by the
local flows p; < pjand p; < p;. foralli,jsuch thatie€(1,2,3}, j€({2,3,4} and i < j. The conflict
relation is empty.
The configurations of SN (N || 0) are:
{1t et Aev eyt Al p2b e el eyt {p1 01, 2, 05
{p1, 1 P23 Ap1 P15 P53V AP P P2, 5 P3P, PY P2, 05, P30 {01, P, P2, P P3, P3)
{o1, 01, P2, 3 3,05, P4} {P1, P P2, PS03, 05 P {P1, DY, P2, P2 P35 05 P P

The network N || @ can evolve in two steps to the network:
N | M =pl[q?A’;q!A;q?A” [T all p?A; p!A; p?A T <P, A, a) - €9, A, p)
The n-events of SN (N || M) are:

ps =P (w=,q?1) ps =q: (w=,Pp?A)
Pe =P = (w=,q?A"-q!A) P = (w=,p?A-plA))
p7 =P (w=,q?A"-q!A-q?A") Py =q: (ws,P?2A-pIA"-p?A)

where w = pq!A-qp!A’. The flow relation is given by the cross-flows pe < p7, , py < p7, and by
the local flows p; < p;j and p] < p;. forall i, j such that i € {5,6}, j € {6,7} and i < j. The input
n-events ps and p, which are the only ones without causes, are queue-justified. The conflict relation
is empty.

The network N” || M can evolve in five steps to the network:

N” || M7 =qlp?A] I <p, A, Q)

The only n-event of SN(N” || M”") is q :: (pq!A, p2A).
Example 5.11. Let N = p[q!'A;; MA@ q!'Ax AT | all p?A1 + p?A2 [ | rL p?A 1. The n-events of
SN(N || 0) are:
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p1=p :(€,q!A1) Pi =q:(e,p?A1)
p2=p:(e,q!Ag-1A) Py =q:(€,p?A2)
p3 =p:(e,q!Ay) py =r:(ep?A)
pa=p:(€,Qq!A2-rA)
The flow relation is given by the local flows p1 < p2, p3 < pa, and by the cross-flows p1 < p},
p2 < pi’, p3 < Py P4 < pi’. The conflict relation is given by p1# p3, p1# pa, p2# p3, p2 #pa and
p7 #p5. Notice that py and py are conflicting causes of py'. The configurations are
b Apup2t Apv eyt Apvp2.pilt Apup2pYt A1 p2, 0107}
{p3} {03, pa} {ps, p3} {p3, pa, p3} {p3, pa, p{'} {p3, pa, p, p7'}
The network N || M can evolve in one step to the network:
N/ I M = p[ AT Il p2As +p2A2 Tl Al p2A T 1l (P, A1, @)
The n-events of SN(N” || M) are ps = p :: (w, '), p; =4 (w,p?A) and p} =1 (w,p?A),
where @ = pg!Ay. The flow relation is given by the cross-flow ps < py. Notice that the input
n-event p is queue-justified, and that there is no n-event corresponding to the branch p?A, of
q, since such an n-event would not be queue-justified. Hence the conflict relation is empty. The
configurations are
fpst  dpsb dps,pyb  Hps.pdt ps py p5)

It is easy to show that the ESs of networks are FESs.
Proposition 5.12. Let N || M be a network. Then SYIN|| M)isa flow event structure.

Proof. The relation < is irreflexive since:

(1) n<n' implies p = (w=,1) # P = (0=, 7);

(2) p # qimplies p :: (w=,C-q!A) # q :: (w=, T - p?A).

Symmetry of the conflict relation between n-events follows from the corresponding prop-
erty of conflict between p-events. [

In the remainder of this section we show that projections of n-event configurations
give p-event configurations. We start by formalising the projection function of n-events to
p-events and showing that it is downward surjective.

Definition 5.13 (Projection of n-events to p-events). The projection function proj(-) is defined
by:
oy = T ifp=p:(w=1)
Proje(p) = {undeﬁned otherwise
The projection function proj(-) is extended to sets of n-events in the obvious way:
projp(X) ={nldpeX. projp(p) =1}
Proposition 5.14 (Downward surjectivity of projections). Let
PIPT €N, SN(N || M) = (NEN || M), <, #) and S¥'(P) = (PE(P), <p, #p)
Then the partial function proj, : N6(N || M) — PE(P) is downward surjective.

Proof. Follows immediately from the fact that NE6(N || M) is the narrowing of a set of
n-events p :: (w=,n) with w = otr(M) and p[ P ]| € N and n € PE(P). ]

The operation of narrowing on network events makes sure that each configuration of
the ES of a network projects down to configurations of the ESs of the component processes.
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Proposition 5.15 (Projection preserves configurations). Let p[ P] € N. If X € C(SN(N || M)),
then proj,(X) € C(S”(P)).

Proof. Let X € C(SV(N || M)) and Y = proj,(X). We want to show that Y € C(S”(P)),

namely that Y satisfies Conditions (1) and (2) of Definition 3.3.

(1) Downward-closure. Let n € Y. Since Y = proj,(X), there exists p € X such that
p=p = (w=,n). Suppose i’ < 1. From Proposition 5.14 there exists p’ € NEN || M)
such that p” = p = (ws,7n’). By Definition 5.8(1) we have then p’ < p. Since X is
left-closed up to conflicts, we know that either p’ € X or there exists p”” € X such that
p” #p" and p” < p. We examine the two cases in turn:

- p" € X. Then, since " = proj(p’), we have n’ € proj,(X) = Y and we are done.

- dp” € X.p"”#p’ and p” < p. From p” #p’ we get p” = p :: (w=, 1) and " #1’. This
implies n”” #1. By Definition 5.8(2) this implies p#p’, contradicting the hypothesis
that X is conflict-free. So this case is impossible.

(2) Conflict-freeness. Ad absurdum, suppose there exist 1, € Y such that n#1’. Then, since

Y = proj,(X), there must exist p, p” € X such that p = p : (w=,n) and p’ = p = (w=,77'). By

Definition 5.8(2) this implies p # p’, contradicting the hypothesis that X is conflict-free. []

6. AsynNcHRONOUS GLOBAL TYPES

In this section we introduce our new global types for asynchronous communication. The
underlying idea is quite simple: to split the communication constructor of standard global
types into an output constructor and an input constructor. This will allow us to type
networks in which all participants make all their outputs before their inputs, like the
network of Example 2.4, whose asynchronous global types will be presented in Example 6.8.

Definition 6.1 (Global types). (1) Pre-sequential global types (pre-sgts) are defined coinduc-
tively by:

G u="d pqlme A;Gi | pg?A;G | End
where [ is non-empty and A # Ay, forall jh € I, j # h, i.e. labels in choices are all different.
The pre-sgt pq! Bic; Ai; G; specifies a send from p to q of one of the labels A;, followed by the
behaviour specified by G;. Dually, the pre-sgt pq?A; G specifies a read by q of the label A sent
by p, followed by the behaviour specified by G.

(2) The tree representation of a pre-sgt is a directed rooted tree, where: (a) each internal node
represents either a choice pq! Bie Ai; G;, in which case it is decorated by pq! and has as many
children as there are branches in the choice, or an input pq?A; G, in which case it is decorated by
pq? and has a unique child, and (b) the edge from pq! to the child G; is decorated by A; and the
one from pq? to the child G is decorated by A, and (c) the leaves of the tree (if any) are decorated
by End. The tree representation of End has a unique node which is a leaf.

(3) We say that a pre-sgt G is a sequential global type (sgt) if the tree representation of G is
reqular (namely, it has finitely many distinct sub-trees).

(4) Parallel global types (pgts) are defined by:

G:="G |GG
where G is an sgt.
(5) Asynchronous global types (agts) are pairs made of a pgt and a queue, written G || M.
(6) An asynchronous global type is simple if its pgt is an sgt, namely if it has the form G || M.
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G'Ir =0ifr ¢ play(G)

@P.,aA;Gitp ifr=p,

G119 ifr=qand|l|=1
Ui Aj; G,‘ r=

(Pa it Ay GITF =0 w p20;P, ifr=qand |l > 1and Gi 1q = Tp24;; P,

Gir ifr¢ {p,q}andr € play(G;) and G; [r =Gy I'r foralliel

p?A;GIr ifr=q

?A; G =
(pq )Ir {G M ifr# gandr € play(G)

(G111 G2) I'r = Gi I if r does not occur in G; for {i, j} = {1, 2}

Figure 2: Projection of pgts onto participants.

Given an sgt G, the sequences of decorations of nodes and edges on the path from the
root to an edge of the tree of G are traces, in the sense of Definition 2.3. We denote by Tr*(G)
the set of these traces. By definition, Tr"(End) = 0 and each trace in Tr"(G) is non-empty.

As may be expected, networks will be typed by agts, see Figure 4. A standard guarantee
that should be ensured by agts is that each participant whose behaviour is not terminated
can do some action. Moreover, since communications are split into inputs and outputs in
the syntax of agts, we must make sure that each input has a matching output in the type,
and vice versa. To account for all these requirements we will impose a well-formedness
condition on agts.

We start by defining the projections of pgts onto participants (Figure 2). We proceed
by defining the depth of participants in sgts (Definition 6.2) and the input/output matching
predicate (Figure 3). We can then present the typing rules (Figure 4). For establishing the
expected properties of the type system we introduce an LTS for simple agts (Figure 5) and
show that well-formedness of simple agts is preserved by transitions (Lemma 6.14).

This section is divided in two subsections, the first focussing on well-formedness and
the second presenting the type system and showing that it enjoys the properties of subject
reduction and session fidelity and that moreover it ensures progress.

6.1. Well-formed Global Types.

We start by formalising the set of players of pgts, which will be largely used in the
definitions and results presented in this section.

The set of players of a pgt G, play(G), is the smallest set such that:

play(pq! Eie Ai; Gi) = {p} U Uier play(Gi)
play(pa?A; G) = {q} U play(G)
play(End) = 0
play(G Il G’) = play(G) U play(G’)
The regularity assumption ensures that the set of players of a pgt is finite.

As mentioned earlier, the projection of pgts on participants yields processes. Its coin-
ductive definition is given in Figure 2, where we use 77 to denote any sequence, possibly
empty, of input/output actions separated by “;” (note the difference with the sequences C
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defined after Definition 4.1, where actions are separated by “.”).
The projection of an sgt on a participant which is not a player of the type is the inactive
process 0. In particular, the projection of End is 0 on all participants.
The projection of an output choice type on the sender produces an output process sending
one of its possible labels to the receiver and then acting according to the projection of the
corresponding branch.
The projection of an output choice type on the receiver q has two clauses: one for the case
where the choice has a single branch, and one for the case where the choice has more than
one branch. In the first case, the projection is simply the projection of the continuation of
the single branch on . In the second case, the projection is defined if the projection of the
continuation of each branch on q starts with the same sequence of actions 77, followed by
an input of the label sent by p on that branch and then by a possibly different process in
each branch. In fact, participant q must receive the label chosen by participant p before
behaving differently in different branches. The projection on q is then the initial sequence
of actions 77 followed by an external choice on the different sent labels. The sequence 7 is
allowed to contain another input of a (possibly equal) label from p, for example:
(PalA1; pq!A; pa?A; pa?As; pa?A &8 palds; paid’; pa?A; pa?Az; pa?A’) Iq =
P?A; (p?A1; P?A + p?Ag; p?A)

In Example 6.15 we will show why we need to distinguish these two cases.
The projection of an output choice type on the other participants is defined only if it pro-
duces the same process for all branches of the choice.
The projection of an input type on the receiver is an input action followed by the projection
of the rest of the type. For the other participants the projection is simply the projection of
the rest of the type.
The projection of a parallel composition of pgts on a participant r is undefined if r occurs
in both pgts and it is equal to 0 if r does not occur in any of them (because in this case we
may take G; to be any of the two pgts, since the projection of both of them on r yields 0).
We need to show that projection is well defined, i.e. that it is a partial function. The proof
is easier for pgts which are bounded according to Definition 6.2, see Lemma 6.5.

We discuss now how to ensure that each player will eventually do some communication.
We require that the first occurrence of each player of a pgt appears at a bounded depth
in all its traces. This condition is sufficient, as shown by the proof of progress for typed
networks (Theorem 6.20). To formalise it, we define the depth of a player p in an sgt G,
depth(G, p), which uses the length function | | of Definition 2.3, the function play given after
Definition 2.5 and the new function ord given below.

Definition 6.2 (Depth). Let the two functions ord(z, p) and depth(G, p) be defined by:

ord(z,p) = " ift="11-B-1oand 11| =n—1and p ¢ play(t;) and p € play(8)
P = 0 otherwise

_ [suplord(t,p) | T € Tr"(G)} ifp € play(G)
depth(G,p) = {0 otherwise
We say that a pgt G is bounded if depth(G, p) is finite for all sub-trees G of G and for all p.

To show that G is bounded it is enough to check depth(G, p) for all p € play(G), since for
any other p we have depth(G, p) = 0.
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Note that the depth of a participant which is a player of G does not necessarily decrease
in the subtrees of G. As a matter of fact, this depth can be finite in G but infinite in one of
its subtrees, as shown by the following example.

Example 6.3 . Consider G = rq!A; rq?A; G” where
G = palds; pa?As; rqlds; rg?As B pglds; pg?Ay; Gf
Then we have:
depth(G,r) =1 depth(G,p) =3 depth(G,q) =2
whereas
depth(G’,r) = o0 depth(G’,p) =1 depth(G’,q) =2
since pg!Az - pa?Az -pg!As - pq?A; - rq!Az € Tr(G’) for all n > 0 and sup{3 + 2n | n > 0} = co.
———

However, the depth of a participant which is a player of G but not the player of its
root communications decreases in the immediate subtrees of G, as stated in the following
lemma.

Lemma 6.4. (1) IfG = pq!®ic; A;; Giand r € play(G) and r # p, then depth(G, r) > depth(G;, r)
foralliel
(2) If G =pq?A; G and r € play(G) and r # q, then depth(G, r) > depth(G’, ).

We can now show that the definition of projection given in Figure 2 is sound.
Lemma 6.5. If G is bounded, then G 't is a partial function for all r.

Proof. It is enough to consider sgts. We redefine the projection | as the largest relation
between sgts and processes such that (G, P) €], implies:
i) if r ¢ play(G), then P = 0;
ii) if G = rq! Bje; A;; G;, then P = @iel q'A; Pyand (G;, P;) €l foralli € [
iii) if G = priA; G/, then (G, P) €l;
iv) if G = pr! Bie; A;; G; and |I| > 1, then P = 7> Lig;p?Ai; P; and (Gj, 7T p?A;; P;) €l for all
iel;
v) if G = pq! Bic; A;; G and r ¢ {p,q} and r € play(G;), then (G;, P) €|, foralli € I;
vi) if G = pr?A; G/, then P = p?A; P’ and (G’, P’) €l;
vii) if G = pqg?A; G’ and r # g and r € play(G’), then (G’, P) €.
We define equality & of processes to be the largest symmetric binary relation R on processes
such that (P, Q) € R implies:
(@) if P = @id p!A; P;, then Q = @id p'A; Q;and (P;, Q;) € Rforalli € I;
(b) if P = Li;p?A;; P;, then Q = Li;p?A; Q; and (P;, Q;) € Rforalli € L.
It is then enough to show that the relation R, = {(P,Q) | 3G. (G,P) €l; and (G, Q) €|}
satisfies Clauses (a) and (b) (with R replaced by R;), since this will imply R, € & Note
first that (0, 0) € R, because (End, 0) €], and that (0, 0) € & because Clauses (a) and (b) are
vacuously satisfied by the pair (0, 0), which must therefore belong to &.
The proof is by induction on d = depth(G, r). We only consider Clause (b), the proof for
Clause (a) being similar and simpler. So, assume (P, Q) € Ry and P = X¢p?A;; P;.
Case d = 1. In this case G = pr?A; G’ and P = p?A; P’ and (G’, P’) €l;. From (G, Q) €|, we
get Q =p?A; Q" and (G, Q') €lr. Hence Q has the required form and (P’, Q') € R;.

Case d > 1. By definition of |, there are five possible subcases.
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. l_iom (G, M)
H™ (End, @) [End] [IN]

Fom (pg?A; G, (p, A,q) - M)

FOm (Gi, M- {p,A;,q)) foralliel ifpq! @i A;G;is cyclic then M =0

[OuT]

HO™ (pq! Bier Ai; Gi, M)

Ho" (G, M Tplay(@))  H" (G, M Iplay(G)) M= Mplay(G) - M| play(G)

. [PAR]
HM @G G, M)

Figure 3: Input/output matching of pgts with respect to queues.

(1) Case G = pr!A;G" and (G’, P) €l,. From (G, Q) €], we get (G’, Q) €lr. Then (P,Q) € R;.

(2) Case G = pr'@jAj; Giand (Gj, p?A;; P;) €l foralli € Iand |I| > 1. From (G, Q) €|, we get
Q = 7 Lieip?A;; Qi and (G, T p?A;; Q) €l for all i € I Since (p?A;; P;, T p?A;; Qi) € Re
for all i € I, by induction Clause (b) is satisfied. Thus T =eand (P;,Q;) € R, foralli e I.

(3) CaseG = grlmjejA’; Gjwithq # pand P = p2A; T Ljesa?A’; Piand (G, P2A; 7T q?A’; P) €l

forall j € J. From (G, Q) €l we get Q = ?; Z]E]q?)\;.; Q;. and (Gj, ?; q?)\}; Q}) €l for
all j € J. Since (p?)\;?; q?A;.; P},?; q?)\}; Q}) € R, for all j € ], by induction Clause (b) is

satisfied. Thus 70 = p?4; 7 and (7 Q2 P, T q2A; Q) € R, forall j € .

(4) Case G = qs! Hj /\;.;G]- and r # s and r € play(G;) and (Gj, P) €l for j € . From
(G,Q) elrwe get (G, Q) €lr forall j € J. Then (P, Q) € K.

(5) Case G = gs?A;G" and r € play(G’). Then (G’, P) €l. From (G, Q) €l we get (G’, Q) €l:.
Then (P, Q) € R:. L]

To ensure the correspondence between inputs and outputs, in Figure 3 we define
the input/output matching of pgts with respect to queues. The intuition is that every input
should come with a corresponding message in the queue (Rule [IN]), ensuring that the input
can take place. Then, each message in the queue can be exchanged for a corresponding
output that will prefix the type (Rule [Ourt]): this output will then precede the previously
inserted input and thus ensure again that the input can take place. In short, input/output
matching holds if the inputs in the type are matched either by a message in the queue or
by a preceding output in the type. We say that an sgt is cyclic if its tree contains itself as
proper subtree. So the condition “if the sgt is cyclic then the queue is empty” in Rule [OuT]
ensures that there is no message left in the queue at the beginning of a new cycle and that
all messages put in the queue by cyclic sgts have matching inputs in the same cycle. Rule
[Par] requires the predicate to hold for all sgts of a parallel composition. In this rule we
use the projection of a queue on a set of participants P, defined as follows:

(P, 1,Q)- (MIP) ifqe?
ore =9 (P Ay MTP = {M rP otherwise
Note that if the pgt is projectable, then the queue is equivalent to the concatenation in any
order of its projections on the players of the sgts which are its components.
The double line indicates that the rules are interpreted coinductively [Pie02] (Chapter 21).
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The condition in Rule [Out] guarantees that we get only regular proof derivations, therefore
the judgement " (G, M) is decidable.
If we derive " (G, 0) we can ensure that in G || @ all inputs are matched by corresponding

outputs and vice versa, see the Progress Theorem (Theorem 6.20). The progress property
holds also for standard global types [DY11, CDCYP16].

The next example illustrates the use of the input/output predicate on a number of sgts
(both cyclic and not cyclic) and queues.

Example 6.6 . (1) The sgt qp?A; pq!A’; pq?A’ is inputfoutput matching for the queue {q, A, p), as
shown by the following derivation:

Hom (End, 0)
Hom (pg? A, {p, A, q))
HO™ (pglA’; pg?A’, 0)

HO" (ap2A;palA’; pazA’,(q, 4, p))
(2) Let G = pq!A; pqlA; pa?A; G. Then G is not inputjoutput matching for the empty queue.
Indeed, we cannot complete the proof tree for v (G,0), since G is cyclic, so we can-
not apply Rule [Out] to infer the premise +'" (G,{p,A,q)) in the following deduction:

Hom (G, (p, A, qY)
HOM (pq?A; G, (p, A, Q) - {(p, A, Q)
HomM (pq!A; pa?A; G, (p, A, Q)

Hom (G, 0)
(3) Let G’ = (pq!A1;pq?A1; G” B pq!da; pa?Ay). Then G is inputjoutput matching for the empty
queue, as we can see from the infinite (but regular) proof tree that follows:

l_iom (GI, @) l_iom (End, @)
H (pa?Ay G (R AL ) H (paRA2, (P, A2, )
l_iom (G,, @)
(4) Let Gy = pq!A; pg!A; pa?A; G and Gy = priA; pr?A; Go. Then Gy is not input/output match-
ing for the empty queue. Indeed, we cannot complete the proof tree for o™ (G, 0), since Gy is
cyclic, so we cannot apply Rule [Out] to infer the premise " (Gg,(p, A, Q)) in the following

deduction: ‘
HO (G, (p, A, Q)
HO™ (pg?A; Ga, (P, A, A) - (P, A, Q)
HO™ (palA; pa?A; Gz, (p, A, @)
o™ (G, 0)
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Instead, Gy is input/output matching for the empty queue:

l_iom (GZI (D)
O™ (pr2A; Ga, (p, A, 1))
|_i0m (GZ/ @)

Projectability, boundedness and input/output matching are the three properties that
single out the agts we want to use in our type system.

Definition 6.7 (Well-formed Asynchronous Global Types). We say that the agt G || M is well
formed if G | p is defined for all p, G is bounded and +"°" (G, M) is derivable.

Clearly, it is sufficient to check that G [ p is defined for all p € play(G), since for any
other pwe have Gp =0.

6.2. Type System.

We are now ready to present our type system. The unique typing rule for networks is
given in Figure 4, where we assume the agt to be well formed.
We first define a preorder on processes, P < Q, meaning that process P can be used where we
expect process Q. More precisely, P < Q if either P is equal to Q, or we are in one of two
situations: either both P and Q are output processes, sending the same labels to the same
participant, and after the send P continues with a process that can be used when we expect
the corresponding one in Q; or they are both input processes receiving labels from the same
participant, and P may receive more labels than Q (and thus have more behaviours) but
whenever it receives the same label as Q it continues with a process that can be used when
we expect the corresponding one in Q. The rules are interpreted coinductively since the
processes may have infinite (regular) trees.
A network N || M s typed by the agt G || M if for every participant p such that p[P]l € N
the process P behaves as specified by the projection of G on p. In Rule [NET], the condition
play(G) € {p; | i € I} ensures that all players of G appear in the network. Moreover it
permits additional participants that do not appear in G, allowing the typing of sessions
containing p[[ 0 ]| for a fresh p — a property required to guarantee invariance of types under
structural congruence of networks.

Example 6.8 . The network of Example 2.4 can be typed by G || @ for four possible choices for G:

PQ!A; gp!A’; pa?A; qp? A’ pPa!A; qp!A’;qp?A’; pg?A
ap!A’;pq!A; pa?A; gp?A’ ap!A’;pq!A; qp?A’; pg?A
P;<Q; foralliel P;<Q; foralliel
0<0[<-0] [ <-ourt] [ <-IN]
P,.p'Ai; Pi < D, plA; Q; Zielu]p?)\i} P; < Xiep?Mi; Q;

Pi<Glp; foralliel  play(G) C{piliel}
FILepll PiTI M: G I M

[NET]

Figure 4: Preorder on processes and network typing rule.
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pa! Bier Ai; G; || M o, Gk | M -{p, Ar,q) where k € I [Ext-Ourt]
pgzA
pa?A; G| (p, A, q) - M —— G || M [Ext-IN]

Gi ” M : <p/ Ai/q> i G; ” MI . <p/ /\i/ q> fOf all l € I p ¢ plaY(ﬁ)

; [IComMm-Ovur]
Pq! Bier Ai; Gi | M= pq! g A; G || M

GIMLE UM qeplay@)

; [IComMm-IN]
pa?A; Gl (p, A, Q) - M= pa?A; G’ || {(p, A, q) - M

Figure 5: LTS for simple agts.

since each participant only needs to do the output before the input. Notice that this network cannot
be typed with the standard global types of [HYC16].
The network N” || M of Example 5.11 can be typed by the agt
pa?As; prid; pr2A || M

The following proposition allows us to consider only simple agts in discussing proper-
ties of the type system. The proof immediately follows by the definition of projection and
the typing Rule [NEeT].

Proposition 6.9 . If - N || M : IT;c;G; || M, then N = ITig/N; and
FN; [| MTplay(Gi) : G; | MTplay(G;)
foralliel

Figure 5 gives the LTS for simple agts. It shows that a communication can be performed
also under a choice or an input guard, provided it has a different player.

More precisely, in Rule [IComM-Ourt], the premise guarantees that the communication
p of G; is independent from the choice. Notice that there are only two cases in which p
could be dependent from the choice: 1) if § were another communication performed by p,
which is excluded by the condition p ¢ play(f), and 2) if p were the matching input for the
output performed by the choice. The latter situation is excluded by the requirement on the
form of the queue, since in this case f would be an input by q of the last message inserted
by p in the queue, but this is not possible since this message is still on the queue after the
occurrence of 5. Similarly, in Rule [IComMm-IN], the condition q ¢ play(f) guarantees that
B is not another communication performed by the player g of the guarding input. Again,
the communication § in the premise must be able to occur as if it were performed after the
guarding communication, therefore it must use the queue that would result from executing
the guarding communication.

We say that G || M 5, G’ || M is a top transition if it is derived using either Rule
[ExT-Out] or Rule [ExT-IN]. We show that top transitions preserve the well-formedness of
simple agts:
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Lemma 6.10. IfG || M £> G’ || M is a top transition and G || M is well formed, then G’ || M’
is well formed too.

Proof. If the transition is derived using Rule [Ext-Ourt], then G = pq! & A;; G; and for some
k € I we have G’ = Gy and M’ = M- (p, At,q). We show that G || M- {(p, Ax, Q) is well
formed. Since G I'p is defined for all p, by definition of projection also Gy I'p is defined for
all p. Since G is bounded and Gy is a sub-tree of G, also Gy is bounded. Finally, +°" (G, M)
implies Fom (G, M -{p, A, Q) by inversion on Rule [Ourt] of Figure 3.

If the transition is derived using Rule [Ext-IN], then G = pg?A; G’ and the proof is
similar and simpler. ]

The following lemma detects some transitions of a simple agt from the projections of
its sgt.
Lemma6.11. (1) IfGlp = @iel q!'A; Py and G || M is well formed, then

G| M2 G M- (p, A, q) and Gi Tp = P forall i € I.
(2) IfG 1 q = Xigp?A; Pi and G || M is well formed and M = (p, A,q) - M’ for some A, then

I=1{k} and A = Apand G | M 2E25 G || M and G 1q = Py
Proof. (1) The proof is by induction on d = depth(G, p).
Case d = 1. By definition of projection (see Figure 2), G I'p = @, q!A; P; implies
G = pq! Bier A;; G; with G; I'p = P; for all i € I. Then by Rule [ExT-OuT] we may conclude
G I M G | M- (p, Ay, q) forall i € 1.
Case d > 1. In this case either i) G = rs! Bj¢; /\;.,' G; withr # porii) G = rs?A; G with s # p.
i) There are three subcases.
If s =pand|]| =1, say | = {1}, then G = rp!A];G;. By definition of projection and by
assumption G ['p = Gy rp D, a!A; Pi. By Lemma 6.4(1) depth(G, p) > depth(Gy, p). By
Lemma 6.10 Gy || M- (r, A}, p) is well formed. Then by induction

A ’ ’
Gy | M- (1, A7, pY 255 GI L M- (r, AL P - (p, Ai, @)

and G/ I'p = P;for alli € I. Since M- {r, 1,p) P, Ai, @) = M- {p,A;,Q) - (r, A}, p), by Rule

[IComm-Out] we get G || M LN rp!AL; Gl Il M-({p,A;,Q) for all i € I. By definition of

projection (rp!A}; G)) ['p = G’ ['p and so (rp'/\' )Mp =Piforalliel

If s = pand | ]I > 1, by definition of pro]ect10n and the assumption that G [ p is a
choice of output actions on q we have that G [ p = q!A;P with P = T Z]-ejr?/\;; Qj and
Gilp = q!A;E);r?)\};Q]- for all j € J. By Lemma 6.4(1) depth(G,p) > depth(G;, p) for
all j € J. By Lemma 6.10 G; || M-, A;.,S) is well formed. Then by induction G; ||
M5, 1, 8) LN G/l M- (r,\',s)(p,A, @) and G/ I p = Tr2A%;Q; for all j € J. Since
M-, A;, s)-(p,AqQ=M-(p,Aq)-(r, A;, s), by Rule [IComm-Out] we get

G|IM P, rp! Bjes /\;.; G;. [l M-<{p,A,Q). Lastly (rp! Bj¢; /\;.;G;.) Ip = E?ngr?/\;.; Qj since
G; p = ?;r?/\;; Qj. We may then conclude that (rp! & e/ /\};G}) 'p =P.

If s # p, then by definition of projection G [p = G; [ p for all j € ]. By Lemma 6.4(1)

depth(G, p) > depth(Gij, p) for all j € J. Then by induction G || M 2% G, ; | M- (p, A;, Q)
and G;;[p = P;foralli € Iand all j € J. By Rule [IComm-Our]
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1A
G| M 25 rstmie A5 Gi Il M- (p, 4, @)
for all i € I. By definition of projection (rs! &e; /\}; Gij)Ip =Gjjlp =P;foralliel
ii) The proof of this case is similar and simpler than the proof of case i). It uses Lemmas 6.4(2)
and 6.10 and Rule [IComm-IN], instead of Lemmas 6.4(1) and 6.10 and Rule [IComm-Our].
Note that, in order to apply Rule [[ComMm-IN], we need M = (r, A, s) - M’. This derives from
input/output matching of rs?A; G’ for the queue M using Rule [IN] of Figure 3.
(2) The proof is by induction on d = depth(G, q).
Case d = 1. By definition of projection and the hypothesis G I'q = X;p?A;; P;, it must be
G =pg?A;G" and |I| =1, say I = {k}, and A = Ay and G’ [ q = Py. Then by Rule [Ext-IN] we
deduce G || (p, A, q) - M 252 G | M.
Case d > 1. In this case either i) G = rs! Bj¢; /\}; G; withr # qorii) G = rs?A;G" with s # q.
i) There are two subcases, depending on whether s = q or s # . The most interesting case
is the first one, namely G = rq! &¢; /\}; G;. By definition of projection G [q = M je ]r?)\;; Qj
where G, [q = T r?/\}; Qj. By assumption G I'q = 2iciP?A;; P;, thus it must be either T=¢

or|l| =1,sayI = {kj, and 7 = p?/\k;?.

If 7 = €, we have thatr = pand | = [ and Al =Ajand Q; = P; for all i € [. This means that
G = pg!Bie A;; Giand G; [q = p?A;; Pi. Let M; = (p, A, q)- M where M = M’ -(p, A;,Q). By
Lemma 6.10 G; || M; is well formed for all i € I. By Lemma 6.4(1) depth(G, q) > depth(G;, q)

for all i € I. By induction hypothesis, G; || M; Par, G/ || Mand A = A; and G/ ['q = P; for

all i € I. This implies that |I| = 1, say I = {k}. Then G = pq!A; Gx and by Rule [[Comm-Our]
we deduce G || M b, G’ || M/, where G’ = pq!A; GI’{. Whence by definition of projection
Glq =Glq =p?A; Prand G’ 1q = G I'q = Py

If 7 = p?A,; 70 then G [ q = p?A; Py, where Py = n_’,-zje,rm;; Q. Let M; = (p,A,q)- M.
where M; =M -, )\},q). For all j € ], G; || M; is well formed by Lemma 6.10 and
depth(G, q) > depth(G;,q) by Lemma 6.4(1). By induction hypothesis we get A = Ax and

Gy Il M; 225 G || M; forall j € J. Let G’ = rq! @iy 1%, G/. Then G || M 225 G/ || M by

Rule [IComm-Out] and G’ }q = 70; Ljer2A% Q; = Py.

ii) The proof of this case is similar and simpler than the proof of case i). It uses Lemmas 6.4(2)
and 6.10 and Rule [IComMm-IN], instead of Lemmas 6.4(1) and 6.10 and Rule [IComm-Our].
Note that, in order to apply Rule [[ComMm-IN], we need M = (r, A, s) - M’. This derives from
input/output matching of rs?A; G’ for the queue M using Rule [IN] of Figure 3. ]

We can also detect the projections of an sgt from a transition of the simple agt obtained
by putting the sgt in parallel with a compliant queue.

Lemmas6.12. (1) IfG || M Pa, G’ || M and G || M is well formed, then M’ = M-{p, A, q)
and Gp = @idq!)\i,’Pi and A = Ay and G’ I'p = Py forsomek € Iand G[r < G’ [r for
allr #p.

2 IfGIM para, G’ || M and G || M is well formed, then M = {p,A,qQ)- M and G q =
pa?A; G’ 1q and GIr <G’ [r forallr #q.

Proof. (1) By induction on the inference of the transition G || M pad, G || M.
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Base Case. The applied rule must be Rule [Ext-Out], so G = pq! B¢y A;; G; and A = A, and
G’ = Gy for some k € I, and
i

pq! Eier A Gy | M 225 Gy [| M- (p, A, @)
By definition of projection G I'p = EB 7' GiTp and G’ ['p = Gi ['p. Again by definition
of projection, if r ¢ {p,qlorr=qand |[| =1, wehave GIr =G; [randsoG[r =G’ Ir. If
r=qgand|l|>1,thenG[q = ?,‘Zielp?/\i; Q; where G; I'q = ?;p?/\i; Q; foralli € I and so
Glqg <Gilq.
Inductive Cases. 1If the applied rule is [[ComM-Ourt], then G = st! Bj¢; /\}; Gjand G" =
st! Bjes /\;.,' G;. and

G/ M- (s, 1,0 255 GLIM (s, 1) je] p#s

st 8,y 1% Gy | M 255 sty 1) || M.
By Lemma 6.10 G; || M- (s, A;, t) is well formed. By induction hypothesis M’ - (s, /\}, t) =
M- (s, A;, t) - (p, A, @), which implies M’ = M- {(p, A, ). If p # t, by definition of projection
Glp =CGiIpand G;Ip =Gy I'p forall j € J. Similarly G’ [p = G} I'p and G; 'p =G} Ip
for all j € J. By induction hypothesis G; [p = @id g'A; Piand A = A and G I'p = Py for
some k € I. This implies G [p = @idql/\i; P;and G’ [p = P;.
If p=tand []| = 1 the proof is as in the previous case by definition of projection.
If p =tand |J| > 1, then the definition of projection gives G [ p = ?;Zjejs?/\}; Q;j and
— —
Gilp = ?,‘S?A};Qj and G’ [p = n';Zjejs?/\;; Q; and G; p = n';s?/\}; Q; forall j € J. By
induction hypothesis T =qlA; ?, which implies G [p =q!A; G’ [p.
For r ¢ {p,s,t} by definition of projection G [r = Gy [r and G; [r = Gy [r forall j € ].
Similarly G" [ r = G} [ r and G; ['r =Gj] [Ir forall j €] By induction hypothesis
Gy Ir <Gj I'r, which implies G [r <G’ [r.
For participant s we have G s = @jelt!/\;.; Gils < @je] t!/l;.;G;. s =G’ [s.
For participant t # p if |J| = 1 the proof is the same as for r ¢ {p,s,t}. If [J| > 1, then we
H
have G [t = E’;Zje,sm;.; R; where G; I't = ?;S?A;.; Rjand G’ 't = n';Zjejs?/\;.; R;. where
G;. M= 77);8?/\;.;12;.. From G; [t < G;. I't forall j € Jwe get? =7 and R; < R;. forall j €.
This implies G I't < G’ ['t.
If the applied rule is [[Comm-IN] the proof is similar and simpler.

(2) The proof is similar to the proof of (1). The most interesting case is the application
of Rule [IComMm-Ovur]

Gl M- (s, 1,0 225 GHIM (s, 4t je] q#s

st 8,y A Gy | M 225 stimie A5G| M
By Lemma 6.10 G; || M- (s, A;., t) is well formed. By induction hypothesis M - (s, A;., t) =
Pp,AqQ) - M -(s, /\;., t), which implies M = (p, A, q) - M. If q # t, by definition of projection
Glq=Glqand GjIq =G; [q forall j €] Similarly G"Tq = G] g and
G;. 'q = G} I'q forall j € . By induction hypothesis G1 [ q = pg?A; G} Iq. This implies
Glq =pa?A;G' Ip.

If g =tand |]| = 1 the proof is as in the previous case by definition of projection.
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If g = tand |J| > 1, then the definition of projection gives G [ q = ?;Zjejs?)\}; Q; and
Gjrq = ﬁ?s?)\};QJ- and G’ [q = 77);Zj€]S?A;.; Q;. and G;. rq = 77?3?)\}; Q;. forall j € J. By

induction hypothesis T =p?A; ?, which implies G 'q = p?qA; G’ [p.
The proof of G I'r < G’ [t forall r # q s as in case (1). []

The previous lemma will be used to show that transitions of well-formed simple agts
preserve projectability of their sgt components. The LTS preserves well-formedness if also
input/output matching is maintained.

Lemma 6.13 . If 0" (G, M) and G || M D> G/ || M, then viom (G/, M),

Proof. By induction on the inference of the transition G || M i G’ || M’ of Figure 5.
Base Cases. Immediate from Lemma 6.10.

Inductive Cases. Let G || M £> G’ || M’ with Rule [IComm-Ourt]. Then we get G =

Pq! Bier Ai; Gi and G” = pq! Big; A;; G) and G; || M- {p, A;,Q) LN G I M -{p,A;,q) for all
i € I. From Rule [Out] of Figure 3, we get Fom (G, M -(p, A;,q)) for all i € I. By induction
hypotheses for all i € [ we can derive " (G, M- {p, Ai,q)). Therefore using Rule [Our]
we conclude Fo" (G’, M’).

Similarly for Rule [IComm-IN]. ]

We are now able to show that transitions preserve well-formedness of simple agts.

Lemma 6.14 . If G || M is a well formed simple agt and G || M £> G || M, then G’ || M’ isa
well formed simple agt too.

Proof. Let f = pg!A. By Lemma 6.12(1) we have that G’ [ r is defined for all r € play(G).
Similarly for § = pg?A, using Lemma 6.12(2). The proof that depth(G”,r) is finite for all r
and G” sub-tree of G’ is easy by induction on the transition rules of Figure 5.

Finally, from Lemma 6.13 we have that G’ is input/output matching for the queue M’. []

The two clauses of the projection of an output choice on the receiver, see Figure 2, are
needed for the LTS to preserve projectability of well-formed simple agts, as the following
example shows.

Example 6.15 . Let G = pq!A; pg?A; G’, where G' = qriAy;qr?A;; pg?A & qridy; qr?dy; pg?A.
The simple agt G || {p, A, Q) is well formed. Assume we modify the definition of projection of
an output choice on the receiver by removing its first clause and the restriction of the second to
[/l > 1. Then G I'q is defined since (pqQ?A; G’) 1'q = p?A; (r'Ay; p?A & rlAy; p?A) has the required
shape. Applying Rule [IComm-Ourt] we get G || (p, A, Q) paA, pq!A; G’ || 0. The projection
(pPa!A; G’) 1'q would not be defined since G’ [ q = r!'Ay; p?A @ r!Ay; p?A does not have the required
shape.

By virtue of Lemma 6.14, we will henceforth only consider well-formed simple agts.

We end this section with the expected results of Subject Reduction, Session Fidelity [HYCO0S,
HYC16] and Progress [DY11, CDCYP16], which rely as usual on Inversion and Canonical
Form lemmas.

Lemma 6.16 (Inversion). If - N || M : G || M, then P < G I'p forall p[P] € N.
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Lemma 6.17 (Canonical Form). If + N || M : G || Mand p € play(G), then p[P] € N and
P<GTIlp.

Theorem 6.18 (Subject Reduction). If - N [| M : G || Mand N || M £> N || M’, then
GIME G M andr N | M -G || M.

Proof. Let p = pq!A. By Rule [SenD] of Figure 1, p[ @ielqmﬁ P; e Nand p[[ P, ] € N’ and

M = M-{p, Ar,q) and A = Ay for some k € I. Moreover r[R] € NiffrfR] € N’ forallr # p.

From Lemma 6.16 we get

(1) @ielqmi" P; < G I'p, which impliesG [p = @ielq!)\i,’ P! with P; < P} for all i € I from
Rule [ < -out] of Figure 4 , and

(2) R<Gr forallr# psuchthatr[R] €N.

By Lemma 6.11(1) G || M pak, Gy | M-(p, Ar,q) and Gi I'p = P;, whichimplies P, < G [p.

By Lemma 6.12(1) G I'r < G [r for all r # p. By transitivity of < we have R < Gy [r for all

r # p. We can then choose G’ = G.

Let B = pg?A. By Rule [Rcv] of Figure 1, q[[Zjejp?)\]-; Qjll € Nand q[Qx] € N’ and

M={p, A, q)- M and A = A forsomek € J. Moreover r[ R]] € Niffr[R] € N’ forallr # q.

From Lemma 6.16 we get

(1) XLigp?A;;Q; < G q, which implies G [ q = Xjep?Aj; Q; with I € Jand Q; < Q! for all
i € I from Rule [ < -IN] of Figure 4, and

(2) R<Gr forallr# qgsuchthatr[R] €N.

By Lemma 6.11(2), since M = {p, Ay, q) - M’, we get G || M LN G || M and I = {k} and

Gk 1'q = Q;, which implies Q; < G ['p. By Lemma 6.12(2) G I'r < Gy I'r forallr # q. By
transitivity of < we have R < Gy I'r for all r # q. We can then choose G” = Gg. ]

Theorem 6.19 (Session Fidelity). If + N || M : G || Mand G || M LA G’ || M, then
NI ME N M and e N MG M

Proof. Let p = pq!A. By Lemma 6.12(1) M’ = M -{(p,A,q), GIp = @iel pPIA; P, A = Ay,
G 'p =Pcforsomekeland G[r <G |r forallr # p. From Lemma 6.17 we get
N=p[P]I N’ and
(1) P= @id q!A;; P} with P} < P; for all i € I, from Rule [ < -out] of Figure 4, and
(2) R<Grforallr[R] € N”.
We can then choose N" = p[ P, ] [| N”.
Let p = pg?A. By Lemma 6.122) M = (p,A,q) - M’, G I'q = p?A;P, G" I q = P and
Glr <G’ [rforallr #q. From Lemma 6.17 we get N=q[ Q] || N” and
(1) Q=p?A; P’ + Q' with P’ < P, from Rule [ < -In] of Figure 4, and
(2) R<Grforallr[R] € N”.
We can then choose N" = q[[ P’ ] || N”. ]

We are now able to prove that in a typable network, every participant whose process
is not terminated may eventually perform an action, and every message that is stored in
the queue is eventually received. This property is generally referred to as progress.
Theorem 6.20 (Progress). If + No || Mo : Go || Mo, then the network Ny || My satisfies progress,
namely, if either N || M = No || Mo or No || Mo = N || M, then:
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(1) PIPT € Nand P # 0 imply N | M -5 N || M? with play(8) = {p};
(2) M =(p,A,q)- My implies N || M RN M

Proof. (1) If P is an output process, then it can always move. If P is an input process,
then by Subject Reduction (Theorem 6.18) + N || M : G || M for some G. We prove by

induction on d = depth(G, p) that G || M X, G’ || M’ with play(B) = {p}. This will imply

N | M 25 N7 || M by Session Fidelity (Theorem 6.19).
Case d = 1. Here G = gp?A; G'. Since G || M is well formed, this implies M =(q, A, q) - M’

by Rule [IN] of Figure 3. Then G || M N cY || M’ by Rule [Ext-IN] of Figure 5.

Case d > 1. Here we have either G = rs! B; A;;G; with r # p or G = rs?A; G”” with
S # p. By Lemma 6.4 this implies depth(G;,p) < d for all i € I in the first case, and
depth(G””, p) < d in the second case. Hence in both cases, by applying Rule [Ext-Out] or

Rule [Ext-IN] of Figure 5, we get G || M ﬁ—,> G” || M” with depth(G”,p) < d. By induction

G” || M’ ZF, G’ || M’ with play(B) = {p}. Therefore G || M LA G’ || M’ is the required

transition sequence.

(2) We define the input depth of the input pg?A in G, notation idepth(G, pg?A), by induc-
tion on G:

idepth(rs! mic; A;; Gi, pg?A) = 1+ max;eidepth(G;, pg?A)
1 if pg?A = rs?2’/

{1 + idepth(G’, pg?A) otherwise
Notice that " (G, (p, A,q) - M) implies that idepth(G, pg?A) is finite, since proof deriva-
tions are regular and only Rule [In] of Figure 3 adds messages to the queue.
By Subject Reduction (Theorem 6.18) - N || M : G || M for some G. We prove by induction

on id = idepth(G, p) that G || M %% G/ || M. This will imply N | M 254 N7 || A
by Session Fidelity (Theorem 6.19).
pg?A

Case id = 1. Here G = pq?A; G/, which implies G || M —— G’ || M; by Rule [Ext-In] of
Figure 5.
Case id > 1. By applying Rule [Ext-Ourt] or Rule [Ext-IN] of Figure 5 we get

GImb e m
T -pg?
and idepth(G”,pg?A) < id. By induction G” || M” LN cY || M’. We conclude
-7 -pg?A
GIMEP 6. m

The iteration of Theorem 6.20(2) ensures that each message in the queue is eventually
read. The input/output matching condition is needed to avoid orphan messages, i.e. mes-
sages which remain forever in the queue, as shown by Example 6.6(4). The boundedness
condition guarantees that each player of an sgt G occurs as player in every path starting
from the root of G. This fails for player r in the sgt of Example 6.3.

The proof of Theorem 6.20 shows that the desired transition sequences use only Rules
[ExT-Out] and [Ext-IN] and the output choice is arbitrary. Moreover the lengths of these
transition sequences are bounded by depth(G, p) and idepth(G, pg?1), respectively.

idepth(rs?A’; G’, pg?A) =
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7. EVENT STRUCTURE SEMANTICS OF ASYNCHRONOUS GLOBAL TYPES

We define now the event structure associated with a simple agt. The events of this ES will
be equivalence classes of pairs whose elements are particular traces. The first elements are
o-traces corresponding to the messages in the queue, as in n-events (Definition 5.3(1)). The
second elements are traces in sgt trees.

For traces 7, as given in Definition 2.3, we use the following notational conventions:

— We denote by 7[i] the i-th element of 7, i > 0.

— If i < j, we define 1[i... j] = t[i] - - - 7[]] to be the subtrace of 7 consisting of the (j —i + 1)
elements starting from the i-th one and ending with the j-th one. If i > j, we define
[i... j] to be the empty trace €.

If not otherwise stated we assume that 7 has n elements, so 7 = 7[1 ... n].
In the traces we want to require that every input matches a corresponding output. This
is checked using the multiplicity of pqt in 7, defined by induction as follows:
B B m(pat,7)+1 if f=pqgtA
m(pat,e) =0 m(pat,f-m) = {m(pq'l', 7) otherwise
where t € {!,?} (as in Definition 5.4).
An input of q from p matches a preceding output from p to q in a trace if it has the same
label A and the number of inputs from p to q in the subtrace before the given input is equal
to the number of outputs from p to g in the subtrace before the given output.
This is formalised using the above multiplicity and the positions of communications in
traces.

Definition 7.1 (Matching). The input 7[j] = pq?A matches the output t[i] = pq!A in 7, dubbed
ioc"j, ifi < jand m(pq!, 7[1...i — 1]) = m(pq?, t[1...j —1]).

For example, if T = pq!A; pg!A; pq!A; pg?A; pg?A, then 1 ™4 and 2 «*5, while no input
matches the output at position 3.

As mentioned earlier, o-traces will be used to represent queues and general traces are
paths in sgt trees. We want to define an equivalence relation on general traces, which allows
us to exchange the order of adjacent communications when this order is not essential. This is
the case if the communications have different players and in addition they are not matching
according to Definition 7.1. However, the matching relation must also take into account
the fact that some outputs are already on the queue. So we will consider well-formedness
with respect to a prefixing o-trace. We proceed as follows:

we start with well-formed traces (Definition 7.2);

we define the swapping relation >, which allows two communications to be interchanged
in a trace 7, when these communications are independentin the trace w - t (Definition 7.3);
then we show that >, preserves w-well-formedness (Lemma 7.4);

finally we define the equivalence =, on w-well-formed traces (Definition 7.5).

In a well-formed trace each input must have a corresponding output. We also need a
notion of well-formedness for a suffix of a trace w.r.t. the whole trace.

Definition 7.2 (Well-formedness).

(1) A trace T is well formed if every input matches an output in 7.
(2) A trace tis v'-well formed if v" - T is well formed.
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As an example, the trace T = pq!A-pq!A”-pg?A’ is not well formed since 2 ¢* 3. On the
other hand, 7 is pg!A’-well formed, since pg!A’ - 7 is well formed given that 1 ocP¥ 74,

Notice that any o-trace is well formed and any well-formed trace of length 1 must be
an output. A well-formed trace of length 2 can consist of either two outputs or an output
followed by the matching input.

Definition 7.3 (Swapping). Let T be w-well formed. We say that T w-swaps to 1/, notation
™, T, if

t=1l..i-1]--p - 1" v =1[1l..i-1]-p"-B-7" and

play(B) Nplay(f’) =0 and —|(i+|a)| T+ 1+ |wl)

For instance, if ® = pq!A and © = pq!A-pqg?A, then T w-swaps to 7/ = pg?A - pg!A because
the input in 7 matches the output in w.

Lemma 7.4 . If T is w-well formed and t>,7", then v’ is w-well formed too.

Proof. Lett = 7[1..i—1]-f-p"-71 and 7’ = 7[1...i = 1]-B’-f-71. We want to prove that
w - 7" is well formed. To this end, we will show that if § or " is an input, then it matches an
output that occurs in the prefix (w-7)[1...i =1 + |w]|] of w - 7’. Note that it must be g # 8,
since by hypothesis play(B) N play(g’) = 0.

Suppose p’ is an input. Since 7 is w-well formed, ’ matches an outputin (w-7)[1...i =1+
|wl|]- . This output cannot be f, since by hypothesis =(i + || «“ i+ 1+ |w|). Hence p’
matches an output which occurs in the prefix (w-7)[1...i =1 + |w|] of w- 7'

Suppose now = pg?A and m(pQg?, (w-7)[1...i — 1 + |w]|]) = m. Since 7 is w-well formed,
matches an output (w - 7)[j] = pg!A in the prefix (w-7)[1...i =1+ |w|]] of w-7. Then1 < j <
i+|wland m(pq!, (w-7)[1... j=1+|wl|]) = m. Since B # B’, also M(pq?, (w-T')[1...i+|w|]) = m.
Then g matches (w- 7)[j] alsoin w - 7’. [

From the previous lemma and the observation that if 7 is w-well formed and 7’ is
obtained by swapping the i-th and (i + 1)-th element of 7, then play(z’[i]) Nplay(t’[i+1]) = 0
and —(i + || «®7i+ 1+ |w|), we deduce that the swapping relation is symmetric. This
allows us to define =, as the equivalence relation induced by the swapping relation.

Definition 7.5 ( Equivalence ~, on w-well-formed traces). The equivalence =, on w-well-
formed traces is the reflexive and transitive closure of ;.

Observe that for o-traces all the equivalences =, collapse to =, and ~. C =, where =
is the o-trace equivalence given in Definition 5.2. Indeed, it should be clear that ~. C=
To show =~ #=, consider T = pq!A-pr!A’ and v/ = pr!A’-pg!A. Thent = v’ but t % 7
This agrees with the fact that o-traces represent messages in queues, while general traces
represent future communication actions.

Another constraint that we want to impose on traces in order to build events is that
each communication must be a cause of at least one of those that follow it. This happens
when:

— either the two communications have the same player, in which case we say that the first
communication is required in the trace (Definition 7.6);
— or the first communication is an output and the second is the matching input.
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We call pointedness the property of a trace in which each communication, except the last
one, satisfies one of the two conditions above. Like well-formedness, also pointedness is
parameterised on traces. We first define required communications.

Definition 7.6 (Required communication). We say that t[i] is required in 7, notation req(i, t),
if play(z[i]) € play(z[(i + 1) ... n]), where n = |t|.

Note that by definition the last element 7[#] is not required in 7.

Definition 7.7 (Pointedness). The trace 7 is tv’-pointed if T is ©’-well formed and for all i,
1 <i < n, one of the following holds:

(1) either req(i, )

(2) ori+ || ocT"Tj+ |7’ for some j > i.

Observe that the two conditions of the above definition are reminiscent of the two
kinds of causality - local flow and cross-flow - discussed for network events in Section 5
(Definition 5.6). Indeed, Condition (1) holds if 7[i] is a local cause of some 7[j], j > i, while
Condition (2) holds if 7[i] is a cross-cause of some 7[j], j > i.

Note also that the conditions of Definition 7.7 must be satisfied only by every 7[i] with
i < n, thus they hold vacuously for any single communication and for the empty trace. If
T = 11-p-p is T-pointed, then either play(g) = play(p’) or p’ matches  in 7’ - 7. Also, if a
trace 7 is 7’-pointed for some 7', we know that each communication in T must be executed
before the last one.

Example 7.8 . Let w = pq!A -rq!'A and T = pq!A - pg?A - rq?A. The trace t is not w-pointed, since
the output pq!A in 7 is not matched by any input in w - T (the input pq?A in T matches the output
pPQ!A in w) and it is not required in T because its player p is neither a player of pq?A nor a player of
rq?A. So the condition of Definition 7.7 is not satisfied for the output pq'A in t. Instead the trace
v = pg?A - rq?A is w-pointed, as well as the trace T = rq?A - pg?A.

Pointedness is preserved by suffixing.
Lemma 7.9 . If 7 is v'-pointed and © = 71 - T, then Ty is T’ - T1-pointed.

Proof. Immediate, since (7"-71)-72 = 7'+ (71-72) and 73 is a suffix of T and therefore its
elements are a subset of those of 7. []

Note on the other hand that if 7 is 7’-pointed and 7" = ’L’i -7}, then it is not true that 7} - 7
is 7]-pointed, because in this case the set of elements of 7/ - T is a superset of that of 7. For
instance, if ’L’i =€, 7, =pq!A and T = rsIA’ -rs?A’, then 7} - T is not Ti—pointed.

A useful property of w-pointedness is that it is preserved by the equivalence ~,,, which
does not change the rightmost communication in w-pointed traces. We use last(t) to denote
the last communication of 7.

Lemma 7.10 . Let T be w-pointed and T =, ©’. Then v’ is w-pointed and last(t") = last(z).

Proof. Let T =, t’. By Definition 7.5 7’ is obtained from 7 by m swaps of adjacent commu-
nications. The proof is by induction on the number m of swaps.
Case m = 0. The result is obvious.
Case m > 0. In this case there is 71 obtained from 7 by m — 1 swaps of adjacent communica-
tions and there are 8, f’, 72 such that

tp=1[l..i=1]-B-p 12 = Ta[l..i=1]-B' -T2 =17

and play(B) N play(f’) = 0 and —(i + |w| <« ™i+ 1+ |w])
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By induction hypothesis 71 is w-pointed and last(z;) = last(7).

To show that 7’ is w-pointed, observe that play(g) N play(g’) = 0 implies:

play(B) < play(8’) U play(t2) & play(p) C play(z2)

play(g’) < play(t2) < play(p’) C play(B) U play(t2)
From this we deduce req(i,71) < req(i,v') and req(i + 1,71) < req(i + 1,7’), so if
both 71[i] and 71[i + 1] are required in 7; we are done.

Otherwise, suppose that i+ || oc“™ j+ |w| where either req(j, 1) or j = n. If req(j, 71) then
alsoreq(j, v’), as wejust saw. Now, j cannot be i+1 since by hypothesis —(i+|w| oc“ ™ i+1+|wl).
This implies i + 1 + |w]| oc(”’]' + |w|. Similarly we can show thati+ 1+ |w| «c“"] + |w]|
implies i + |w| oc“”’j + |w|. Therefore 7’ is w-pointed.

To show that last(7) = last(7’), assume ad absurdum that 7, = €. Then 7¢[1...i = 1]- -’ is
w-pointed and thus, as observed after Definition 7.7, we have either play(B) N play(g’) # 0
ori+|w| cc®i+1+|wl|. Inboth cases  and ' cannot be swapped. Soit mustbe 7, # €. []

We now relate simple asynchronous global types with pairs of o-traces and traces.
Lemma 7.11. If G || M is a simple agt and w = otr(M) and t € Tr*(G), then t is w-well formed.

Proof. We prove by induction on 7 that +°" (G, M) implies that otr(M) - T is well formed.
Case T = B. If B is an output the result is obvious. If § = pg?A, by Rule [IN] of Figure 3, we
get M =(p,A,q)- M. Therefore w = pq!A -’ and w - is well formed.

Case t =B -t witht € Tr"(G’). If B = pg'A, then G = pq! Bj¢; A;; G; and A = Ay and G’ = Gy
for some k € I. From " (G, M) and Rule [Our] of Figure 3, we get " (G’, M-(p, A, q)). By
induction hypothesis on 7/, otr(M - (p, A, q)) - 7’ is well formed. So since otr(M - (p, A,Q)) =
w - Pq!A we get that w - 7 is well formed.

If B = pg?A, then G = pg?A;G’. From +o" (G, M) and Rule [IN] of Figure 3, we get
M =(p,A,q) M and +°" (G', M’). Let o’ = otr(M’). Then w = pq!A - @’. By induction
hypothesis on 7’ the trace @’ - 7’ is well formed. We want now to show that also the trace
" =w-t =pg'A-w’ -pg?A-1’ is well formed, namely that in 77 every input matches an
output. Note that the first input in 7"’ is 7”’[|w| + 1] = pg?A. This input matches the output
v’[1] = pq!A. For inputs 7”[i] with i > |w| + 1, we know that 7”[i] = (v’ - v")[i — 2], where
(" - 7")[i—2] matches some output (v’ - v')[j] in @’ - T’. Then t”’[{] matches t”’[j+1] if j < ||
and 7”[j + 2] otherwise. This proves that w - T is well formed. [

We have now enough machinery to define events of simple agts, which are equivalence
classes of pairs whose first element is an o-trace w (representing the queue) and whose
second element is a trace 7 (representing a path in the sgt component of the agt). The traces
w and 7 are considered respectively modulo = and modulo ~,,. The trace 7 is w-well formed,
reflecting the input/output matching of sgts with respect to queues. The communication
represented by an event is the last communication of 7.

Definition 7.12 (Global events). (1) The equivalence ~ on pairs (w, T) where T # € is w-pointed
is the least equivalence such that
(w,7) ~ (', T)ifw=zw and T =, T
(2) A g-event 0 = [w, 7]~ is the equivalence class of the pair (w,7). The communication of 0,
notation i/0(0), is defined to be last(t).
(3) We denote by GE the set of g-events.
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Notice that the function i/0 can be applied both to an n-event (Definition 5.3(2)) and to
a g-event (Definition 7.12(2)). In all cases the result is a communication.

Given an o-trace w and an arbitrary trace 7, we want to build a g-event [w, 7’]. (Defi-
nition 7.14). To this aim we scan 7 from right to left and remove all and only the communi-
cations 7[i] which violate the pointedness property.

Definition 7.13 (Trace filtering). The filtering of 7 - v’ by w with cursor at t, denoted by t [, v,
is defined by induction on T as follows:
efotT =7 (T BT = {T” [w(B-7') iff-7"is (w-T")-pointed

(o P otherwise

For example pg?A - qp?A [pqia € = PA?A [pgia € = € [pqia PG?A = pg?A. The resulting trace can
also be empty, as in QP?A [pqi1 € = € [pqi1 € = €. It is easy to verify that 7 [, 7’ is a subtrace of
7-7’, and that if 7 is w-pointed, then [, € = 7.

Definition 7.14 (G-event of a pair). Let T # € be w-well formed. The g-event generated by w
and t, notation ev(w, t), is defined to be ev(w, T) = [w, T[4 €]~.

Hence the trace of the event ev(w, 7) is the filtering of 7 by w with cursor at the end of 7.
This definition is sound since w = «’ implies [, " = 7[.r T". Moreover ev(w, T) enjoys a
useful property, as shown by the following lemma.

Lemma 7.15 . If ev(w, 1) is defined, then [, € # € and i/o(ev(w, 7)) = last(z [, €) = last(t).

Proof. Let T # € be w-well formed and 7 = 7’-f. Then g is (w-7’)-well formed by Def-
inition 7.2. This implies that g is (w-7’)-pointed by Definition 7.7, and thus 7[,€ =
(t"-B)[we = 1" [, p. This gives i/o(ev(w, 7)) = last(t [, €) = last(1). [

Since the o-traces in the g-events of a simple agt correspond to the message queue, we
define the causality and conflict relations only between g-events with the same o-traces.
Causality is then simply prefixing of traces, while conflict is induced by the conflict relation
on the p-events obtained by projecting the traces on participants (Definition 5.4(1)).

Definition 7.16 (Causality and conflict relations on g-events). The causality relation < and
the conflict relation # on the set of g-events G& are defined by:

(1) [w, 7]~ < [w,T']~ if T =4 T 71 for some T1;

(2) [w, 7]~ # [w,T']. ift@p #T' @p for some p.

Concerning Clause (1), note that the relation < is able to express cross-causality as well as
local causality, thanks to the hypothesis of w-well formedness of 7 in any g-event [w, T]-.
Indeed, this hypothesis implies that, whenever t ends by an input pg?A, then the matched
output pg!A must appear either in w, in which case the output has already occurred, or
at some position i in 7. In the latter case, the g-event ev(w, t[1...7]), which represents the
output pq'A, is such that ev(w, 7[1...71]) < [w, 7]~.. In fact, the statement ev(w, t[1...71]) <
[w, ]~ holds in general, also when t[i] and 7[n] are not a pair of communications in the
matching relation, as proved in Lemma 7.17.

As regards Clause (2), note thatif t =, 7/, thent@p = 7’ @p for all p, because =, does
not swap communications with the same player. Hence, conflict is well defined, since it
does not depend on the trace chosen in the equivalence class. The condition t@p #17' @p
states that participant p does the same actions in both traces up to some point, after which
it performs two different actions in 7 and 7’.
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Lemma 7.17 . Let [w, T]~ be a g-event. Then ev(w, t[1...i]) < [w, T]-.

Proof. If [w, 7]~ is a g-event, then 7[1 ... i] is w-well formed by Definition 7.12, which implies
thatev(w, 7[1...1])is defined. Let 7[i] = B, then[1...i][, € = 7’ - B for some 7’ by Lemma 7.15.
We want to show that 7 =, 7’79 for some 7¢. By Definition 7.13 7’ is a subtrace of
t[l..i—1]. Assume 7 =71 ... trand 7[l...i=1] = 71-B2- ... -Bx- Tk, where k > 1. If
k = 1 we are done. Otherwise, the filtering of 71-f2- ... - 7x - f by @ with cursor at
T1-P2- ... Prerases fr. Le. (t1-P2- ... ~Th—1 Pi) o Tk p = (T1-P2- ... Tk=1) [w Tk - B This
means that ;- 7 -fisnot (w-71-P2- ... - Tx—1)-pointed by Definition 7.13. Instead 7« - is
(W-T1-B2- ... Tk—1 - Pr)-pointed. So the failure of the pointedness property is due to k. By
Definitions 7.7and 7.3 71 -2 ... - i - Tk - p w-swaps (in several steps) to 71 - f2 - ... - Tk - B - Pr-
By iterating this argument forall §;,2 < j < k, weobtain 7[1...i] =, T1- ... - T, -f-f2- .

.. Bk
We conclude v = t[1...i]-t[i+1..n] =4, T -B-P2- ... - Pr-Tli+1..n] ]

We get the events of a simple agt G || M by applying the function ev to the pairs made
of the o-trace of the queue M and a trace in the tree of G. Lemma 7.11 and Definition 7.14
ensure that ev is defined. We then build the ES associated with a simple agt G || M as
follows.

Definition 7.18 (Event Structure of a Global Type). The event structure of the simple agt
G || M is the triple
S9(G || M) = (GG | M), <gims #aim)
where:
(1) SG | M) ={ev(w, 1) | w =otr(M) & T € Tr*(G)};
(2) <gjm is the restriction of < to the set GEs(G || M);
(3) #gym is the restriction of # to the set GE5(G || M).

Example 7.19. (1) Let G = pq!A; qp!A’; qp?A’;pq?A. Then GE(G || 0) = {61,...,04} where
o1 = [61 pq'/\]~/ O = [61 qp!/v]~/ O3 = [61 pQ'/\qp'/\lqp7/\l]~/ Oy = [61 pq'/\qp'/\’ pq7/\]~

(2) Let G1 = pq!A; prIA; pq?A; pr?A’. Then GE(Gq || 0) = {01,..., 04} where 61 = [€,pq!A]~,
02 = [€,pq!A - priA’]., 03 = [€,pq!A - pq?A]-, 64 = [€,pq!A - prIA” - pr2A/]..

(3) Let Gy = pq!A; priA/; pr2A’; pa?A. Then GE(G, || 0) = GE(Gq || 0).

(4) Let G} = pa?A;pr?A’. Then GE(G] || (P, A, Q) - (P, A, 1)) = {01,062} where 61 = [pQ!A -
priA’, pg?Al. and 6, = [pq!A - prIA’, pr2A’]..

(5) Let G = pr?A’;pq?A. Then GE(G; || (p, A, ) - (p, A”, 1)) = GE(G] [ {p, A, @) - (P, A, 1)).

The following example shows that, due to the possibility of anticipating communica-
tions that are independent from a choice and to the fact that sgts are not able to represent
concurrency explicitly, two diverging traces in the tree representation of G do not necessar-
ily give rise to two conflicting events in G&(G || M).

Example 7.20 . Let G = pq!A; rs!(A1; pq?A; rs?A1 + Ay; pq?A;rs?A,). Then GE(G || 0) contains
the g-event [e,pq!A - pqQ?A]. generated by the two diverging traces of G:
pq!A-rsiA; -pg?A pq!A-rsiA; - pg?A

Note on the other hand that if we replace r by q in G, namely if we consider the sgt G’ =
Pa!A; gs!(A1; pa?A; qs?A1+A2; PQ?A; gs?Ay), then GE(G’ || 0) contains 6 = [€, pg!A - qs!A1 - pg?A]-~
and &' = [e,pq!A-qs!A, - pq?A].. Here O#06' because

(pq!A-gs!Ar-pg?A)@q = s!A - p?A # s!A,-p?A = (pg!A-gsiA, - pg?A)@q
So, here the two occurrences of pg?A are represented by two distinct events that are are in conflict.
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We end this section showing that the obtained ES is a PES.
Proposition 7.21. Let G || M be a simple agt. Then S9(G || M) is a prime event structure.

Proof. We show that < and # satisfy Properties (2) and (3) of Definition 3.1. Reflexivity and
transitivity of < follow easily from the properties of concatenation and the properties of the
two equivalences in Definitions 5.2 and 7.5. As for antisymmetry note that, by Clause (1) of
Definition 7.16, if [w, 7]~ < [w, ']~ and [w, 7]~ £ [w,T]~,thenT 71 =, T and 7/ -T2 =y, T
for some 71 and 7. Hence 7- 71 - 72 =, 7, which implies 71 = 72 = ¢,i.e. T &, 7'

The conflict between g-events inherits irreflexivity, symmetry and hereditariness from the
conflict between p-events. In particular, for hereditariness, suppose that [w, ]~ #[w, T']« <
[w,T”]~. Thent” =, T’ - 11 forsome i and 77 @p = (/- 11)@p = (' @p)- (11 @p)#T@p
since 7’ @p #T1@p. L]

8. EQUIVALENCE OF THE TWO EVENT STRUCTURE SEMANTICS

In this section we establish our main theorem for typed networks, namely the isomorphism
between the configuration domain of the FES of the network and the configuration domain
of the PES of its simple agt. To prove the various results leading to this theorem, we
will largely use the characterisation of configurations as proving sequences, as given in
Proposition 3.7. Let us briefly sketch how these results are articulated.

The proof of the isomorphism is grounded on the Subject Reduction Theorem (Theo-
rem 6.18) and the Session Fidelity Theorem (Theorem 6.19). These theorems state that if
FNIIM:G|| M, thenN || M5 N || M if and only if G || M5 G || M, and in both
directions + N” || M’ : G’ || M’. We can then relate the ESs of networks and simple agts
by connecting them through the traces of their transition sequences, and by taking into
account the queues by means of the mapping otr given by Definition 5.1. This is achieved
as follows.

If N || M5 and otr(M) = w, then the function nec (Definition 8.8) applied to w and
7 gives a proving sequence in S¥(N || M) (Theorem 8.11). Vice versa, if py;--+ ;pn is a
proving sequence in SN(N || M), then N || M5 N’ || M’ where T = i/o(p1)---i/o(pn) and
i/0 is the mapping given in Definition 5.3(2) (Theorem 8.12).

Similarly, if G || M = G’ || M’ and otr(M) = w, then the function gec (Definition 8.21)
applied to @ and 7 gives a proving sequence in S9(G || M) (Theorem 8.26). Lastly, if
01;...;0, is a proving sequence in S9G || M), then G || M > G’ || M/, where T =
i/0(61)- ... -1/0(0,) and i/0 is the mapping given in Definition 7.12(2) (Theorem 8.27).

It is then natural to split this section in three subsections: the first establishing the
relationship between network transition sequences and proving sequences of their event
structure, the second doing the same for simple agts and finally a third subsection in
which the isomorphism between the two configuration domains is proved relying on these
relationships.

8.1. Transition Sequences of Networks and Proving Sequences of their ESs.

We start by showing how network communications affect n-events in the associated ES.
To this aim we define two partial operators ¢ and 4, which applied to a communication f3
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and an n-event p yield another n-event p’ (when defined). The intuition is that p’ represents
the event p as it was before the communication f, or as it will be after the communication
B, respectively. So, in particular, if p is not located at play(p), its p-event will remain
unchanged under both mappings ¢ and ¢, and only its queue will be affected. We shall
now explain in more detail how these operators work.

The operator ¢, when applied to f and p, yields the n-event p’ obtained from p before
executing the communication f, if it exists. We call ¢ p the retrieval of p before B. So, if
B = pq!A and the queue of p ends with pq!A, the queue of p’ is obtained by removing pq!A
from the end of the queue of p. Moreover, if p is located at p, the p-event of p’ is obtained
by adding q!A in front of the p-event of p. If B = pg?A, the queue of p’ is obtained by adding
pg!A on top of the queue of p. Moreover, if p is located at q, the p-event of p’ is obtained by
adding g?A in front of the p-event of p.

The operator ¢, when applied to f and p, yields the n-event p’ obtained from p after
executing the communication f, if this event exists. We call 4 p the residual of p after . So,
if B = pq!A the queue of p’ is obtained from the queue of p by enqueuing pq!A. Moreover, if
p is located at p and its p-event starts with the action g!A, then the p-event of p’ is obtained
by removing this action, provided the result is still a p-event (this will not happen if the p-
event of p is a simple action, because in this case it will be consumed by the communication
p); otherwise, the operation is not defined for p located at p. If § = pq?A and the queue of
p starts with pg!A, the queue of p’ is obtained by dequeuing pq!A. Moreover, if p is located
at g and its p-event starts with the action p?A, the p-event of p’ is obtained by removing
p?A, if possible; otherwise, the operation is not defined.

Definition 8.1 (Retrieval and residual of an n-event with respect to a communication).

(1) (Retrieval of an n-event before a communication) The operator ¢ applied to a communication f3
and an n-event p is defined by cases on f5:
r:(ws,qA-n) ifr=p
IAO(r ‘pa'A)=, 1) = '
PGIA O (r:: (@ -paid)=, m) {r i (w=, 1) otherwise
r((pg!h-w)=,p?A-1) ifr=q
AO(r i (w=, = ]
PqzA O (r:: (=) {r (P! - W)=, 1) otherwise
(2) (Residual of an n-event after a communication) The operator & applied to a communication f3
and an n-event p is defined by cases on f:
r(w-pa'd),n’) ifr=pandn=qA-n
PAIA & (1 :: (ws, ) :{ H@epaitemn ) yT=p andn =it
r:((w-paid)=,n) ifr#p
r(ws,n) ifr=qandn=p?A-n
re(wsmn) ifr#q
Notice that in Clause (2) of the above definition n # €, see Definition 4.1. Observe also
that the operators ¢ and ¢ preserve the communication of n-events, namely i/0(f ¢ p) =
i/o(B ¢ p) =i/o(p).
The retrieval and residual operators on n-events induce (partial) mappings on o-traces,
which it is handy to define explicitly.

PA?A ¢ (r:: ((P9!A - w)=, 1)) = {

Definition 8.2 . The partial mappings p > w and  » w are defined by:
(1) pgiA> w-pg!A = w and pa?A > w = pg!A - w;
(2) pg'A » @ = w-pqiA and pg?A » pgid - @ = w.
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These mappings enjoy the following commutativity properties. In their proofs and
elsewhere we shall use the complement § of an input g defined by g = pg!A if f = pg?A.

Lemma 8.3 . Let play(f1) N play(z2) = 0.
(1) Ifboth B1>w and By>w are defined, then p1> (B2 > w) is defined and B1> (B2 > w) = P2> (B1 > w).
(2) If both By » w and By » (B1 > w) are defined, then B1 > (B2 » w) = P2 » (B1 > w).

Proof. (1) Since w; = B; > w is defined for i € {1, 2}, by Definition 8.2(1) @ = w; - f; when f; is
an output. Then from play(B;) Nplay(f2) = 0 we getw = @’ - f1 - f2 = @’ - B2 - f1 for some w’
when both 1 and f; are outputs. Using Definition 8.2(1) we compute:

' if both f1 and f3; are outputs

B1o (Bav @) = Pav (B> w) ={pi- Wi if B; is an input and f; is an output
B1-Po-w if both By and B, are inputs
(2) Since w, = B2 » w is defined, by Definition 8.2(2) w = B - w2 when B, is an input.
Since B2 » (B1 > w) is defined, w; = f1 » w is defined and by Definition 8.2 w = w; - ;1 when
p1is an outputand w = ﬁ_z -wo - P1 for some wp such that w; = E ~wo and wy = wg - f1, when
f1 is an output and B, is an input. Using Definition 8.2 we compute:
w1 - P2 if both f; and B, are outputs
Bio (Bab @) = fo » (Bro ) = @o ?f B1 ?s an f)utput and ﬁ% is an input
p1-w- Pz if By isan input and f, is an output

B1 - w2 if both f; and f; are inputs ]

Notice that the facts that both 1> and p, » w are defined and play(B1) Nplay(B2) = @ do not
imply that g, » (81 > @) is defined. As an example, consider the case where 1 is an output,
B2 is the complementary input, i.e. B2 = 1, and @ = f1, which gives f1>w = o » @ = €.
The problem here is that 1 » @ and f » @ consume the same output $; in the queue w,
hence they are not independent.

Using the mappings f>w and  » w, we can write the retrieval and residual of n-events
in a more concise (but less explicit) form, as stated in the following lemma which uses
the projection of o-traces on participants (Definition 5.4(1)). This form simplifies some
statements and proofs.

Lemma8.4. (1) Iffor :: (w=,n) is defined, then BT :: (w=,n) =1 = (B> W)=, @1 -1).
(2) Ifpor:(w= p@r -n)is defined, then &1 :: (w=,f@r -1) =1 ((B » W)=, 7).

An immediate consequence of this lemma is that the retrieval and residual operators
are inverse of each other.

Lemma 8.5. (1) If ¢ p is defined, then S ¢ (60 p) = p.
(2) If p ¢ p is defined, then B O (B ¢ p) = p.
Moreover, the retrieval and residual operators preserve the flow and conflict relations.
Lemma8.6. (1) If p < p’ and ¢ p is defined, then & p < O p’.
(2) If p < p’ and both B p and 5 & p" are defined, then 4 p < #p’.
(3) If p#p’ and ¢ p is defined, then O p#B O p’.
(4) If p#p’ and both B & p and B & p’ are defined, then B4 p#L ¢ p’.

Proof. (1) Since p < p” and 8 ¢ p is defined, also § ¢ p’ is defined. If p < p’, then
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— either p=p:(ws,n)and p’ =p : (ws, ') and n < 77,
—orp=p:(wsC-qiAd)and p’ =q: (ws, C-p?A)and (w@p-)Pq sy (w@q-C")Pp
for some " and yx such that (C"-p?A)Pp 3 (T -p?A-x)Pp.
In the first case by Lemma 8.4(1) it is easy to get the result.
In the second case we consider f = pg?A’, the proofs for other choices of  being similar
and sometimes simpler. By Definition 8.1(1) B¢ p = p :: (PQ!A” - w)=, C-q!A)and O p’ =q =
((Pg!A - W)=, p?A’ - T’ - p?A). Notice that (pg!AV -w)@p = gV -w@p and (pq!V -w)@q =
@ @q. Then, from (w@p-0)Pq x>y (w@Qq-C")Pp we get
Q- w@p-)Pq g (w@q-p?A"-C")Pp

since (w@q -p?A’-C")Pp 3 (P?A-w@q -C”)Pp. From (C'-p?A)Pp <5 (C7-p?A-x)Pp we
get (p?A"-C"-p?A)Pp S (P?A/-C"-p?A-x)Pp. We conclude fOp <Bop’.

(2) The proof is similar to that of Fact (1).

(3) Since p#p’ and ¢ p is defined, also ¢ p’ is defined. Let p = p :: (ws,7) and
p’ =p:(ws,n')and n#n'. Let p = qp?A, the proofs for other choices of § being similar and
sometimes simpler. Letting o’ = qp!A-w, we get fop =p = (wi,q?A-n) and fOp’ =p =
(wZ,q?A-1"). Since n#n" implies q?A-n#Qq?A-1', we conclude p O p#p 0 p’.

(4) The proof is similar to that of Fact (3). L]

We now show that the operators ¢ and ¢ applied to a communication f modify the
n-events of an ES in the same way as the (backward or forward) execution of f would do
in the underlying network.

Lemma8.7. Let N || M LA N’ [| M. Then otr(M) = B> otr(M’) and
(1) if p e NE(N' || M), then Bo p € NEN || M),
(2) if p e NEN || M) and B & p is defined, then p 4 p € NE(N” || M').

Proof. Let p = pq!A. From N || M i N’ || M" we get p[[ @idq!/\i}Pi]] e Nand p[Pr] € N’
with A = A forsomek e [and M’ = M-{p,A,q)and r[[ R, ] € Niff r[ R, ] € N’ for all r # p.

Let g = pg?A. From N || M £> N’ || M’ we get q[ Lie;p?A; Qi1 € N and q[ Qx ] € N’ with
A=A forsomekeland M={p,A,q)- M and r[R, ] e NiffrfR;]] € N’ forall r # q.
In both cases we get otr(M) = > otr(M").

(1) Assume p = r :: (w=,1) € NEN” || M’). By Definition 5.8(1) we have w = otr(M’).
Let " = otr((M) = B> w.
Let p = pg!A. By Definition 5.8(1) we have n € PE(Py) if r = p and n € PER,) if r # p.
By Definition 8.1(1) we get f0p =1 = (@i, Q'A-n)if r=pand fop =1 2 (wi,n) if r # p.
By Definition 4.3(1) q'A-n € %(@idq!/\i; P;) and n € PER,) if r # p. We conclude that
Bop € NEN || M) by Definition 5.8(1).
Let p = pg?A. By Definition 5.8(1) we have n € PE(Qy) if r = qand n € PERy) if r # q. By
Definition 8.1(1) we have fop = r =z (w%,p?A-n)if r=qand pop =r = (wi,n) if r # Q.
By Definition 4.3(1) p?A -1 € PE(Ligp?A; Qi) and 1 € PE(R,) if r # p. We conclude that
Bop e NEN || M) by Definition 5.8(1).

(2) Assume now p = :: (w=, 1) € NENN || M). By Definition 5.8(1) we have w = otr(M).
Let " = otr((M’) = f » w.
Let B = pg!A. If r = p and S #p is defined, then we get f¢p = r 2 (wL, 1) where =
g!A -1’ by Definition 8.1(2). By Definition 5.8(1) we have g!A-n" € %(@idql/\i; P;). By
Definition 4.3(1) ” € PE(Py). If r # p, by Definition 8.1(2) we have f¢p =r :: (wL,n). By
Definition 5.8(1) € PE(Ry). We conclude that ¢ p € NE(N’ || M’) by Definition 5.8(1).
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Let 8 = pq?A. If r = g and f 4 p is defined, then by Definition 8.1(2) we get ¢ p =1 :: (0%, 1)
where 17 = p?A-7/’. By Definition 5.8(1) we have p?A -1’ € PE(Xip?A; Qi) and i’ € PE(Qx)-
If r # p, by Definition 8.1(2) we have S 4 p = r :: (wZ, 7). By Definition 5.8(1) € PE(R,). We
conclude that g ¢ p € NE(N’ || M) by Definition 5.8(1). ]

We now define the total function nec, which yields sequences of n-events starting from
pairs of o-traces and traces. We use the projection given in Definition 5.4(1).

Definition 8.8 (n-events from pairs of o-traces and traces). We define the sequence of n-
events corresponding to w and 7 by
neC(C(), T) =pP1,0 s Pn
where
pi = Pi = (w=, 1) if {pi} = play(t[i]) and n; = 7[1...i] @p;

It is immediate to see that, if T = pq!A or © = pg?A, then nec(w, t) consists only of the
n-event p :: (w=,q'A) or of the n-event q :: (w=, p?A), respectively, because 7[1...1] = [1].

We show now that two n-events appearing in the sequence generated from a given
pair (w, T) cannot be in conflict. Moreover, from nec(w, t) we can recover 7 by means of the
function i/o of Definition 5.3(2).

Lemma 8.9. Let nec(w, ) = p1;--* ; Pn-
(1) If1 < k1 < n, then =(p#py);
(2) tli]l =i/o(p;) foralli,1 <i<n.

Proof. (1) Let p; = p;i = (w=,n;) for alli, 1 < i < n. If p; # p;, then p; and p; cannot be in
conflict. If pr = p;, then by Definition 8.8 either 1y < 1; or n < 1;. So in all cases we have

—(pi# p1)-
(2) Immediate from Definition 8.8. L]

The following lemma relates the operators ¢ and ¢ with the mapping nec. This will be
handy for the proof of Theorem 8.11.

Lemma8.10. (1) Let 7 = -7’ and w = fr «’. If nec(w,t) = p1;---; pn and nec(w’, v’) =
po; ;P then BO pl = p; foralli,2 <i<n.
() Lett = -7 and " = p » w. If nec(w, 1) = p1;-++ ; pn and nec(w’, ') = p};--- ; py, then
Bepi=p; foralli,2<i<n.
Proof. (1) Letp; = p; :: (w=,m;) foralli, 1 <i<nandp] =p; :: (w, 1)) foralli, 2 <i <n. Note
that t[i] = ©'[i—1]foralli, 2 < i < n. By Definition8.8n; = 7[1...i]l@p; = (B-7'[1...i-1])@p;
foralli,1<i<mnandn =7[l..i-1]@p; foralli,2 <i < n. Then by Lemma 8.4(1) we
have B¢ p! = p; = (B> @)=, f@p; 1)) = pP; = (w=,1;) = p;iforall i, 2 <i<n.
(2) From Fact (1) and Lemma 8.5(1). []

We end this subsection with the two theorems for networks discussed at the beginning
of the whole section.

Theorem 8.11. IfN || M 5 N || M/, then nec(otr(M), 7) is a proving sequence in SN (N || M).
Proof. The proof is by induction on 7. Let w = otr(M).

Case T = . Assume first that f = pg!A. From N || Mﬂ N’ || M" we getp[l @idq!/\i; P;JeN
with A = Ay for some k € I. Thus p[P;]l € N" and M’ = M- {p, A, q). By Definition 4.3(1)
glA € %(@idq!/\i; P;). By Definition 5.8(1) p :: (w=,q'A) € NEN || M). By Definition 8.8
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nec(w, B) = p1 = P = (w=, q!A). Clearly, p; is a proving sequence in SV (N || M), since p < p;
would imply p = p :: (w=, 1) for some 7 such that n < g!A, which is not possible.

Assume now that § = pg?A. In this case we get q[ Li;p?A;; Qi ] € N with A = A for some
kel ThusqQx]l € N and M =(p,A,q) - M’. With a similar reasoning as in the previous
case, we obtain nec(w,f) = p1 = q = (ws,p?A). Since w = pq!A-w’, where o’ = otr(M’),
it is immediate to see that p; is queue-justified. This implies that there is no event p in
NE(N || M) such that p < p1, and thus p; is a proving sequence in SV (N || M).

Case T = p- 1’ with v’ # €. In this case, from N || M SN || M we get

NI M-S N7 M5 N M

for some N, M"”. Let @’ = otr(M"). By Lemma 8.7 w = f» w’. Let nec(w, 7) = p1;--*; pn
and nec(w’,7’) = p);---;p;. By induction nec(w’, ') is a proving sequence in SN(N” ||
M”). By Lemma 8.10(1) ﬁOp} = pjforall j, 2 < j < n. By Lemma 8.7(1) this implies
pj € NENN || M) for all j, 2 < j < n. From the proof of the base case we know that
p1=p:(ws,p@p) € NEN || M) where {p} = play(5). What is left to show is that p1; -+ ; pu
is a proving sequence in S¥(N || M). By Lemma 8.9(1) no two events in this sequence can
be in conflict. Let p € N&E(N || M) and p < pj, for some h, 1 < h < n. As argued in the base
case, this implies 1 > 1. We distinguish two cases, depending on whether f 4 p is defined
or not.

If B ¢ p is defined, by Lemma 8.7(2) ¢ p € NE(N” || M”) and by Lemma 8.6(2) we have
pep<pepy Letp’ =p4p. By Lemma8.10(2) f4p; = p;. forall j, 2 < j < n. Thus we have

p" < p;. Since nec(w’, 7’) is a proving sequence in SN(N” || M), by Definition 3.6 there is
I < h such that either p” = p] or p’ #p; < p;. In the first case we have p = 0 p" = 0 p; = p;.
In the second case, from p’#p; we deduce p#p; by Lemma 8.6(3), and from p; < p; we
deduce p; < p, by Lemma 8.6(1).

If B ¢ p is undefined, then by Definition 8.1(2) either p = p; or p = p : (w=, 7 - ) with
n # p@p, which implies p#p;. In the first case we are done. So, suppose p#p;. Let
' = f@p. Since p and p; are events in NE(N || M), we may assume © = g!A and 7’ = !’
and therefore § = pq!A’. Indeed, we know that play(f) = p, and f cannot be an input qp?A’
since in this case there should be pg = p :: (w=, g?A) € N&(N || M) by narrowing, and the two
input n-events pg and p; = p :: (w=,q?A’) could not be both justified by the same queue w.
Note that p cannot be a local cause of py,, because p;, = p :: (w=, - C-1) would imply pj, # p1,
contradicting what said above. Therefore p is a cross-cause of pj, so p = p i (w=, - C" - r!'A”)
and p, = r  (w=,C" - p?A”). We know that p, = B0 p;. By Definition 8.1(1) we have
p, =1 ((w-p)=,C" - p?A”), because r is the receiver of a message sent by p and thus
by construction r # p = play(g). Since p; is an input n-event in NE(N” || M”), it must
either be justified by the queue w -  or have a cross-cause in NE(N” || M”). Since py, is
not justified by the queue w (because p < pj), the only way for p; to be justified by w - g
would be that priA” = g, thatisr = gand A”” = A/, and that (x) (w@p)rq x>z (P p and
@ -p2AYPp 2 (Co-p?A - x)Pp for some (y and x, see Definition 5.7. This means that
Co P p is the subsequence of C” P p obtained by keeping all and only its inputs. Now, if
p,=9: (w-p)=, " -p?A), then py = q :: (w=, " - p?A’). Since p = p :: (w=,q!A - T - q!A) is
a cross-cause of p,, we have (x+) (w@p -q!A-')Pg sy (w@q -Cq - X')Pp and (C” - p?A")P
p 5 (C-p?A - x)P p for some (7 and )’, see Definition 5.6(1)(b). It follows that the
inputs in (; P p coincide with the inputs in " P p and thus with those in o P p. From
(*) we know that all inputs in (p P p match some output in (w@p) P q. Therefore no
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inputin (w@q -y - ¥’) P p can match the output !4 in (w@p -q!A - ') P q, contradicting
(**). Hence p; must have a cross-cause in N&E(N” || M”). Let p’ be such a cross-cause.
Then p’ = p :: (w - B)=, G - I'A”). Since nec(w’, 7’) is a proving sequence in SN(N” || M),
by Definition 3.6 there is I < h such that either p” = pj or p’#p] < p;. In the first case
Bop' =Bop; = p1 < pn, and (BOp’)#p because fop" = p  (ws, 7" - G - A7) In the
second case, from p’#p; < p; we derive B0 p"#5¢ p; < 0 p; by Lemma 8.6(3) and (1).
This implies p; = 0 p; = p = (w=, 7" - T - r!A”). Hence p#p; < pj. ]

Theorem 8.12 . If py;--- ; py is a proving sequence in SV(N || M), then N || M S N || M
where T =i/0(p1) - - - 1/0(pn).

Proof. The proof is by induction on the length n of the proving sequence. Let w = otr(M).

Casen = 1. Leti/o(p1) = pwhere f = pg?A. The proof for = pg!A is similar and simpler. By
Definition 5.8(1) p1 = q :: (w=, C-p?A). Note that it must be C = ¢, since otherwise we would
have q :: (w=, C) € N&(N || M) by narrowing, where q :: (w=, C) < p1 by Definition 5.6(1)(a),
contradicting the hypothesis that p; is minimal. Moreover, p; cannot be justified by an
output n-event p € NEN || M), because this would imply p < p;, contradicting again
the minimality of p;. Hence, by Definition 5.8(1) p1 = q :: (w=,p?A) must be queue-
justified, which means that w = pq!A-@’. Thus M = (p, A,q) - M/, where otr(M’) = «’. By
Definition 4.3(1) and Definition 5.8(1) we have N = q[[ Z;;p?A;; Q; 1 || No where A, = A for

some k € I. We may then conclude that N || Mi al Qe 1l No | M = N" || M.

Casen > 1. Leti/o(p1) = pand N || M £> N || M be the corresponding transition as
obtained from the base case. We show that ¢ p; is defined forall j, 2 < j < n. If § ¢ p, were
undefined for somek, 2 < k < n, then by Definition 8.1(2) either p, = pj or py = p = (w=, 7-C)
with © # f@p, which implies py # p1. So both cases are impossible. Thus, by Lemma 8.7(2)
we may define P} =pep; € N6(N” || M”) forall j, 2 < j < n. We show that p7;---;p; isa
proving sequence in S¥(N” || M”). By Lemma 8.5(2) p; = f ¢ p} forall j, 2 < j <n. Then
by Lemma 8.6(3) no two n-events in the sequence p7;- - ; p, can be in conflict.

Letp € N6(N” || M”)and p < p; forsomeh, 2 < h < n. By Lemma 8.7(1) 0 p € NE(N || M)
and then by Lemma 8.6(1) o p < B0 p; = pn. Let p’ = B p. Therefore p” < p;. Since
p1;-+ ; pn is a proving sequence in SV(N || M), by Definition 3.6 there is I < h such that
either p’ = pj or p"#p; < pj,. Inthe first case, by Lemma 8.5(1) we getp = f 4 p" = B4 p; = p].
In the second case, by Lemma 8.6(2) and (4) we get p#p; < p;.

We have shown that p);---;pj, is a proving sequence in S¥(N” || M”). By induction

N7 || M N | M" where v = i/o(p})---i/0(p;). Let T =i/0(p1)- ... -i/0(pn). Since

i/o(p;) =i/o(p;)forall j,2 < j<n,wehavet =f-17". HenceN || Mi N || M LN N || M
is the required transition sequence. [

8.2. Transition Sequences of Global Types and Proving Sequences of their ESs.

We introduce two operators o and e for global events, which play the same role as the
operators ¢ and ¢ for network events. In defining these operators we must make sure that,
in the resulting g-event [w’, T']~, the trace 7" is w’-pointed, see Definition 7.12(1) and (2).

Let us start with the formal definition, and then we shall explain it in detail.
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Definition 8.13 (Retrieval and residual of a g-event with respect to a communication).

(1) (Retrieval of a g-event before a communication) The operator o applied to a communication f3
and a g-event § is defined by cases on f5:

[w,pq!A - 7] ifpq!A - T is w-pointed
[w, T]~ otherwise

pa'Ao[w-pqlA, 1]. = {

[PA!A - w,pg?A - 7]~ if q € play(T)
Ao |w, ]~ = { :
> [PaA!A - @, 7] if q ¢ play(t)
(2) (Residual of a g-event after a communication) The operator e applied to a communication  and
a g-event 0 is defined by cases on f:

P, Tl if TR PQIA - T with T
pq!Ao[a),T]N:{[w pqlA, T']. ift palA -’ with v/ # €

[w-pq!A, T].  if p ¢ play(t)
[, 7]~ if T =pguiw PA?A-T" and v # €
[w, 7]~ ifq ¢ play(r)

Note that the operators o and e preserve the communication of g-events, namely i/0(f00) =
i/o(Be0) =i/0(5). Itis also immediate to see that they transform the o-trace as the operators
¢ and ¢, see Definition 8.2. So we will explain only the transformation of the trace 7.

Consider first the case of pg?Ao[w, T]., which is the simplest one. To obtain the retrieval
of [w, T]~ before pg?A, we start by prefixing the trace 7 by the input pg?A. The resulting
trace will be w-pointed if and only if the added input is a local cause of some subsequent
communication, and this holds precisely when q € play(7). If this is not the case, then we
remove the new input pg?A from the trace. Consider now the case of pg!A o [w-pQq!A, 7]-.
Here we extend the trace as expected, but checking the pointedness condition is more
involved, since we need to check that the added output is either a local cause or a cross-
cause of some communication in 7. Note that we do not need to check that all the other
outputs in 7 still satisfy the 2nd condition of pointedness, since, letting v’ = w-pQg!A and
v = pq!A - 7, for any output rs!A occurring in T we have that the number of outputs from r
to s preceding it in w - 7’ is equal to the number of outputs from r to s preceding it in v’ - 7.
Therefore we could have replaced the condition “if pg!A - 7 is w-pointed "’ by the more
detailed (but equivalent) condition “if p € play(t) or 1+ |w| oc® P¥} T+ |w]| for some j > 17,
which only concerns the new output. If this condition is not satisfied, then the new
output is removed from the trace. For instance, for the g-event [pqg!A, pq?A]., where
w = pg!A and T = pg?A, we have p ¢ play(z), but 1 P31 PP?12 thus pg!A o [pg!A, pg?A]-. =
[e,pq!A-pg?A].. On the other hand, for the g-event [pq!A,rs!A’-rs?A’]., where w = pq!A
and 7 = rs!A’ -rs?A’, we have p ¢ play(t) and —(1 ocPH#A TS -12A" 9y and —(1 ocPAA - rSIA" 1874 3)
sopq!Ao[pq!A, rsiA’-rs?A’]. = [e,rs!A” - rs?A’].. Note that pg!A o [w, 7]~ is undefined when
the queue w does not end with pg!A, while pg?A o [w, 7]~ is always defined.

Next, consider the definition of pg!A e [w, 7].. If the first communication with player
p in 7 is the output pq!A, then this output can be brought to the head of the trace using
the equivalence =,. In this case, we obtain the residual of [w, 7]~ after pg!A by removing
the message pg!A from the head of the trace, provided this does not result in the empty
trace (otherwise, the residual is undefined). Then, letting @’ = w-pQq!A, it is easy to see
that the trace 7’ is w’-pointed, since it is a suffix of © = pg!A - 1" which is w-pointed (see
Lemma 7.9). On the other hand, if p ¢ play(t), then the residual of [w, T]. after pq!A is

Pa?A e [pgiA - w, 7] = {
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simply obtained by leaving the trace unchanged. In this case, letting again o’ = w-pq!A,
the w’-pointedness of 7 follows immediately from its w-pointedness, since 7 contains no
output from p to q and therefore the addition of the output pg!A at the end of the queue
does not affect the pointedness of 7. For instance, consider the g-event [pr!A’, pr?A’]. where
w = prIA” and T = pr?A’. Observe that p occurs in 7, but p ¢ play(tr). Then we have
pg!A e [priA/, pr2A’]. = [pr!A” - pq!A, pr2A’]..
The case of pg?A e [pg!A - w, T]- is entirely similar.

It is easy to verify that the definitions of o and e given in Definition 8.13 may be
rewritten in the more concise form given in the following lemma, which is analogous to
Lemma 8.4.

Lemma 8.14. (1) If o [w, 7]~ is defined, then (B> w) - B - T is well formed and
ﬁ © [a)/ T]~ = [ﬁ > a)/ﬁ r(ﬁm)) T]~
(2) If po|w, Bl 1]~ is defined, then w - B - T is well formed and
Belw,Blwrl. =[p» w, 1]

We shall now relate the operators o and e with the function ev, which builds g-events,
see Definition 7.14. To this end, we first prove the following lemma, which shows how the
filtering of a trace gets affected when the trace is prefixed by a communication.

Lemma 8.15. (1) Let f>w be defined and " = prw. Let T, T’ be such that ©’ is (w” - B - T)-pointed.
Then
(ﬁ : T) |—w’ T = ﬁ |-cu’ (T |—cu T,)
(2) Let p » w be defined and v’ = B » w. Let 7,7’ be such that v’ is (w - B - T)-pointed. Then
(ﬁ : T) [w T = ﬁ [w (T [o T,)

Proof. (1) We show (B-7) o T = B[a (t[w T') by induction on 7.
Case T = €. In this case both the LHS and RHS reduce to [, 7/, for whatever w.
Case T = v - p’. By Definition 7.13 we obtain for the LHS:
BB w7 = {(ﬁ T (F-r) i s (@ p-)-pointed
BT otherwise

By Definition 7.13 (applied to the internal filtering) we obtain for the RHS:

Bl (@ p)a ) = {ﬁ ke T BT TP s (o pointed

Blo (77" [0 T’) otherwise

We distinguish two cases, according to whether g is an input or an output.
Suppose first that § is an output. Then w = @’ - . The side condition, i.e. the requirement
that g’ - 7" be (w - 7”")-pointed, is the same in both cases. We may then immediately conclude
that LHS = RHS using the induction hypothesis.

Suppose now that 8 is an input. Then @’ = f-w. Observe that, since (w-7”) is obtained
from (@’ -B-7”) = (B-w-B-7") by erasing a pair of matching communications, (8’ -7’) is
(w-7"")-pointed if and only if (8’ - 7’) is (w’ - p-t”’)-pointed. Then we may again conclude
by induction.
(2) follows from (1) since B> (B » w) = w. L]
We may now prove the following;:

Lemma 8.16 . (1) If B> w is defined, then o ev(w, 1) = V(B> w,p - T).
(2) If T # € and B » w is defined, then p e ev(w,-7) = eV(f » w, 7).
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Proof. Definition 7.14 and Lemmas 8.14 and 8.15 with 7’ = € imply (1) and (2) since:

(1) poev(w, ) = polw,1[yel- by Definition 7.14
= [, B[w (t[o€)].  byLemma 8.14(1)

= [0, (B-7)[u €]~ by Lemma 8.15(1)

ev(w',p - 1) = [0, (B-7)[weEl~ by Definition 7.14

where @’ = > w
(2) peev(w,p-1) Belw,(B-1)[wel~ by Definition 7.14
Belw,flw(tle€)l. byLemma 8.15(2)
[, T [ €]~ by Lemma 8.14(2)

[, T [ €]~ by Definition 7.14

ev(w’, 1)
where 0’ = » w []

Lemma 8.17 is the analogous of Lemma 8.5 as regards the first two statements. The
remaining two statements establish some commutativity properties of the mappings o and
e when applied to two communications with different players. These properties rely on
the corresponding commutativity properties for the mappings > and » on o-traces, given
in Lemma 8.3. Note that these properties are needed for o and e whereas they were not
needed for ¢ and ¢4, because the Rules [IComMm-Out] and [IComm-IN] of Figure 5 allow
transitions to occur inside sgts, whereas the LTS for networks only allows transitions for
top-level communications.

Lemma 8.17 . (1) If f o 0 is defined, then 3 ® (3 0 6) = 0.

(2) If p @ O is defined, then p o (f ® 0) = 0.

(3) If both By o 0, B2 o 6 are defined, and play(B1) N play(B2) = 0, then By o (B2 o O) is defined and
Pro(Baod)=pro(p100).

(4) If both By @ O, B2 ® (B1 0 0) are defined, and play(B1) N play(B2) = 0, then B1 o (B2 @) =
p2e (B100)

Proof. Statements (1) and (2) immediately follow from Lemma 8.14. In the proofs of the
remaining statements we convene that “f is required in 71 - § - 72" is short for “the shown
occurrence of f3 is required in 71 - § - 72” and similarly for “f matches an inputin 71 - - 2”.
(3) Let 6 = [w, T]~. Since B; o 0 is defined for i € {1,2}, by Lemma 8.14(1) w; = fi> w is
defined for i € {1,2}. Then by Lemma 8.3(1) 1> (f2> w) = 2> (B1> w). Let @’ = f1 > (B2> w).
Using Lemma 8.14(1) we get for i € {1,2}
6i = fiolw, 7l = [w;, Bilw; TI~
Using again Lemma 8.14(1) we get
B2061 =Prolwi, Pilw Tl~ = [0, B2l (B1[w, DI~
Similarly
Pro 62 = p1olwy, falw, Tl = [0, f1[w (B2[w, D]~
We want to prove that
() Bilw (B2lw, T) = B2l (B1Tw, T)
In the proof of (*) we will use the following facts, where i,k € {1,2} and h # k:
@) BB T X PP T
(b) if By, - 7 is w’-pointed and By - T is not wi-pointed, then fy, - T is wy,-pointed;
(c) if By - T is wy-pointed and By - 7 is not wy-pointed, then B, - T is w’-pointed;
(d) Bn- k- Tis w’-pointed iff B, - 7 is wy-pointed and By - T is wy-pointed.
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Fact (a). We show that ), - B - T w’-swaps to Bk - B, - 7. By hypothesis play(B,,) N play(x) = 0,
soitis enough to show that f; does not match f;, in the trace w’-B,- Bt = (B> (Bx>@))-Bn-Pi-T-
Suppose that §, is an output and f is an input such that f; = . Since 8, = fj, 0 & is defined
and f, is an output, it must be w = wy, - fj,. Then, since 6y = o0 is defined and f is an input
and fx = B, we get B> w = @ = - wy - Py = Py wp - P Then o’ = By, > (B> w) = By - wp,.
Clearly, B matches the initial output 8, in the trace w’ - fj, - By - T since By is the first input in
the trace and the initial 8, is the first complementary output in the trace. Therefore fj does
not match its adjacent output fj,.

Fact (b). If B, is required in B, - T - a condition that is always true when f;, is an input and
Br - T is w’-pointed - then By, - T is wp-pointed for all wy.

We may then assume that ;, is an output that is not required in g, - 7.

If Bi is an output, then wy, = @’ - g. If B, matches an input in @’ - fj, - 7, then fj, matches the
same input in wy, - By, - 7, since play(B;) N play(x) = 0.

If By is an input, then @’ = By - w),. Suppose B, = pq!A and fi = rs?A’. Observe that it
must be p # r or q # S, because otherwise no input pg?A could occur in 7 since fy - 7 is not
wi-pointed, contradicting the hypotheses that f, - T is @’-pointed and fj, is not required in
By - T. Then the presence of f; = rs!A cannot affect the multiplicity of pg! or pg? in any trace.
Therefore, if ;, matches an input in @’ - B, - 7, then 8, matches the same input in wy, - fj, - 7.

Fact (c). Again, we may assume that 8, is an output that is not required in 8, - 7.

If Bi is an output, then wy, = @’ - Bi. If B, matches an input in wy, - By, - 7, then fj, matches the
same input in @’ - By, - 7, since play(B;) N play(fx) = 0.

If By is an input, then o’ = ﬁ_k -wy. Let By = pqlA and B = rs?A’. Again, it must be
p # ror g # S, because otherwise no input pg?A could occur in 7 since fi -7 is not wy-
pointed, contradicting the hypotheses that 8, - 7 is wj,-pointed and f}, is not required in fj, - 7.
Therefore, if ;, matches an input in wy, - B, - 7, then f;, matches the same inputin o’ - g, - 7.

Fact (d). From play(B,) Nplay(x) = 0 it follows that f, is required in fy, - By - 7 iff B}, is required
in By - 7, and similarly for . Let us then assume that 8, and B; are not both required in
Bn - Bk - T, 1.e., that at least one of them is an output not required in 8, - i - 7.
If both ), and i are outputs, then wy, = @’ - Bx. Then B, matches an inputin o’ - B, - i - 7 iff
Br matches the same input in wy, - By, - 7, since B, - Pr - T =or Pk - P - T by Fact (a).
Let B, = pg!A and i = rs?A’, where B, is not required in B}, - - . Then @’ = i - wy,
Therefore f, matches an input in @’ - fj, - f - T iff f, matches the same input in wy, - fj, - 7,
since By, - Bk - T *or Pk - Pr - T by Fact (a).
We proceed now to prove (*). We distinguish three cases, according to whether:
i) each B;- 7 is w;-pointed, fori = 1,2;

ii) no B; - 7 is w;-pointed, fori = 1,2;

iii) By, -t is wp-pointed and fi - T is not wy-pointed, for b,k =1,2 and h # k.
Case i). Suppose each ;- T is w;-pointed, for i = 1,2. Then 1 [ (B2[w, T) Ry P1lar P2 T
and Bo[w (B1[w; T) ®ar P2l 1 - T. By Fact (d) both 127 and B, - 1 - T are w’-pointed.
Then 1 [w B2+ T =er P1-P2-Tand o[ f1°T Ry f2-P1-7. By Fact(a) f1-B2- 7T ~o f2-P1- 7.
Case ii). Suppose no f;- 7 is w;-pointed, for i = 1,2. Then 1[4 (B2 [w, T) Ror P1ler T and
Bolaw (B1lw, T) =ar P2lwr 7. By Fact (b), no B;- 1 can be w’-pointed, for i € {1,2}. Hence
ﬁl |—w’ TR T Ry ﬁZ |—a)’ T.
Case iii). Suppose By, - T is wy-pointed and fy - T is not wy-pointed, for i,k = 1,2 and h # k.

45



Then B [o (BklTw, T) = Bnler T and Bxlo (Bulw, T o Prlor Pn - T By Fact (c) By~ 7 is
w’-pointed. Hence [ T =o Pn - 7. By Fact (d) - Br -t is not w’-pointed. Therefore
ﬁk |—a)’ ﬁh *T Ry ﬁh - T.

(4) Let 0 = [w, T]~. Since both , 6 and f, ® (51 o 0) are defined, by Lemma 8.14 both
B2 » wand B » (B1 > w) must be defined. Then, by Lemma 8.3(2) B2 » (81> @) = f1>(B2 » w).
So we set w” = 1> (B2 » w). Let w1 = f1 > w . By Definition 8.13(1) we get

[w1,B1- 7]~ if p1 - Tis wi-pointed
&5 = 5=
1=pre {[a)l, 7]~ otherwise
Let wp = B2 » w. By Definition 8.13(2) we get
(w2, U] if T =g P21’
&) = § =
2=F2e {[wz, t].  if play(B2) N play(r) = 0

The remainder of this proof is split into two cases, according to the shape of 0.
Case 07 = [wy, T]~. Then play(2) N play(7) = 0. By Definition 8.13(1) we get

[w,B1- 7]~ if B1 - Tis w'-pointed
Brody = , )
[, 7]~ otherwise
Since play(B2) N play(B1 - 7) = 0, by Definition 8.13(2) we get
[@,B1- 7]~ if B1 - Tis wi-pointed
pred1 =

We have to show that

(#+) p1 - 7is w’-pointed iff f; - T is w1-pointed
If B is an input, it must be required in 7 for both w’-pointedness and w;-pointedness, so
this case is obvious.
Let g1 = pqg!A.
If B> is an output, then @’ = wq - B2 by Definition 8.2(2). Since p, # pq!A’ for all A’, an input
Po in T matches B in wq - B2 - 1 - T iff it matches 1 in wq - f1 - 7.

If B> is an input, then w; = B - @’ by Definition 8.2(2). If B2 # pq?A’ for all A’, then an input
Bo in T matches By in @’ - By - T iff it matches By in By - @’ - By - 7. Let By = pa?A’ for some
A’. Since play(2) N play(t) # 0, there is no fp in T such that fp matches 1 in @’ - 1 - T or in
B2 @' - 1 - 1. This concludes the proof of (+).

Case 07 = [wy,T']~. Then t =, f2-7’. By Definition 8.13(1) we get
{[a)’,ﬁl -7']. if B1 - ' is w’-pointed
prodr = ;o :
[, 7]~ otherwise
and, since 0 = [w, 2 - T']~, by the same definition we get
_ [lw1,B1-P2-T']~ if B1- P2 T’ is wi-pointed
frod = {[wl,ﬁz -]~ otherwise
We first show that ;- f1 - 7" =4, 1 - P2+ 7'. Since B o 0 is defined, wy - f1 - B2 - T’ is well
formed by Lemma 8.14(1). So 81 cannot be a matching input for . To show that > cannot
be a matching input for f; observe that, if it were, then f; = B. Since f, ® (B; o 0) is defined
we have that w; = f; - @’ by Definition 8.2(2). Therefore ; cannot be a matching input
for B; in ﬁ_z ~@" - B1 - P2 -7/, since it is the matching input of the first ﬁ_z From this and
play(1) N play(Bz) = 0 we get that > - f1 - 7" =4, p1 - P2 - T'. Therefore
5 = [wi,B2-p1-T' ]~ if 1+ P21 is wi-pointed
Prod = {[a)l,p’z -] otherwise

[w, T]~ otherwise
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and by Definition 8.13(2)
predr = {

We have to show that

(+##) p1 -7 is w’'-pointed iff B1 - B2 - T’ is wi-pointed
Note that f; is required in 7’ iff it is required in 8, - 7’ since play(B2) N play(f1) = 0. Therefore
the result is immediate when f; is an input.
Let 1 be an output.
If B, is an output, then @’ = w; - B2 by Definition 8.2(2). Suppose that 1 - 7’ is w’-pointed,
where 7" = 1, - Bo - 7 and the shown occurrence of fo matches 1 in w1 - B2 - 1 - v'. Then,
since f - f1 - T’ R, P1- P2+ 7', we have that fp matches f1 in w; - f1 - 2 - 7’. In a similar
way we can prove that, if an input fp matches 1 in w; - f1 - f2 - T/, then fp matches f; in
a)l'ﬁz'ﬁl"[,. .
If B is an input, then w; = B - @’ by Definition 8.2(2). Suppose that ; - 7’ is w’-pointed
where T = () - B - ) and the shown occurrence of fy matches 1 in @’ - f1 - T’. Then B

[, B1-7T']~ if B1- P2 -7 is wr-pointed
[, T']-~ otherwise

matches By in B - @’ - B1 - B2 - T, since By is the first input in the trace and it matches the
shown occurrence of 8. In a similar way we can prove that, if an input o matches f; in
B2 -1 P21, then By matches f; in @’ - 1 - 7. Therefore (+ + +) holds. [

The next lemma shows that the retrieval and residual operators on g-events preserve
causality and that the retrieval operator preserves conflict. Itis the analogous of Lemma 8.6,
but without the statement corresponding to Lemma 8.6(4), which is true but not required
for later results. The difference is due to the fact that ESs of networks are FESs, while those
of simple agts are PESs. This appears clearly when looking at the proof of Theorem 8.12
which uses Lemma 8.6(4), while that of Theorem 8.27 does not need the corresponding

property.

Lemma 8.18 . (1) If 61 < 62 and B o 01 is defined, then o 51 < o 62.
(2) If 51 < O and both [ @ 51, B @ &, are defined, then 5 ® 61 < ff ® 0.
(3) If 61 #07 and both B o 81, p o O, are defined, then 5 o 61 #3 0 05.

Proof. (1) Since 61 < 0, and o 61 are defined, then also o 6, is defined. Let §; = [w, 7]~ and
02 =[w,7-7].. lf fo 01 = [0, 7] and f 0 62 = [, T T']. for some ’, then f 0 61 < f o bs.
Let fbe an output. Thenw = ’-p. If o1 = [, f-7]~, thenitmustbe fo oy = [0, f-T-T']-~.
Thus o 01 < fo 6. The only other caseis fo 01 = [0, 7] and o Oy = [0, B - T-7T']-.
Since fo 61 = [/, 7]+, B - T is not w’-pointed, so play(B)  play(t) and t does not contain the
matching input of B. Therefore f-7-1" =, T-f-7 and fody = [, -7 -]~ = [0, T-B-7T']~,
sopf o1 <poodn.

Let B be an input. If o6y = [+ w,B - 7], then it must be fo 6y = [B- w,B - T-7'].. We
get fo 01 < B oy The only other caseis fod; = [f-w,7]l.and fo &y = [B-w,p-T-T]-.
Iffod) = [E - w, T]~, then play(g) € play(7). Therefore -7t =z 7t-f-7 and fodp =

“Bw

B-w,p-1-T].=[f w1 B-T].,s50B08 <pod.

(2) Let 61 = [w,t]~ and &2 = [w,T-7T'].. If f @61 = [0, 7]~ and B ® 62 = [, T-T']. for
some w’, then f ® 61 < ® 6.
Letpbeanoutput. If T =, f- 71 with 7| # €, thenfe6; = [w-B, 1]~ and fed2 = [w-B, 71 - T']-~.
Therefore f @ 01 < f ® 6. Let play(f) £ play(t) and 77" =, - 72 with 75 # €. This implies
B-T2 ®w BT T, for some ;. It follows that 75 =, T- 7). Then we get f @ 61 = [w - f, 7]~
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and B e 6; = [w- B, 2]« = [w- B, T-7)]., which imply f e 5; < e b,.

Let g be an input. The proof is similar.

(3) Let 01 = [w, 7]~ and 07 = [w, 7]~ and T@p #7' @p. We select some interesting
cases.
Note first that t@p #1’ @p implies p € play(t) N play(z’).
If B is an output, then w = @’ -B. If both f-7 and f- 1" are w’-pointed or not w’-pointed,
then the result is immediate. If -7 is @’-pointed while f-1" is not w’-pointed, then
play(B) € play(z’). This implies p ¢ play(f). Similarly, if § is an input and play(g) C play(t)
while play(g) € play(t’), then p ¢ play(B). In both cases we get (8-7)@p = t@p #17' @p,
so we conclude B o 61 #p o 0,. [

The next lemma shows that the operator o builds g-events of a simple agt G || M from
g-events of the immediate subtypes of G composed in parallel with the appropriate queues,
as given by the input/output matching of Figure 3. Symmetrically, ® builds g-events of agts
whose sgts are subtypes of G starting from g-events of G || M.

Lemma8.19. (1) If 6 € &G || M- {p, A, q)), then
pPq!A o 6 € GE(PQ! Bier Ai; Gi || M) where A = Ay and G = Gy for some k € 1.
(2) If 6 € GG | M), then pg?A o 6 € GE(P?A; G |l (p, A, q) - M).
(3) If 6 € GE(PQ! Bics Ai; Gi || M) and pg! Ay e 6 is defined, then
pPq!A, @ 0 € GE(Gy || M- {p, Ak, Q)) where k € 1.
(4) If 5 € GE(PA?A; G || {p, A, Q) - M) and pg?A e 6 is defined, then pq?A e 6 € GE(G || M).

Proof. (1) By Definition 7.18(1), if 56 € GE(G || M- (p, A, q)), then 0 = ev(w-pQq!A, ) where
w = otr(M) and 7 € Tr*(G). By Lemma 8.16(1) pg!A o 6 = ev(w,pg!A - 7). Then, again by
Definition 7.18(1), pg!A o 6 € GE(pQ! Bicr Ai; G; || M) where A = A, and G = Gy for some
k € 1, since pg! A - T € Tr*(pq! Bier Ai; G)).

(2) Similar to the proof of (1).

(3) By Definition 7.18(1), if 6 € G&(pq!BiciAi; Gi || M), then d = ev(w, T) where w = otr(M)
and 7 € Tr*(pq! Bier Aj; Gi), which implies T &, pq!A; - t; with 7; € Tr*(G;) for some i € I. By
hypothesis pq!A,eois defined, whichimplies 7 =, pq!Ax - 7 and 74 # €. Then Lemma 8.16(2)
gives pq!A; @ 6 = ev(w - pq! Ay, Tx). We conclude that pq!A; e 0 € GE(Gy || M - (p, Ak, Q).

(4) Similar to the proof of (3). ]

Like ¢ and ¢, the operators o and e modify g-events in the same way as the transitions
in the LTS would do. This is formalised and proved in the following lemma, which is
similar to Lemma 8.7.

Lemma 8.20. Let G || M LA G’ || M. Then otr(M) = B> otr(M’) and
(1) ifo € GB(G" || M), then Bo 6 € GE(G || M);
(2) if 0 € GB&(G || M) and B e 0 is defined, then p 6 € GE(G” || M’).

Proof. We first show otr(M) = p» otr(M’). Let G || M LN G || M. If B = pq!A, then

by Lemma 6.12(1) M’ = M- (p,A,q). Thus otr(M’) = otr(M) - . If B = pg?A, then by

Lemma 6.12(2) M = {p, A, q)- M’. Thus otr(M) = -otr(M’). Therefore otr(M) = & otr(M’).
(1) By induction on the inference of the transition G || M i G’ || M, see Figure 5.

Base Cases. If the applied rule is [Exr-Ourt], then G = pq! Bier A;; G; and B = pq!Ax and
G’ = Grand M’ = M- {p, A, q) for some k € I. By Lemma 8.19(1) f 0 6 € G&E(G || M).
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If the applied rule is [Ext-IN], then G = pg?A; G’ and = pg?A and M = (p,A,q) - M’. By
Lemma 8.19(2) B o 6 € GE(G || M).
Inductive Cases. If the last applied rule is [IComm-Our], then G = pq! B A;; G; and

G’ =pq! Big; A;; G} and G; || M -{p, A;,Q) £> Gl || M"-{p,A;,q) foralli € I and p ¢ play(p).
By Definition 7.18(1) 6 € G&(G’ || M’) implies 6 = ev(w, ) where w = otr(M’) and 7 €
Tr*(G’). Then 7 = pg!A;-7" and 6 = [w, To]~ with 19 = (pq!Ax-7’) [, € for some k € I by
Definition 7.14. We get either 79 ~, pq!A- 1) or p ¢ play(to) by Definition 7.13. Then
PQ!A @ 6 is defined unless 7, = € by Definition 8.13(2). We consider the two cases.

Case 1), = €. We get o6 = [B>w, pq!A«]. since p ¢ play(f), which implies fo 6 € GE(G || M)
by Definition 7.18(1).

Case T, # € or p € play(to). Let " = pq!A, e 6. By Lemma 8.19(3) 6" € G&(G; | M’ -{p, Ak, O)).
By induction f o &' € GE(Gy || M- {p, A, Q). Since ¢’ is defined, Lemma 8.17(2) implies
pQ!A; 0 6’ = 0. Since f o &’ and pq!Ay o &” are defined, by Lemma 8.17(3) and p ¢ play(B) we
getpq!Ax o (Bod) =po(pq!Aiod’) =B od. By Lemma 8.19(1) pqiAi o (B o 0) € GE(G || M).
We conclude that g o 6 € GE(G || M).

If the last applied rule is [[Comm-IN] the proof is similar.

(2) By induction on the inference of the transition G || M £> G’ || M, see Figure 5.
Base Cases. 1f the applied rule is [ExT-Out], then G = pq!Bic;A;; Giand = pg!Ayand G” = Gy
and M’ = M- {p, Ak, Q) for some k € I. By assumption f 6 is defined. By Lemma 8.19(3)
BedeGEG | M).

If the applied rule is [Ext-IN], then G = pg?A; G’ and = pg?A and M = (p,A,q) - M’. By
assumption p e § is defined. By Lemma 8.19(4) ¢ 6 € GE(G’ || M).
Inductive Cases. If the last applied rule is [IComm-Our], then G = pq! B A;; G; and

G’ = pq! Big; A;; G} and G; || M -{p, A;,Q) E> Gl || M"-{p,A;,q) foralli € [ and p ¢ play(p).
By Definition 7.18(1) 6 € G&(G || M) implies 6 = ev(w, T) where w = otr(M) and 7 € Tr*(G).
Thent = pg!A;- v’ and 6 = [w, To]~ with 79 = (pq!Ak - T’) [, € for some k € I by Definition 7.14.
We get either 79 ~, pg!Ax-1( or p ¢ play(to) by Definition 7.13. Then pg!A; e 6 is defined
unless 7, = € by Definition 8.13(2). We consider the two cases.
Case 1, = €. We get o 6 = [B » w,pq!A]. since play(B) N play(pg!Ax) = @, which implies
peoe GG || M) by Definition 7.18(1).
Case T, # € or p ¢ play(to). Let " = pqg!A @ 6. By Lemma 8.19(3) 6" € GE(Gy || M- {p, Ak, O)).
By assumption f e  is defined. We first show that § e " is defined. Since f ® 6 and pq!A; e 6
are defined, by Definition 8.13(2) we have four cases:

(@) o = B 11 for some 71 and 70 =, P A - T(

(b) 70~ B-71 and p ¢ play(to);

(c) play(B) N play(to) = 0 and 79 ~, PA!Ak - T();

(d) play(p) N play(zo) = @ and p ¢ play(zo).
Letw’ = pq!Ax » w = w-pqiArand 0” = » @’.
In Case (a) we have 70 ~, B-pq!Ax- 1] ~0 PQ!Ag-B- 7] for some 7. Let 72 = f-7]. Then
6 = [w, pq!Ax - 2]~ and therefore 6" = [0’, T2]~ = [, B~ T{]~. Hence f o " = [0”, T]]-.
In Case (b) we have 6 = [w,f-11]~ and p ¢ play(f-71). Therefore 6’ = [«’,f-T1]~. Hence
ped =[w’, 11]~.
In Case (c) we have ¢’ = [0, (]~ and B @ & = [w”, T[]~ since play(B) N play(to) = 0 implies
play(B) N play(z() = 0.
In Case (d) we have &' = [w’, 70]~ and f @ &' = [w"”, T0]-.
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So in all cases we conclude that § e ¢ is defined.

By induction e 6’ € GE(G; | M'-{p, A, q)). By Lemma 8.19(1) pg!A, o (Bed’) € GE(G || M').
Since ¢’ is defined, Lemma 8.17(2) implies pq!Ax 0 6’ = 0. Since f o ¢’ and @ (pq! Ay 0 0’) are
defined and p ¢ play(B), by Lemma 8.17(4) we get pq!Ax o (B e 0’) = e (pq!A 0 0’) = fed.
We conclude that g e 6 € GE(G’ || M').

If the last applied rule is [[Comm-IN] the proof is similar. []

The function gec, which builds a sequence of g-events corresponding to a pair (v, 7),
is simply defined applying the function ev to w and to prefixes of 7.

Definition 8.21 (Global events from pairs of o-traces and traces). Let T # € be w-well formed.
We define the sequence of global events corresponding to w and 7 by

gec(w, 1) = 01;++ ; On
where 6; = eV(w, T[1...1]) forall i, 1 <i < n.

The following lemma establishes the soundness of the above definition.

Lemma 8.22 . If T # € is w-well formed, then:
(1) 7[1...1] is w-well formed for all i, 1 <i<n;
(2) ev(w, T[1...1]) is defined and i/o(ev(w, T[1 ...1])) = t[i] forall i, 1 < i < n.

Proof. The proof of (1) is immediate since by Definitions 7.1 and 7.2 every prefix of an
w-well formed trace is w-well formed. Fact (2) follows from Fact (1), Definition 7.14 and
Lemma 7.15. [

As for the function nec (Lemma 8.9), the g-events in a sequence generated by gec are
not in conflict, and we can retrieve 7 from gec(w, t) by using the function i/0 given in
Definition 7.12(2).

Lemma 8.23 . Let T # € be w-well formed and gec(w, t) = 61;-++ ; On.
(1) If1 <k,I <n,then =(0r #0;);
(2) li] =i/0(6;) foralli, 1 <i < n.
Proof. (1) Let 6; = [w, 7;]~ for all i, 1 <i < n. By Definitions 8.21 and 7.14 7; = 7[1...1] [, €.
By Definition 7.13 if 7;@p # ¢, then there are k; < i and 7/ such that play(z[k;]) = {p},
p ¢ play(t}) and 7; = 7[1...k; = 1] [, T[ki] - T}. By the same definition all 7[j] with j < k; and
play(z[jI) = {p} occur in 7;, in the same order as in 7. Theferore 7; @p is a prefix of T@p for
allpand all i, 1 <i < n. This implies that 7, @p cannot be in conflict with t;@p for any p
andany h,[,1 <h,l <n.

(2) Immediate from Definitions 8.21, 7.14 and Lemma 7.15. []

The following lemma, together with Lemma 8.22, ensures that gec(w, 7) is defined
when G || M5 G’ || M’ and w = otr(M).
Lemma8.24. IfG || M S G || M and @ = otr(M), then T is w-well formed.

Proof. The proof is by induction on 7.
Case T = B. If B = pq!A, then the result is immediate.

If B = pg?A, then from G || M LA G’ || M’ weget M =(p, A, q)- M’ by Lemma 6.12(2), which
implies @ = pg!A-@’. Then the trace w-f = pq!A-w’-pg?A is well formed, since pg?A is
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the first input of q from p and pg!A is the first output of p to g, and therefore 1 ¢ f|w| + 1.
Hence f is w-well formed.

Case 1 = B-7" with v # e. Let G| M LA G” | M LNy | M’ and o’ = otr(M”).

By induction 7’ is w’-well formed. If B = pg!A, then from G || M £> G” || M"” we get
M’ = M-{p, A,q) by Lemma 6.12(1). Therefore otr(M") = w-p = «’. Since 7’ is (w - f)-well
formed, i.e. w-pB-7" is well formed, we may conclude that © = -7’ is w-well formed.
If B = pg?A, as in the base case we get M = (p,A,q) - M” by Lemma 6.12(2), and thus
w = pg'A-w’. We know that 7/ is w’-well formed, i.e. @’ -1’ is well formed. Therefore we
have that pq!'A - @’ - pg?A - 7’ is well formed, since 1 «® *|w| + 1, and we may conclude that
T is w-well formed. []

The following lemma mirrors Lemma 8.10.

Lemma8.25. (1) Let 1 = -7 and w = > w'. If gec(w, ) = 01;---;0, and gec(w’, ') =
0%+ ; Oy, then Bo b = 06; foralli,2 <i<n.

() Lett =B-7" and o’ = B » w. If gec(w, T) = 61, ;0 and gec(w’,v') = 65;- - ; 6}, then
pedi=0! foralli,2<i<n.

Proof. (1) By Definition 8.21 6; = ev(w, - 7’'[1...1]) and 6] = ev(«w’, T'[1...1]) foralli,2 < i < n.
Then by Lemma 8.16(1) B o &7 = 6; foralli,2 <i<n.
(2) By Fact (1) and Lemma 8.17(1). L]

We end this subsection with the two theorems for simple agts discussed at the beginning
of the whole section, which relate the transition sequences of a simple agt with the proving
sequences of the associated PES.

Theorem 8.26 . If G || M 5 G || M, then gec(otr(M), 7) is a proving sequence in S9(G || M).

Proof. Let w = otr(M). By Lemma 8.24 7 is w-well formed. Then by Lemma 8.22 gec(w, 1)
is defined and by Definition 8.21 gec(w, ) = 01;-- ; 04, where 6; = ev(w, t[1...1]) for all i,
1 <i < n. We proceed by induction on 7.

Case T = B. In this case, gec(w, ) = 61 = ev(w, f). By Definition 7.14 we have ev(w, ) =
[w, B[w€]~. By Definition 7.13 [w, B [, €]~ = [w, B]~ since B is w-well formed.

We use now a further induction on the inference of the transition G || M ﬂ G || M, see
Figure 5.

Base Cases. The rule applied is [Ext-Out] or [Ext-IN]. Therefore g € Tr*(G). By Defini-
tion 7.18(1) this implies ev(w, ) € G&(G || M).

Inductive Cases. If the last applied Rule is [[ComM-Our], then G = pq! Bie; A;; G; and G’ =

PQ!Bier Ai; G7 and G; || M-(p, A;, Q) £> G || M"{p, A;,q) foralli € Iand p ¢ play(). We have
otr(M - {p, A;,q)) = w-pq!A;. By induction we get gec(w-pq!A;, f) = 8! = [w-pq!A;, Bl. €
&E(G; || M- {p, Ai,q)). By Lemma 8.19(1) pq!A; 0 6! € GE(G || M). Now, from p ¢ play(f) it
follows that pg!A; is not a local cause of §, namely =(req(1, pq!A; - f)). From Lemma 8.24 3 is
w-well-formed. So, if § is an input, its matching output must be in w. Hence pg!A; is not a
cross-cause of 8, namely —(1 + |w| oc® P38 2 +|w]). Therefore pg!A; - B is not w-pointed. By
Definition 8.13(1) we get pq!A; o 6] = [w, B]~ = 61. We conclude again that 6, € &SG M)
and clearly 6, is a proving sequence in S9(G || M) since f has no proper prefix.

If the last applied Rule is [I[Comm-IN] the proof is similar.
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Caset = B-7" witht’ # €. From G || MSG | M we get G || Mﬂ G’ IM' S G| M
for some G, M"”. Let @’ = otr(M”). By Lemma 8.24 7’ is ’-well formed. Thus gec(«’, T’')
is defined by Lemma 8.22. Let gec(w’, 7') = 6; - - - ; 6. By induction gec(«’, ') is a proving
sequencein SY(G” || M”). By Lemma 8.25(1) ; = podiforall j,2 < j < n. By Lemma 8.20(1)
this implies 6; € G&(G || M) for all j, 2 < j < n. From the proof of the base case we know
that 01 = [w, B]~ € G&(G || M). What is left to show that gec(w, 7) is a proving sequence in
SY(G || M). By Lemma 8.23(1) no two events in this sequence can be in conflict.

Let 6 € G&(G || M) and 6 < Ok for some k, 1 < k < n. Note that this implies j > 1. If f @ 6
is undefined, then by Definition 8.13(2) either 6 = 6; or 6 = [w, 7]~ with T %, B-7’ and
play(B) € play(t). In the first case we are done. In the second case 7 @ play(p) #p @play(B),
which implies 61 #06. Since 6 < O; and conflict is hereditary, it follows that 6; #0x, which
contradicts what said above. Hence this second case is not possible. If § ® 0 is defined, by
Lemma 8.20(2) B 6 € GE(G” || M”) and by Lemma 8.18(2) e 6 < f® O;. Letd’ = fe0.
By Lemma 8.25(2) f e 6; = 6} forall j, 2 < j < n. Thus we have ¢’ < ;. Since gec(w’, 7') is
a proving sequence in S9(G” || M), by Definition 3.6 there is i < k such that &’ = 0,. By
Lemma 8.17(2) we derive 6 = 0 0" = f00) = 0. [

Theorem 8.27 . If &;...; 6, is a proving sequence in S(G || M), then G || M 5 G || M where
T=i/0(51) ... -1/0(5y).

Proof. The proof is by induction on the length n of the proving sequence. Let w = otr(M).

Casen = 1. Leti/0(61) = . Since 6, is the first event of a proving sequence, it can have no
causes, so it must be 61 = [w, f].. We show this case by induction on d = depth(G, play(B)).
Case d = 1. If B = pg!A we have G = pq! Bie; Ai; G; with Ay = A for some k € I. We deduce

GIIM £, Gy || M-{p, A, q) by applying Rule [Ext-Out]. If B = pq?A we have G = pq?A; G'.
Since G || M is well formed, by Rule [In] of Figure 3 we get M = (p, A, q) - M’. We deduce
GIM LiNICY | M’ by applying Rule [Ext-IN].
Case d > 1. We are in one of the two situations:
(1) G =rs! mier A;; G; with r ¢ play(B);
(2) G =rs?A’;G” with s ¢ play(p).
In the first case, r ¢ play(f) implies that rs!A; e §; is defined for all i € I by Definition 8.13(2).
By Lemma 8.19(3) rs!A; e 61 € GE(G; || M -{p,A;,q)) for all i € I. Lemma 6.4(1) implies
depth(G, play(p)) > depth(G;, play(B)) for all i € I. By induction hypothesis we have G; ||
M-{p, A, Q) i G’ || M -(p,A;,q) for all i € . Then we may apply Rule [[Comm-Ourt] to
deduce
rs! Bier A Gy Il M D rst @iy ;G I M

In the second case, since G || M is well formed we get M = (r,A’,s) - M"” by Rule [IN]
of Figure 3. Hence w = rs!A’-w’. This and s ¢ play(B) imply that rs?A” e 6; is defined
by Definition 8.13(2). By Lemma 8.19(4) rs?A” @ 6; € G&(G” || M”). Lemma 6.4(2) gives
depth(G, play(B)) > depth(G”, play()). By induction hypothesis G” || M” LA G” || M.
Then we may apply Rule [ICommMm-IN] to deduce

rs?2A; G || (r, A", s) - M LA rs?2A7; G || (r, A, sy - M

Case n > 1. Leti/o(01) = B, and G || M i G” || M” be the corresponding transition as
obtained from the base case. We show that f e ; is defined for all j, 2 < j < n. If §  5; were
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undefined for somek, 2 < k < n, then by Definition 8.13(2) either 6y = 6 or 6 = [w, 7]~ with
T %4 B-7" and play(B) € play(t). In the second case @ play(p) # 1 @play(B), which implies
O #01. So both cases are impossible. If § ® §; is defined, by Lemma 8.20(2) we may define
6; =ped; € GG || M”)forall j,2 < j < n. Weshow thatd;--- ;0 is a proving sequence
in SY(G” || M”"). By Lemma 8.17(2) oj=po 6;. forall j, 2 < j < n. Then by Lemma 8.18(3)
no two events in this sequence can be in conflict.

Let 6 € GE(G” || M”) and 6 < 6 for some h, 2 < h < n. By Lemma 8.20(1) f o 6 and f 0 6,
belong to G&(G || M). By Lemma 8.18(1) o 6 < f 0 6;. By Lemma 8.17(2) f 0 6, = 0;. Let
8 = od. Then &’ < &, implies, by Definition 3.6 and the fact that S9(G || M) is a PES, that
there is | < h such that ¢" = 6;. By Lemma 8.17(1) we get6 = f e 6’ = 0 6, = 0.

We have shown that &};--- ;) is a proving sequence in S9(G” || M”). By induction

G” | M”55 G || M where T = i/0(8})- ... -i/0(8),). LetT = i/0(81)- ... -i/0(5). Since

i/o(é;.) =i/o(0;) forall j,2 < j <n,wehavetr =f-1". Hence G || Mi G” || M LiNYcY || M
is the required transition sequence. [

8.3. Isomorphism.

We are finally able to show that the ES interpretation of a network is equivalent, when
the session is typable, to the ES interpretation of its simple agt.

To prove our main theorem, we will also use the following separation result from [BC91]
(Lemma 2.8 p. 12). Recall from Section 3 that C(S) denotes the set of configurations of S.

Lemma 8.28 (Separation [BC91]). Let S = (E, <, #) be a flow event structure and X, X' € C(S)
be such that X C X’. Then there exist e € X’\X such that X U {e} € C(S).

We may now establish the isomorphism between the domain of configurations of the
FES of a typable network and the domain of configurations of the PES of its simple agt. In the
proof of this result, we will use the characterisation of configurations as proving sequences,
as given in Proposition 3.7. We will also take the freedom of writing p1;- -+ ; p, € C(SV(N ||
M)) to mean that py;--- ; p, is a proving sequence such that {py,...,p,} € C(SN(N || M),
and similarly for 6y;- -+ ; 6, € C(SY9(G || M)).

Theorem 8.29. If+ N || M : G || M, then D(SN(N || M)) = D(SY(G || M)).
Proof. Let w = otr(M). We start by constructing a bijection between the proving sequences
of SV (N || M) and the proving sequences of S9(G || M). By Theorem 8.12, if py;---; pn €
C(SM(N || M)), then N | M 5 N’ || M’ where 7 = i/o(p1)--- - -i/o(pn). By applying
iteratively Subject Reduction (Theorem 6.18), we obtain

GIMSG |MandrN | M G || M
By Theorem 8.26, we get gec(w, 7) € C(SY9(G || M)).

By Theorem 8.27, if 01;--- ;04 € CS9G | M)), then G || M 5> G’ | M/, where 7 =
i/0(01) - - -i/0(04). By applying iteratively Session Fidelity (Theorem 6.19), we obtain
NIMSN[MandrN | M G | M
By Theorem 8.11, we get nec(w, 7) € C(SN(N || M)).
Therefore we have a bijection between D(SN(N || M)) and D(SY(G || M)), given by
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nec(w, t) < gec(w, 1) for any 7 generated by the (bisimilar) LTSs of N || M and G || M.
We now show that this bijection preserves inclusion of configurations. By Lemma 8.28 it is
enough to prove thatif py;--- ;p, € C(SN(N || M))is mapped to 01;- -+ ;05 € C(SY(G || M),
then p1;-; pnsp € C(SN(N || M)) iff 61;--- ;04,6 € C(SY(G || M)), where 61;--- ;0,;0 is
the image of p1;- - ; py; p under the bijection. So, suppose p1;---; pn € C(SN(N || M)) and
81;-++ ;0 € C(SY9(G || M)) are such that

p1;--; Pn = NeC(w, T) <> gec(w, ) = 01;--+ ;On
Then i/0(p1)--1/0(ps) = T = 1/0(61) - - -1/0(6).
By Theorem 8.12, if py; -« ; pu; p € C(SV (N || M)) with i/o(p) = B, then

N M S N M
By applying iteratively Subject Reduction (Theorem 6.18) we get

GIMEIL G | M andF N | M- G/ | M
We conclude that gec(w, 7 ) € C(S9(G || M)) by Theorem 8.26.
By Theorem 8.27, if &1; - -+ ;0,;6 € C(SY(G || M)) with i/0(5) = B, then

GIMZL G m
By applying iteratively Session Fidelity (Theorem 6.19) we get

NI M ZE N M and F N (| M GY | MY
We conclude that nec(w, 7 - ) € C(SV(N || M)) by Theorem 8.11. L]

9. RELATED WORK AND CONCLUSIONS

Session types, as originally proposed in [HVK98, HYC16] for binary sessions, are grounded
on types for the n-calculus. Early proposals for typing channels in the 7mt-calculus include
simple sorts [Mil91], input/output types [PS96] and usage types [Kob05]. In particular,
the notion of progress for multiparty sessions [DY11, CDCYP16] is inspired by the notion
of lock-freedom as developed for the m-calculus in [Kob02, Kob06]. The more recent
work [DGS12] provides further evidence of the strong relationship between binary session
types and channel types in the linear mt-calculus. The notion of lock-freedom for the linear
mi-calculus was also revisited in [Pad15].

Multiparty sessions disciplined by global types were introduced in the keystone pa-
pers [HYCO08, HYC16]. These papers, as well as most subsequent work on multiparty
session types (for a survey see [HLV*16]), were based on more expressive session calculi
than the one we use here, where sessions may be interleaved and participants exchange
pairs of labels and values. In that more general setting, global types are projected onto ses-
sion types and in turn session types are assigned to processes. Here, instead, we consider
only single sessions and pure label exchange: this allows us to project global types directly
to processes, as in [SDC19], where the considered global types are those of [HYC16]. We
chose to concentrate on this very simple calculus, as our working plan was already quite
challenging. A discussion on possible extensions of our work to more expressive calculi
may be found at the end of this section.

Standard global types are too restrictive for typing processes which communicate
asynchronously. A powerful typability extension is obtained by the use of the subtyping
relation given in [MYHO09]. This subtyping allows inputs and outputs to be exchanged,
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stating that anticipating outputs is better. The rationale is that outputs are not blocking,
while inputs are blocking in asynchronous communication. Unfortunately, this subtyping
is undecidable [BCZ17, LY17], and thus type systems equipped with this subtyping are
not effective. Decidable restrictions of this subtyping relation have been proposed [BCZ17,
LY17,BCZ18]. In particular, subtyping is decidable when both internal and external choices
are forbidden in one of the two compared processes [BCZ17]. This result is improved
in [BCZ18], where both the subtype and the supertype can contain either internal or
external choices. More interestingly, the work [BCL*19] presents a sound (though not
complete) algorithm for checking asynchronous subtyping as defined in [CDSY17]. A very
elegant formulation of asynchronous subtyping is given in [GPP*21]: it allows the authors
to show that any extension of this subtyping would be unsound. In the present paper
we achieve a gain in typability for asynchronous networks by using a more fine-grained
syntax for global types. Our type system is decidable, since projection is computable
and the preorder on processes is decidable. Notice that there are networks that can be
typed using the algorithm in [CDSY17] but cannot be typed in our system, like the video
streaming example discussed in that paper.

Since their introduction in [Win80] and [NPW81], Event Structures have been widely
used to give semantics to process calculi. Several ES interpretations of Milner’s calcu-
lus CCS have been proposed, using various classes of ESs: Stable ESs in [Win82], Prime
ESs or variations of them in [BC87, DDNMS88, DDM90], and Flow ESs in [BC88, GG04].
Other calculi such as TCSP (Theoretical CSP [BHR84, Old86]) and LOTOS have been pro-
vided respectively with a PES semantics [LG91, BM94] and with a Bundle ES seman-
tics [Lan93, Kat96]. More recently, ES semantics have been investigated also for the
m-calculus [CVY07, VY10, CVY12, Cril5, CKV15, CKV16]. We refer the reader to our
companion paper [CDG19a] for a more extensive discussion on ES semantics for process
calculi.

It is noteworthy that all the above-mentioned ES semantics were given for calculi
with synchronous communication. This is perhaps not surprising since ESs are generally
equipped with a synchronisation algebra when modelling process calculi, and a communica-
tion is represented by a single event resulting from the synchronisation of two events. This
is also the reason why, in our previous paper [CDG19a], we started by considering an ES
semantics for a synchronous session calculus with standard global types. In the present
paper, instead, as in [LMT20], a communication is represented by two distinct events in
the ES, one for the output and the other for the matching input. Defining the “matching”
relation on events, be they events of the FES of a network or events of the PES of an agt, is
not entirely trivial.

While agts are interpreted as PESs, the simplest kind of ES, networks are interpreted
as FESs, a subclass of Winskel’s Stable Event Structures [Win88] that allows for disjunctive
causality and therefore provides a more compact representation of networks in the presence
of forking computations. Such feature of FESs may be seen at work in Example 5.11, where
the event of participant r has two conflicting causes. In a PES this event would have to be
replaced by two distinct events, one for each of its two global histories (this is indeed what
happens in the PES of the associated agt).

This work builds on the companion paper [CDG19a], where synchronous rather than
asynchronous communication was considered. In that paper too, networks were inter-
preted as FESs, and global types, which were the standard ones, were interpreted as PESs.
The key result was again an isomorphism between the configuration domain of the FES of a
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typed network and that of the PES of its global type. Thus, the present paper completes the
picture set up in [CDG19a] by exploring the “asynchronous side” of the same construction.

As regards future work, we already sketched some possible directions in [CDG19a],
including the investigation of reversibility, which would benefit from previous work on
reversible session calculi[TY14, TY16, MP17a, MP17b, NY17, CDG19b] and reversible Event
Structures [PU15, CKV16, GPY17, GPY18]. We also plan to investigate the extension of
our asynchronous calculus with delegation. While delegation is usually defined in session
calculi with channels, and modelled using the channel passing mechanism of the mt-calculus,
an alternative notion of delegation for a session calculus without channels, called “internal
delegation”, was proposed in [CDGH20]. Hence, one possibility would be to investigate
internal delegation in our asynchronous calculus without channels; another option would
be to depart from our present calculus, admittedly very simple, and investigate the classical
notion of delegation in an asynchronous calculus with channels. Note that delegation
remains essentially a synchronous mechanism, even in the asynchronous setting: indeed,
unlike ordinary outputs that become non-blocking, delegation remains blocking for the
principal, who has to wait until the deputy returns the delegation to be able to proceed.
As a matter of fact, this is quite reasonable: not only does it prevent the issue of “power
vacancy” that would arise if the role of the principal disappeared from the network for
some time, but it also seems natural to assume that the principal delegates a task only when
she has the guarantee that the deputy will accept it, and that both of them reside in the
same locality (where communication may be assumed to be synchronous).

Acknowledgment. We are indebted to Francesco Dagnino for suggesting a simplification
in the definition of input/output matching for asynchronous global types.
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