N

N

A short proof on the rate of convergence of the
empirical measure for the Wasserstein distance

Vincent Divol

» To cite this version:

Vincent Divol. A short proof on the rate of convergence of the empirical measure for the Wasserstein
distance. 2021. hal-03117283

HAL Id: hal-03117283
https://inria.hal.science/hal-03117283

Preprint submitted on 21 Jan 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-03117283
https://hal.archives-ouvertes.fr

A short proof on the rate of convergence of the
empirical measure for the Wasserstein distance

Vincent Divol®

@ Université Paris-Saclay and Inria Saclay, France

Abstract

We provide a short proof that the Wasserstein distance between the empirical
measure of a n-sample and the estimated measure is of order n~¢, if the
measure has a lower and upper bounded density on the d-dimensional flat
torus.

For 1 < p < oo, let W), be the p-Wasserstein distance between measures,
defined for two probability measures pu, v with finite pth moments supported
on a metric space (2, p) by

W,(u,v) = inf C,(m)"?, (1)

mell(p,v)

where II(p, v) is the set of transport plans between p and v, that is the set
of probability measures on {2 x €2, with first marginal p and second marginal
v, and Cy(m) = [[ p(x,y)Pdn(z,y) is the cost of the plan 7. We define the
distance W, by replacing the quantity C,(7)'/? by the 7-essential supremum
of p.

Let p be a probability measure on some metric space (£2,p), and let
i, be the empirical measure associated to a m-sample Xi,..., X, of law
1. The question of studying rates of convergence between u and pu, for
Wasserstein distances W), has attracted a lot of attention over recent years
(see e.g. [5, 6]). If no bounds on the density are assumed, then the quantity
EW,(ttn, i) is known to be bounded by a quantity of order n~% +n~4 when
2 is a d-dimensional domain, and this bound is tight (see e.g [5]). For p = oo,
Nicolds Garcia Trillos and Dejan Slepéev [6] have shown that EW. (g, 1)
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is of order (logn/n)/? (for d > 3) in the case where p has a density f
which is lower bounded and upper bounded on some convex domain 2. As
W, < Wy, the same rate also holds for any 1 < p < oco. This exhibits the
following phenomenon: when 2p > d, the problem of reconstructing u for
the Wasserstein distance is strictly harder if no bounds on the underlying
density are assumed.

In this note, we propose to give a short proof of the fact that EW,, (1, pt) <
n~Y4 (for d > 3) for bounded densities. We restrict to the case where ) is the
d-dimensional flat torus €2 in order to avoid complications due to boundary
effects. Let Py be the set of probability distributions on 2, having a density

f satisfying foin < f < fuax for some frax = fuin > 0.

Theorem. Let p € Py and 1 < p < co. Then, there exists a constant C
such that

n~/d if d >3,
EW,(ttn, ) < C < (logn)?n=12  ifd =2, (2)
n~1/? ifd=1.

The standard approach for bounding the distance W, (i, i) consists in
precisely assessing the masses given by the measures p, and p on dyadic
partitions of the domain €2 (see e.g. [6]). We propose to take a different route
by relying on a result from [3] which asserts that the Wasserstein distance
is controlled by the pointed negative Sobolev distance when comparing mea-
sures having lower bounded densities. The proof is then completed by using
tools from Fourier analysis.

We also note that minimax results from [7] (proven for measures on the
cube) can be straightforwardly adapted to the setting of the flat torus. In
particular, those results imply that the rates exhibited in the theorem are
optimal on the class Py (up to a logarithmic factor for d = 2).

The proof

As W, > W, if p > ¢, we may assume that p > 2. The proof of the
theorem is heavily based on the following result of optimal transport theory,
appearing in [3, 2]. Let p* be the conjugate exponent of p. For ¢ € L, with
J ¢ =0, introduce the pointed negative Sobolev norm

9150 = sup { [ v, 199, <1}, (3
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where the supremum is taken over all smooth functions ¢ defined on 2.

Lemma 1. Let pu, v be two measures on 2 having densities f,g. Assume that
f Z fmin- Then;
1/p—1
Wo(pv) < ph I = gllg (4)

Let K be a smooth radial nonnegative function with [ K = 1, supported
on the unit ball and, for h > 0, let Kj, = h=*K(-/h). Let p, 1, be the measure
having density Kj x u, on €2, i.e. the density at a point x €  is given by
fan(x) = 25_) Kn(r — Xj)/n.

Lemma 2. We have Wy(tn, tin.n) < Coh, where Cy = ([ 2P K (z)dz)".

Proof. Consider the unique transport plan 7; between Kj * 0x, and dx;.
The cost of 7; is equal to [ |z — X;|PK),(z — X;)dz = h? [ |z|PK(x)dz. The

1 n . . .
measure - > 7 T; 1S a transport plan between p, , and p,, with associated

cost equal to AP [ |z|P K (z)dz. O

By Lemmas 1 and 2,

EW, (ttns 1) < EWp(pin, ftnn) + EW, (1 ps 12)

- (5)
< Coh + prali "B fon — Fllg-

To further bound this quantity, we use the following relation between the
negative Sobolev norm and the Fourier decomposition of a signal. Given
¢ € L,, welet gg be the sequence of Fourier coefficients of ¢ (indexed by Z%)
and denote by ¥ the inverse Fourier transform. Let |z| := 3¢, |z;| for 2 € R?.
A multiplier s is a bounded sequence indexed by Z? such that the operator
o€ L, (SQZAS)V € L, is bounded. A sufficient condition for a sequence to
be a multiplier is given by Mikhlin multiplier theorem [1, Theorem 3.6.7,
Theorem 5.2.7].

Lemma 3. Let s : R? — R be a smooth function such that |0%s(€)| < B|¢|~1
for every multiindex o with |o| < d/2+ 1. Then, the sequence (s(m))cza 1S
a multiplier with corresponding operator of norm smaller than C, 4B.

Let a : R? — R be a smooth function with a(§) = 1/[¢] for [£] > 1 and
a(0) = 0. Let A be the associated multiplier operator (by Lemma 3) defined

by A(¢) = (ad)".
Lemma 4. Let ¢ € Ly, with [ ¢ =0. Then, [|¢[l;-2 < Cs5]|A(9)]1,-
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Proof. Let ¢ : Q2 — R be a smooth function with [V . < 1. As $(0) = 0,
we have

/cbl/) = > dm)yd(m) = 3 a(m)(m)mld(m) < [A@)II, (|- [)" Iz,

mezZd meZd
Note that |- | = 2%, &;e5, where e;(m) = m; and &;(m) is the sign of m;. As
g; is a multiplier (by Lemma 3), we have |[(|-[1)"]|r,. < e, [(ei))V |z, =
e 10,. < Cs. O

Hence, to conclude, it suffices to bound E||A(fnr — fllz, < A(fr —
Dz, +EJAnn = fu)ll,

Bound of the bias. Let x be the Fourier transform of K. As K is smooth
and compactly supported, x is a multiplier by Lemma 3. Also, the function
M = a-(k — 1) is a multiplier as a product of multiplier. Remark that
fo—f = (k(h-) = 1)f, so that A(fs — f) = h(M(h-)f)". As the multiplier
norms of M and M (h-) are equal [1, Theorem 3.6.7], we have

AU = Dz, < hCsl[fllz, < hCe fmax- (6)

Bound of the fluctuations. Eventually, we bound

EIAun — fi)llzy < E [JAGun — fi)l5,] " (7)

The random variable A(f, ) is equal to n~' 37_, U;, where U; = A(K), *
0x,) = A(Kn)(- — X;) and EU; = A(fn). We control the expectation of the
L,-norm of the sum of i.i.d. centered functions thanks to the next lemma,
which is a direct consequence of Rosenthal inequality [4].

Lemma 5. Let Uy,...,U, be i.i.d. functions on L,. Then, the expectation
k= H% iz (Ui — EUy)

1s smaller than

™ | (Bl (2)?)"” da + Cyn* 7 JElU@)1] de. (8)

Let v, be the sequence in £,+(Z%) defined by vy,(m) = a(m)k(hm) for
m € Z%. By a change of variable, we obtain

E (U ()] = /f(y)lA(Kh)(l’ —Y)["dy < frmax [AKRL, < frmaxl[vn]

p
ZP* Y

(9)



where, at the last line, we applied Hausdorff-Young inequality [8, Section
XII.2]. The last step consists in bounding ||vp,| Z,*' We separate this quantity

into two parts: Sy = X jpmi<1 [oa(m)[P" and Sy = =1 [vn(m)[P". To bound
So, we use that k is bounded on the unit ball, so that Sy is of the order

hP"—d ifd>3or(d=2andp>2)
Yo im[ ™ < —logh ifp=d=2 (10)
[l <1 1 if d=1.

To bound Si, we use that |k(hm)| < C,|hm|™" for any v > 0. Choosing 7
such that vp* + p* > d, we obtain that S; is of the order

D D e A ) (11)

|hm|>1

Putting together inequalities (8), (10) and (11) yields that, for h of the order
n~Y? the expectation E||A(fnn — f3)|1, is of the order

h/vVnhd < n=t/d if d > 3,
V(=logh)/n < (logn)/?n=Y2  ifd =2, (12)
n~1/2 ifd=1.

We conclude the proof by putting together the estimates (5), (6) and (12).

Remark 1. For p = 2, Mikhlin multiplier theorem can be replaced by Parse-
val’s theorem, further simplifying the proof.

Remark 2. A similar proof shows that the risk of the measure p,  satisfies
EW, (ftn, ) S n~6+D/Cs+d)if £ is assumed to be of regularity s. Indeed,
we can exploit the regularity of s to show that, if x has sufficiently many
zero derivatives at 0, then the bias term is of order h**!, while the fluctu-
ation terms is bounded in the same way. We then obtain the desired rate
by choosing h of the order n='/(?s+4)_ This rate is in accordance with the
minimax result of [7], where a modified wavelet density estimator is shown
to attain the same rate of convergence.
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