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ON THE TURNPIKE PROPERTY AND THE RECEDING-HORIZON
METHOD FOR LINEAR-QUADRATIC OPTIMAL CONTROL
PROBLEMS*

TOBIAS BREITENT AND LAURENT PFEIFFER?

Abstract. Optimal control problems with a very large time horizon can be tackled with the
Receding Horizon Control (RHC) method, which consists in solving a sequence of optimal control
problems with small prediction horizon. The main result of this article is the proof of the exponential
convergence (with respect to the prediction horizon) of the control generated by the RHC method
towards the exact solution of the problem. The result is established for a class of infinite-dimensional
linear-quadratic optimal control problems with time-independent dynamics and integral cost. Such
problems satisfy the turnpike property: the optimal trajectory remains most of the time very close to
the solution to the associated static optimization problem. Specific terminal cost functions, derived
from the Lagrange multiplier associated with the static optimization problem, are employed in the
implementation of the RHC method.

Key words. Receding horizon control, model predictive control, value function, optimality
systems, Riccati equation, turnpike property.

AMS subject classifications. 49J20, 49120, 49Q12, 93D15.

1. Introduction.

1.1. Context. We consider in this article the following class of linear-quadratic
optimal control problems:

T
Lt o) = [ ). u0)at+ (D), QuT) + (a.y(D))
( ) uéLz(O,Z’F;U) 0

subject to: (1) = Ay(t) + Bu(t) + £, y(0) = yo.

where the integral cost £ is defined by

Uy, w) = 1CYIZ + (0% yovey + §llul + (A%, w)o.

Here V. C Y C V* is a Gelfand triple of real Hilbert spaces [28, page 147], where the
embedding of V into Y is dense, V* denotes the topological dual of V' and U, Z denote
further Hilbert spaces. The operator A: D(A) C Y — Y is the infinitesimal generator
of an analytic Cy-semigroup e?* on Y, B € L(U,V*), C € L(Y,Z), a >0, Q € L(Y)
is self-adjoint positive semi-definite and D(A) denotes the domain of A. The pairs
(A, B) and (A, C) are assumed to be stabilizable and detectable, respectively. The
elements yg € Y, feeV* ¢g° e V* h® €U, q €Y are given.

The following problem, referred to as static optimization problem (or steady-state
optimization problem), has a unique solution (y°, u®) with unique associated Lagrange
multiplier p®:

(1.1) inf  {(y,u), subject to: Ay + Bu+ f°=0.
(y,u)EV XU
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2 T. BREITEN AND L. PFEIFFER

A particularly important feature of (P) is the exponential turnpike property. It states
that there exist two constants M > 0 and A > 0, independent of T, such that for all
te[0,7], [lgt)—y°lly < M (e M+e MT=1) where j denotes the optimal trajectory.
The trajectory g is thus made of three arcs, the first and last one being transient short-
time arcs and the middle one a long-time arc, where the trajectory remains close to
y®. We refer the reader to the books [31, 32], where different turnpike properties
are established for different kinds of systems. We mention in particular the general
characterization of the turnpike phenomenon for linear systems in [32, Section 5.34].
For linear-quadratic problems, we mention the articles [9, 12] for discrete-time systems
and the articles [21] and [22] containing results for classes of infinite-dimensional
systems. We also mention the early reference [1] dealing with a tracking problem.
Exponential turnpike properties have been established for non-linear systems in [26]
and [25].

The aim of this article is to analyze the efficiency of the Receding Horizon Control
(RHC) method (also called Model Predictive Control method), that we briefly present
here, a detailed description can be found in Section 5. We consider an implementation
of the method with three parameters: a sampling time 7, a prediction horizon T', and
a prescribed number of iterations N. The method generates in a recursive way a
control ury and its associated trajectory yrpy. At the beginning of iteration n of the
algorithm, urp and yry have already been computed on (0,n7). Then, an optimal
control problem is solved on the interval (n7, n7+T), with initial condition ygg (n7),
with the same integral cost as in (P), but with the following terminal cost function:

(1.2) o(y) = (0%, y)y-

The restriction of the solution to (n7, (n+1)7) is then concatenated with (yrm, urg).
At iteration NV, a last optimal control problem is solved on the interval (N7,T). The
definition (1.2) is actually a particular choice of the terminal cost among a general
class of linear-quadratic functions. For this specific definition, the main result of the
article is the following estimate:

max (||CURH - g”W(O,T)v lury — ﬂ'HL?(O,T;U))
(1.3) < Me M=) (e lyg — ||y + e AT g1y ),

with § = ¢ — p® + Qy°. The estimate is proven for sampling times and prediction
horizons satisfying 0 < 70 <7 < T < T. The constants 7 > 0, M >0, and XA > 0 are
independent of vy, f°, ¢°, h°, ¢, N, 7, T, and T. Let us mention that the lower bound
7o cannot be chosen arbitrarily small. The idea of taking (p°®,y) as a terminal cost
has been proposed in the recent article [29] in the context of discrete-time problems.

The choice of an appropriate terminal cost function is a key issue in the design
of an appropriate RHC scheme. When ¢ is the exact value function, then the RHC
method generates the exact solution to the problem, as a consequence of the dynamic
programming principle. The article will give a (positive) answer to the following ques-
tion: Does the RHC algorithm generate an efficient control if a good approximation
of the value function is used as terminal cost function? The construction of such an
approximation is here possible thanks to the turnpike property. We will see that the
derivative of the value function (with respect to the initial condition), evaluated at
y°, converges to p° as T —t increases. Roughly speaking, the definition (1.2) is a kind
of first-order Taylor approximation of the value function, around y°.

The RHC method is receiving a tremendous amount of attention and it is fre-
quently used in control engineering, in particular because it is computationally easier
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to solve a problem with short horizon. Another reason is that the method can be
used as a feedback mechanism: when the control is computed in real time with the
RHC method, perturbations having arisen in the past can be taken into account. Let
us point at some references from the large literature on receding horizon control. For
finite-dimensional systems, we mention [13, 19], for infinite-dimensional systems, we
mention [2, 3, 11], and for discrete-time systems the articles [10, 14].

In the current framework, the first-order optimality conditions take the usual form
of a linear optimality system. The central idea for the derivation of estimate (1.3)
is to compare the right-hand sides of the two optimality systems associated with the
exact solution of (P) (restricted to (n7,n7+T')) and with the solution to the optimal
control problem with short prediction horizon T'. This comparison is realized with the
help of a priori bounds for linear optimality systems in specific weighted spaces. The
analysis of the optimality systems is an important part of the present article. The
a priori bounds that we have obtained are of general interest. A classical technique
(used in particular in [21, 26]), allowing to decouple the optimality systems, plays an
important role.

The article is structured as follows. In Section 2, we prove our error bound in
weighted spaces for the optimality systems associated with (P). Some additional
properties on linear optimality systems are provided in Section 3. We formulate then
the class of linear-quadratic problems to be analyzed in Section 4. The turnpike
property and some properties of the value function are then established. Section
5 deals with the RHC method and contains our main result (Theorem 5.2). An
extension to infinite-horizon problems is realized in Section 6. Finally, we provide
numerical results showing the tightness of our error estimate in Section 7.

1.2. Vector spaces. For T € (0, 00), we make use of the vector space W(0,T) =
{y € L*(0,T;V)|y € L*(0,T;V*)}. As it is well-known, W(0,T) is continuously
embedded in C([0,T],Y). We can therefore equip it with the following norm:

Hy”W(O,T) = max (Hy”LQ(O,T;V)a ||Z)||L2(0,T;v*)a Hy||L°°(O,T;Y))-

Weighted spaces. Let p € R be given, let T' € (0,00). We denote by Lﬁ(O,T; U)
the space of measurable functions w: (0,7) — U such that

T 1/2
l[ullrz 0,750y = lle" u()l| 20,0y = (/0 " u(t)||3 dt) < 0.

Observing that the mapping v € L2(0,T;U) — e u € L*(0,T;U) is an isometry,
we deduce that Li(O, T;U) is a Banach space. Since e*" is bounded from above and
from below by a positive constant, we have that for all measurable u: (0,7) — U,
u € L?(0,T;U) if and only if u € LZ(O, T;U). The spaces L?(0,T;U) and Li(O,T; U)
are therefore the same vector space, equipped with two different norms. We define in
a similar way the space Lfb (0,T; X), for a given Hilbert space X. Similarly, we define
the space L;°(0,73Y) of measurable mappings from y: (0,7) — Y such that

19l Lo 0,157 == le” y ()l Lo 0,75y < o0
We finally define the Banach space W),(0,T) as the space of measurable mappings

y: (0,T) — V such that e#y € W(0,T). One can check that for all measurable
mappings y: (0,T7) =V, y € W(0,T) if and only if y € W,(0,T).
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For T € (0,00) and p € R, we introduce the space
(1.4) Ar, = W,(0,T) x L2(0,T;U) x W,,(0,T),

equipped with the norm [|(y, u, p)|ar,,, = max ([|yllw, o), lullz2 0,70y, [Plw,.0,1))-
For T € (0,00), we define the space

(1.5) Yo, =Y x L,(0,T;V*) x L2(0,T; V*) x L2 (0,T;U) x Y

that we equip with the norm

||(y07 fvgv h, Q)HTT,[J. = Inax (||y0||Y7 ”(fvgv h)||L2 0, T;V*xV*xU)>» eMTHq”Y)'
m

Let us emphasize the fact that the component ¢ appears with a weight e#” in the
above norm. The spaces Ar and Ap, (resp. Y7o and Y7 ,) are the same vector
space, equipped with two different norms. In the following lemma, the equivalence
between these two norms is quantified.

LEMMA 1.1. For all py and py with po < w1, there exists a constant M > 0 such
that for all T, for all (y,u,p) € Ary,

||(y7u7p)||AT,u0 < M”(yvuvp)HAT,ul?
(v, w,)Iar,, < MeW #T (g, u,p)|ag,.,

and such that, similarly, for all (yo, f,g,h,q) € Y10,

||(y07f79ah7(1)”‘r1u0 < M”(y()af?g?haq)HTT,“l7
||(y07fvgah7Q)HTT,“1 < MG(MI_MO)T“(yO?f7gvh7q)||TT,#0~

Proof of Lemma 1.1. Let y € W(0,T) and u € L?(0,T;U). For proving the
lemma, it suffices to prove the existence of M > 0, independent of T, y, and u, such
that

(16) llullzz, om0y < Mllullzz, o), Ilullez .m0y < Mt =T |lul| 2 o 70r),
and such that

@7 ylw,

KO

©01) < Mlyllw, 01, ¥lw,, 01 <M= #T |y,

©o (O,T) :

The inequalities (1.6) can be easily verified (with M = 1). One can also easily verify
that

(

||ZJ||L50(0,T;V) < M||Z/HL§1(0,T;V)7 Hy”Lﬁl(o,T;v) < Me “liﬂo)THy”Lﬁo(o,T;v)

19llLse 0.05v) < Myl 0.my),  Wllee 0y < Me(’“_”°)T||y||L3%(o,T;Y)~

Let zo(t) = etoly(t) and 21 (t) = e*ty(t). For proving (1.7), it remains to compare
20l 20, v+) and ||Z1||p2(0,7,v+). We have z(t) = e(o=#1)tz (¢) and thus Zo(t) =
(o — 1) 20(t) + eFo=r1) 2 (). We deduce that

120l L2 (0,7:v+) < Mllz0llz20,1v) + 21l L20,75v+) < M| 21llwo,7) = Myllw,, 0.1)-
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Similarly, we have 2, (t) = (u1 — po)z1(t) + e#1=#0)t 20 (¢). We deduce that

121l 20, m3v ) < M||z1llL20,7:v) + 6(”1_”0)T||é0||L2(0,T;v*)
< Me(mfno)THZOHW(O’T)

— Me(‘“_“”)THyHWHO(o,T)-

The inequalities (1.7) follow. This concludes the proof. d

1.3. Assumptions. Throughout the article we assume that the following four
assumptions hold true.
(A1) The operator —A can be associated with a V-Y coercive bilinear form a: V' x
V' — R which is such that there exist \g > 0 and § € R satistying a(v,v) >
Xolv||2, = d]|v||3, for all v € V.
(A2) [Stabilizability] There exists an operator F' € L(Y, U) such that the semigroup
e(A+BI)t i5 exponentially stable on Y.
(A3) [Detectability] There exists an operator K € £(Z,Y") such that the semigroup
e(A=KO)t i5 exponentially stable on Y.
Assumptions (A2) and (A3) are well-known and analysed for infinite-dimensional
systems, see e.g. [8]. Consider the algebraic Riccati equation: for all y; and y2 € D(A),

(1.8) (A*y1, y2)y + (HAy1, y2)y + (Cy1, Cy2)z — é<B*H?Jla B*lyz)v = 0.

Due to the (exponential) stabilizability and detectability assumptions, it is well-known
(see [8, Theorem 6.2.7] and [18, Theorem 2.2.1]) that (1.8) has a unique nonnegative
self-adjoint solution IT € L(Y, V)N L(V*,Y). Additionally, the semigroup generated
by the operator A, := A — éBB*H is exponentially stable on Y. We fix now, for the
rest of the article, a real number A such that

(1.9) 0<A< A= —SUP,cq(a,)RE(1)-

With (A1) holding the operator A associated with the form a generates an analytic
semigroup that we denote by e, see e.g. [24, Sections 3.6 and 5.4]. Let us set Ay =
A — XoI. Then —Ap has a bounded inverse in Y, see [24, page 75], and in particular
it is maximal accretive, see [24]. We have D(Ap) = D(A) and the fractional powers of
— Ay are well-defined. In particular, D((—Ag)?) = [D(—Aq),Y]1 := (D(=40),Y)1 2
the real interpolation space with indices 2 and %, see [5, Proposition 6.1, Part II,
Chapter 1]. Assumption (A4) below will only be used in the proof Lemma 4.1, where
the existence and uniqueness of a solution (y°, u®) to the static problem is established.
It is not necessary for the analysis of optimality systems done in Sections 2 and 3.
(A4) Tt holds that [D(—AO),Y]% = [D(—A(’;),Y}% =V.

2. Linear optimality systems. The section is dedicated to the analysis of the

following optimality system:

1
2

y(0)=yo inY
y—(Ay+Bu)= f inL2(0,T;V*)
(2.1) —p—Ap-C*Cy=yg inL20,T;V*)
au+ B*p= —h in L2(0,T;U)
p(T)-QyT)=9q inY,
where p € {=X,0,A}, T > 0, Q € L(Y) is self-adjoint and positive semi-definite,
and (yo, f,9,h,q) € YTr,. Given two times ¢; < ¢, we introduce the operator
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H: W(tl,tz) X LQ(tl,tg; U) X W(tl,tg) — L2(t1,t2; V*x V* x U), defined by

H(:’J?uup) = (y - (Ay+ B’U,), _p_ A*p - C*Cy7 O[U-FB*p)

The dependence of H with respect to t; and ¢ is not indicated and the underlying
values of t; and to are always clear from the context. The operator H enables us
to write the three intermediate equations of (2.1) in the compact form H(y,u,p) =
(fv 9, _h)

The main result of the section is the following theorem, which is proved in sub-
section 2.2.

THEOREM 2.1. Let Q@ C L(Y) be a bounded set of self-adjoint and positive semi-
definite operators. For oll T > 0, for all Q € Q, for all (yo, f,g,h,q) € Tr, there
exists a unique solution (y,u,p) to system (2.1). Moreover, for all u € {—X,0,\},
there exists a constant M independent of T, Q, and (yo, f, g, h,q) such that

(22) H(yv u7p)||AT,u < MH(?JO; fa g, h, Q)”TT,M.

Remark 2.2. The result of the theorem, for ;1 = 0, is rather classical in the litera-
ture and can be established by analyzing the associated optimal control problem (see
Lemma 2.8). The main novelty of our result is the estimate (2.2) in weighted spaces,
with a constant M which is independent of T'. Let us mention that a similar result
has been obtained in [15, Theorem 3.1], for negative weights. The proof is based on
a Neumann-series argument. Let us mention that the range of admissible weights in
that reference is different from ours (compare in particular with [15, Corollary 3.16]).

2.1. Decouplable optimality systems. We prove in this subsection Theorem
2.1 in the case where @ = II (Lemma 2.5). We begin with a useful result on forward

and backward linear systems with a right-hand side in L2 (0,T;V*) (Lemma 2.4).

LEMMA 2.3. For all p < A\, A+ pl generates an exponentially stable semigroup.
For all p > —\, AL — ul generates an exponentially stable semigroup.

Proof. Let \ € (A, A). Since the semigroup e4=? is analytic, the spectrum de-
termined growth condition is satisfied, see e.g. [27]. Hence, [le?!|zy) < Me=*t,
where M does not depend on t. Therefore, |[e(A+rD| < Me(= 1t which
proves the exponential stability of A, + ul since A+ w < =X+ p < 0. Moreover,
(eAntrDtys — o(Ax+rD)"t (see [20, page 41]), thus the operator A* — ul generates a
exponentially stable semigroup as well, for p > —A. ]

LEMMA 2.4. For all p < X, for all T € (0,00), for all yo € Y, for all f €
Li(O7T; V*), the following system:

(2.3) y=Ay+f, y0) =yo

has a unique solution in W, (0,T). Moreover, there exists a constant M > 0 indepen-
dent of T, yo, and f such that ||yllw,o.r) < M ([yolly + [ fllz2©0.7:v+))-

For all u > =X, for all T € (0,00), for allq € Y, for all ® € Li(O,T; V*), the
following system: —r = A%r + @, »(T) = ¢ has a unique solution in W,(0,T).
Moreover, there exists a constant M > 0 independent of T, q, and ® such that
I7{lw,.0.r) < M (@[l 2 0.:v+) + e lally)-

Proof. Let us prove the first statement. Let y € W (0,7T'). Defining y,, := e*'y €
W,(0,T) and f, :=et f € Li(O,T; V*), we observe that y solves (2.3) if and only if
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Yy is the solution to the following system:

(2'4) yu = (A‘ﬂ' + MI)yu + fua yu(o) = Yo-

Since u < A, the operator A, + ul generates an exponentially stable semigroup, by
Lemma 2.3. Standard regularity results for analytic semigroups ensure the existence
and uniqueness of a solution to (2.4), as well as the existence of a constant M > 0
independent of T', yo, and f such that ||ly.|lw o7y < M (||lyoll + | full2(0,00)) Which
is the estimate that was to be proved.

The second statement can be proved similarly with a time-reversal argument. 0O

We are now ready to analyze (2.1) in the case where @@ = II. The key idea is to
decouple the system with the help of the variable r = p — Ily. This variable is indeed
the solution to a backward differential equation which is independent of y, u, and p.
Let us mention that this remarkable property only holds in the case @ = II.

LEMMA 2.5. For all p € [=\, A, for all T > 0, for all (yo, f,g,h,q) € Y1, there
ezists a unique (y,u,p) € A, solution to (2.1) with Q = II. Moreover, there exists
a constant M > 0, independent of T and (yo, f,g,h,q) such that

(2.5) (s wsP)ar,, < M|(vo, f,9, P, Dllrs,,-

Remark 2.6. All along the article, the variable M is a positive constant whose
value may change from an inequality to the next one. When an estimate involving a
constant M independent of some variables (for example T') has to be proved, then all
constants M used in the corresponding proof are also independent of these variables.

Proof of Lemma 2.5. Let ® € L?(0,T;V*) be defined by ® = IIf — éHBh +g.
Let us denote by r € W,(0,T) the unique solution to the system —r = A%r + &,
t€10,7), r(T) = q. By Lemma 2.4, there exists a constant M, independent of T and
(Yo, £, g, h, q) such that

(2.6) 171w, 0,7y < M([I®[l 2 0,7v+) + e“Tlally) < Ml|(yo, f, 9, P @)l rr,.-
By Lemma 2.4, the following system has a unique solution y € W, (0,T):
(2.7) y=Ary— Bh+ [ —2BB*r, y(0)=uy.

Since H — iBh + f - éBB*r

|22 07y < M (o, f9, @), we have that

(28) HyHWu(QT) < M‘|(y07fagah7q)||TT,u'

Let us set p = Iy +7. Since I1 € L(Y,V)NL(V*,Y), we have that Iy € L*(0,T; V)N
H'(0,00;Y). Therefore, using (2.6) and (2.8), we obtain that p € W,(0,T) with
Ipllw, 0,y < Ml[(y0, f,9,h; ) rs,- We finally define u = fé(h + B*p). We deduce
from the estimate on p that HU”Lﬁ(O,T;U) < M||(y0, f,9,h,@)llrs,- The bound (2.5)
is proved.

Let us check that (y, u,p) is a solution to the linear system (2.1). It follows from
the definition of u that au + B*p = —h. Using p = Iy + r and (2.7), we obtain that

Ay+Bu+ f=Ay—L1Bh—L1BB*p+f
= Ay—1Bh— 1BB*Ily— 1BB*r+ f =y.
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It remains to verify that the adjoint equation is satisfied. We obtain with the defini-
tions of p, y, ®, and A, that p(T) — IIy(T") = q and that

p=1y+7=TAy+ (— 20Bh+1If) + ( — LIBB*) r + 7.

=Pb—g =Ar—A*

Using 7 + A%r + ® = 0 and (1.8), we obtain that
p=HAy+P—g+ Air— A'r+7r
=IMA,y—A"r—g= (HA — iHBB*H)y —A'r—g
= — (A*H + C*C)y —A'r—g=—-A"p—-C*Cy—g.
Therefore, the adjoint equation is satisfied and (y,u,p) is a solution to (2.2).
It remains to show uniqueness. To this end, it suffices to consider the case where
(vo, f,9,h,q) = (0,0,0,0,0). Let (y,u,p) be a solution to (2.1). Let r = p — IIy. One
can easily see that —r = A%r, r(T) = 0, thus »r = 0. Then, one has to check that y

satisfies (2.7), with yo =0, f =0, h = 0, and r = 0. Therefore, y = 0. Finally, we
obtain that p = r 4+ Ily = 0 and that u = —é(h + B*p) = 0. Uniqueness is proved. O

2.2. General case. We give a proof of Theorem 2.1 in this subsection. We
consider successively the cases p =0, p = —A, and u = A.

2.2.1. Case without weight. Theorem 2.1, in the case where u = 0, can be
established by analyzing the optimal control problem associated with (2.1). This is
the result of Lemma 2.8 below. The proof is classical and uses very similar arguments
to the ones used in [6, Proposition 3.1].

We begin with a classical lemma, following from the detectability assumption.

LEMMA 2.7. There exists a constant M > 0 such that for all T > 0, for all
yo €Y, for all uw € L2(0,T;U), for all f € L?(0,T;V*), the solution y € W(0,T) to
the system

y=Ay+Bu+ f, y0)=1yo

satisfies the following estimate:

lyllw o,y < M(llyolly + llullL20,msv) + 1 Fl20,m5v) + 1CYl L20,752)) -
Proof. Let z € W(0,T) be the solution to

i=Az+Bu+ f+KC(y—=z), 2(0)=uyo,

where K is given by Assumption (A3). The above system can be re-written as follows:

2=(A-KC)z+Bu+ f+ KCy, z(0)=yo.

Since (A — KC) is exponentially stable, there exists a constant M, independent of T,
Yo, U, f, and y such that

Izllwo,r < M(llyolly + |1Bu+ f + KCyllL20,15v+))
(2.9) < M(llyolly + llull 20,750y + 1 Fllz20,75v+) + 1CYllL2(0,1:2)) -

Observing that e := z — y is the solution to ¢ = (A — KC)e, ¢(0) = 0, we obtain that
e =0 and that z = y. Thus y satisfies (2.9), as was to be proved. d
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LEMMA 2.8. For all T > 0, for oll Q € Q, for all (yo,f,g,h,q) € Yryo, the
following optimal control problem

T
int [ IO + 0.5(0) + 1Ol + (0wt a

(LQ) u€L®(0,T;U) +3(y(T), Qu(T))y + (g, y(T)>y},

subject to: § = Ay + Bu+ f, y(0) = yo,

has a unique solution (y,u). There exists a unique associated adjoint variable p, which
is such that (y,u,p) is the unique solution to (2.1). Moreover, there exists a constant
M, independent of T, Q, and (yo, f, g, h,q) such that

(2'10) ||(y7u’p)HAT,O < MH(yO, f,g, h?Q)”TT,o'

Proof. We follow the same lines as in [6, Lemma 3.2]. Let us first bound the value
of the problem. Let y € W(0,T) be the solution to

y=(A+BF)y+f, y(0)=yo,

where F is given by Assumption (A2). Since (A + BF) is exponentially stable, there
exists a constant M such that

Hy”W(o,T) < M max <||y0||y, ||fHL2(O,T;V*))~

Let us set u = Fy. We have ||ul|r2(0. 7,0y < M max (||yolly, || z2(0,7;v+))- Then, one
can easily check the existence of a constant M such that

Ji(u,y) < Ml|(yo, f,9, b )3 -

Now, we prove the existence of a solution to the problem. Let (Y, tn)neny € W(0,T) X
L?(0,T;U) be a minimizing sequence such that for all n € N,

Jl(ynvun) < M”(yOv fvgu th)H?I'T,o'

We now look for a lower bound for J;, so that we can further obtain a bound on
(Yn, tn). We have

1
Ji(yn un) = 51CynlT20,m:2) = 9Nz 02 1Y9nllw 0.1y

«
+ 5 lunliz o2,y = Ikl lunll 2.z = lally lya (T)lly

L om0z, + 2 (ol — Pzorny? Wiy
B YnllL2(0,1;2) B nllL2(0,1;0) o 2%

vV

1 2 €
- %(HQHL?(O,T;V*) + llally)” = §||yn||12/v(0,T)'
Therefore, there exists a constant M such that

(2.11)
1
ICyall < M (Wwo: £.9: 70l + = (o) +laly) + vElwnllwiom )

(2.12)
1
Junll < M (100, 7903 Dty + = (lollzzorve) + lally) + VElunlwom)-
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Applying Lemma 2.7 and estimate (2.11), we obtain that
lynllw o,y < M(llvolly + 1flL20,7:v+) + luallL20.750) + 1CYnllL20,7:2))

1
< M(H(yo, £9 0 vro + Velynllwor + %(HQH + ||(J||Y))-

Let us fix ¢ = ﬁ, where M is the constant obtained in the last inequality. It
follows that there exists (another) constant M > 0 such that

(213) HynHW(O,T) < M||(y07f7g7h7q)||TT,0'
Combined with (2.12), we obtain that

Hun||L2(O,T;U) S M”(yOa fag> ha q)HTT,O'

The sequence (Yp,Un)nen is therefore bounded in W (0,T) x L?(0,T;U) and has a
weak limit point (y, u) satisfying

(2.14) max ([|yllw o), [lull20.7:09) < MlI(Yos f,9: 7 @)l ro-
One can prove the optimality of (y,u) with the same techniques as those used for the

proof of [7, Proposition 2].
Consider now the solution p to the adjoint system

(2.15) —-p—A'p-C"Cy=g, p(T)—QyT)=q.

The optimality conditions for the problem yield au + B*p + h = 0, see e.g. [16]. It
follows that (y,u,p) is a solution to (2.1).

Let us prove the uniqueness. If (y,u, p) is a solution to (2.1), then one can prove
that (y,u) is a solution to problem (LQ) with associated costate p. Therefore, it
suffices to prove the uniqueness of the solution to (2.1). To this end, it suffices to
consider the case where (yo, f,9,h,q) = (0,0,0,0,0). Let (y,u,p) be a solution to
(2.1). Then (y,u) is a solution to (L)) and one can check that (2.14) holds. Thus,
(y,u) = (0,0) and then, p = 0, which proves the uniqueness.

It remains to prove the a priori bound. Observe that (y,u,p) is the solution to

y(0)=yo nY
y— (Ay+Bu)= f in L?(0,T;V*)
(2.16) —p—A*p—-C*Cy= g in L2(0,T;V*)
au+ B*p= —h in L?(0,T;U)
p(I)-ly(T)=¢q inY,

where ¢ = (Q — Ty(T) + ¢. By (2.14), we have [[dlly < M(||(yo, f,9: 7 @)llrer -
Thus by Lemma 2.5, ”(y?uvp)HAT,o < MH(yo, fag7 h, (j)”TT,U < M”(yOv f’gv hv q)”TT,O’
which concludes the proof. 0

2.2.2. Case of a negative weight.

Proof of Theorem 2.1: the case pn = —A. Let (yo, f,9,h,q) € YTr_. The fol-
lowing inequality can be easily checked: |[[(f,g,h)[z20,1) < e)‘T||(f,g,h)||L2ﬂ(07T).

Therefore, by Lemma 2.8, the system (2.1) has a unique solution (y,u,p), satisfying

[y, u, p) |l are < Mmax ([[yolly, I(f, 9, 2) 20,1y, lally)
< Mmax ([yolly, e 1(f, 9, )2 0.1 lally)-
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It follows that [[y(T)|ly < M max (Jyolly.*1|(f,g. W)= 0.z llally) and then that

e y(T)lly < Mmax (e lyolly, 1(f.9: M2, 0,09 ¢ 7 lally)
(217) S MH(yvaagvhaQ)”TT,—A’

since e=*T < 1. The key idea now is to observe that y(0) = yo, H(y,u,p) = (f, g, —h),
and p(T) — Iy(T) = G, where § = (Q — IT)y(T) + g. Thus, by Lemma 2.5,
[y, u,p)llar,— < Ml[(yo, f,9, 0, D lvr, s
< M (o, £:9: 1 ) llvr 5 + e Q =T 2o l9(T) )
(2.18) < M||(yo, £+ 9Py @) llrg, s + Me M |y(T)]ly,

since Q is bounded. Estimate (2.2) follows, combining (2.17) and (2.18). o

2.2.3. Case of positive weight. The approach that we propose for dealing
with the case u = A requires some more advanced tools, that we introduce now. For
a given 6 € (0,T), we make use of the following mized weighted space:

lullez | o.10) = 1e?Ou()| 20,70,

where
p(t) =At, fort € [0,T —0], p(t)=2\NT —0)—X\t, fort e [T —0,T).

Observe that p is continuous and piecewise affine, with p(¢) = A for t € [0,T — 6) and
p(t) = =Xfort € (I'—6,T]. In a nutshell: We use a positive weight on (0,7 —6) and a
negative weight on (T'— 6, T'). We define similarly the space L%, (0, T;V* x V*x U)
— that we often denote by L2_/\7)\(0,T) — and the space W _»(0,T). The spaces
Ay _xand Ty _, are defined in a similar way as before, with the corresponding norms

||(y7u,p)HA)\,,A = max (HyHWx,—/\(O,T)? ||u||L§77k(O,T;U)’ Hp”W)\,—A(O,T))?

||(y0a fag7 ha Q)”Tx,fx max (”yOHYa H(.fvg7 h)”Liv_)\(O,T)v ep(T)”q”Y)'

The following lemma is a generalization of Lemma 2.5 for mixed weighted spaces.

LEMMA 2.9. For all T > 0, for all (yo, f,9,h,q) € T _x, the unique solution
(y,u,p) to (2.1) with Q = 11 satisfies the following bound:

(2.19) 1y, ws p)llas s < Mll(yo, f,9: 2 @)llxs s

where M is independent of T', 0, and (yo, f, g, h,q).

Proof. We only give the main lines of the proof. One can obtain estimate (2.19)
with the same decoupling as the one introduced in Lemma 2.5. The decoupled vari-
ables y and r can then be estimated in Wy _»(0,T'), after an adaptation of Lemma
2.4 for right-hand sides in Li,,A(O, T;V*). d

Proof of Theorem 2.1: the case ;= A. Let us first fix some constants. We denote
by M; the constant involved in estimate (2.10). We denote by M, the constant
involved in Lemma 2.9. Note that M; > 1 and M > 1. Finally, M3 denotes an
upper bound on ||Q — II||z¢y). Let us set My = 2M; M, > 1 and let us fix 6 > 0
such that MyMse *? < 1. The first four steps of this proof deal with the case
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where T > 0. We will consider the case T < 6 in Step 5. Take now T > 0 and
(yo, f,9,h,q) € Tr . Since Yr  is embedded in Y7, the existence of a solution to
(2.1) in Ap is guaranteed. Let us denote it by (7, 4, p).

Step 1: construction of the mappings x1 and ys.
The main idea of the proof consists in obtaining an estimate of §(T') with a fixed-
point argument. To this end, we introduce two affine mappings, x1 and x2, defined
as follows: x1:yr € Y = y(T —0) € Y, where y is the solution to

y(0) = yo inYy
(2.20) H(y,u,p) = (f,g,—h) in L§7_>\(07T; V*x V*xU)
p(T) —Tly(T) = (Q —Myr +q inY.

The mapping Yo is defined as follows: xa2: yr—g € Y — y(T) € Y, where y €
W(T — 0,T) is the solution to

y(T'—0)= yr_o inY
H(y,u,p) = (f,9,—h) in LX(T —0,T;V* x V* x U)
p(T) —Qy(T) = q inY.

The existence and uniqueness of a solution to the above system follows from Lemma
2.8, after a shifting of the time variable. Observe that (T — 0) = x1(g(T)) and that
g(T) = x2(g(T — 0)). Tt follows that §(T) is a fixed point of x3 o x1.

Step 2: on the Lipschitz-continuity of x1 and xa.
Let yr and gr € Y. We have x1(gr) — x1(yr) = y(T — 0), where y is the solution to

y(0)=10 inY
H(y,u p) = (0, ) in L _\(0,T;V* x V* x U)
p(T) —TIy(T) = (@ —IM)(Jr —yr) Y.

By Lemma 2.9,

1y, w, D)y _y < Mae”TQ — 1| v llir — yrlly < MaMse? ™ ||gr — yrlly-

Thus, T~ |ly(T )y < Iyl »0.r) < MaMse?™ |G — yrlly. Observing that

eP(T)=p(T=0) — =20 e finally obtain that

Ix1(Fr) — x1(yr)|ly = |y(T = 0)|ly < MaMze 2 ||jr — yr|ly,

which proves that x; is Lipschitz-continuous. Now, let us take yr_g and yr_g in Y.
We have x2(97-0) — x2(91r-0) = y(T), where y € W(T — 0,T) is the solution to

y(T—0)= gr—6—yr—o inY
H(y,u,p) = (0, ) in L2(T — 0, T;V* x V* x U)
p(T) = Qy(T) = 0 iny.

We obtain with Lemma 2.8 that ||yllw—s,7) < Mi||§7—6 — y7—0lly and thus

Ix2(F7—0) — x1(yr—0)lly = lly(T)|| < M1||§r—6 — yr—06lly,

proving that ys is Lipschitz-continuous. As a consequence, the mapping x2 o x1 is
Lipschitz-continuous, with modulus My MyMze 0 < %MgMge*)‘e < %
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Step 3: on the invariance of By (R), with R = Moe 7= ||(yq, f, 9, h, @) | 11.-
Let yr € By (R). Consider the solution y to system (2.20). By Lemma 2.9, we have

(221) llyllwy, 01 < Mamax ([lgolly, 1(f.9:B)llzz 0.1y, 1 Q@—TDyr+dlly).
Let us estimate the last term in the above expression. We have

" MN(Q = Myyr + qlly
< (Mslyrlly + llglly)
< e M MoMs||(yo, £, 9.1, D)llrrn + M Nlally
(2:22) <o, £-9:h @ler s + M llally

Observe that ||(f, g, h)”Li’ﬂ(o,T) < [[(f,9:P)llz2 0,7)- Combining (2.21), (2.22), and
this last observation, we obtain that

yllws 0.y < Mamax ([yollys [1(f, 9, B) I, (o, £, 95 @)l + € Nlally)
S 2M2||(y03fagahaq)”'r1‘,>\'

It follows then that
Ix1 () ly = e P9 e” =0y (T - 6) ||y

< e M yllw, 0
2M2€7>\(T79) H (yO; fa g, h7 Q)”TT,)\ .

A

(2.23)

IN

Applying now Lemma 2.8, we obtain that

(2.24) Ix2 0 x1(yr)lly < Mymax ([[x1(yr)lly, I(f, 9, h)x—o,1llo; llally)-

Observing that e*T=|(f,g,h)r—o.1)|L2v-0.1y < [(f:9,1)IL3(0,7) we deduce
from (2.23) and (2.24) that

HX? o Xl(yT)HY < Mle_A(T_e) max (2M2||(y07 fvg7 ha q)HTT,/\’ ||(f7 9, h)||/\7 eATHqHY)
< Moe ™ =((yo, 9.1, @)l

We have proved that ||x2 o x1(yr)|ly < R.
Step 4: proof of (2.2) (when T > 0).
We have proved in the second step of the proof that ys0x7 is a contraction. Therefore,
y(T) is the unique fixed-point of 20y in Y. We have established in the third part of
the proof that By (R) is invariant by x2 o x1. Therefore, by the fixed-point theorem,
the mapping x2 o X1 has a unique fixed point in By (R) which is then necessarily (7).
Observe now that (g, 4, p) is the solution to (2.20), with yr = §(T"). Denoting by
My the constant involved in estimate (2.5), we obtain that

”(ga a?ﬁ)”AT,k < M4||(y07 1,9, (Q - H)Q(T) + q)”TT,A
< My (|0 £,9: s @)y + MseM [ 5(T)]Iy)
S M4(1 + M0M36>\9)||(y0, fa g, h7 q)HTT,/\'

This concludes the proof, in the case T > 6.
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Step 5: proof of (2.2) (when T < 0).
By Lemma 1.1 and Lemma 2.8, we have

”(yvuap)HAT,)\ < Me)\T”(yauap)HAT,o
S MewH(yOa fvgv h7 q)HTT,O
S M”(yOa fa 9, ha Q)”TT,)\’

which proves (2.2) and concludes the proof of the theorem. |

3. Additional results on optimality systems. In this subsection, we analyze
further the optimality system associated with the linear-quadratic problem (L)) when
(f,g,h) = (0,0,0). Let us fix some notation. For (y,u) € W(0,T) x L?*(0,T), we
denote

T
(3.1) Jpqq(uy) = /0 ICYOIZ + §llu®F dt + 5 (1), Qu(T))y + {4, y(T))y
and consider the problem

inf J%Q (u,y)
yew (0,7) ol
(P) V%Q,q(ZIO) = weL?(0,T;U)

subject to: y = Ay + Bu, y(0) = yo.

Problem (P") is a particular case of problem (P) with (f°,¢°,h°) = (0,0,0). The
associated optimality system is a linear system (of the form (2.1)) with parameters
(y07 T7 Q7 q)

(09) y(0) =vo, H(y,u,p) =(0,0,0), p(T)—-Qy(T)=gq.

Since the solution (y, u, p) is a linear mapping of (yo, q), there exist two linear operators
(T, Q) and G(T, Q) such that

(3-2) p(0) = IKT, Q)yo + G(T, Q)q.
Let us mention that II(7, @) can be described as the solution to a differential Riccati
equation (see [5, Part IV]).
LEMMA 3.1. There exists a constant M > 0 such that for oll T > 0 and for all
Q€ Q, [T, Q)llcvy <M, |G(T,Q)ll ey < Me™T, and
(T, Q) — Ul zvy < M||Q — TI|| g(yye” M.

As a consequence of the last estimate, we obtain that II(T, Q) T—> IT and that
o0

5
II(7T,II) = II. Let us mention that the third inequality has been obtained in [21,
Corollary 2.7] for finite-dimensional systems and that our result improves the one
given in the same reference (see [21, Lemma 3.9]), where a rate equal to A (instead of
2)) is established for parabolic systems.

Proof of Lemma 3.1. Applying Theorem 2.1 with g = —\, we obtain that

e p()llzoe0mv) < 1y, wsp)llar,— < Mmax (|lyolly, e lally)

and thus |[p(0)|ly < M max (||yolly,e 7 lg|ly). It follows that ||II(T, Q)| zv) < M
and that ||G(T, Q)| z(yvy < Me T, as was to be proved.
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Let us prove the last estimate. We take ¢ = 0. Applying Theorem 2.1 (with u =
A), we obtain that [[e*y ()| L= (o,r;v) < Mllyolly. Thus [[y(T)lly < Me " |lyoly.
Let us set r(t) = p(t) — Hy(t). We have r(T') = (Q — I)y(T), therefore

Ir(T)lly < MIQ =T vy llyolly-

Using the algebraic Riccati equation (1.8) and the fact that IT € L(V*Y) N L(Y, V),
one can check that » € W(0,T) and that —# = AZr. Since AL + AI generates a
bounded semigroup, we finally deduce that

1T, Q) = Myyolly = [Ir(O)lly < Me ™ [[r(T)ly < Me™*[1Q — 1|l (v llyoll v,

which concludes the proof. 0

LEMMA 3.2. Let (ij,u) be the solution to (P°) with associated costate p. Let
(y,u) € W(0,T) x L?(0,T;U) be such that y = Ay + Bu. Then, there exists a
constant M, independent of T', Q, q, yo, y, and u such that

0 < J2.q.q(1y) = V7.g.q(40) = (5(0),y(0) — yo)v
(3.3) < M max (|ly — y”%/V(O,T)v flu — a||2L?(0,T;U))'
Proof. We have
J%,Q,q(uvy) - VTQ,Q,q(yO) = J%,Q,q(u7y) - J’?’,Q,q(avg)
T
- / (31Ct = DIE + §lu—al} +(C*Chy—5) +ali,u—a)) dt
(3.4) +3((T) = 9(1), Qy(T) — §(T)))y +{(Qu(T) + ¢, y(T) — 4(T))y-

The three quadratic terms can be bounded from above as follows:

T
0< /0 IO = DIZ + §llu—alf dt + 5(u(T) — §(T), Qy(T) — §(T)))y
(3.5) < Mmax (|ly = 7l o.r) llu = @20 7:09)-

Let us focus on the remaining terms in the right-hand of (3.4). Using the relations
C*Cy = —p— A*p and ati = —B*p and integrating by parts, we obtain that

T
/ (C*Chy =Yy +alt,u—u)ydt
0
(3.6) = —(Qy(T) + ¢, y(T) — §(T))y + (p(0),y(0) — yo)v-
Estimate (3.3) follows, by combining (3.4), (3.5), and (3.6). O
COROLLARY 3.3. The value function V%Q’q(-) is differentiable. Moreover,
(3.7) Dy, Vr.q.q(W0) = I(T, Q)yo + G(T, Q)q

and II(T, Q) is self-adjoint and positive semi-definite.

Proof. Take yop € Y and h € Y. Denote by (7,4, p) and (y,u,p) the solutions to
(OS) with initial conditions yo and yo + h, respectively. Then, by Theorem 2.1,

max ([ly — yllw o, lv — tll20,m50)) < 1y, wp) = (5,8 D) s, < M|y
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Applying Lemma 3.2, we deduce that

0 < V7 gq(Wo +h) = Vi g 4(m) = (0(0), h)y < MI|h[f5,

which proves that VJ , , is differentiable with Dy VJ o (y0) = p(0). Then (3.7)
follows with (3.2).

Let us take now ¢ = 0. Then, the solution (y, u,p) to (O.S) is a linear mapping of
Yo. Since J%Q)O(m y) is quadratic and convex, there exists a self-adjoint and positive

semi-definite operator II(T) such that Vi g.olbo) = %(yo,fl(T)y()). Applying the
first part of the lemma, we deduce that for all yg € Y, DyOV%Qp(yO) = fI(T)yO =
II(T, Q)yo, which proves that f[(T) =TI(T, Q) and concludes the proof. d

4. Linear-quadratic problems.

4.1. Turnpike property. We analyze now the class of problems (P) (defined
in the introduction). By Lemma 2.8, (P) has a unique solution (g, @) with associated
costate p, satisfying

(41) g(o) = Yo, H(yauvp) = (f<>7g<>, 7h0)7 ﬁ(T) - Qg(T) =dq.

Note that the variables f°¢, g, and h® must be understood as constant time-functions
in the above optimality system. Let us first investigate the existence of a solution to
the static optimization problem.

LEMMA 4.1. The static optimization problem (1.1) has a unique solution (y°,u®)
with unique associated Lagrange multiplier p°® € V, i.e. p® is such that

(42)  — (AP +Bu) = f°, —AP° —C'Cy° = ¢°, au® +Bp° = —h°.
Moreover, there exists a constant M > 0, independent of (f°, g°, h®), such that

(4.3) max ([[y°llv, [u’llv, Ip°[lv) < M max ([If[lv-, lg° v+ [Ih°]lv)-

Vi,

Proof. Since by [5, page 207, equation 2.7] (with a = 1) the operator A, is
an isomorphism from V to V*, we can define r® = —A_*(ILf* — LIIBh® + ¢g°) € V.
Similarly to the proof of Lemma 2.5 we next define y® = A1 (L Bh°— f*+1BB*1°) €
V,p° =Ty*+r° €V, and u® = f%(ho + B*p®) € U. It is easily verified that the
triplet (y°,p®, u®) is a solution to (4.2) and that it satisfies (4.3).

It remains to discuss the uniqueness of the solution to (1.1) and the uniqueness
of the solution to (4.2). Let us first remark that if (y,u,p) is solution to (4.2), then
(y,u) is solution to (1.1) with associated Lagrange multiplier p, by convexity of the
optimization problem. Therefore, the uniqueness of the solution to (4.2) implies the
uniqueness of the solution to (1.1).

To prove the uniqueness of the solution to (4.2), it suffices to consider the case
(f°,9°,h°) = (0,0,0). Let (y,u,p) be a solution to (4.2) with (f°,¢°, h°) = (0,0,0).
Let us define r = p—Ily. It then follows that A%r = 0 and, hence, r = 0. Consequently,
we have Ily = p and with Ay = —Bu we conclude that A,y = 0. This implies y = 0
and p = Iy = 0. Since au + B*p = 0, we finally obtain that u = 0, which concludes
the proof the lemma. ]

From now on, we denote

(4.4) g=q—-p°+Qy°.
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We state and prove in Theorem 4.2 the turnpike property announced in the introduc-
tion. A consequence of inequality (4.5) below is that if ¢ is not too close to 0 and not
too close to T, then 3(¢) and p(t) are close to y® and p°, respectively.

THEOREM 4.2. There exists a constant M, independent of the parameters T, Q,
and (Yo, f°,9°%,h°,q) such that for all t € [0,T],

(4.5)  max (||5(t) = y° Iy, [15(t) = p°lly) < M (e yo — Iy +e T dlly).

Remark 4.3. The exponential turnpike property established in [21, 26] takes the
following form: max (||7(t) — y°|ly. |B(t) —p°|ly) < Mie ™ + Mae *T'=8) where the
constants M; and M> depend on all the data of the problem (except T'). Our estimate
is thus more precise: It shows that these two constants are related to |lyo — y°||y and

llg — p° + Qy°||y, respectively.
Proof of Theorem 4.2. Let (§,1,p) = (9, u,p) — (y°,u®,p°). We have

p(T) — Qy(T) =p(T) —p° = Qy(T) —y°) = ¢+ Qy° —p° =q.

Then, by (4.1) and (4.2), §5(0) = yo — 5°, H(y, u,p) = (0,0,0), 5(T) — Q§(T) = g, i.e.
(4,4, p) is the solution to (OS), with parameters (yo —y°, T, Q, ¢). Let (y™),u™), pM)
and (y@,u®, p?)) be the solutions to (OS), with parameters (yo — 3°, T, Q,0) and
(0,T,Q,G) respectively. Applying Theorem 2.1 to these systems with x4 = A and
= —\ respectively, we obtain that

1y up M) ary < Mllyo — Iy
I1(y®,u 2>)HAT,7A < Me M |qlly
We immediately deduce that for all ¢ € [0, 7]

max ([ly™ Oy, [ @)lly) < Me o —y°ly,
max (|ly® @)lly, [p® (@)lly) < Me M T1|qlly

Estimate 4.5 follows, since by linearity, (7,4, p) = (y™,v™, pM) + (5@, u? p®).0
Remark 4.4. If one assumes that B € L(U,Y) (instead of simply B € L(U, V™)),
then a turnpike property can also be established for the control:

lu(t) — ullo = 2||B*(0(t) — p°)||, < M (e Mlyo — v°lly + e T I |glly).

2. Analysis of the value function. In this subsection, we analyze some
properties of the value function associated with Problem (P). For an initial time 6
and an initial condition yg, the value function is defined by

(P(6))
inf Uy ) dt +5(y(T), Qy(T))y + (¢,y(T))v,
Vr.q.q(0.y0) = u@éGLWZéHTTU / Y Y

subject to: y(t) = Ay(t) + Bu(t) + f°,  y(#) = yo.

The shifting realized in the proof of Theorem 4.2 shows that Problem (P) is equivalent
to a problem of the same form as (P”) (with a different value of ¢). We compare the
corresponding value functions in the next lemma.
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LEMMA 4.5. The following relation holds true:

Vra.a(0:90) = Vi_g 026 —y°) + (0%, yo)y
(4.6) + (T = 0)v° + 2(y°, Qy°)y + (¢ — p°,¥°),

where v® := {(y®,u®) is the value of the static optimization problem (1.1).

Proof. Tt is sufficient to prove the result for § = 0. Let (y7u)'be such that
y=Ay+ Bu+ f° y(0) = yo. Let (3,4) = (y,u) — (y°,u®). Then, y = Ay + Bu,
7(0) = yo — y°. We have

T
Traaw) = [ HICHE +(C°Co" + g gv-w + (HICYIE + (67 v) ) de
0

T
s [ a0l + tau a0 + (5l + 1, 00he) a
(47 1), QI + Q0 + TNy + 0%, Q0 + (0.

As in the proof of Lemma 3.2, the linear terms vanish. Using C*Cy® + ¢g° = —A*p°,
au® + h® = —B*p®, and integrating by parts, one indeed obtains that

T
(48) / (CCy° + ¢ () + (au® + 1, () dt = —(p°, 5(T) — §(O)y-

Combining (4.7) and (4.8), we obtain that

T
Tt 0.a(:4) = / YOl + &lla)2 dt
+ 3@(T), Qu(D))y +(Qy° +q—1p°,4(T))y + K(vo),

where K (yo) = Tv° + 5(y°, Qy°)y + (0°,50 — ¥°)y + (¢,5°)y. We obtain with the
definitions of Jy and ¢ given in (3.1) and (4.4) that Jz ¢ ,(u,y) = J2 0.5(% 9+ K (yo)-

Therefore Vr ¢ 4(0,%0) = V3, +(¥0 — ¥°) + K(yo) and the lemma is proved. 0

We deduce from Lemma 4.5 some useful information on D,V g ,(0,v). More
precisely, relation (4.6) below shows how the derivative of the value function deviates
from the equilibrium value p°®. Note that the first difference term, II(T—6, Q) (yo —4°),
vanishes when 9 = y° and the second one, G(T — 6, Q)q, is very small for large values
of T —6.

COROLLARY 4.6. The following relation holds true:

(49) DyGVT,Q,q(eﬂ y@) = H(T - 97 Q)(ye - yo) + G(T - 97 Q)q + po'
Moreover, for all § € [0,T],
(4.10) p(0) = (T —0,Q)(4(0) — y°) + G(T — 0,Q)d + p°.

Proof. Relation (4.9) is obtained by differentiating relation (4.6) and applying
Corollary 3.3. Using the same techniques as in Lemma 3.2 and Corollary 3.3, one can
prove the following sensitivity relation: p() = Dy, Vr o ,(0,5(0)). Applying (4.9),
relation (4.10) follows. d



RHC METHOD FOR LINEAR-QUADRATIC OPTIMAL CONTROL PROBLEMS 19

5. Error estimate for the RHC algorithm. The receding-horizon algorithm
for solving (P) consists in solving a sequence of optimal control problems with small
time-horizon T'. A sampling time 7 < T is fixed. At iteration n of the algorithm, an
optimal control problem is solved on the interval (n7,nT+T) and only the restriction
to (n7, (n 4 1)7) of the solution is kept. The problem which is solved at the iteration
n is of the following form:

0+T
i / Uy(t), () dt + 66 + T, y(0 + T)),

(P(0;0)) weL?(0,6+T;U)

subject to: y(t) = Ay(t) + Bu(t) + ¢, y(0) = ya,

where 6 and yg are given. Let us describe the function ¢ used as final-time cost in
the above problem. We assume that two bounded mappings II: ¢ € [0,00) — £(Y)
and G: t € [0,00) = L(Y) are given as well as an element 5 € Y. For all t > 0, the
operator f[(t) is assumed to be self-adjoint and positive semi-definite. The function
¢ is defined by

(5.1)  B(ty) =3y — v (T —t)(y —y°))y + (G(T = )G, y) + (. y)v-
Observe that
Dy(0+T,y) =TT — (0 +T))(y —y°) + G(T — (0+T))G+p.

This relation shows that ¢(6 + T, ) can be viewed as an approximation of the value
function Viy g ,(0+1T),-) (up to an additive constant independent of the variable y). If
p =p° and if IT and TI(-, Q) as well as G and G(-, Q) coincide at time T — (§4T'), then
the two problems (P(0)) and (P(0; ¢)) are equivalent, by the dynamic programming
principle.

A third parameter N such that N7 < T is also considered. At time N7, Problem
(P(0)) is solved (with § = N7). We give now a precise description of the algorithm.

Algorithm 5.1 Receding-Horizon method

Input: 7 >0, 7 > 7, and N such that N7 < T

forn=20,1,2,..., N —1do
Find the solution (y,u) to (P(6; ¢)) with 8 = n7, Y9 = yn, and ¢ given by (5.1);
Set yrp(t) = y(t) and urpg(t) = u(t) for a.e. t € (n7, (n+ 1)7);
Set ynt1 = y(7);

end for

Find the solution (y,u) to Problem (P(0)) with 6 = N7 and yp = yn;

Set yru(t) = y(t) and urp(t) = u(t) for a.e. t € (N7, T);

We are now ready to state and prove the main result of the article. We make use
of the following assumptions on II and G.

Hypothesis 5.1. For all t > 0, lil(t) is self-adjoint positive semi-definite. There
exists a constant M > 0 such that |G(t)] z(yv) < Me " and ||IL(t)||z(v) < M, Vt > 0.

Let us remark that a simple possible choice is IT = 0, G = 0. In this situation,
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we then have ¢(¢,y) = (p,y)y. We denote

T~ = sup [T(T) =TT, Q)|
T€[0,00)

|G = Glloor = sup [[*T(G(T) = G(T, Q)| vy
T€[0,00)

By Assumption 5.1 and Lemma 3.1, |IT — I||o and |G — G||so.x are finite.

THEOREM 5.2. There exist two constants 7o > 0 and M > 0 such that for all T
and T with 1o < 7 <T < T and for all N with Nt < T, the following estimate holds
true:

max (|yre — Fllwo.1): lurr — @llL20,709)
(5:2) < MeMT=7) (VTR 4 NI4T e 1 N5 — 0]l ),

where K1 = |[I-11||oo|lyo—y°|ly and Kz = (|[I-1I||cc+ |G —G|lco,2) |dlly - Moreover,
J7.0.qWrH, uRE) — VT ,0,4(0,90)

(53) < M672A(T77') (ef)\TKl + e*/\(Tf(N*rJrT))I{2 + NHﬁ *pQHY)Z.

The constant M is independent of (o, f°,9°,h°,q), Q, T, 7, T, and N.

Remark 5.3. Estimate (5.2) suggests that the quality of the solution provided by
the Receding-Horizon algorithm can be improved by either reducing 7, by increasing
T, or by reducing N, which is intuitive. Let us mention, however, that the constant
7o constructed in the proof cannot be chosen arbitrarily small, therefore, our result
does not give information on the quality of the solution for arbitrarily small sampling
times.

The error estimate also suggests to choose p = p°®. In this case, one can recom-
mend to choose N such that N ~ (T — 2T)/7, so that the two error terms e T K;
and e MT=(NT+T)) ¢, are of the same order (with respect to T').

Remark 5.4. The necessity of a lower bound 7y for the sampling time is revealed
in the proof below; in a nutshell, this lower bound ultimately allows to sum up the
error terms accumulated at each iteration of the algorithm. Let us mention that this
bound is not necessary in other works based on a dynamic programming approach
and dealing with continuous-time systems. Still in those works, a lower bound on the
prediction horizon T', depending on 7, is needed (see [2, 3, 4]).

Proof of Theorem 5.2. Let us set define, for n € {0, ..., N — 1},

ap = Mmax (HyRH y”W(n‘r,(n—Q—l )T)s ||URH - u||L2(nT (n+1)T;U ))

bn = llyra (nT) = y(n7)]ly.
We also define ay = max (|lyry — Yllwnr7) lurE — a||L2(NT’T;U)). Let My be the
constant involved in Theorem 2.1, for y = A and for Q = {II(¢) |t > 0}. Necessarily,
My > 1. Let r € (0,1) be a fixed real number and let the constant 79 > 0 be such
that e < Mpe 0 < r < 1.

Step 1: proof of estimates on a,, and b,,.

The first part of the proof consists in proving the following three estimates.

(54) a, < Mb, + Mef)\(Tf-r) (efA(n‘r+T)K1 + ef)\(Tf(n’rJrT))[{2 + ||ﬁ *p<>||y),
(55) anrl < rb, + Me—)\(T—‘r) (e—)\(nT+T)K1 + e—)\(T—(nT+T))K2 + ”ﬁ _p<>||Y)’
(56) an S ]\4&)]\/7
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foralln=0,..,N —1. Let us set t, =n7 and t|,, =n7 + T, for alln =0,..., N. We
also set g, = g(n7) and recall that y,, = yru (n7). Let us denote by (y, u) the solution
to problem (P(6;¢)) with § = nT and yg = y,,. Let p be the associated costate. By
construction, (yrm,ury) and (y,u) coincide on the interval (¢,,t,41). Let us write
the optimality conditions satisfied by (7, @, p) and (y,u,p) on the interval (¢,,t,). By
Corollary 4.6, we have

y(tn) = Yn
H(y,u,p) = (f°,9°,—h°)
p(t,) — (T — t,,Q)((t,) —y°) = G(t %)CI p°.
The optimality conditions associated with (y,u, p) write
(tn) Yn
o ( ) (Nfov ) _ho)
p(t%) —I(T = 17)(y(t,) — y°) = G(t,)q + -
Thus, the triple (¢, 4,p)(t) := (v, u,p)(tn +t) — (§, @, D) (tn, + t) satisfies
Q(O) = Yn — Yn
(5.7) ’H(z? 15) (0,0,0)

where

w= (I(T — ) = I(T — ,,,Q)) (y(t,) — ¥°)
(5:8) +(G(T = 1,) = G(T = 1)+ (= p°)-
The triple (¢, 1, p) is the solution to (OS) with parameters (y,, — Fn, T, (T — ), w).
Let us estimate ||w|y. By Theorem 4.2, we have
(5.9) l5(t,) = v°lly < M (e XD g — g3y + e AT | g))).
By assumption,
(5.10) IG(T = £,) = G(T = £, Q)| ey < e M= G = G| .
Combining (5.8), (5.9), and (5.10), and using the definitions of K; and K5, we obtain
(5.11) lwlly < e TRy 4 e AT, 4 — )y

Let us find now some estimates for (9,4, p). To this end, we proceed as in the proof
of Theorem 4.2. We consider the solutions (5", a(!) p(l)) and (3,43, p)) to the
linear system (OS), with parameters (Y, — Jn, T,11(T — t.),0) and (O,T,H(T ), w),
respectively, so that (7, 4,p) = (51, aM, pM) + (5@, a3 p3)). Let us first apply
Theorem 2.1 to the first system (with g = 0). We obtain
(5.12) 1@, a5 Az, < Mllyn = Gally = Mby.,
Lemma 1.1 and Theorem 2.1, applied to (5, a3, p?) with g = —\, yield

15®, 83, pD) A, < METNGP, 0, 5|,

< MG, 4P, 5 g

(5.13) < Me 2TV wlly.
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We deduce from (5.12) and (5.13) that

an = max ([|§llw o, 1]l L2(0,7))
< (@, p)l|a, o
< 1GD, 2D, 5N a, o + 15P, 4@, 5@)a,,
(5.14) < M(bp+ e TV |y ).

Estimate (5.4) follows from (5.11) and (5.14). Let us apply again Theorem 2.1 to
(M, 4™, p(M), now with = X\. We obtain

(5.15) 1@, 4D, 5 | ag, < Mollyn — nlly = Mob,.

It follows that ||g 1)(T)||y < Mye* b, < Mye*™b,, = rb,. As a direct consequence of
(5.13), we have |9 (7)|ly < Me AT~ ||lw]||y. Tt follows that

(516) a1 = 19Dy < 15V D)y + 152 (7)ly < rb + Me 2T ]y

Estimate (5.5) follows from (5.11) and (5.16).

Let us prove the estimate on ay. Denoting by (y,u,p) the solution to (P(0))
with § = N7 and yp = yn, we obtain that (¢,4,p)(t) := (y,u,p) — (7,4, D)(tn + t)
is the solution to (OS), with parameters (yny — QN, [ —tn,Q,0). Applying Theorem
2.1 with g = 0, we obtain ay < ||(§,4,p) < Mllyn — ynlly < Mby, as was
to be proved.

Step 2: proof of the general estimates.

In order to prove the result, we need to find an estimate for ZQ;O an. We start by
estimating b,,. Re-arranging (5.5), we obtain that

lar_epo <

b1 < 1by + (Me TN ) e
+ (MeMT=DATD) Yo 4 (3 MT=0) 5 — 52y ).

Let us introduce three sequences (¢,)n=0,....~N, (dn)n=0,....~, and (en)n=0,... N defined
by 0—07 do—o, 60—0, and

Cpt1 = TCp + e*"/\T, dpi1 =rdy, + e"”, ent1 =re, + 1.
It is easy to check by induction that
(5.17) by < M[(e"2TH K e+ (e AT D AT KV d 4 (2T =[5 p°|) €]

Lemma 5.5 below allows to estimate (¢p)n=0,....~N, (dn)n=0,...~, and (en)n=0,...n. We
have r > e~ 70 > e*)‘T, thus

e_AT -1 n—1 e_ATO -1 n—1 n—1
(5.18) e < (1 - ) Pl < (1 - ) Pl < Ml
T

Moreover, r < 1 < e, therefore
—1
(5.19) d, < (1 _ %) (MDA < (1 _ )l DAT < prp(n=DAT,
e T

We also have |le, ||y < M. Combining (5.17), (5.18), and (5.19), we obtain that

(520) bn < M(K1672)\T+)\Trnfl+K267)\(T7‘r)7A(T7T)e(n71))\‘r+67)\(T77)”Zfiipon).
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Combining the above inequality with (5.4), we obtain that

an < MKle_)‘(T_T)_AT(T’ﬂ—l + e—/\n-r)

(521) + MK26—)\(T—T)—)\(T—T) (e(n—l)XT + enk‘r) + Me_A(T_T)Hﬁ _p<>||

We have e~ NAT < ef(nfl))\‘r < ef(nfl))\‘ro < =1 a5 well as e(nfl))\'r < 67}\T06’I’LAT,
which allows to simplify (5.21) as follows:

(5.22) an < M(Kle—Q)\T—&-)\TTn—l _|_K26—>\(T—T)—>\(T—T)enA‘r + e_A(T_T)Ilﬁ_pQ||).

We have
N-1 1 o) 1
n—1 < = no_ <M
7;) " —r T;)T r(l—r) —
(5.23) - -
N-1 \ eNAT g eNAT 2
NAT — < < M T'
nZ:oe A —1 e —1-¢
Combining (5.22) and (5.23), we obtain that
N-1 )
(5.24) Z an < M(Kle—QAT-‘r)\T_|_K2e—/\(T—T)—>\(T—(NT+T))+N€—>\(T—7)Hp~_po”>_
n=0

We obtain with (5.6) and (5.20) that
any < Mby
< M(Kle—Q)\T+)\TT,N—1 4 Kye MT=7)=MT=T) ((N=1)AT | e—)\(T—T)Hﬁ _p<>||)
(525) < M(K1672)\T+)\T +K2€7)\(T7T)7/\(T7(N’T‘+T)) + efA(Tffr)”ﬁipo”)'
Finally, (5.24) and (5.25) yield

_ _ N
max (||ZURH - yHW(O,T)a |urm — U||L2(0,T;U)) < En:oan

< M(Kle—QAT+)\T + KQB—A(T—T)—/\(T_—(NHT)) + Ne—/\(T—T)H]; _p<>||)’

which proves (5.2). Using the same techniques as in Lemma 3.2, one can show the
existence of M such that

_ _ 2
Jr.q.q(urH, yrRE) = V7,0,4(0,90) < M max (|yra — Yllw 0,7, lurm — allL2010)) "

Using then (5.2), we obtain (5.3). The theorem is proved. ad

The following lemma is an independent technical result, used only in the above
proof.

LEMMA 5.5. Let r1 > 0 and ro > 0 be two positive real numbers. Consider the
sequence (£,)nen defined by

=0, &pp1=11& +715, YneN.

If ro <11, then & < ﬁr?il, for alln € N. If ry <o, then &, < 71411/”76‘*1,
for alln € N.
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Proof. One can easily check by induction that
n—1 T i n—1 - i
=t (—) =2t (—) Vn € N.

If ro < 71, then Z?;Ol (:—f)l §1(1 — %)_1, which proves the first estimate. If 7| < rg,
then S0 (%)z < (1—2)"" and the second estimate follows. 0
6. Infinite-horizon problems.

6.1. Formulation of the problem and overtaking optimality. In this sub-
section we investigate the case of linear-quadratic optimal control problems with an
infinite horizon. The investigated problem can be seen as a limit problem of (P) when
T goes to co. For this purpose, we introduce the space LIQOC(O7 o0) of locally square

integrable functions and the space Wi, (0, 00) of functions y: (0,00) — V such that
for all T'> 0, 0,7y € W(0,T). Consider the problem

inf /O (y(t), u(t)) dt

YEWio(0,00)
(P(OO)) uEleolc(O,oo;U)

subject to: y(t) = Ay(t) + Bu(t) + f°,  y(0) = yo.

In general, the above integral is not proper and one needs to use an appropriate notion
of optimality. Let us mention that this difficulty would also arise if we chose W (0, c0)
and L?(0,00; U) as function spaces. We call a pair (y,u) € Wiee(0,00) x L2 (0, 00; U)
feasible pair if y = Ay + Bu + f and y(0) = yo.

DEFINITION 6.1. A feasible pair (§,u) € Wiec(0,00) x LZ (0,00;U) is said to be
overtaking optimal for Problem (P(o0)) if for all feasible pairs (y,u) € Wiee(0,00) X
L1200(07 00; U), liminfr_ o (JT’()yo(’LL, y) — JTyo’()(ﬂ, g)) > 0.

The notion of overtaking optimality is rather classical in the literature, see for
example [30], where some existence results are established. We construct now a pair
(g, @) which will be the unique overtaking optimal solution to problem (P(c0)). Let
§ € W(0,00), p € W(0,00), and @& € L?(0,00;U) be defined by i = A7, 7(0) =
yo—y°, p=1Ilg, u = —éB*p. Using the same arguments as in Lemma 2.5, we can
check that p € W (0, 00) with —p = A*p + C*C§. We finally set

(7,a,p)(t) = (y°,u®,p°) + (9,4, p)(t).

We have (§,4,9) € Wioe(0,00) x L2 _(0,00;U) x Wipe(0,00). A key point in our
analysis is that for all T' > 0, the triplet (7, @, p) is the unique solution to the following

optimality system:

(6.1) ¥(0) =yo, H(y,u,p) = (f°,9°,—h%), p(T)—My(T)=p° —y°.

One can prove with standard arguments (g,u,p) is the unique overtaking optimal
solution. We refer the reader to [23], where a more general class of linear-quadratic
problems is investigated.

PROPOSITION 6.2. The pair (§,@) is the unique overtaking optimal solution to
(P(00)). More precisely, we have

.. o « _
(62) thl)IOIéf (J(’LL, Y, T) - J(’Ll,, Y, T) - (5 - 5) ”u - U‘H%Z(O,T;U)) Z 07
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for all e > 0 and for all feasible (y,u).

Proof. Let us first prove that
(6.3)
!

T T
T T)=1@3.7)=5 [ lu=ilde= [ ZICG=IE 60T -5(D)y-

The calculations are very similar to those of the proof of Lemma 3.2. We have
o T 2 « 9
Ty, T) = J@5.1) = | 5106 =9I + Gl —alf
T
(6.4) +/ (C*CH+ g,y — ¥y + (et + h,u — @)y dt.
0

Using C*Cy + ¢° = —p — A*p, ati + h® = —B*p and integrating by parts, we obtain
that

T
(6.5) /0 (C*CY+ 9%y =)y + (au+h®u—u)dt = =(p(T),y(T) = y(T))y-

Combining (6.4) and (6.5), we obtain (6.3).
Let § =y —gy. We have § = Ay + B(u — 1), §(0) = 0. Therefore, by Lemma 2.7,
there exists a constant M independent of T" such that

ly(T) = glly = 19D < M(llu = all 20,70y + 10y = Dllz2o,r,2))-

The adjoint p is bounded, since p = p® + p, where p € W (0, 00). Therefore,

[(B(T),y(T) = 4(T))y| < M(|lu—allp20,m,0) + 1C(y = D)l L20,7:2))»

where again M does not depend on 7. We deduce that

I « _
J(u7 Y, T) - J(u7 Y, T) - (5 - E) ||u - UH%Q(O,T;U)

> (EHU - EH%Q(O,T;U) - Mllu— QHLZ(O,T;U))
1 _ _
+ (16 = Dlza.r2 — MIC = D2 0r:2) ).

The two terms on the r.h.s. in the above inequality are bounded from below. Thus,
if one of them tends to infinity (which is the case if ||u — @||z2(0,7:0) s, o0 or
—> 00

1C(y = PlL20,1:2) il 00), then
—00

_ a ~
<J(u’y’T) — @ T) - (5 - 6) e = “”2L2<07T;U>> Tt ™

and therefore, (6.2) holds true. Otherwise, if ||u — |20, r;0) and [|C(y —7) | £2(0,7;2)

are both bounded, then y — § € W(0,00) (by Lemma 2.7) and therefore y(T') —

g(T) . 0 (see [7, Lemma 1]). It follows that (p(T),y(T) — 4(T))y . 0. We
—00 —00

deduce then from (6.3) that
- _ o _
hTHigogf J(’U,, Y, T) - J(u7 Y, T) - §||u - U’HQLQ(O,T;U) 2 07

which proves (6.2) and that (g, ) is overtaking optimal.
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Let us prove uniqueness. Let (y,u) be overtaking optimal. Then, by definition,
0 < liminf (J(ﬂ, g,T) — J(u,y,T)) < lim sup (J(a,g, T)— J(u,y,T)).
T—o0 T—o00

Therefore, using (6.2) with € = ¢,
0> —limsup (J(@,7,T) — J(u,y,T))

T—o00

= hTIIi}OIéf (J(u,y,T) — J(u,y,T))

.. _ (07 _ (O _
> timinf ((u,y,T) = 7, 5,7) = Tl = 1la0,1,0 ) +5 liminf 1w — a0 .0

T—o0

>0
> % lim inf lu = @l 220,70
We immediately deduce that v = @. Thus y = g, which concludes the proof of
uniqueness. 0
The next lemma deals with the asymptotic analysis of J(u,y,T).
LEMMA 6.3. For all T > 0, the following equality holds true:

1
J(@,g,T) = Tv® + 5{yo — y° Ilyo — y"))y — 0 9(T) —y°)

1, _
(6.6) = 5T =y IMG(T) —y%))y,
where v° is the value of problem (1.1). A direct consequence is the following relation:
- J(@,y,T)
) lim Y2 e
(6.7) T T v

Proof. A direct consequence of (6.1) is that (3, %) (,r) is the unique solution to
P(yo,T,11, q), where g = p® — IIy°®. The corresponding ¢ (defined by (4.4)) is then
G§=q—p°+1ly* =0.

By Corollary 4.6, we have
(6.8)

1
V(yo, T-1L q) = Volyo — 4%, T, 1L 0) + (%, o)y +T0% + 5(y°, Iy®)y + (¢ = p°, %)y
As was explained in the proof of Corollary 3.3, Vy(y,T,11,0) = %(y, I(T,I)y)y. By

Lemma 3.1, II(T,II) = II. Therefore, (6.8) becomes
(6.9)

1 1
V(yo, T, 11, q) = §<yo —y°, M(yo —y°))y + (0%, o)y +Tv°+ §<y°, Oy®)y — (y®, y°)y.
We also have

J(.5,T) = J(@,5, T, ,q) — 3 (5(T), TG(T) — (g, 9(T))y

(6.10) = Vlyo, T.1L,0) ~ 5 (5(T), 5 (T) ~ (a,5(T))yv-

Formula (6.6) can be obtained by combining (6.9) and (6.10). Formula (6.7) follows
from the fact that § — y© converges exponentially to 0. O
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6.2. Analysis of the RHC algorithm. As before, one can find an approxi-
mation of (g, @) by using the RHC algorithm. We have p(T') = II(g(T) — y°) + p°.
Therefore, a good choice of a terminal cost function in the receding horizon algorithm
is a function whose derivative (w.r.t. y) is an approximation of II(y — y°) + p®. We
therefore consider

(6.11) o(t,y) = 3y —y°. 1y — v°)y + (B, y)v,

where p € Y and II € L(Y) is self-adjoint and positive semi-definite. If one chooses
II = II and p = p°®, then the Receding-Horizon algorithm provides the exact overtaking
optimal solution to the problem. Let us mention that the function ¢ that we pro-
pose for the infinite-horizon problem is independent of time. The Receding-Horizon
algorithm is now very similar to Algorithm 5.1.

Algorithm 6.1 Receding-Horizon method
Input: 7>0,T>7,and N € N;
Set n =0 and y,, = yo;
forn=20,1,2,...., N —1do
Find the solution (y,u) to (P(0;¢)) with 8 = n7, ys = yn, and ¢ given by (6.11);

Set yrp(t) = y(t) and urpg(t) = u(t) for a.e. t € (n7,(n+ 1)7);

Set Ynt1 = y(7);
end for

THEOREM 6.4. There exist two constants 19 > 0 and M > 0 such that for all
(Yo, f°,9°,h°), for all 7o < 1 < T, the following estimate holds true:

max (|lyra — Ullwo,nn): lurE — tllr20,8+07))
(6.12) < Me M=) (e = T vy lyolly + N1B — p°lly)-

Remark 6.5. Similar conclusions to the ones for the finite-horizon case can be
drawn from the error estimate (6.12): reducing 7 and increasing T' should improve
the quality of the solution obtained with the Receding-Horizon algorithm (still, the
case of arbitrarily small values of 7 is not covered). Also, one should choose p = p°
since in this case the error estimate becomes independent of N.

Proof of Theorem 6.4. Let us fix T > N7. As a direct consequence of (6.1),
(4,40, is the unique solution to (P) with initial condition yo, horizon T', Q =TI,
and ¢ = p® — IIy°. The corresponding ¢ is null. Consider now the pair (§ry,Ury)
obtained when solving this problem with the same values of the parameters 7, T,
and N and with II(T) = II and G(T) = 0. By construction, (ygpy,ury) and
(JrmH,URrp) coincide on (0, N7). Estimate (6.12) is directly obtained by applying
Theorem 5.2. Indeed, the constant K involved in (5.2) is null, since ¢ = 0 and since
SUPTe(0,00) IITHT) — (T, )| £(yy = [[LI = Il £(v), by Lemma 3.1. O

7. Numerical verification. In this section we aim at measuring the tightness
of our estimate. Our focus is the dependence of ||ury — 1|12 (o, 7,1y With respect to 7
and T. We consider for this purpose an optimal control problem with state variable
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of dimension 2 and scalar control, described by the following data:

0.2 0 1 10
A= (0.1 —0.5) » B= (1> , U= <o 1> , a=025
0 00 0 _

Observe that the matrix A is not stable. The optimal control and the associated
trajectory are represented on the graphs of Figure 1. The dashed lines correspond to
the values of u® and y°, respectively.

25

Optimal controlu|| |- — — — — P
— — — Turnpike " T
2r e . 4

——— Optimal trajectory y,

— — ~ Turnpike 4
Optimal trajectory Y,

— — — Turnpike

“ 5 10 15 20 25 0 0 5 10 15 20 25 30
F1c. 1. Optimal control and optimal trajectory

We have generated different controls with the RHC algorithm, for values of 7 and
T ranging from 0.5 to 7.5 and with the following parameters:

=0, G=0, p=p° N=|T-2T)/7].

All optimal control problems have been solved with the limited-memory BFGS method ]
with a tolerance of 10719 for the L?-norm of the gradient of the reduced cost function.
For the discretization of the state equation, we have used the implicit Euler scheme
with time-step equal to 5 x 1073, As a consequence of Theorem 5.2, there exist 79 > 0
and M > 0, both independent of 7 and T, such that |upy — @l 2o 7) < Me 22T+,
for 7o <7 < T < T. Thus the quantity

p(1,T) :=In(|lugy — 12||Lz(0j)) + 20T — 1

is bounded from above, for sufficiently large values of 7. The results obtained for
lure — @l p2(0,7) and 100p(7, T') are shown in Figures 2 and 3, where A = 0.36 is the
opposite of the spectral absicissa of A,. A first observation is that |[urmg — | 20,7 i
decreasing with respect to T and increasing with respect to 7. Moreover, the number
p(1,T) takes values between 0.40 and 0.73. The variation of p(7,T) can be regarded
as small, in comparison with the variation of 2A\T — A7 (approximately equal to 5,
comparing 7' = 0.5 and 7" = 7.5). We can thus consider that p is constant and
conclude that our error estimate gives an accurate description of the dependence of
lurm — 20, 7,0y With respect to 7 and T

Conclusion. New error bounds for linear optimality systems associated with
optimal control problems have been obtained in weighted spaces. They have enabled
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T
T 0.5 1 1.5 2 2.5 3 3.5
0.5 1.7e+0 | 1.0e+0 | 7.4e—1 | 5.3e—1 | 3.8e—1 | 1.6e—2 | 1.1e—2
1 1.3e4+0 | 8.3e—1 | 5.9e—1 | 4.2e—1 | 1.8e—2 | 1.2e—1
1.5 1.0e4+0 | 6.4e—1 | 4.4e—1 1.8e—2 | 1.4e—2
2 8.1le—1 5.2e—1 | 2.2e—-2 1.5e—2
2.5 6.6e—1 | 2.5e—2 | 1.8e—2
3 29e—2 | 2.1e—2
3.5 2.4e—1
T
T 4 4.5 5 5.5 6 6.5 7 7.5

0.5 1.3e—1 | 9.3e—2 | 6.5e—2 | 4.6e—2 | 3.2e—2 | 2.2e—2 | 1.6e—2 | 1.1e—2
1 1.5e—1 | 1.0e—1 | 7.2e—2 | 5.1e—2 | 3.5e—2 | 2.5e—2 | 1.8e—2 | 1.2e—1
1.5 1.5e—1 | 1.2e—1 | 7.8e—2 | 5.3e—2 | 4.0e—2 | 2.Te—2 | 1.8e—2 | 1.4e—2
2 1.9e—1 | 1.3e—1 | 9.3e—2 | 6.2e—2 | 4.6e—2 | 3.0e—2 | 2.2e—2 | 1.5e—2
2.5 2.1e—1 | 1.5e—1 | 1.1e—1 | 7.2e—2 | 5.2e—2 | 3.5e—2 | 2.5e—2 | 1.8e—2
3 25e—1 | 1.8e—1 | 1.2e—1 | 8.6e—2 | 6.2e—2 | 4.1e—2 | 2.9e—2 | 2.1e—2
3.5 3.0e—1 | 2.1e—1 | 1.4e—1 | 1.0e—1 | 7.2e—2 | 4.9e—2 | 3.4e—2 | 2.4e—1
4 3.7e—1 | 2.5e—1 | 1.8e—1 | 1.2e—1 | 8.4e—2 | 5.9e—2 | 4.2e—2 | 2.8e—-2

4.5 3.1e—=1 | 2.1e—1 | 1.4e—1 | 1.0e—=1 | 7.0e—=2 | 4.9e—2 | 3.4e—1
5 26e—1 | 1.7Te—1 | 1.2e—1 | 8.4e—2 | 5.9e—2 | 4.1e—2
5.5 22e—1 | 1.5e—1 | 1.0e—1 | 7.0e—2 | 4.9e—1
6 1.8e—1 | 1.2e—1 | 8.4e—2 | 5.8e—2
6.5 1.5e—1 | 1.0e—1 | 7.0e—2
7 1.3e—1 | 8.5e—2
7.5 1.0e—1

F1c. 2. lury — @llp2(o,1) for different values of T and T

T
T 0.5 1 1.5 2 2.5 3 3.5 4 | 4.5 5 5.5 6 6.5 7 7.5
0.5 73 | 58 | 61 | 63 | 65 | 66 | 67 | 68 | 69 | 69 | 69 | 70 | 70 | 70 | 70
1 59 | 54 | 56 | 57 | 59 | 60 | 61 | 61 | 62 | 62 | 62 | 63 | 63 | 63
1.5 54 | 46 | 43 | 53 | 49 | 47 | 55 | 51 | 48 | 57 | 52 | 49 | 57
2 51 | 42 | 48 | 43 | 50 | 45 | 51 | 46 | 52 | 46 | 52 | 47
2.5 49 | 40 | 44 | 40 | 43 | 48 | 43 | 46 | 42 | 45 | 49
3 48 | 40 | 41 | 45 | 40 | 42 | 46 | 42 | 43 | 47
3.5 44 | 42 | 43 | 40 | 41 | 43 | 40 | 41 | 42
4 45 | 42 | 42 | 40 | 40 | 41 | 43 | 40
4.5 45 | 41 | 41 | 42 | 40 | 40 | 41
5 47 | 41 | 40 | 40 | 40 | 41
5.5 46 | 41 | 41 | 40 | 40
6 46 | 41 | 40 | 40
6.5 46 | 41 | 40
7 46 | 41
7.5 46

F1c. 3. 100(In(|lury — @ll2(0,7)) + 2AT — A7), for different values of T and T

us to improve the exponential turnpike property for linear-quadratic problems and to
obtain a precise error estimate for the control generated by the RHC algorithm.

Future research will be dedicated to the extension of our results to non-linear
systems. Let us mention that an error estimate for the RHC method has been obtained
for stabilization problems of bilinear systems in [17], by application of the inverse
mapping theorem in weighted spaces. Another axis of research will focus on the
extension of our results to the wave equation.
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