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. These are the values given by Hutton. In general, the circular segment of angle θ (in radians) in a circle of radius r is r 2 2 (θ -sin θ).

Sang's table of circular segments

Sang's work

. Sang spent 40 years computing tables of logarithms and trigonometric functions, with the assistance from his daughters Flora (1838Flora ( -1925) ) and Jane (1834-1878).

Sang's purpose was in particular to provide fundamental tables, including for the decimal division of the quadrant. In 1890 [4, p. 189], he wrote that In addition to the results being accurate to a degree far beyond what can ever be needed in practical matters, [the collection of computations] contains what no work of the kind has contained before, a complete and clear record of all the steps by which those results were reached. Thus we are enabled at once to verify, or if necessary, to correct the record, so making it a standard for all time.

For these reasons it is proposed that the entire collection be acquired by, and preserved in, some official library, so as to be accessible to all interested in such matters; so that future computers may be enabled to extend the work without the need of recomputing what has been already done; and also so that those extracts which are judged to be expedient may be published.

Sang also computed a number of other tables, 1 of more specialized scope. For instance, in 1879, he computed a table of circular segments (K45), 2 which is reconstructed here.

The motivation

.

Introduction 1 Tables of circular segments

A circular segment is a portion of a disk bounded on one side by a circular arc and on the other side by a chord. Figure 1 shows in grey the circular arc subtended by the angle θ. The circular sector is the circular segment together with the triangle OAB . The red line h is the sagitta of the circular segment. One of the first tables of circular segments was published in 1717 by Abraham Sharp, in his Geometry improv'd [START_REF] Sharp | Geometry improv'd[END_REF]. Sharp considered a circle whose whole area is 10 17 (or equivalently, 1 with 17 decimal places) and gave a table of areas of the segments as a function of the sagitta, from 1 to 5000 (figure 2). Sharp wrote "versine", since when the radius is 1, the sagitta is actually the versine of θ/2, that is 1 -cos(θ/2). In fact, we can consider that for Sharp the whole area of the circle is 1 and that the diameter of the circle is divided in 10000 parts. When the sagitta is 5000, the circular segment corresponds to half of the circle and the area given is 0.5. Sharp also gives first differences.

In order to explicit the function tabulated by Sharp, we let the radius of the circle be r, the sagitta be h and the angle of the circular segment be θ, then we have θ = 2 arccos((r -h)/r) = 2 arccos(1 -h/r) and the area of the circular segment is

S = θ 2π × πr 2 - 1 2 r 2 sin θ,
which, with πr 2 = 1 reduces to S = θ-sin θ 2π . Hutton, in The compendious measurer, 1800 [14, p. 316-320], also gave a "table of the areas of the segments of a circle whose diameter is unity, and supposed to be divided into 1000 equal parts" (figure 3). The "height" h of the segment is like above the length of the sagitta of the circular segment (arc) and it varies from 0.001 to 0.500. The above iii Figure 2: Excerpt of Sharp's table of circular segments [START_REF] Sharp | Geometry improv'd[END_REF] (Google books). formulae apply, but the area of the circular segment is S = θ 2π × πr 2 -1 2 r 2 sin θ, which, with r = 0.5 reduces to S = θ-sin θ Figure 3: Excerpt of Hutton's table of circular segments [START_REF] Hutton | The compendious measurer; being a brief, yet comprehensive, treatise on mensuration, and practical geometry[END_REF] (Google books). vi rendered it necessary to calculate the sines measured in parts of the quadrant as a unit, instead of in parts of the radius, as usual. This computation was effected by using the multiples of twice the versed sine formerly employed. From this again the canon of circular segments for each minute of the whole circumference was readily deduced. The mean anomaly of a planet may be deduced from its angle of position, or as it is generally called, its excentric anomaly, by simple additions and subtractions of these circular segments. The converse problem is very easily resolved, particularly when the first estimate is a tolerably close one. In order to be able promptly to make this first estimate sufficiently near in every possible case, a table of mean anomalies from degree to degree of the angular position, and also from degree to degree of the angle of excentricity of the orbit, has been computed according to the decimal system. Kepler's equation is the equation

M = E -e sin E
and relates the eccentric anomaly E to the mean anomaly M in an elliptic motion on an ellipse with eccentricity e. Solving this equation usually amounts to find E when one knows M and e. Sang's table of circular segments, however, gives a way to compute easily the mean anomaly from the eccentric anomaly.

Obtaining the mean anomaly from circular segments

In his short description of the tables [START_REF] Sang | Description of new astronomical tables for the computation of anomalies[END_REF], Sang explained how to use circular segments in order to compute the mean anomaly. It goes as follows.

The planets move around the Sun in ellipses, and the areas swept during equal times are equal. These ellipses can be mapped to circles and we then still have a point on a circle describing an area proportional to the time, but around an eccentric point. In figure 4, Q is the projection of the planet and S is (the projection of) the Sun. The angle AOQ is the so-called eccentric anomaly, which Sang prefers to call the angle of position. M is a point moving uniformly on the circle, but with the same period as Q. When Q is at A (perihelion), M is also at A. Because of Kepler's second law, we must have area ASQ = area AOM Moreover, the surface EQFA made of the triangle FQE and the circular sector EFA is halved by the segmented line ASQ. This follows because the two triangles SEQ and SFQ have the same area. Now, the area ASQ, which is that swept by

Q from A to Q, is ASQ = 1 2 EQFA + seg(QE )
where seg(QE ) is the area of the circular segment QE . And since EQFA = seg(QAF ) -seg(QE) We have now found that the mean area swept by Q can be obtained as the sum of two circular segments using the eccentric anomaly p and the eccentricity e, the latter being expressed as an arc AE . The usual eccentricity is OS /OA = cos e. This result does not depend on the dimensions of the circle.

It is of course possible to obtain the above result directly, without resorting to any geometric considerations [40, p. 236]. Kepler's equation being m = p -sin p where m is the mean anomaly, p the eccentric anomaly (both in radians) and the eccentricity, we write = cos e and it is easy to check that m = p -cos e sin p I did not multiply by 200 π within the sines, as it is understood that the sine function takes an angle and that the unit of the angle determines how the sine function is computed.

The expressions between braces are in fact the values of circular segments of angles p + e and p -e, but in a circle whose radius r is such that r 2 2 = 200 π . In other words, it will be useful to have a table of circular segments for a circle whose entire surface is 400. This is what Sang does. ix

Sang's table

In his summary of tables drawn in July 1890 [START_REF] Sang | List of trigonometrical and astronomical calculations[END_REF][START_REF] Anonymous | Dr Edward Sang's logarithmic, trigonometrical, and astronomical tables[END_REF], Sang writes: These circular segments are measured in parts of the surface of the circle as divided into 400 degrees of surface, and these sub-divided into 1 0000 0000 parts. They have been computed by the integration of the second differences of the sines measured in degrees, and are carried round the entire 400 degrees of the circumference. This table is intended to facilitate calculations concerning the elliptic motions of the planets; it gives us the mean anomaly when the planet's position is given, from the formula Mean anomaly = 1 2 {segm(p + e) + segm(p -e)} in which p is the angle of position and e the angle of eccentricity of the orbit.

Sang's table (figure 6) spans 400 pages and gives for every 0.01 c the value of a circular segment, with the area of the circle being taken equal to 400. First and second differences are also given, the second differences being subtractive in the third and fourth quadrants. 3As shown above, the area of the circular segment subtended by the angle θ (in radians) in a circle of radius r is r 2 2 (θ -sin θ). Now, if φ is the angle in centesimal degrees, the area of the circular segment is The table of sines in degrees, K44 [START_REF] Roegel | A reconstruction of Edward Sang's table of sines in degrees (K44,1879[END_REF], gives the values of 200 π sin φ and was used to construct the present table. Since the second differences of φ are equal to 0, Sang actually merely took the second differences from the table of sines in degrees, and used them to Figure 6: Excerpt from Sang's table of circular segments. (Courtesy Edinburgh University Library) xi reconstruct the table of circular segments. But since the table of sines in degrees only covers the first quadrant, the differences were also used for the three other quadrants, but adapted appropriately. Once the difference had been written, the column of first differences was obtained by addition (in the first two quadrants) or subtraction (in the third and fourth quadrants).

Sang's article on elliptic motions [START_REF] Sang | Nouveau calcul des mouvements elliptiques[END_REF] contains an abridged table of circular segments giving on two pages the circular segments to four decimal places for every centesimal degree.

Sang's tables of anomalies

Sang also constructed two tables [START_REF] Roegel | A reconstruction of Edward Sang's table of mean anomalies: volume A[END_REF][START_REF] Roegel | A reconstruction of Edward Sang's table of mean anomalies: volume B (K47[END_REF] giving the mean anomaly as a function of the eccentric anomaly and the eccentricity, both expressed in centesimal degrees. These tables were made to provide first estimates for the inverse problem, namely that of finding the eccentric anomaly from the mean anomaly.

Basically, solving Kepler's equation

M = E -e sin E
is equivalent to the problem of finding the angle of position p when m is known in

m = 1 2 seg(p + e) + 1 2 seg(p -e)
Sang then starts with a first guess value for p, and computes the expression 1 2 seg(p + e) + 1 2 seg(p -e) and deduces a correction to p. This process can be repeated until p is nearly constant. In the introduction to his table, Sang gives for instance the following example.

He takes e = 60 c and m = 10 c . His first guess is The values of the segments and differences are taken from the table of circular segments. The meaning of the differences is that if p is increased by 1 , then the corresponding segments are increased by 751386 and 155714 units of the 8th place. 5 This means that their sum increases by 907100 units of the 8th place. Consequently, since 2m is in excess of 0.44987407 to 20, Sang's second guess for p is p 2 = 24 -44987407 907100 × 1 = 23 c .50 4 Sang's values slightly differ from those in my reconstruction, and he wrote 907200 instead of 907100. 5 In fact, Sang should have taken 155630, namely the difference between 35 c .99 and 36 c , and not between 36 c and 36 c .01, but this doesn't change the result significantly. But the table of mean anomalies K46 [START_REF] Roegel | A reconstruction of Edward Sang's table of mean anomalies: volume A[END_REF] provides an another way to answer this question. In it, we find that for e = 60 Although this value is not as good as the value found above, it could serve as a first approximation in the above iteration.

p 1 = m 1 -cos e =

True anomalies and radii

Sang also had the project of computing tables of true anomalies and radii, but after the completion of the tables of mean anomalies, he preferred to compute logarithmic sines and tangents [START_REF] Roegel | A reconstruction of Edward Sang's table of logarithmic sines and tangents[END_REF]. He sketched the computation of true anomalies and radii shortly before his death for others to continue. 

Figure 1 :

 1 Figure 1: A circular segment (in grey) subtended by the angle θ.

Figure 4 :Figure 5 :

 45 Figure 4: The mean anomaly and circular segments (first configuration).

  + e ) -sin(p + e )} + 1 2 {(p -e ) -sin(p -e )} However, since this formula uses angles in radians, we can multiply it by 200/π: e ) -200 π sin(p -e ) and if the angles are expressed instead in centesimal degrees, m being now the mean anomaly in centesimal degrees, and likewise p the eccentric anomaly and e the (angle of) eccentricity

  But since the area of the circle is equal to 400, we must have πr 2 400 × 200 = 200 and therefore πr 2 = 400 Then, the segment subtended by the angle φ in centesimal degrees has the area φ -200 π sin φ

  xii A second iteration then gives the final more accurate value p 3 = 23.5030683 the correct value being 23.5030686. . .

  c and p = 23 c , we have m = 9.77312286 and for p = 24 c , we have m = 10.22493703. Consequently, a good first approximation of p for m = 10 c is p = 23 + 10 -9.77312286 10.22493703 -9.77312286 = 23.5021 . . .

  

There are a few isolated cases of negative second differences on the first page of the first quadrant, and on the last page of the second quadrant, and also a few cases of positive second differences on the first page of the third quadrant, and on the last page of the fourth quadrant. For this reason, I have only given the signs on these four pages. Sang only gave the signs in a few isolated cases. There are in fact many deviations between Sang's second differences and the exact values, and the signs can easily be supplied if needed. The values of the circular segments are usually correct, and occasionally off by one or two units of the last place.x

See Sang's 1889 notice[START_REF] Sang | Notice of fundamental tables in trigonometry and astronomy, arranged according to the decimal division of the quadrant[END_REF], also transcribed in my analysis of the computation of sines[START_REF] Roegel | Edward Sang's computation of sines[END_REF].

Note on the titles of the works: Original titles come with many idiosyncrasies and features (line splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore seemed pointless to capitalize works according to conventions which not only have no relation with the original work, but also do not restore the title entirely. In the following list of references, most title words (except in German) will therefore be left uncapitalized. The names of the authors have also been homogenized and initials expanded, as much as possible.The reader should keep in mind that this list is not meant as a facsimile of the original works. The original style information could no doubt have been added as a note, but I have not done it here.

Sang's 1879 table of circular segments (K45) (reconstruction, D.Roegel, 2020)