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Abstract

The Bolza surface can be seen as the quotient of the hyperbolic plane under the action
of the group generated by the hyperbolic isometries identifying opposite edges of the regular
octagon in the Poincaré disk that is centered at the origin. We consider generalized Bolza
surfaces Mg, where the octagon is replaced by the regular 4g-gon, leading to a genus g surface.
‘We propose an extension of Bowyer’s algorithm to these surfaces. In particular, we compute
the value of the systole of My; we also propose algorithms computing sets of points on M,
whose Delaunay triangulation is a simplicial complex.

1 Introduction

The well-known incremental algorithm that computes Delaunay triangulations using edge flips
in the Euclidean plane [25] has recently been proved to generalize on hyperbolic surfaces [I3].
However, the experience gained in the CGAL project for many years has shown that Bowyer’s
algorithm [7] leads to a cleaner code, much easier to maintain; there is actually work in progress
in CGAL to replace Lawson’s flip algorithm, in triangulation packages that are still using it, by
Bowyer’s algorithm. In the context of quotient spaces Bowyer’s algorithm was used already in the
CaAL packages for 3D flat quotient spaces [9] and for the Bolza surface [23]. To the best of our
knowledge, the latter package is the only available software for a hyperbolic surface.

In this paper, we study the extension of this approach to what we call generalized Bolza
surfaces. A closed orientable hyperbolic surface M is isometric to a quotient /T, where T is
a discrete group of orientation preserving isometries acting on the hyperbolic plane, represented
here as the Poincaré disk D. See Section [2] for some mathematical background on the hyperbolic
plane and hyperbolic surfaces. The universal cover of such a surface is the hyperbolic plane, with
associated projection map 7 : D — D/I". The generalized Bolza group T'y, g > 2, is the (discrete)
group generated by the orientation preserving isometries that pair opposite sides of the regular 4g-
gon Dy, centered at the origin and with angle sum 27 (unique up to rotations). The generalized
Bolza surface M, of genus g, is defined as the hyperbolic surface D/T';, with projection map
g : D — D/T,. In particular, My is the usual Bolza surface.

We denote by sys(M) the systole of a closed hyperbolic surface M, i.e., the length of a shortest
non-contractible curve on M, and, for a set of points Q@ C M, by §(Q) the diameter of the largest
disks in D that do not contain any point in 71(Q). In Section [3| (Proposition , we will recall
the following walidity condition [6]: If Q denotes a set of points on the surface M such that

0(Q) < %sys(M)
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then Bowyer’s algorithm can be extended to the computation of the Delaunay triangulation of any
set of points S on M containing Q. Before actually inserting the input points, a preprocessing step
consists in computing the Delaunay triangulation of an appropriate (but small) set Q satisfying
this validity condition; following the terminology of previous papers [10, 6], we will refer to the
points of Q@ as dummy points. When sufficiently many and well-distributed input points have been
inserted, the validity condition is satisfied without the dummy points, which can then be removed.
This approach was used in the CGAL package for the Bolza surface My [22] 23].

Other practical approaches for (flat) quotient spaces start by computing in a finite-sheeted
covering space [I0] or in the universal covering space [27], thus requiring the duplication of some
input points. In contrast to this approach, our algorithm proceeds directly on the surface, thus
circumventing the need for duplicating any input points. While the number of copies of duplicated
points in approaches using covering spaces is small, the number of duplicated input points is always
much larger than the number of dummy points that could instead be added to the set of input
points in our approach. Moreover, to the best of our knowledge, the number of required copies in
the case of hyperbolic surfaces is largely unknown; first bounds have been obtained recently [15].

Results.

We describe the extension of Bowyer’s algorithm to the case of a generalized Bolza surface M, in
Section [3] and we prove bounds on the number of necessary dummy points to satisfy the validity
condition (Propositions [5[ and |§| in Section [3.3)), yielding the following result:

Theorem 1. The number of dummy points that must be added on My to satisfy the validity
condition grows as O(g).

In Section [4] we give an explicit value for the systole of M:

Theorem 2. The systole of the surface My is given by ¢4, where ¢4 is defined as
g 1= 2arcosh (1 + 2008(%)) .

This is a generalization of a result of Aurich and Steiner [2] who derived the identity cosh  sys(My) =
1+ /2 for the systole of the Bolza surface (g = 2), with a method that is quite different from our
proof.

Then, in Section [b] we propose two algorithms to compute dummy points. The first algorithm
uses the well-known Delaunay refinement algorithm for mesh generation [28]. Using a packing
argument, we prove that it provides an asymptotically optimal number of dummy points (Theo-
rem . The second algorithm yields a symmetric dummy point set, at the expense of a slightly
larger output size ©(glogg) (Theorem ; this symmetry may be interesting for some applica-
tions [T1I]. The two algorithms have been implemented and we quickly present results for small
genus g = 2 and 3.

Finally, in Section [ we describe the data structure that we are using to support the extension
of Bowyer’s algorithm to generalized Bolza surfaces. We also discuss the algebraic degree of the
computations and present experimental results.

2 Mathematical preliminaries

2.1 The Poincaré disk

The model of the hyperbolic plane we use is the Poincaré disk, the open unit disk D in the
complex plane equipped with a Riemannian metric of constant Gaussian curvature K = —1 [4].
The Euclidean boundary D, of the unit disk consists of the points at infinity or ideal points of
the hyperbolic plane (which do not belong to D). A hyperbolic line (i.e., a geodesic for the given
metric) in this model is a curve which contains the geodesic segment between any two of its points.
These geodesics are diameters of D or circle arcs whose supporting lines or circles intersect D,



orthogonally (see the leftmost frame of Figure [1)). The geodesic segment [z, w] between points
z,w € D is the (unique) shortest curve connecting z and w. A circle in the hyperbolic plane is
a Euclidean circle in the Poincaré disk, in general with a hyperbolic center and radius that are
different from their Euclidean counterparts.

N

Figure 1: Left: the Poincaré disk model D of the hyperbolic plane, with some geodesics. The
boundary D, does not belong to D, but consists of ideal points of D. Geodesics Lo and L are
parallel (have an ideal point in common), Ly and L3 are intersecting and L, is disjoint from the
other geodesics. The points z and w are connected by a hyperbolic segment.

Right: A hyperbolic translation f has two fixed points on the boundary Dy, of the Poincaré disk
D. The axis of f is the (unique) geodesic connecting the fixed points of f. The orbit of point w is
contained in the axis of f. The orbit of point z, which does not lie on the axis of f, is contained in
an equidistant of the axis (an arc of a Euclidean circle through the fixed points). The red region
containing the point z is mapped by f to the red region containing f(z).

We only consider orientation-preserving isometries of D, called isometries from now on, which
are linear fractional transformation of the form

az+b

f(z) = (1)

Cbz+a
with a,b € C such that |a|?> — |b|? = 1. By representing isometries of the form by either of

the two matrices
a b
+ (E a) , (2)

with |a|?> — |b|?> = 1, composition of isometries corresponds to multiplication of either of their
representing matrices. The only non-identity isometries we consider are hyperbolic translations,
which are characterized by having two distinct fixed points on D,,. An isometry of the form
is a hyperbolic translation if and only if Tr*(f) > 4, where the trace-squared Tr?(f) of f is the
square of the trace £2 Rea of the matrices representing f.

The f-orbit {f™(z) | n € Z} of a point z € D is contained in a Euclidean circle through
the fixed points of the hyperbolic translation f. See Figure [I} Let d denote the distance in the
hyperbolic plane. The translation length £(f) of a hyperbolic translation f is the minimal value
of the displacement function z — d(z, f(2)), which is attained at all points z on the geodesic
connecting the two fixed points of f. This geodesic is the axis of f. The translation length is
given by cosh2(%€(f)) = %Trz(f), or, in terms of the matrices representing f:

cosh(2¢(f)) = |Real]. (3)

2.2 Hyperbolic surfaces, closed geodesics and systoles

In our setting a hyperbolic surface is a two-dimensional orientable manifold without boundary
which is locally isometric to the hyperbolic plane. In particular, it has constant Gaussian curvature



-1. By the uniformization theorem [I] a hyperbolic surface M has ID as its universal covering space.
The surface M is isometric to the quotient surface D/T" of the hyperbolic plane I under the action
of a Fuchsian group, i.e., a discrete group I' of orientation preserving isometries of . The orbit
I'z of a point z € D is a discrete subset of D. Note that 'z = 7 1(z), with z = 7(2) € M.
We emphasize that points in the hyperbolic plane D are denoted by z, w, p,q and so on, whereas
the corresponding points on the surface D/T" are denoted by z,w, p,q and so on. Since D/T is a
smooth closed surface all non-identity elements of I' are hyperbolic translations.

The covering projection 7 : D — D/T" is a local isometry. The distance between points p and ¢
on a hyperbolic surface is given by min{d(p,q) | p € 7~'(p),q € 7~ 1(q)} and, abusing notation,
is denoted by d(p, q). The projection m maps (oriented) geodesics of DD to (oriented) geodesics of
M = D/T, and it maps the axis of a hyperbolic translation f € T to a closed geodesic of M. Every
(oriented) closed geodesic v on M arises in this way, i.e., there is a hyperbolic translation f € T
such that ~ lifts to the axis of f. The axes of two hyperbolic translations f, f’ € " project to the
same closed geodesic of M if and only if f’ is conjugate to f in T' (i.e., iff there is an h € T such
that f' = h=1fh).

A simple closed geodesic of M is the m-image of a hyperbolic segment [z, f(z)] on the axis of a
hyperbolic translation f such that 7 is injective on the open segment (z, f(z)). The length of this
geodesic is equal to the translation length £(f) of f. For every L > 0 the number of simple closed
geodesics of M with length less than L is finite, so there is at least one with minimal length. This
minimal length is the systole of M, denoted by sys(M). It is known that

sys(M) < 2log(4g — 2) (4)

for every hyperbolic surface M of genus g [8, Theorem 5.2.1].

A triangle t on a hyperbolic surface is the m-image of a triangle ¢ in D such that 7 is injective
on t. Clearly, the vertices of ¢ are the projections of the vertices of £ and the edges of ¢ are geodesic
segments. A circle on a hyperbolic surface is the m-image of a circle in the hyperbolic plane. In
this case, we do not require 7 to be injective on the circle, so the image may have self-intersections.

2.3 Fundamental domain for the action of a Fuchsian group

The Dirichlet region Dp(T') of a point p € D with respect to the Fuchsian group I' is the the
closure of the open cell of p in the Voronoi diagram VD ,(I'p) of the infinite discrete set of points
Ip in D. In other words, Dp(I') = {z € D | d(z,p) < d(x, f(p)) for all f € T'}. Since D/T" is
compact, every Dirichlet region is a compact convex hyperbolic polygon with finitely many sides.
Each Dirichlet region D,(T) is a fundamental domain for the action of I' on D, i.e., (i) Dp(T)
contains at least one point of the orbit I'p, and (ii) if Dp(I") contains more than one point of I'p
then all these points of I'p lie on its boundary.

2.4 Generalized Bolza surfaces

The generalized Bolza group of genus g, g > 2, is the Fuchsian group I'y defined in the following
way. Consider the regular hyperbolic 4¢g-gon D, with angle-sum 27. The orientation preserving
isometries fo,..., fag—1, With fogqyr = f,;l for k =0,...,2g — 1, pair opposite sides of Dy. An
explicit expression for f; as a matrix Ay is known, but we will only use this in the proof of
Lemma [I2]in Appendix [B] By Poincaré’s Theorem these side-pairings generate a Fuchsian group,
the generalized Bolza group I'y, all non-identity elements of which are hyperbolic translations.

It can be seen that the element

4g—1

H Jicg+1) = fofag+1fa2g+1) fag—1)(29+1)
=0

of the group I'y, where indices are counted modulo 4g, is the identity map 1. The equation
H?g:_ol [i2g+1) = 1 is usually called the relation of I'y. However, there are many ways to write the



Figure 2: The side-pairings fo, ..., f3 of the Bolza surface (of genus 2) pair opposite edges of the
fundamental octagon (a regular octagon in I with angles iﬂ'). Their inverses fy,..., f7 satisfy

frta = fr ! The side-pairings generate the Fuchsian group I';. All vertices are in the same
I's-orbit. The composition fqf5fof7faf1f6f3 is the identity 1 € T's.

relation. By rotational symmetry of Dy, conjugating H;lg 61 fj(2g+1) With the rotation by angle
km/2g around the origin yields the relation H 20 f k+j(2g+1) = 1. Similarly, taking inverses we see
that Hj:() Jr+j(29—1) is the identity map as well. The regular 4g-gon D, is the Dirichlet region
of the origin.

The generalized Bolza surface of genus g is the hyperbolic surface D/T';, denoted by M. The
projection map is 7y : D — D/T,.

Let us now define the original domain Bg, which contains exactly one representative of each
point on the surface My, i.e., of each orbit under I'y. We denote as s;,7 =0,...,2g9 — 1 the sides
of Dy, where s; lies between v; and v;11; with this notation, the side-pairing f; maps s;424 to
s; (counting modulo 4g) The original domain Dg is constructed from the fundamental D, as
follows (see Figure [3 D and Dy have the same interior; the only vertex of D, belonging to D
is the vertex vg; the 2g 51des S2gy ..., 84g—1 of Dy preceding vy (in counter- clockw1se order) are in
l~)g, while the following 2g sides are not. For a point p on My, the canonical representative of p

Figure 3: Original domain 59 for g = 2. Only vertex vy and the solid sides are included in 59.

is the unique point of the orbit 7rg_1(p) that lies in 59. We then define the set Ny of neighboring
translations as:

={fely| f(Dy)NDy #0}.

Each Dirichlet region sharing an edge or a vertex Wlth the (closed) domain D, is the image of D,



under the action of a translation in Ay, which can be used to label the region. Lastly, we denote
the union of these neighboring regions of D, as

DNQ = U f(Dg)~

FEN,

3 Computing Delaunay triangulations

3.1 Bowyer’s algorithm in the Euclidean plane

There exist various algorithms to compute Delaunay triangulations in Euclidean spaces. Bowyer’s
algorithm [7, [29] is has proved its efficiency in CGAL [24].
Let us focus here on the two-dimensional case. Let P be a set of points points in the Euclidean
plane C and DT¢(P) their Delaunay triangulation. Let p ¢ P a point in the plane to be inserted
in the triangulation. Bowyer’s algorithm performs the insertion as follows.
1. Find the set of triangles of DT¢(P) that are in conflict with p, i.e., whose open circumcribing
disks contain p;

2. Delete each triangle in conflict with p; this creates a “hole” in the triangulation;

3. Repair the triangulation by forming new triangles with p and each edge of the hole boundary
to obtain DT¢(P U {p}).

We ignore degeneracies here; they can be solved as in the case of flat orbit spaces [10].
An illustration is given in Figure[dl The first step of the insertion of p uses geometric compu-

Figure 4: Insertion of a point in a Delaunay triangulation with Bowyer’s incremental algorithm.

tations, whereas the next two are purely combinatorial. This is another reason why this algorithm
is favored in CGAL: it allows for a clean separation between combinatorics and geometry, as op-
posed to an insertion by flips, in which geometric computations and combinatorial updates would
alternate.

Note that the combinatorial part heavily relies on the fact that the union of the triangles of
DT (P) in conflict with p is a topological disk. We will refer to this essential property in the next
section.

3.2 Delaunay triangulations of points on closed surfaces

Let M = D/T" be a closed hyperbolic surface, as introduced above, with the associated projection
map 7 : D — M, and F C D a fundamental domain.

Let us consider a triangle ¢ and a point p on M. The triangle ¢ is said to be in conflict with p
if the circumscribing disk of one of the triangles in w=1(¢) is in conflict with a point of 7=*(p) in
the fundamental domain. As noticed in the literature [5], the notion of conflict in D) is the same as
in C, since for the Poincaré disk model, hyperbolic circles are Euclidean circles (see Section .

Let us now consider a finite set P of points on the surface M and a partition of M into triangles
with vertex set P. Assume that the triangles of the partition have no conflict with any of the
vertices. Let p € P be a point on M. The region C, formed by the union of the triangles of
the partition that are in conflict with p might not be a topological disk (see Figure . In such a



case, the last step of Bowyer’s algorithm could not directly apply, as there are multiple geodesics
between p and any given point on the boundary of C.

\/\/

Figure 5: Bowyer’s insertion is not well defined when the conflict region is not a topological disk.

In order to be able to use Bowyer’s algorithm on M, the triangles on M without conflict with
any vertex, their edges, and their vertices should form a simplicial complex. Here, a collection
K of vertices, edges, and triangles is called a simplicial complex if it satisfies the following two
conditions:

e cach face of a simplex of K is also an element of ;

e the intersection of two simplices of K is either empty or is a simplex of .

In other words, the graph of edges of the triangles should have no loops (1-cycles) or multiple
edges (2-cycles). Note that, as the set P is finite, all triangulations considered in this paper are
locally finite, so, we can skip the local finiteness in the above conditions (see also [10]).

For a set of points @ C M, we denote as §(Q) the diameter of the largest disks in I that do
not contain any point in 7=1(Q). We will reuse the following result.

Proposition 3 (Validity condition [6]). Let Q C M be a set of points such that

1
5(Q) < g sys(M) (5)
Then, for any set of points S C M such that Q C S, the graph of edges of the projection
(DT (7~ (S))) has no 1- or 2-cycles.

This condition is stronger that just requiring that the Delaunay triangulation of Q be a sim-
plicial complex: if only the latter condition holds, inserting more points could create cycles in the
triangulation [10, Figure 3]; see also Remark [7| below.

The proof is easy, we include it for completeness.

Proof. Assume that condition holds. For each edge e of the (infinite) Delaunay triangulation
DTp (7T71(Q)) in D, there exists an empty ball having the endpoints of e on its boundary, so,
the length of e is not larger than 6(Q). Assume now that there is a 2-cycle formed by two edges
m(e1) and 7(ez) in 7(DTp(771(Q))), then the length of the non-contractible loop that they form
is the sum of the lengths of e; and ey, which is at most 2§(Q) and smaller than sys(M). This is
impossible by definition of sys(M), so, there is no 2-cycle in ﬂ(DTD (7‘(71(@))).

As the diameter of the largest empty disks does not increase with the addition of new points,
the same holds for any set S O Q. O

The most obvious example of a set that does not satisfy the validity condition is a single point:
each edge of the projection is a 1-cycle. The condition is satisfied when the set contains sufficiently
many and well-distributed points.

Definition 4. Let S C M be a set of points satisfying the validity condition . The Delaunay
triangulation of M defined by S is then defined as 7(DTp(7*(S))) and denoted as DTy (S).

As for the Bolza surface [6], Propositionnaturally suggests a way to adapt Bowyer’s algorithm
to compute DTy (P) for a given set P of n points on M:

e Initialize the triangulation as the Delaunay triangulation DTy (Q) of M defined by an arti-
ficial set of dummy points Q that satisfies condition ;



e Compute incrementally the Delaunay triangulation DTy (Q U P) by inserting the points
P1sD2y -, Pk, - - -, Pn Of P one by one, i.e., for each new point pg:

— find all triangles of the Delaunay triangulation DTy (Q U {p1,...,pk—1}) that are in
conflict with py; let Cp, denote their union; since Q satisfies the validity condition, Cp,
is a topological disk;

— delete the triangles in C, ;

— repair the triangulation by forming new triangles with pj and each edge of the boundary
of Cp,;

e Remove from the triangulation all points of @ whose removal does not violate the validity
condition.

Depending on the size and distribution of the input set P, the final Delaunay triangulation of
M might have some or all of the dummy points as vertices. If P already satisfies the validity
condition, then no dummy point is left.

3.3 Bounds on the number of dummy points

In the following proposition we will show that a dummy point set exists and give an upper bound
for its cardinality. The proof is non-constructive, but we will construct dummy point sets for
generalized Bolza surfaces in Section

Proposition 5. Let M be a closed hyperbolic surface of genus g with systole sys(M). Then there
ezists a point set Q C M satisfying the validity condition with cardinality

2(g —1)
cosh( sys(M)) — 1"

QI <

Proof. Let Q be a maximal set of points such that for all distinct p,q € Q we have d(p,q) >
Lsys(M). By maximality, we know that for all z € M there exists p € Q such that d(x,p) <
%sys(M): if this is not the case, i.e., if there exists z € M such that d(z,p) > 1 sys(M) for all
p € Q, then we can add = to Q, which contradicts maximality of Q. Hence, for any x € M the
largest disk centered at z and not containing any points of Q has diameter less than %sys(M),
which implies §(Q) < 3 sys(M).

To prove the statement on the cardinality of Q, denote the disk centered at p € Q with radius R
by B,(R). The disk B,(% sys(M)) for p € Q is embedded in M, because its radius is smaller than
%sys(M). Furthermore, by construction of Q,

Bp(é sys(M)) N Bq(% sys(M)) =0

for all distinct p,q € Q. Hence, the cardinality of Q is bounded from above by the number of
disjoint embedded disks of radius %sys(M) that we can fit in M. We obtain

0] < area(M) _ dm(g — 1) _ 2(g—1) .
~ area(B,(3 sys(M)))  2m(cosh(g sys(M)) —1)  cosh(z sys(M)) — 1

O

Similarly, in the next proposition we will give a lower bound for the cardinality of a dummy
point set.

Proposition 6. Let M be a hyperbolic surface of genus g > 2. Let Q be a set of points in M such
that the validity condition holds. Then

™

el > (7r — Garcot(\/gcosh(isys(M))) - 1) X

g—1).



Proof. Denote the number of vertices, edges and triangles in the (simplicial) Delaunay triangula-
tion 7w(DTp (w’l(Q))) of M by kg, k1 and ko, respectively. We know that 3k = 2k, since every
triangle consists of three edges and every edge belongs to two triangles. By Euler’s formula,

ko—k1+k2=2—2g,
SO
ko = 4g — 4 + 2kg. (6)

Consider an arbitrary triangle ¢ in m(DTp(7~!(Q))). Because the validity condition holds, the

circumradius of ¢ is smaller than %sys. It can be shown that it follows that area(t) < m —

6 arcot(v/3 cosh(2 sys)); this is Lemmain Appendix Because M has area 47w (g — 1), it follows

that

4dm(g — 1) ' (7)
T — 6 arcot(v/3 cosh(3 sys))
Combining @ and yields the result. O

ko >

To show that our lower and upper bound are meaningful, we will consider the asymptotics of
these bounds for a family of surfaces with genus going to infinity. We consider several cases.

1. If the systoles of the family of surfaces are contained in a compact subset of R~ g, then the
upper bound is of order O(g) and the lower bound of order 2(g). Hence, a minimum dummy
point set will have cardinality O(g).

2. If sys(M) — 0 when g — oo, then cosh(§ sys(M)) — 1 ~ 3(& sys(M))2, so our upper bound
is of order O(gsys(M)~2). In a similar way, it can be shown that

( W _ 1) L 4w
T — 6 arcot(v/3 cosh(4 sys(M))) 3v/3sys(M)2’

which means that our lower bound is of order Q(gsys(M)~2). It follows that in this case a
minimum dummy point set has cardinality ©(gsys(M)~2).

3. Finally, consider the case when sys(M) — oo when g — co. Since sys(M) < 2log(4g — 2)
for all hyperbolic surfaces of genus g (see Equation in Section , we will only consider

the case where sys(M) ~ C'log g for some 0 < C' < 2. In this case, we can use coshz ~ %ew

1
to deduce that our upper bound reduces to an expression of order O(gl_gc). Similarly,
by considering the Taylor expansion of the coefficient in the lower bound we see that it
i
has cardinality Q(glfic). Of our three cases, this is the only case in which there is a gap
between the stated upper and lower bound.

Remark 7. Note that the validity condition is stronger than just requiring that the Delaunay
triangulation of Q be a simplicial complex. This can also be seen in the following way. It has
been shown that every hyperbolic surface of genus g has a simplicial Delaunay triangulation with
at most 151¢g vertices [I7]. In particular, this upper bound does not depend on sys(M). Since
the coefficient of ¢ — 1 in the lower bound given in Proposition |§| goes to infinity as sys(M) goes
to zero, the minimal number of vertices of a set Q satisfying the validity condition [5]is strictly
larger than the number of vertices needed for a simplicial Delaunay triangulation of a hyperbolic
surface with sufficiently small systole. Moreover, in the same work it was shown that for infinitely
many genera ¢ there exists a hyperbolic surface M of genus g which has a simplicial Delaunay
triangulation with ©(,/g) vertices. Hence, the number of vertices needed for a simplicial Delaunay
triangulation and a point set satisfying the validity condition [5| differs asymptotically as well.



4 Proof of Theorem [2; Systole of generalized Bolza surfaces

In the previous section we have seen that the validity condition 0(Q) < sys(M) on a point set
Q C M guarantees that the projection 7(DTp (w’l(Q))) is a simplicial complex (Proposition .
To be able to verify that this condition holds, we must know the value of the systole for the given
hyperbolic surface.

This section is devoted to proving Theorem [2] stated in Introduction, which gives the value of
the systole for the generalized Bolza surfaces M, defined in Section E

As preparation for the proof, we represent in Section [{.1] a given simple closed geodesic v on
M, as a sequence « of pairwise disjoint hyperbolic line segments between the sides of D,. The
length of v is equal to the sum of the lengths of the line segments in v. We will also show how we
can determine an element of I'y corresponding to the homotopy class of v using the sequence ~.

Then, the proof consists of two parts. In Section we will show that sys(M,) < ¢, by
constructing a sequence o of hyperbolic line segments such that length(o) = ¢,. Moreover, we
show that the homotopy class of the corresponding closed geodesic ¢ is non-trivial.

In Section we show that length(y) > ¢, for all closed geodesics v by a case analysis based
on the line segments contained in the sequence «y. This shows that sys(My) > ¢;. Theorem
follows from the arguments in Section [£:2] and

4.1 Representation of a closed geodesic as a sequence of line segments

Consider a simple closed geodesic v on the hyperbolic surface My = D/T',, with projection map
g : D — D/T,. Because D, is compact, there is a finite number, say m, of pairwise disjoint
hyperbolic lines intersecting D, in the preimage w;l('y) of v (see Figure @ These hyperbolic
lines are the axes of conjugated elements of I'y. The intersection of wg_l(v) with Dy consists of m
pairwise disjoint hyperbolic line segments between the sides of D, (see Figure , of which we
denote the union by . We assume that these line segments are oriented and that their orientations
are compatible with the orientation of . In particular, every line segment has a starting point
and an endpoint. Consider a point p € 9Dy and let p’ be the point on dD, identified with p
under the action of I'y. We claim that if p is contained in one of the oriented line segments, then
there exists a unique line segment in + containing p’. Namely, because the union of line segments
projects to the closed geodesic v, there exists at least one line segment containing p’. Because the
line segments are pairwise disjoint, it follows that there is exactly one line segment containing p’.

We order the oriented line segments up to cyclic permutation in the following way (see again
Figure . First, we pick v, arbitrarily. To inductively define v; ; given ~,, let p, be the
endpoint of ;. Let p’ be the point on 9D, identified with p; under the action of I'y. We
define 7, as the unique oriented line segment with starting point p;. For every j, the collection
{v1, Y2, - - - ,'yj} of segments ordered up to step j has no duplicates. Therefore, we will return to
~, after exactly m steps. As «; was chosen arbitrarily, the line segments are ordered up to cyclic
permutation. In particular, we let v,, = v, and v,,,1 = ;.

Now we show how to determine an element of I'; corresponding to the homotopy class of
using the sequence 7. As every hyperbolic line in Wg_l(’}/) is the axis of a representative of the
conjugacy class in I'y corresponding to v, it is sufficient to find the element of I'; that has the line
l; containing ~, as axis. To find the element of I'; with axis I;, we look for the first point on [y
after p; that is an image of p; under some f € I'y. To do this, we simply trace the fundamental
regions that I; passes through (see Figure . Denote the edge containing the endpoint p, of v,
by s;,. The line I, leaves D, through p;, so through side s;,. Therefore, the first translate of D,
that I passes through after D, is f;, (Dy). The segment of I; contained in f;, (D,) is the translate
fi1(v2) of 5. Therefore, l; leaves f;, (D,) through the point f;, (p,) contained in side f;, (s;,).
Then, the second translate of D, that l; passes through is f;,(f;,(D,)). Continuing this process,
we end up at the translate f;,, fj,._, - f;, (p1) of p; after passing through m fundamental regions.
We conclude that f;, fj.._, - fj, is a representative of the conjugacy class in I'; corresponding
to 7.

10



(a) Preimage of a closed geodesic 7y on the (b) Sequence of oriented hyperbolic line
Bolza surface. segments.

Figure 6: Sequence of hyperbolic line segments corresponding to a closed geodesic.

4.2 Upper bound for the systole

To show that sys(M,) < ¢, it is sufficient to prove the following lemma.

Lemma 8. There exists a sequence of segments o in Dy corresponding to a homotopically non-
trivial closed curve o on My such that length(o) = ;.

Proof. Let o be the sequence of segments depicted in Figure @, consisting of two segments
and 7y, such that p;,p,,p] and p) are the midpoints of sy441, S, 81 and sog4, respectively. The
conjugacy class of the element of I'y corresponding to o is fof2g+1, so o is homotopically non-
trivial. A straightforward computation in hyperbolic trigonometry shows that length(o) =¢,. O

4.3 Lower bound for the systole

Recall that to find the systole of My we have to find the minimum length of a simple closed
geodesic on M. Because we have represented every simple closed geodesic as a sequence of
segments between the sides of Dy, it suffices to find the minimum length of these sequences of
segments instead. We consider different cases based on which “kind” of segments are contained
in the sequence. For an integer 1 < k < 4g — 1, we say that an oriented hyperbolic line segment
between the sides of D, is a k-segment if its starting point and endpoint are contained in s; and
Sj4+k, respectively, for some 0 < j < 4g — 1, where indices are counted modulo 4g. Furthermore,
we say that the segment is k-separated or has separation k for an integer 1 < k < 2g if either
the segment itself or the segment with the opposite orientation is a k-segment. Equivalently, a
k-separated segment is either a k-segment or a (4g — k)-segment. For example, both segments in
Figure [6b] are 1-separated, but 7, is a 1-segment while v, is a 7-segment.
To show that sys(My) > ¢,, we distinguish between the following four cases:

1. ~ contains at least one segment that has separation at least 4,

2. ~ contains at least two segments that have separation 2 or 3 and all other segments are
1-separated,

3. v contains exactly one segment that has separation 2 or 3 and all other segments are 1-
separated,

4. all segments of « are 1-separated.

11



Figure 7: Finding the element of I'; corresponding to «.

It is straightforward to check that every sequence of segments belongs to precisely one of these
cases. Before examining them in detail we state two lemmas.

For Cases 1 and 2 we need the following lemma. This lemma will be used in the proof of
Proposition [20] in Section [6] as well.

Lemma 9.
1. The length of a segment that has separation at least 2 is at least %gg.
2. The length of a segment that has separation at least 4 is at least 4.

The proof is a straightforward use of hyperbolic trigonometry and can be found in Appendix[B}
In the proofs for Case 3 and 4, we need the following lemma. Like Lemma [0} this lemma will
be used again in the proof of Proposition [20]in Section [6]

Lemma 10. The length of two consecutive 1-separated segments of which one is a 1-segment and
the other is a (4g — 1)-segment is at least %gg. Furthermore, if a sequence of segments <y consists
of only one 1-segment and one (4g — 1)-segment, then length(y) > ¢,.

The proof can be found in Appendix [B]

Cases 1 and 2.
As a direct consequence of Lemma [9 we find the following corollary.

Corollary 11. If a sequence of segments in Dy is in Case 1 or 2, then its length is at least ¢ .

In the remainder of this section, we will show that the minimum length of a sequence of
segments belonging to Case 3 or 4 is at least .

Case 3: ~ contains exactly one segment that has separation 2 or 3 and all other
segments are 1-separated.

For Case 3, we show that it is sufficient to consider only four possibilities for the homotopy class
of v. The length of 7 can be computed from its homotopy class as the trace of the corresponding
element of ', (represented as a matrix). Therefore, we will compute the value of the trace of these
specific elements in the following lemma.

12



Lemma 12. Let m € {3,2g — 2,29 + 2,49 — 3} and define

Yin = H fj(29+1)'
j=1
Then
3 Te(Yin)| > 14 2cos(gy).-

The proof can be found in Appendix [B]

Recall that we denoted the edge containing the endpoint p, of a segment v, by s;,. Suppose
that v, is a k¢-segment. Then, the starting point of +, is contained in s;,_,. On the other hand,
by definition the starting point of 7, is contained in the edge identified with s;, , under the action
of I'y, i.e., 8;,_,_24. It follows that j, — k¢ = j,—1 — 2g. Hence, jo — jo—1 = k¢ — 2g. We use this
observation in the proof of Lemma

Lemma 13. If a sequence of segments in Dy is in Case 3, then its length is at least g,.

Proof. Let v be a sequence of segments belonging to Case 3. Changing the orientation of ~
turns every l-segment into a (4g — 1)-segment and reversely, while keeping the length of the curve
unchanged. Therefore, we can assume without loss of generality that the number my,_1 of (4g—1)-
segments in « is at least the number m; of 1-segments. Furthermore, we order ~ in such a way
that v, is the unique segment of separation 2 or 3. If v, is a k-segment for k = 2,3,49 — 3,49 — 2,
then j; — jm = k — 2g. Similarly, j, — je—1 =1 —2g if 7, is a 1-segment, and j, — j,—1 =29 — 1 if
~, is a (49 — 1)-segment for all £ € {2,3...,m}. Hence,

m
Z (Je — Je—1) = (mag—1 —m1)(29 — 1) + k —2g mod 4g.
=1
Because the left-hand side is a telescoping sum, we see
m
> (e —=je1) = jm —Jjo =0 mod dg.
=1

Therefore,

(mag—1 —m1)(29 —1) =29 —k mod 4y,
Mag—1 —mi1 = (29 — k)(2g — 1) mod 4g.
Recall that myy—1 > my. If m; > 1, then there exists at least one pair v,,7v,,, for £ €
{2,...,m — 1} of consecutive segments consisting of one 1-segment and one (4g — 1)-segment. By
Lemma length(v, U~,y1) > 1¢,. Because length(vy,) > 3¢, by Part 1 of Lemma@, it follows

that length(vy) > ¢,.
If my = 0, then

2942 modd4gifk =2,
3 mod 4g if k = 3,
4g—3 mod 4gif k=4g — 3,
2g—2 moddgifk=4g—2

Mag—1 = (29 —k)(2g —1) mod 4g =

Recall that Iy satisfies the relation H?il fizg+1) = 1, s0 every sequence of 4g consecutive (4g—1)-
segments corresponds to a homotopically trivial curve. Hence, every sequence of segments in
Case 3 with m; = 0 is homotopically equivalent to the sequence of segments with my,_1 €
{3,29—2,29+2,4g—3}. By rotational symmetry of Dy, we can assume without loss of generality
that j,, = 2g + 1. Then, the conjugacy class of I'; corresponding to v can be represented by

Mag—1

fjnzfjmfl..'fjl = H fj(29+1)7
j=1

13



since jo_1 =jr —29+1=j,+2g+1forall £ € {2,...,m}. By Lemma/[12]

M4g—1
1 Tr ( H fj(29+1))‘ Z 1+ 2COS(27T*Q)
j=1

It follows that length(vy) > ¢4, which concludes the proof. O

Case 4: all segments of ~ are 1-separated.
We immediately state the result for Case 4.

Lemma 14. If a sequence of segments in Dy is in Case 4 and represents a homotopically non-
trivial curve on Mgy, then its length is at least ¢ .

Remark 15. This is the only case in which we explicitly specify that « represents a homotopically
non-trivial curve on My. We will give an example of a homotopically trivial curve for which the
result of the lemma does not hold in Example [I6] below.

Proof. Let 4 be sequence of segments belonging to Case 4. As in the proof of Lemma [I3] we
assume without loss of generality that the number m4,_1 of (4g — 1)-segments in - is at least the
number m of 1-segments. Then,

m
Z Je — je—1) = (Mmag—1 —m1)(2g — 1) mod 4g.
=1
Because the left-hand side is a telescoping sum, we see
m
Z (je = je—1) = jm — Jjo =0 mod 4g.
=1

Therefore,
(Mag—1 —m1)(2g —1) =0 mod 4g,

which implies that
Mag—1 =my1 mod 4g.

If m; > 2, then there exist at least two disjoint pairs of consecutive segments, each consisting
of one 1-segment and one (49 — 1)-segment. By Lemma each of these pairs of segments has
length at least 3¢ , so in this case length(vy) > .

If mq =1, then myy—1 =1 mod 4g. Because the segments are ordered cyclically, all (4g — 1)-
segments are consecutive (in this cyclic ordering). As in the proof of Lemma the group relation
implies that every sequence of 4g consecutive (4g — 1)-segments corresponds to a homotopically
trivial curve. Hence, every sequence of segments in Case 4 with m; = 1 is homotopically equivalent
to the sequence of segments with myg—1 = m; = 1. By Lemma it follows that length(y) > ¢.

If mi; = 0, then myy—1 = 0 mod 4g. Because Hj.il fi2g+1) = 1, a sequence of segments in
Case 4 with m; = 0 is homotopically trivial. We conclude that length(vy) > ¢, in all cases where
~ is homotopically non-trivial, which finishes the proof. O

Example 16. We will show that there exists a sequence of segments corresponding to a homo-
topically trivial curve of length smaller than ¢,. Consider the sequence of segments ~ in Figure EI,
consisting of eight 1-segments (or (4g — 1)-segments, depending on the orientation of the curve).
The distance between any starting point or endpoint of a segment and the closest vertex of D, is
fixed, say ¢ > 0.

This sequence of segments represents a circle on M, which is a homotopically trivial curve.
The length of v depends continuously on €, so for sufficiently small €, the length of ~ is smaller
than .

14



Figure 8: Sequence of segments representing a homotopically trivial curve.

5 Computation of dummy points

Let M, be the generalized Bolza surface of genus g > 2 as defined earlier. In this section we will
present two algorithms for constructing a dummy point set Q, satisfying the validity condition
for M, and give the growth rate of the cardinality of Q, as a function of g.

Both algorithms use the set W, of the so-called Weierstrass points of M. In the fundamental
domain D, the Weierstrass points are represented by the origin, the vertices and the midpoints
of the sides. In the original domain l~)g, where there is only one point of each orbit under the
action of I'y, this reduces to 2g 4 2 points: the origin, the midpoint of each of the 2g closed sides,
and the vertex vy. Some special properties of Weierstrass points are known in Riemann surface
theory [18], however we will not use them in this paper.

Each of the algorithms has its own advantages and drawbacks. The refinement algorithm
(Section yields a point set with optimal asymptotic cardinality ©(g) (Proposition @ The
idea is borrowed from the well-known Delaunay refinement algorithm for mesh generation [2§].
The symmetric algorithm (Section uses the Delaunay refinement algorithm as well. However,
instead of inserting one point in each iteration, we insert its images by all rotations around the
origin by angle kmw/2g for k = 1,...,4g. In this way, we obtain a dummy point set that preserves
the symmetries of Dy, at the cost of increasing the asymptotic cardinality to ©(glogg).

Let us now elaborate on the refinement algorithm. The set Q, is initialized as W, and the
triangulation as DTy, (W,). Then, all non-admissible triangles in DTp (7, '(Q,)) are removed by
inserting the projection onto My of their circumcenter, while updating the set Q,4 of vertices of
the triangulation. The following proposition shows that DTy (w;l(Qg) N D,\/g) contains at least
one representative of each face of DTp (7, (Qy)), thus providing the refinement algorithm with a
finite input.

Proposition 17. For any finite set of points Q4 on M, containing Wy, each face in DTp (W;I(Qg))

with at least one vertex in l~)g is contained in Dy, .

The proof is given in Appendix [C}
The set 7rg_1(Qg) N Dy, is obtained as follows: we first consider the set of canonical represen-
tatives (as defined in Section of the points of Q, which is 7, 1(Qg) N 59. Then, we obtain

ﬂg_l(Qg) N Dy, by computing the images of 7rg_1(Qg) N 59 under the elements in A,. In other
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words, 7,1(Qg) N Dy;, can be computed as Qx;, = {f(7,(Qq) N D,), f e N,}.

Apart from the two algorithms, detailed below, we have also looked at the structured algo-
rithm [2I], which can be found in Appendix @ Its approach is fundamentally different from the
simple and symmetric algorithms: the dummy point set and the the corresponding Delaunay tri-
angulation are exactly described. As in the symmetric algorithm, the resulting dummy point set
preserves the symmetries of D, and is of order ©(glog g).

5.1 Refinement algorithm

Following the refinement strategy introduced above and using Proposition we insert the cir-
cumcenter of each triangle in DTp(Q;, ) having a non-empty intersection with the domain D, and
whose circumradius is at least 1 sys(M,) (see Algorithm . Figure |§| illustrates the computation

2
of DTD(Q_/\@)
Input : hyperbolic surface M,
Output: finite point set Q, C M such that §(Q,) < £ sys(M,)
Initialize: let Qg4 be the set W, of Weierstrass points of M.
Compute DTy (QNg).

3 while there exists a triangle A in DTD(QNQ) with circumdiameter at least %sys(Mg)
and AN D, # 0 do

N =

4 Add to Qg the projection onto M, of the circumcenter of A
5 Update DTy (QNQ )
6 end

Algorithm 1: Refinement algorithm
We can now show that the cardinality of the resulting dummy point set is linear in the genus g.

Theorem 18. The refinement algorithm terminates and the resulting dummy point set Q, satisfies
the validity condition . The cardinality | Q4| is bounded as follows

5.699(g — 1) < |Q,| < 27.061(g — 1).

Proof. We will first prove that the hyperbolic distance between two distinct points of Q is greater
than i sys(Mg). The distance between any pair of Weierstrass points is larger than i sys(My) (see
Lemma [26] in Appendix [C]), of which a proof can be found in Appendix

Furthermore, every point added after the initialization is the projection of the circumcenter of
an empty disk in D of radius at least i sys(My), so the distance from the added point to any other
point in Q, is at least %sys(Mg). For arbitrary p € Qg4, consider the disk D, in M, of radius
%sys(Mg) centered at p, i.e., the set of points in My at distance at most %sys(Mg) from p. Every
disk of radius at most %sys(Mg) is embedded in My, so in particular D, is an embedded disk.
Because the distance between any pair of points of Q, is at least %sys(Mg), the disks D), and D,
of radius %sys(Mg) centered at p and g, respectively, are disjoint for every distinct p,q € Q4. For
fixed g, the area of such disks is fixed, as is the area of M, so only a finite number of points can
be added. Hence, the algorithm terminates.

Observe that the algorithm terminates if and only if the while loop ends, i.e. Q4 satisfies the
validity condition.

Finally, we will find bounds for the cardinality of Q . From the above argument we know that
the cardinality of Qg is bounded above by the number of disjoint disks D of radius § sys(M) that
fit inside M. Hence,

19,| < area(M,) _ dm(g — 1) _ 2(g—-1) .
97~ area(D)  2m (cosh (3 sys(My)) —1)  cosh (£ sys(M,)) — 1

Proposition [f] gives a lower bound. The coefficients of g — 1 in these upper and lower bounds
decrease as a function of g, so the announced bounds can be obtained by plugging in the value of
sys(My) (see Theorem [2)) for ¢ — oo and g = 2 respectively. This finishes the proof. O
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Figure 9: Several steps in the refinement algorithm (genus 3)
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5.2 Symmetric algorithm

This algorithm is similar to the refinement algorithm. However, instead of adding one point at
every step in the while loop, it uses the 4g-fold symmetry of the fundamental polygon D, to add
4g points at every step (see Algorithm . Figure [10| illustrates the computation of DTp(Qas ).

Input : hyperbolic surface M,
Output: finite point set Q, C M, such that §(Q,) < 3 sys(M,)
Initialize: let Qg4 be the set W, of Weierstrass points of M.
Compute DT (QNQ).
while there ezists a triangle A in DTD(QNQ) with circumdiameter at least %sys(Mg)
do
for k=0,...,49—1do
Let p,, be the circumcenter of A rotated around the origin by angle %.
Add 7y(py,) to Qq.
end
Update DTy (QNQ).
end

w N =

© ® N o »os

Algorithm 2: Symmetric algorithm

By using the symmetry of the regular 4g-gon we obtain a more symmetric dummy point set,
which may be interesting for some applications [11]. However, asymptotically the resulting point
set is larger than the point set obtained from the refinement algorithm.

Theorem 19. The symmetric algorithm terminates and the resulting dummy point set satisfies
the validity condition . Its cardinality is of order ©(glogg).

Proof. The first two statements follow directly from the proof of Theorem [I8] so we only have to
prove the claim on the cardinality of Q.

First, we will prove that |Qg| is of order O(glogg). Again, the distance between the Weierstrass
points is more than isys(Mg). We claim that the distance between points that are added in
different iterations of the while loop is at least isys(Mg). Namely, by the same reasoning as in
the proof of Theorem [I8] the distance between the circumcenter of an empty disk of radius at
least 1 sys(My) and any other point in Q, is at least sys(My). Because Qg is invariant under
symmetries of Dy, it follows that the distance between an image of the circumcenter under a
rotation around the origin and any other point in Q, is at least %sys(Mg) as well.

However, the distance between points in Q4 can be smaller than isys(Mg) if they are added
simultaneously in some iteration of the while loop. Denote the points added to Qg in iteration j
bypi where £ =0,...,4g — 1.

Let D(p,r) be the hyperbolic disk with center p and radius 7, where p is either a point in H?
or in M. For each iteration j, define

4g—1
U, = U D (pi, % sys(Mg)>
k=0
and let U; = my(U;). Let a; = area(U;). Denote the area of a hyperbolic circle of radius % sys(M,)
by a, i.e.
a := 27 (cosh (g sys(My)) — 1) .
Observe that a < a; < 4ga, where the lower bound is in the limiting case where all disks are equal

and the upper bound in the case where all disks are disjoint.
Define

T ={jla; <2ga}

and denote its complement by Z¢. We will give upper bounds for |Z| and |Z¢|. To see for which j
the inequality a; < 2ga holds, we will first look at the area of U (see Figure . The amount of
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overlap between D(pi) and D(pf; 41) can be written as a strictly decreasing function of d(pi, pfc 1)
which can be written as a strictly increasing function of d(O, pfc) Therefore, there exists a constant
dg > 0 such that area(U;) < 2ga if and only if d(O,pi) <dg forall k=0,...,49g — 1.

We claim that j € 7 if and only if there exists k € {0,...,4g—1} such that either d(O,pi) < dg
or d(vo, p{c) < dg4. First, assume that there exists k € {0, ...,4g—1} such that either d(O,pi) <d,
or d(vo,pi) < dg. If d(O,pi) < dg (Figure , then area(U;) < 2ga by definition of dg, so
j € Z. Now, assume that d(vg,p},) < d, (Figure . By symmetry d(ve,py,,,) = d(vo, py,) for
all £ =0,...,49 — 1 (counting modulo 4g). Recall that fy is the side-pairing transformation that
maps Sa24 to 8g. Then

d(fo(Phy2g41):v0) = d(f5 " (fo(Phyagr1))s fo ' (v0)),

(p?c+2g+1a U2g+1)7

(p‘]i;avo)'

d
d
Therefore, the circle C; centered at vy and passing through pi passes through fy (p{c +2g 41) as well.
By induction, for every pair of adjacent fundamental regions f(Dy) and f'(D,) that contain v
there exists an £ € {0,...,4g— 1} such that f(p}) and f’(pzﬂgﬂ) are equidistant from vg. There
are 4g fundamental regions that have vg as one of their vertices. Because 2g + 1 and 4g are co-
prime, it follows that C; contains exactly one translate of p; for every £ =0,...,4g — 1. Hence, if
we translate the union of disks of radius % sys(M,) centered at the translates of pz, {=0,...,49—1
on C; by the hyperbolic translation that maps v to the origin, we obtain a union of disks of radius
%sys(Mg) at distance d(vo,pi) < dg from the origin. By definition of dg, it follows that a; < 2ga.

Second, assume that d(O,p]) > d, and d(vo,p)) > d, for all k € {0,...,4g — 1}. If
d(p%,aDg) > %sys(Mg)7 then U, is completely contained in D,. Because d(O,pi) > dg, it
follows that a; > 2ga by definition of dg4, so j € Z¢. Now, assume that d(pé,aDg) < %sys(Mg).
It pg is close to the midpoint of a side of Dy, then D(p%, % sys(Mg)) can only overlap with a
translate of D(pég, £ sys(My)) (Figure. Then, U; contains at least 2¢g pairwise disjoint disks,
so a; > 2ga. Therefore, j € Z° Hence, the only way that D(pg,ésys(Mg)) can overlap with
multiple other disks is when pé is sufficiently close to a vertex of D,. Consider again the circle
C; centered at vy and passing through a translate of v% for all £ € {0,...,4g — 1}. Because now
d(vo,p],) > dy, it follows that a; > 2ga by definition of d,.

We conclude that j € Z if and only if there exists k € {0, ...,4g—1} such that either d(O, pfg) <
dg or d(vo,pi) > dy. We have also shown that if d(O,pi) < dg, then U; is a topological annulus
around the origin. If d(vo,pi) > dy, then m;'(U;) contains a topological annulus around wvy.
In either case, the boundary of such an annulus consists of two connected components. Let the
minimum width of an annulus be given by the distance between these connected components.
Suppose, for a contradiction, that the minimum width of an annulus corresponding to j € 7 can
be arbitrarily close to 0. Then the disks in U; have arbitrarily small overlap, so a; is arbitrarily
close to 4ga. However, this is not possible, since a; < 2ga for all j € Z. Therefore, there exists
¢ > 0 (independent of the output of the algorithm) such that the minimum width of an annulus
corresponding to j € 7 is at least ¢.

To find an upper bound for |Z|, consider the line segment [O,vo] between the origin and vy.
By the above discussion, [0, vg] crosses the annulus corresponding to any j € Z exactly once.
Because the annuli are pairwise disjoint and each annulus has minimum width e, there are at most
length([O, vg])/e annuli, where

length (][O, v]) = arcosh (cot2 (%)) .

Therefore,

arcosh (cot? ( =
el ()
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(c) d(O,pl) > dy and.d(vo,pi) > dg for all k €
{0,...,4g — 1} and d(p}, dD,) < 5 sys(My).

Figure 11: Schematic drawings of different cases. In the first two drawings, the minimum width
of the corresponding annulus is marked in red. In the second drawing, only the disks with center
in D, or sufficiently close to vg are drawn. In the third drawing, only the disks with center in D,

together with the unique disk that overlaps D(pf)'7 1 sys(My)) are drawn.
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Because cot? () ~ 15¢° for g — oo, it follows that |Z] is of order O(log g).

Now, consider Z¢. Because the disks of radius %syS(Mg) centered at points of Q4 that corre-
spond to different iterations of the while loop are disjoint, we see that

area(My) > area (Ujez-Uj) ,

= Z area(U;),

JEL*®
S
JEeZe
> |Z° - 2ga.
Since area(My) = 4n(g — 1) and a is constant, |Z¢| is of order O(1).

Because the number of iterations is given by |Z| 4 |Z¢|, the number of iterations is of order
O(log g). Each iteration adds 4g points, so the resulting dummy point set has cardinality of order

O(glog g).
Secondly, we will show that |Qg] is of order Q(glogg). As before, denote the points added to

Q, in iteration j of the while loop by pj, where k = 0,...,4g — 1. Fix an arbitrary vertex v of Dy.
Let P = <O,pﬁ,pﬁ, . ,pi:,'v> be a shortest path from the origin to v in the Delaunay graph

of m,1(Qyg). We claim that all indices j; are distinct, i.e. P contains at most one element of each
of the sets {p], | k=0,...,49 — 1} (see Figure .

=\ SN

v v

Figure 12: The left figure shows a path P from the origin to v that visits two vertices from the
same iteration, namely p2 and p3. The right figure shows a shorter path from the origin to v. In
this case, j1 = jo = 2 and k1 = 4 and k3 = 3. The subdivision of P into three parts is given by
Py ={(0,p}), P, = (p3,p}) and P; = (p3,pi,p3,v). The path P’ is defined as P{ U Ps, where P{
is obtained by rotating P; around the origin by angle f%

Suppose, for a contradiction, that there exist [ and m with [ < m, such that j; = j,. We
will construct a path P’ from O to v that is shorter than P. We know thatpi’l #+ pﬁ, because
otherwise the shortest path would contain a cycle, so in particular k; # k,,. Subdivide P into
three paths: the path Py from O to py., the path P, from p;! to p;™ , and the path P; from pi™ to
v. Now, let P be the image of P after rotation around O by angle (kn, — ki) - 55. It is clear that
P| is a path from O to pfc’r’; of the same length of P;. It follows that P’ := P{ U P; is a path from
O to v that is shorter than P. This is a contradiction, so all indices j; are distinct. Therefore,
the number of vertices of the graph that P visits is smaller than the number of iterations of the
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while loop. Each edge in the path P is the side of a triangle with circumdiameter smaller than
1 sys(My), so in particular the length of each edge is smaller than % sys(M,). The length of P is
at least

length (][O, v]) = arcosh (cot2 (%)) ~ 2logg.

As %sys(Mg) is bounded as a function of g, the number of edges in P is of order 2(logg). Then,
the number of iterations of the while loop is of order Q(logg), so |Q,4| has cardinality of order
Q(glog g). The result follows by combining the lower and upper bounds. O

5.3 Experimental results for small genus

The refinement algorithm and the symmetric algorithm have been implemented. The implementa-
tion uses the CORE: : Expr number type [31] to represent coordinates of points, which are algebraic
numbers.

For the Bolza surface (genus 2), both algorithms compute a set of 22 dummy points. In
Figure [13| we have shown the dummy point set computed by the symmetric algorithm. However,
a smaller set, consisting of 14 dummy points, was proposed earlier [6]: in addition to the six
Weierstrass points, it contains the eight midpoints of the segments [O,vg], k = 0,1,...7 (see

Figure .

Figure 13: Set of 22 dummy points for the Bolza surface computed by the symmetric algorithm
(left) and set of 14 dummy points constructed by hand [6] (right).

The computation does not terminate for higher genus after seven hours of computations when
performing the computations exactly. To be able to obtain a result, we impose a finite precision
to CORE: :Expr.

For genus 3, we obtain sets of dummy points with both strategies with precision 512 x g bits
(chosen empirically). The refinement algorithm yields a set of 28 dummy points (Figure E[), while
the symmetric algorithm leads to 32 dummy points (Figure . Computing dummy point sets for
Bolza surfaces of higher genus poses a challenge regarding the evaluation of algebraic expressions.
Our experiments show that we have to design a new strategy for arithmetic computations, which
goes beyond the scope of this paper.
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6 Data structure and implementation

6.1 Canonical representatives

We have defined in Section @ the canonical representative of a point on the surface M. Let us
now determine a unique canonical representative for each orbit of a triangle in ID under the action
of I'y.

We consider all the neighboring regions, i.e., the images of D, by a translation in N (see
Section to be ordered counterclockwise around 0, starting with the Dirichlet region

2g—1
I ficcer1)(Dg) = fofogeifozgin) - - - Faginy2(Dy)
Jj=0

(where indices are taken modulo 4¢) incident to vg, which gives an ordering of ;. An illustration
for genus 2 is shown in Figure [[4]

feiife
Srvafi
fl\;ldfk-%—Qf};rllfk

J -1
fk+1fk+2fk+3

Figure 14: The neighboring translations for genus g = 2. The ordering starts with fo f; L, fit=
fofsfaf7. Right: enumeration of the regions around a vertex vy, k € {0,1,2,3}. Note that

flc_+13fk+2fk_+11 fr = fkfk_j1fk+2fk_+13 by the group relation.

We say that a triangle in D is admissible if its circumdiameter is less than half the systole of
M,. We can prove the following property:

Proposition 20 (Inclusion property). If at least one vertex of an admissible triangle is contained
in Dy, then the whole triangle is contained in Dy, .

Proof. It is sufficient to show that the distance between the boundary 0D, of D, and the boundary
Dy, of Dy, is at least %sys(Mg). Consider points p € 9D, and q € dDy;,. We will show that
d(p,q) > % sys(My). By symmetry of D,, we can assume without loss of generality that p € eg. In
Section [£:3] we gave a definition for a k-segment and a k-separated segment, where the segment is
a hyperbolic line segment between sides of D,. This definition extends naturally to line segments
between sides of a translate of D.

Recall that fo is the side-pairing transformation that maps ey, to eg. First, assume that
q € fo(Dy). Because q € dDy;,, [p,q] is a segment of separation at least 2 (see Figure . By
Lemma (9} d(p,q) > 5 sys(My).

Second, assume that g € fo(D,). Without loss of generality, we may assume that g is contained
in a translate of D, that contains either vy or vy as a vertex. If p is either vy or vy, then again
[p, q] is a segment of separation at least 2 (see Figure , so d(p,q) > 1 sys(My) by Lemma@
If p is not a vertex of Dy, then [p, q] intersects one of the two sides in fo(Dy) \ Dy, say in a
point r (see Figure . In particular, [p,r] is a 1-separated segment. If [r,q] is a segment of
separation at least 2, then d(r,q) > %sys(Mg) by Lemma EI, so d(p,q) > %sys(Mg) as well. If
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(c) Case where [p, q] intersects

() Case where g € fo(Dy).  (b) Case where p=v1. gt )0

Figure 15: Cases in the proof of Proposition

[r,q] is a 1-separated segment, then it is clear that one of [p,r] and [r, g] is a 1-segment and the
other a (49 — 1)-segment. By Lemma d(p,7) +d(r,q) > & sys(My).
We have shown that in all cases d(p, q) > %sys(Mg), which finishes the proof. O

Let now & C M, be a set of points satisfying the validity condition . By definition, all
triangles in the Delaunay triangulation DTy (7rg’1 (S )) are admissible and thus satisfy the inclusion
property. Let ¢ be a face in the Delaunay triangulation DTy, (S).

By definition of 59, each vertex of ¢ has a unique preimage by 7, in 597 S0, the set
Y= {t € w;l(t) | t has at least one vertex in Bg} (8)

contains at most three faces. See Figure When ¥ contains only one face, then this face is
completely included in Dy, and we naturally choose it to be the canonical representative t¢ of ¢.
Let us now assume that ¥ contains two or three faces. From Proposition 20} each face t € X is
contained in Dy,,. So, for each vertex w of ¢, there is a unique translation T'(u,t) in N, U {1}

such that w lies in T'(u, t)(Dy). This translation is such that
T(u,t)(u®) = u.

Considering the triangles in D to be oriented counterclockwise, for £ € ¥, we denote as u} the
first vertex of ¢t that is not lying in l~)g. Using the ordering on N, defined above, we can now
choose t¢ as the face of ¥ for which T'(uje,t¢) is closest to fofog—1f2(29-1)--- f29—1)2 for the
counterclockwise order on Nj.

To summarize, we have shown that:

Proposition 21. Let S C M be a set of points satisfying the validity condition . For any face
t in DTy, (S), there exists a unique canonical representative t© C Dy, in DTp (7r;1(8)),

Using a slight abuse of vocabulary, for a triangle ¢ in DD, we will sometimes refer to the canonical
representative t° of its projection ¢ = my(t) as the canonical representative of .

6.2 Data structure

Proposition allows us to propose a data structure to represent Delaunay triangulations of
generalized Bolza surfaces.

A triangulation of a point set S C M, is represented via its vertices and triangular faces.
Each vertex u stores its canonical representative u® in 59 and gives access to one of its incident
triangles. Each triangle ¢ is actually storing information to construct its canonical representative

25



Figure 16: Examples (for g = 2) of faces of DTp (7, *(S)) with one (left), two (middle) and three

(right) vertices in Eg that project to the same face on M. Their respective vertices drawn as a
dot project to the same vertex on My (same for cross and square). The canonical representative
is the shaded face.

tc: it gives access to its three incident vertices ug, w1, and us and its three adjacent faces; it also
stores the three translations T'(u;,t¢),j = 0,1,2 in N, as defined above, so that applying each
translation to the corresponding canonical point yields the canonical representative t€ of ¢, i.e.,

t¢ = (T(uo, t9)(ul), T(wy,t)(us), T(uy, t)(us) ).

In the rest of this section, we show how this data structure supports the algorithm that was
briefly sketched in Section [3.2

Finding conflicts. The notion of conflict can now be made more explicit: a triangle ¢t €
DTy, (S) is in conflict with a point p € My if the circumscribing disk of one of the (at most
three) triangles in ¥ is in conflict with p¢, where X is the set defined by relation .

Since hyperbolic circles are Euclidean circles, the Euclidean Delaunay triangle containing the
point p€ gives us a triangle in the Delaunay triangulation in D that is in conflict with this point;
these FEuclidean and hyperbolic triangles will both be denoted as t,, which should not introduce
any confusion. To find this triangle, we adapt the so-called wvisibility walk [I4]: the walk starts
from an arbitrary face, then, for each visited face, it visits one of its neighbors, until the face
whose associated Euclidean triangle contains p€© is found. This walk will be detailed below.

We first need some notation. Let ¢, be two adjacent faces in DTy, (S) and t,t" two of their
preimages by 74 in DTp(7~1(S)). We define the neighbor translation T=**(¢',t) from ' to t as
the translation of I'y such that 7=**(¢',t)(t') is adjacent to t in DTp (7~ *(S)).

Let u be a vertex common to ¢t and ¢/, and let u; and uy the vertices of ¢ and ¢’ that project
on u by my. We can compute the neighbor translation from ¢ to ¢’ as

T (¢, 8) = T (ug, )(T (ug, ).

Figure[17|illustrates the neighbor translation of the canonical representatives of £ and ¢’. It can be
easily seen that T (¥, t) = T'(us, t)(T(ug, t')) "t = (T(ug, t')(T(ug, t) 1)~ = (T (¢, t')) L.

Finally, we define the location translation T,  as the translation that moves the canonical face
t; to t,. This translation is computed during the walk.

The walk starts from a face containing the origin. As this face is necessarily canonical, T, is
initialized to 1. Then, for each visited face ¢ of DTp(7~*(S)), we consider the Euclidean edge e
defined by two of the vertices of t. We check whether the Euclidean line supporting e separates
p¢ from the vertex of t opposite to e. If this is the case, the next visited face is the neighbor '
of ¢ through e; the location translation is updated: T)° = T;’CT“‘“(t’ ¢ t°). The walk stops when
it finds the Euclidean triangle ¢, containing p©. Then the canonical face 7 in conflict with p© is

(1)1 (2,).
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TR oy

Tt 1) (£°)

(7, £)(¢")

NG

Figure 17: Translating £’ by T (¢, ¢¢) gives a face adjacent to ¢°.

See Figure [18| for an example. Here the walk first visits canonical faces and reaches the face
tp C Dy; up to that stage, 7)1 is unchanged. Then the walk visits the non-canonical neighbor t
of tp, and T}y is updated to T (¢, tp). The next face visited by the walk is t,,, which contains
p°; as t,¢ and t'C are adjacent, Tyy< is left unchanged.

The location translation T, is then used when looking for all triangles in conflict with p.
Starting from 7, for each face in conflict with p®, we recursively examine the translated image
under 7,°° of each neighbor (obtained with a neighbor translation) that has not yet been visited.
We store the set C}; of canonical faces in conflict with p©. Note that C} is not necessarily a
connected region in D, as illustrated in Figure Right). However, the projection of C’; onto M,
is a topological disk, and by construction, the union of the translated faces T><T™" (t,t;)(t), for
all t € C} is a topological disk C), in D.

Figure 18: Left: The shaded faces are the (not necessarily canonical) faces in conflict with the red
point. Their union C, is a topological disk. Right: The union C} of the (shaded) canonical faces
in conflict with the red point is not a connected region in D.

Inserting a point. To actually insert the new point p on My, we can first create a new vertex
storing p©. For each face t in C7, the translations T,>T" (t,t;)T(u;,t), j = 0, 1,2 can temporarily
be stored directly in its three vertices (not in the face itself, since it will be deleted). Note that
since C', is a topological disk, the resulting translation for a given vertex is the same for all faces
of C), incident to it. We store 1 in the new vertex.

For each edge e on the boundary of C),, we create a new face t. formed by the new vertex
and the edge e. Note that t. is not necessarily canonical. The neighbor of t. outside C’; is the
neighbor through e of the face in C}, incident to e. Two new faces consecutive along the boundary
of C), are adjacent. We can now delete all faces in C,,.

All that is left to do now is to compute the translations to be stored in each new face t,,¢,, to
get its canonical representative. We retrieve the translations temporarily stored in its vertices. If
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all translations are equal to 1, then the face is already canonical and there is nothing more to do.
Otherwise, one of the vertices of the newly created representative ¢, is the new vertex; without
loss of generality it is its vertex ug, and T'(ug, thew) = 1. For j = 0, 1,2 we can easily compute the
index d; of T'(uj,,t;) in the ordering on Ny, where ¢; is the image of ¢, under (T(u;, tnew))”
ug, is the first vertex of ¢; such that T'(uj ,t;) # 1. This can be done by computations on the
translations. Finally, the translations (T(uk,tnew))’lT(uj,tnew),j = 0,1,2, are stored in the
face t,ew, where k is the index for which dj is minimal. The data structure now gives access to
the canonical representative of ,,¢q,-

Once this is done for all new faces, temporary translations stored in vertices can be removed.

6.3 Experiments

The algorithm presented in Section [3] was implemented in C++, with the data structure described
in the previous section. The preprocessing step consists in computing dummy points that serve
for the initialization of the data structure, following the two options presented in Section [5| The
implementation also uses the value of the systole given by Theorem

Following the celebrated exact geometric computation paradigm [30], the correctness of the
combinatoral structure of the Delaunay triangulation relies on the exact evaluation of predicates.
The main two predicates are

e ORIENTATION, which checks whether an input point p in 52 lies on the right side, the left
side, or on an oriented Euclidean segment.

e INCIRCLE, which checks whether an input point p in 52 lies inside, outside, or on the
boundary of the disk circumscribing an oriented triangle.

Input points, which lie in .52, are tested against canonical triangles of the triangulation, whose
vertices are images of input points by translations in N>5. If points are assumed to be have rational
coordinates, then evaluating the predicates boils down to determining the sign of polynomial
expressions whose coefficients are lying in some extension field of the rationals.

Proposition 22 ([22, 21]). In the case of the Bolza surface, the predicates can be evaluated by
determining the sign of rational polynomial expressions of total degree at most 72 in the coordinates
of input points.

The proof consists of symbolic computations with MAPLE, organized along a case analysis on
the different possible positions of the canonical triangles, i.e., on the possible translations of > that
can be involved in each predicate. Its heaviness does not allow for an extension to higher genus.
It is expected that the algebraic degree of predicates is much higher than 72 already for genus 3.
In practice, the implementation relies on the CORE: : Expr number type [31], which provides with
exact and filtered computations. As for the computation of dummy points (Section , the
evaluation exceeds the capabilities of CORE for genus bigger than 2, due the barriers raised by
their very high algebraic degree, so, only a non-robust implementation of the algorithm can be
obtained.

A fully robust implementation for the Bolza surface has been integrated in CcaL [23]. All
details on the implementation can be found in Iordanov’s PhD thesis [2I]. We only mention a few
key points here.

Let us first continue the discussion on predicates. To avoid increasing further the algebraic
degree of predicates, the coordinates of dummy points are rounded to rationals (see Table [1f).
We have checked that the validity condition still holds for the rounded points, and that the
combinatorics of the Delaunay triangulations of exact and rounded points are identical.

Attention has also been paid to the manipulation of translations. As seen in Section [6.2]
translations are composed during the execution of the algorithm. To avoid performing the same
multiplications of matrices several times, we actually represent a translation as a word on the ele-
ments of Zg, where Zg is considered as an alphabet and each element corresponds to a generator
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Table 1: Exact and rational expressions for the dummy points for the Bolza surface. The midpoint
of side s; of the fundamental domain is denoted as m . The midpoint of segment [0, v;] is denoted

as p;.

Point | Expression Rational approximation
vo (23/4 202 22 ﬁ) (97/125, —26/81)
ma ( 2 1,0 (—9/14,0)
ms ( VaVVamL | VaV e 1) (—5/11,—5/11)
me | (0,-VV2-1) (0,-9/14)
(

221 (V2rvE+v2-v2) 221 (V24v2-1/2-2)
4V2+4V/2—/2 ’ 4V2+4y/2—v2
e 2”4V Sk ) (4/19,1/2)

2V2+2V2—v2 2v2+2V/2—-2 ’
22/4(V2—v2-1/2+v2) 224 (V2+v2+1/2-12)
42ra/2-v2 42 +4/2-2
N ) (~1/2,4/19)
2v2+2v/2-v2 2v2+2V/2-v2 ’
22/4(V21+v2+1/2-v32) 29/ (V2—v2-1/2+13)

_ , ~1/2,-4/19
4244V 22 4V/2+4V 22 (=1/ /19)

2B 2V e _ _
Ds 2ﬁ+2\/27\/§’ 2ﬁ+2\/2\/§> ( 4/197 1/2)
23/4 (Vo V3-/2-V3) 2“4(\/L—V§+\ALF¢§)>

(1/2,4/19)

Po at2v2—v2  2va+ev2—v2
b
by

Ps (—4/19,1/2)

Py

D5

- NNy vF\/) 5/11,-5/11)
2//aivE 2B ) (1/2,—4/19)

P7 (4/19,-1/2)

watan2—v2 4v2+4v/2-v2

of I'y. The composition of two translations corresponds to the concatenation of their two corre-
sponding words. Section showed that only the finitely many translations in A3 must be stored
in the data structure. Moreover, words that appear during the various steps of the algorithm can
be reduced by Dehn’s algorithm [12] [19], yielding a finite number of words to be stored, so, a map
can be used to associate a matrix to each word. Dehn’s algorithm terminates in a finite number
of steps and its time complexity is polynomial in the length of the input word. From Sections
and [6.2] the longest words to be reduced areformed by the concatenation of two or three words
corresponding to elements of N5, whose length is not more than four, so, the longest words to be
reduced have length 12.

Running times have been measured on a MacBook Pro (2015) with processor Intel Core i5,
2.9 GHz, 16 GB and 1867 MHz RAM, running MacOS X (10.10.5). The code was compiled with
clang-700.1.81. We generate 1 million points in the half-open octagon Dy and construct four
triangulations:

a CaAL Euclidean Delaunay triangulation with double as number type.

e a CcAL Euclidean Delaunay triangulation with CORE: :Expr as number type,

e our Delaunay triangulation of the Bolza with double as number type,

e our Delaunay triangulation of the Bolza surface with CORE: :Expr as number type,

Note that the implementations using double are not robust and are only considered for the
purpose of this experimentation. The insertion times are averaged over 10 executions. The results
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are reported in Table [2]

| Runtime (in seconds)

Euclidean DT (double) 1

Euclidean DT (CORE: :Expr) | 24
Bolza DT (double) 16
Bolza DT (CORE: :Expr) 55

Table 2: Runtimes for the computation of Delaunay triangulations of 1 million random points in
the half-open octagon Ds.

The experiments confirm the influence of the algebraic demand for the Bolza surface: almost
two thirds of the runnning time is spent in predicate evaluations. Also, it was observed that only
0.76% calls to predicates involve translations in N5, but these calls account for 36% of the total
time spent in predicates.

Note also that the triangulation can quickly be cleared of dummy points: in most runs, all
dummy points are removed from the triangulation after the insertion of 30 to 70 points.

A Proof of Lemma 23

Lemma 23. Let T be a hyperbolic triangle with a circumscribed disk of radius R. Then
area(T) < 7w — 6arcot(v/3 cosh(R)).

Lemma [23] is the special case m = 3 of the following lemma. A proof was given in Ebbens’s
master’s thesis [16], but for completeness we have included it here as well.

Lemma 24. Let P be a convex hyperbolic m-gon for m > 3 with all vertices on a circle with
radius R. Then the area of P attains its maximal value A(R) if and only if P is regular and in

this case ) A
cosh R = cot <W> cot <(m —2m - (R)>
m 2m

Proof. A lower bound for the circumradius of a polygon given the area of the polygon is given in
the literature [26]. We will use the same approach to prove Lemma

Consider m = 3. Divide P into three pairs of right-angled triangles with angles 6; at the
center of the circumscribed circle, angles «; at the vertices and right angles at the edges of P (see

Figure .

By the second hyperbolic cosine rule
cosh R = cot 0; cot

for j = 1,2,3. Furthermore, Z?:I 0j =mand A =1 — 22?21 oj. Therefore, maximizing A

reduces to minimizing
3

f(01,05,63) = Z arcot(cosh R tan 6,) (9)

j=1

subject to the constraints Z?Zl 0; = mand 0 < 0; <, i.e., minimizing @D over the triangle in
R? with vertices (m,0,0), (0,7,0), (0,0,7). We parametrize this triangle as follows

01:S+t,92187t,03:ﬂ728

30



Figure 19: Division of P into three pairs of right-angled triangles

for 0 < s < 7/2 and |t| < s. By @[), we can view f as a function of s and ¢. First, we fix s and
minimize over . Then
3

0 —sec?6; 00
— f(01(s,1t),02(s,t),05(s,t)) = . -2,
ot (01(s,2), 02(5,1), 05, )) ;1+cosh2Rtan20j ot
B sec? 0, - sec? 0y
1+ cosh? Rtan%260y 1+ cosh? Rtan6;’
1 1

14 (cosh? R — 1) sin® 6, 1+ (cosh® R —1)sin? 6,

Therefore, a minimum is obtained if and only if 8; = 65, i.e., if and only if ¢ = 0. In a similar way,
we minimize over s.

) 3 —sec?6; 00
a_ 0 7t 79 at 79 7t = . Ja
asf( 1(5:1), 02(5,), 83 (s, ) ; 1+ cosh? Rtan?6; Js
2 2

1+ (cosh? R — 1) sin® 05 1+ (cosh? R — 1) sin? 6, ’
and it follows that a minimum is obtained for 6; = #3. Therefore, the area of P obtains its
maximal value A(R) if and only if §; = 05 = 03 = /3, i.e., if and only if P is a regular triangle.
In this case,

m— A(R)
ap =0 =0Q3 = ———,
6

SO

cosh(R) = cot 0 cot aj = cot (g) cot <7T—A(R)>

6

For arbitrary m > 3, the proof that maximal area is obtained for a regular polygon is the same
but with more parameters. In this case ; = m/m and

A(R) = (m — 2)7 — 2ma;,

so the area A(R) of the regular polygon is given by

cosh(R) = cot 0; cot av; = cot (;) cot ((m —2)m = A(R)).

2m
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B Hyperbolic trigonometry of generalized Bolza surfaces

In this section of the appendix, we give the proofs of results stated in Section [l First, we give
the proof of Lemma [9]

Proof. (of Lemma [9)

Consider a segment v; of separation k& > 2. By symmetry of D,, we can assume that v, is a
segment between so and s,. The length of v, is greater than or equal to the distance between sg
and s, which is given as the length of the common orthogonal line segment 'yj- between sg and

sk, (see Figure [20).

Vg

V41 U1

—1 i
sh t
arccos (co (49 ))

T
49

Vo

Figure 20: Computing the length of 'yj-.

To find an expression for length('yj-), we draw line segments between the origin O and sg
and between O and sj. In this way, we obtain a hyperbolic pentagon with four right-angles and
remaining angle ’;—Z. The line segment from O to sg is a non-hypotenuse side of an isosceles triangle

with angles I—g, %7 5, as shown in Figure Therefore, [, Theorem 7.11.3(i)]
)

)

cosh(d(0, sg)) = Z?;(( '

&

= cot(73)-

&h

Drawing a line segment from O orthogonal to ’)/j-, we obtain two quadrilaterals, each of which has
three right angles and remaining angle %. It follows that [4, Theorem 7.17.1(ii)]

cosh(length('yj‘)) = cosh(d(0, sp)) sin(%) = cot(;) sin(%).

The lower bounds for the length of ~y; follow from sin(%) > sin(g;) for k > 2 and sin(%) > sin(7)

for k > 4, and a direct computation using properties of trigonometric functions. O

Second, we give the proof of Lemma
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Proof. (of Lemma

Denote the two segments by «; and «,. Without loss of generality, we will assume that v, is a
1-segment between sg and s; and v, is a (49 — 1)-segment between s9441 and sa4 (see Figure.
Let = be the distance between p; and v; and let o; be the angle between «; and s;. The distance
between p} and vagy1 is £ — x, where the length ¢ of the sides satisfies cosh(3¢) = cot(g;). Let
ap be the angle between v, and vog41.

Figure 21: Construction in the proof of Lemma We have denoted the starting point of v, by
v!,, since -y may consist of an arbitrary number, say m, of segments.

By the hyperbolic sine rule,
sinh(length(;))  sinh(x)

sin(g;) sin(ay)’

SO
sinh(length(v,)) > sinh(z)sin(g;).

In a similar way, we obtain
sinh(length(vy)) > sinh(¢ — x) sin(g; ).
We will minimize
f(x) = arsinh(sinh(z) sin(3;)) + arsinh(sinh(/ — z) sin(3;))

subject to 0 < z < £, as this will provide a lower bound for length(v; U~,). Because

5 sin(ZX) cos?( L) sinh(z
% arsinh(sinh(x) sin(zl)) = — 2(2g) : (sg) (z)
dz g (sin®(Z ) sinh®(z) + 1)3/2

2g
for all z > 0, the function z — arsinh(sinh(z) sin(g;)) is strictly convex. It follows that f is also
strictly convex, so it has a unique global minimum. The derivative of f is given by

sin(g ) cosh() sin(g, ) cosh(¢ — x)

f’(x)z .27r2- 2 1/2 -27r2' 2 1/2°
(sin (E)smh (x) + 1)/ (sin (Z)smh (0 —z)+1)1/
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It is clear that f/(3¢) = 0, so = i is the unique minimizer with minimum value f(1¢) =
2 arsinh(sinh(10) si sin(g;)). By the discussion above, this implies that

sinh(2 length(y; U~,)) > sinh(1¢) Sin(%).
Then

cosh(length(y; U,)) = 2sinh?(3 length(y; U~v,)) + 1,
> QSinhQ(%K) sin2(l) +1,
= 2(cot2(4l) 1) sin?( 7))+ 1,
=(1+ 2cos(2lg))2,

from which we conclude that length(y; U~,) > ¢,.

Now, assume that v = «v; U~4. By the argument above, the length of « is minimal when p, is
the midpoint of s; and p) is the midpoint of s941, given any location of p, and p). By symmetry
of the argument, it follows that length(+y) is minimal when p, is the midpoint of sy, and p4 is the
midpoint of s;. By hyperbolic trigonometry, it can be seen that the length of «v; Uy, where p;
and p, are the midpoints of their sides is ¢;,. This finishes the proof. O

Third, we give the proof of Lemma
Proof. (of Lemma

The side pairing transformation f is represented by the matrix +A; with

N cot(4;) exp(‘k”) cot2(£) -1
k =
exp(— ”“;) cot2(£) -1 cot(75)

for k=0,1,...,29 — 1 with f, ' = fry2, [3]. Hence,

HTe (V) = 3T | [ Aigen) | »
=1

where the indices j(2g — 1) are counted modulo 4g.
Because Y,, for m = 3 is a product of just three matrices, it is straightforward to show that
1Y3] > 1+ 2cos(£ ;). Furthermore,

49—3

H Ajag+1) = HAJ<29+1>' Algegr1)Ag-1) (2941 Alag-2) 2941

A1

= A (4g-2)(2-+1)

49(29+1)A_

(4g—1)(2g9+1)
by the group relation. Hence, we can find §| Tr(Y;,)| for m = 4g—3 in a similar way by computing
the trace of a product of three matrices.

In the remainder of the proof we treat the cases m = 2g + 2. For convenience, let a = ﬁ. The
eigenvalues of Aj, are roots of the characteristic polynomial x(t) = ¢ —t - Tr(Az) + 1. Because
Tr(Ax) = 2cota > 2, the eigenvalues are distinct, real and positive, and do not depend on
k. Therefore, we can diagonalize Ay = SpAS, ! where A is the diagonal matrix containing the

eigenvalues of Ay and
S — 1 eika eika
k — \/5 767’”(30( e*ika :

= S2g+1AS3} 1 - Sa(agn) ASyh

Then

—1 —
2(2g+1) S(m_l)(29+1)A5(m71)(29+1) - Sm 29+1)Asm(2g+1)
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A straightforward computation shows that for all j € {0,...,m}

-1
Sj(29+1)s(j+1)(2g+1) = Tag41,

T coska isinka
ko= \isinka coska |-

where

Therefore,

Yo, = S2g+1 (AT29+1)"LT27]}FIS1:1%2Q+1)’

= Sag+1 (AT2g+1)mTz_gErls;L%Qg-H)SQgHS;glﬂ’
= Szg+1(AT2g+1)mTfm(29+1)S27.q1+1’

where T{gilS;ing)SggH =T_p(29+1) in the last step can be verified with a direct computation.

Writing X = ATy 1 and Z, = T_(2941), it follows that
Tr(Y,,) = Te(X™Z,),
because Y, and X"™Z,, are conjugate matrices. It is known that [20, Equation (6)]
sin m#@ _sin(m —1)6

where 6 is the angle such that Tr(X) = 2cos#. To simplify Equation , we compute Tr(X Z,,),
Tr(Z,,) and 6. Note that TTy = Ty for all k and £, so

: (10)

XZm = AT2g+1T7m(2g+1) = ATf(mfl)(Qngl)-

Since A is a diagonal matrix, Tr(AT})) = Tr A-cos ka for all k. Furthermore, Tr A = Tr Ay, = 2 cot a.
Therefore,
Tr(X Zpm) = Tr(AT_(i—1)(29+1)) = 2cot acos((m —1)(2g + 1)a).

Using 2ga = %77 and the fact that m = 2g 4+ 2 is even, we get
cos((m —1)(2g + 1)) = cos(3(m — )7 + (m — 1)a) = (=)™ %sin((m — 1)a).
Similarly,
Tr(Zm) = Tr(T_p(2941)) = 2cos(m(2g + 1)).
Using again 2ga = %w and the fact that m = 2g + 2 is even, we get

™/2 cos(ma).

cos(m(2g + 1)a) = cos(3mm + ma) = (-1)
Finally,
Tr(X) = Tr(ATsg4+1) = 2cotacos((2g + 1)a) = 2cot o - —sina = 2 cos(m — ),

so § = m — a. Substituting the expressions for Tr(X Z,,), Tr(Z,,) and 6 into Equation we
obtain

sin(m(m — a))

L = (=1)"2 ( cot asin((m — 1)« — cos(ma sin((m — 1)(r — o))
5 Tr(Ye,) = (=1) < t ( Da) sin(m — ) (ma) sin(m — ) )
= (—1)m/? (cot asin((m — 1)a) ———> Ssi;(:;a) — cos(ma)Sin((Zn_al)a)))

my2 —sin(m — Da

sin® «

~(-1)

(cos asin(ma) + cos(ma) sin «)

(m+2)/2 Sin(m — Dasin(m + 1o

sin® o

~(-1)

Now, a straightforward trigonometric computation shows that 3| Tr(Y,,)| > 1+ 2cos(gg) for
m = 2¢g £ 2, which finishes the proof. O
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C Proofs omitted in Section [5l

In this section of the appendix, we give the proofs of results stated in Section [5]
First, we give the proof of Proposition |17, which states that for any finite set of points Q4
containing W,, each face in DTp (7,1 (Qy)) with at least one vertex in Eg is contained in Dy, .
The proof will use a geometric lemma.

Lemma 25. Let Cq be a Fuclidean disk centered at O and passing through a point q. Let Hy and
Hy denote the two open half-planes bounded by the Fuclidean line through O and q. Let Hy be a
half-plane that contains q, bounded by another Fuclidean line passing through O but not through
q. Let Rj = (Ho(\H;)\ Cq,j = 1,2, and let p; € R;,i =1,2. The disk C(p;,py) through O, p,
and py contains q.

HQ H2
H,

Figure 22: Illustrations for the proof of Lemma

Proof. Tt is easy to verify that there exist pairs of points (p;,py) € R1 X Ry for which the point
q lies inside the disk C(p,, p,). For instance, consider a line perpendicular to the line through O
and ¢ so that g is closer to O than to their intersection point, as shown in Figure 2] - Left. If p,
lies on this perpendicular line and p, is the reflection of p; in the line through O and g, then the
disk C(p;,p,) contains q. Since this disk varies continuously when (p;, p,) ranges over Ry X Ra,
it is sufficient to prove that there are no pairs (p}, p3) € R1 X Ry for which g lies on the boundary
of C(pi,p3).

Suppose, for a contradiction, that there exists a pair (p}, p3) € R1 X Ry for which C(p?, p3) is a
disk with g and O on its boundary. Consider the disk Cg centered at O and passing through q. Let
F be the intersection of the disk with diameter [O, q] with the half-plane H;, as shown in Figure
- Right. For any point p € Hy\ Cy, the circle Cp, through O, ¢, and p has a non-empty intersection
with Hy, which is completely included in F, so in particular C(p3%, p3) intersects H; inside the
disk with diameter [O,q]. By a symmetric observation, C(p},p5) also intersects Hs inside the
same disk. Therefore, C(p7,p3) is the disk with diameter [O, g]. This implies that both p; and
P, lie in the disk Cg, which is a contradiction. Therefore, there exists no pair (p},p3) € R1 X Ra
for which C(p},p3) has g on its boundary. O

Note that Lemma |25| can be directly used in the Poincaré disk because hyperbolic circles are
represented as Euclidean circles, and hyperbolic geodesics through the origin O are supported by
FEuclidean lines.

We can now proceed with the proof of Proposition [I7}
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Figure 23: Illustration for the proof of Proposition [17|for g = 2.

Proof. (Proposition
We will show that each edge in DT (7rg_1(Qg)) with one endpoint in l~)g has its other endpoint
inside Dy, .

Let e be a segment with an endpoint in l~)g and an endpoint outside Dy;,. We will prove that
every disk passing through the endpoints of e contains a point in W,. There are two cases to
consider: e either crosses only one image of 59 under I'y in Dy, \59, or it crosses several of its
images. We examine each case separately.

Case A: The edge e crosses only one image of l~)g before leaving Dy;,. This case is
illustrated in Figure [23[ - Left. Let f (lN)g)7 [ € Ny be the Dirichlet region that e crosses. The
image €/ = f~!(e) of e then crosses Eg, intersecting two of its non-adjacent sides s; and s; in
the points p; and py, respectively. We can assume without loss of generality that the hyperbolic
segment [pj, p;,] does not contain the origin, since in that case any disk through p; and p;, clearly
contains the origin. Then, there exists a line lp through O such that p; and p;, are contained in
the same half-space. Let m, be the midpoint of a side between s; and s in the same half-space
as p; andp;,. Consider the disk centered at O that passes through m, (and, of course, through all
the other midpoints my as well), and consider also the line through O and m,. By Lemma
the disk C(pj,pk) passing through O, p;, and p;, contains m,. Since O and my are on both sides
of the segment [pj, pk], any disk through p; and p,, contains either my or O, therefore there is no
empty disk that passes through p; and p,. Assume now that there is an empty disk that passes
through the endpoints of €’. This empty disk can then be shrunk continuously so that it passes
through p; and p;. The shrunk version of the disk must be also empty, which is a contradiction.
Therefore, there is no empty disk passing through the endpoints of €', which implies that e’ (and,
by consequence, e) cannot be an edge in DTy (w;l(Qg)).

Case B: The edge e crosses several images of l~)g before leaving Dy;,. This case is
illustrated in Figure [23/- Right. There exist multiple images of e in DTp (7, '(Q)) that intersect
Eg, in fact as many as the number of Dirichlet regions it intersects. Each one of these images
intersects two adjacent sides of 159. Let €’ be an image of e that intersects two adjacent sides s;

and s;41 of Eg so that the hyperbolic line supporting e’ separates O and the midpoint ;.
Note that such an image of e exists always: e either separates O and the midpoint m;;, or it
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separates an image of O under some translation f of I'y and m;1; in the second case, f~'(e)
separates O and the midpoint f~'(m;41). The edge €’ intersects also the side sj adjacent to
s;j4+1 in the Dirichlet region that shares the side s;,1 with 59 (see Figure — Right). Let p,; and
p;, be the intersection points of e’ with s; and sy, respectively. Consider the circle centered at
the origin that passes through m;,;. Consider also the line through O and m;,; and the line I
through O perpendicular to it. By Lemma the disk C(pj,pk) passing through O, p,, and p;
contains m;41. Since O and m 4, are on both sides of the segment [pj,pk], any disk through p;
and p;, contains either m;q or O, therefore there is no empty disk that passes through p; and
p. By the same reasoning as in Case A, there is no empty disk passing through the endpoints of
e’ either, which implies that e’ (and, by consequence, e) cannot be an edge in DTp (7,1 (Qy)).

In conclusion, no edge of DTy (W;l(Qg)) can have an endpoint in ﬁg and an endpoint outside

Dy, , therefore all faces with at least one vertex in D, are included in Dy, . O

Second, we compute the distance between any pair of Weierstrass points, as mentioned in the
proof of Theorem

Lemma 26. The distance between any pair of distinct Weierstrass points of My is at least
1
7 5ys(M).

Proof. Recall that the Weierstrass points of M, are represented by the origin, the vertices and
the midpoints of the sides of D,. The distance between midpoints of non-consecutive sides is
clearly larger than the distance between midpoints of consecutive sides. Hence, by symmetry, it
is sufficient to consider the region in Figure 24}

Figure 24: Computing the distances between Weierstrass points of M.

Let my, be the midpoint of side s, and let p; be the midpoint of mj_; and my. First, in the
right-angled triangle [O, mg, vo] we know that [4, Theorem 7.11.3]

cosh(d(O, mg)) = cosh(d(myg,vg)) = cosly)

cosh(d(O, vg)) = cot?* ().
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Second, because d(O, mg) = d(mo,v1), [0, mg, pi] and [vy, mg, pi] are congruent triangles. In
particular, Z(Omgp}) = Z(vimop]) = §. It follows that

cosh(2d(mg, m1)) = cosh(d(mo, p})) = Cs(i)rsl(({g)) = \/icos(%). (11)
2

The above formulas yield expressions for d(O, my), d(O,vo) and d(mg, m;) and comparing these
to the expression for sys(M,) (see Theorem [2)) yields the result. O

D Structured algorithm

Like the symmetric algorithm, this algorithm respects the 4g-fold symmetry of the Dirichlet region
of M. Before we give the algorithm in pseudocode, we will first explain the idea and the notation.
See Figure [25| for an illustration of the dummy points within one slice of the 4g-gon.

Figure 25: Dummy points within one slice of the 4g-gon.

1. As in the other algorithms, initially Q, consists of the Weierstrass points of M: the origin,
the vertex and the midpoints of the sides. As usual, the origin and the vertices of D, are
denoted by O and v; respectively. The midpoint of side sy is denoted by p?. Because the
sides are paired to obtain My, we only consider £ = 0,...,2g —1 to avoid that several points
are actually the same on the surface. Just as the side s; is obtained from sy by rotating

it around the origin by angle ’;—g, SO pg is obtained from p{ by rotating it in the same way.

Hence, we will use the lower index as ‘rotation’ index in the definition of the other points as

well.

2. Secondly, the projections m4(pj) of the midpoints pj, of the geodesic segment in H? connect-
ing consecutive pairs (pg, p% +1) of midpoints are added to Q4. These points are unique in

the sense that they will be the only points in @, that have their pre-image in D, not on
some line segment [O, p?]. This is the reason why they have a star as superscript.

3. Thirdly, points p% are consecutively added on [O,péfl] in such a way that the distance
between consecutive points p) ', pj is given by d(p}, pi ') = 1 sys(My), until d(p_f), 0) <
% sys(My). By rotating the points in the same way as before we obtain the points pj.. Here,
the upper index denotes the ‘iteration’ index. Notice that the midpoints of the sides were
denoted p? to initialize this process. Since d(O, p) = arcosh(cot(ﬁ))7 this step consists of

[

iterations.
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4. Finally, observe that the triangles (O, p}, p}_ ] and [v,p}, p}, ] are congruent under reflec-
tion in [p?, pY +1] To establish the same congruence in 94, we want to apply this reflection
to all points in [O, pk,pk_H] that are currently in 7 1(Q4) N Dy. However, if we do so di-
rectly, we obtain several pairs of points projecting to the same pomt on M. To avoid this,

we reflect the points pi in one half of the fundamental polygon across the line through p{
and pg 41 and the points p;, in the other half of the fundamental polygon across the line
through p9 | and pQ. In each case, the image of the pj, after reflection is denoted by gJ, and
its projection =, (q{c) is added to Q,.

One of the major advantages of this algorithm is that the combinatorics of the resulting De-
launay triangulation can be explicitly described. Below we will describe these combinatorics. The
proof that this is the Delaunay triangulation of the dummy point set will be given in Lemma [29]
Again, see Figure [25] for an illustration of the dummy points and the triangulation 7 within one
slice of the 4¢g-gon.

Definition 27. Define the infinite triangulation 7 of ﬂg_l(Qg) as follows:
e As vertices take m, ' (Qy).

e The edges completely contained in the hyperbolic triangle [0, pY, p{] are given by the fol-
lowing list.

(pl.pi™) j=0,....m—1, k=01,
(pf),pjﬂ) j=1,...,m—1,

(P 0O) k=0,1,
whpl) J=1....m,

(pi,pg) j=0,1, k=0,1.

The other edges can be obtained as the images of the edges in the list above under the
following maps:

— rotation around the origin by angle 3 k—”

— reflection in the line through pJ, p?,

— reflection in the line through p§, py, followed by rotation around the origin by angle
km
29

— any one of the above maps, followed by an element of I'.

Algorithm [3] shows the algorithm in pseudocode. We will refer to this algorithm as the struc-
tured algorithm.

The main difference between the structured algorithm and the other two algorithms is that
there is no while loop in the structured algorithm, only for loops. As a result, the cardinality of
the resulting dummy point set is known precisely (see Theorem . On the other hand, for the
cardinality of the dummy point sets for the refinement or symmetric algorithm we can only give
an estimate and the exact number of points depends on the implementation.

The following two lemmas show that the circumdiameters of triangles 7 are smaller than
%sys(Mg) and that 7 is a Delaunay triangulation. As the proofs are rather technical, the reader
may want to skip them at a first reading.

Lemma 28. The circumdiameters of triangles in T are smaller than %sys(Mg),

Proof. By symmetry it is sufficient to consider the circumscribed disks of the triangles

[p87pé7p3}7 [péap%apé]a [p()nvpjrln) O] [p07p17pi+1]7
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Input : hyperbolic surface M,
Output: finite point set Q, C My such that §(Q,) < & sys(M,)

1 Initialize: let Q4 be the set W, of Weierstrass points of M.

2 Label the vertex by v and the origin by O.

3 For all k=0,...,4g — 1, label the midpoint of side s by pY.

4 Forall k=0,...,4g — 1, label the midpoint of p) and p{,, by p} and add 7,(p})

to Q.

5 m < [4arcosh(cot(77))/ sys(Mg)] — 1.

6 fori=1,...,mdo o

7 Let p) be the point on [p)~", O] with d(p), p} ") = 1 sys(M,) and add m,(py)

to Q.
for k=1,. 29 —1do

9 Let p, be p} rotated clockwise around the origin by angle ’;g
10 Let q,C be the reflection of pk in the line through pk,pkH.

11 Add 7y(p}), m4(q}) to Qq.

12 end

13 fork:2g,...,4g—1do

14 Let pf_c be p}, rotated clockwise around the origin by angle g—;‘.
15 Let g;, be the reflection of p), in the line through p9_,,p).

16 Add 7y(p},), me(q},) to Qq.

17 end
18 end

Algorithm 3: Structured algorithm

for 1 < j < m — 1. For easy reference, the used lengths and angles satisfy the following relations.
Here we will denote length([p, g]) by abuse of notation by [p, q].

[POv Pyl = [POaPO] = isy s(My), (12)

cosh(4 sys(My)) =1+ 2COS(2L) (13)
Z(Opops) = %, (14)
sinh(5[pg, p5]) = sinh(3 sys(My)) sin(5£(0popy)), (15)

sinh(4 sys(My)) sin Z(Op)py)

sin Z(ptpipd . , 16
POPIPD) = ([ ) 1o
Z(popyp1) = T — 2Z(Pypopy)- (17)
In general, the circumradius R of a hyperbolic triangle with sides a, b, ¢ and angles «, 3, v satisfies
tanh(R) = 4sinh(1a) si?h(%b) s:inh(%c) _ 1 sinh(%al) . (18)
sinh(b) sinh(c) sin « cosh(5b) cosh(5c) sin

In the specific case of an isosceles hyperbolic triangle with legs of length ¢ and vertex angle o we

o tanh(%c)

tanh(R) = W;a).
First, consider the circumradius R(p$, p§, pg) of [pY, i, pi]. By the above observation,
tanh(3 sys(My))

COS( (Opopo))

V4 72\ftanh( sys(M,)).
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We want to prove that R(p], pj, pj) < 1 sys(M), or equivalently tanh(R(p], pj, p§)) < tanh(] sys(My)).
Because tanh(§ sys(My)) is strictly increasing as function of g, we know that

\ 4 —2\[tanh( sys(M,)) < \/4 —2V2 hm tanh( sys(My)) ~ 0.448.

For the same reason,
tanh(1 sys(Mg)) > tanh(2 sys(M, ))|g:2 ~ 0.643.

It follows that tanh(R(p{, py, pj)) < tanh(; sys(M,)) holds. This proves that the circumdiameter
of [pY, p§, py] is smaller than % sys(My).
Secondly, consider the circumradius R(p},pl,pg) of [p}, pi,p§]. By a similar computation as
above, we see that
tanh( [p5, P5])
COS( Z(pipipi))’
) tanh(z(pg, p5)

sin Z(pspypy)

tanh(R(pg, pi, py)) =

By using

sin é(popopo) smh( bi?iﬁ?;)ésﬁsﬁ(0p8p8)7
_ smh( sys(My)) - 2s1n( (Opopo))cos(%A(Opgpa‘))
Smh([P()vPo]) 7
@) sinh(3[pg, p§)) - 2 cos(3£(0pgpy))
B 2smh( [Po»po})COSh( [P, 5]
_ COS( Z£(0pyp;))

- COSh( [Pmpo])

)

)

we can rewrite this as
tanh( [po,po])cosh( [p5, P5))
COS( Z(0Opgp;)) 7
_ smh( [p5, P5))
COS( Z£(0pgp;))’

= smh( sys(M, ))tan( Z(0pypy)),
= (V2 — 1) sinh(L sys(My)).

tanh(R(pOa pla pO))

&l
[$1

By the same reasoning as before,

tanh(R(ps, pt,pj)) < (V2 —1) lim sinh(4 sys(My)) ~ 0.414,

g—o0

which shows that tanh(R(p, p},pj)) < tanh( sys(Mj)). This proves that the circumdiameter of
[pg, p1, p§] is smaller than § sys(M,).

Thirdly, consider the circumradius R(p{’, p7*, O) of [p{', pi*, O]. We know that [O,pf'] = z <
1sys(My). By a similar computation as above, we see that

tanh(3x)
cos( 49)
< tanh(3 sys(My))
- cos(g)
= tanh(R(pg,p(l),pS)),
< tanh(5 sys(M,)),

tanh(R(pg*, pT*, O)) =

Y

)
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from which we conclude that R(p§', p}", O) < +sys(M,). This proves that the circumdiameter of
[p, pT", O] is smaller than 3 sys(M).

Finally, let 1 < j < m — 1 and consider the circumradius R(p&p{p{“) of [p&p%p{“]. In fact,
the points pé, p{, p%“, p{“ are concircular due to symmetry, so the center of the circumscribed
circle of [p), p?,p}*"] lies on the line segment [0, pj]. Tt follows that the circumradius of this disk
decreases when the distance of p% to [O, p{] decreases, or equivalently, when the distance [O, pg]
decreases. Hence, for all 1 < j <m —1, R(p}, p’,piT") < R(p}, p}, p?). Therefore, it is sufficient
to show that R(p}, pt,p?) < Lsys(My).

In this case, we will not use equation , as this will lead to unnecessarily long expressions.
Instead, consider the circumcenter ¢ of [p}, pi, p?]. See also Figure [26 for a more detailed view of

the relevant triangles. By the discussion above, we know that ¢ € [O, p§]. Let ¢’ be the orthogonal

Y41

5 sys(Mg)

Figure 26: Close-up of situation at [p}, pi, p?]

projection of ¢ onto [0, p?]. Since [c, pi, p?] is isosceles, we know that
0,¢] = [0,p%] + L sys(M,) = [0, 9] — & sys(M,) = arcosh(cot(£)) — 2 sys(M,),
from which it can be seen that [O, ¢/] is strictly increasing as function of g. Furthermore,
tanh([e, €']) = sinh([O, ']) tan(f5),

which after substitution of our expression for [O, €] can be rewritten as

tanh([e, c']) = /1 — tanQ(ﬁ) cosh(2 sys(My)) — sinh(3 sys(M,)).
By the Pythagorean law in [c, ¢/, p?] we know
cosh(R(pg, p1,p7)) = cosh(3 sys(My)) cosh([e, ¢]).

Since [O, ¢/] monotonically increases, [c,c/] increases as well, so R(p}, pt,p?) is also strictly in-
creasing. Therefore,

cosh(R(pg, p1,p?)) < gli_}rglo cosh(R(pg, p1, p?)) ~ 1.140,

which can be obtained by computing the corresponding limits of cosh( sys(My)) and cosh([e, ¢']).
It follows that tanh(R(pg, pi, p?)) < 0.480, so tanh(R(p§, p1,pi)) < tanh(} sys(My)). This proves
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that the circumdiameter of [p§,p},p?] is smaller than % sys(M,). Since the circumdiameters of
all four triangles are smaller than % sys(Mg) and since by symmetry every triangle is congruent to
one of these four, this concludes the proof. O

Lemma 29. The triangulation T is a Delaunay triangulation of w;l(Qg).

Proof. We will show that the circumdisks of triangles in 7 do not have vertices of 7 in their interior.
Denote the circumscribed circle and open circumscribed disk of a triangle [p,q,r] by C(p,q,r)
and D(p, q,r) respectively, and similarly when more than three points are concircular. Observe
in particular that C(p,q,r) N D(p,q,r) = . Denote the hyperbolic line through points p, g by
L(p, q) and the open and closed line segments connecting p, g by (p, q), [p, g respectively. By sym-
metry it is sufficient to consider only D(p3, pd,pj), D(pS, pi, p§), D(DF, P, O), D(p}), pl, Pit),
for 1 < j < m — 1. For convenience, we will treat the cases for each circumdisk in a fixed order,

namely
1. O,v
2. pi,k=0,...,4¢9 -1,
3. pLk=0,...49-1,j=0,...m,
4 gl k=0, 49-1,j=1,...,m
First consider D(pY, p}, p).
1. Clearly, O and v are too far away from pj to be inside D(p}, p}, pj))-

2. Since pj € C(pY, p}, py), we know that pf & D(pS, pS, ps). Since the center of D(p), p}, p)
lies inside D(p§, pd, p§;) on the bisector of angle Z(pipSpy) we see that p} is farther away
from this center than pj. Since pi ¢ D(pY,ps, py), it follows that p; & D(pY, s, p§)
as well. Since D(p§, pg, ;) N C(Pg, -, Pi,_1) is contained in the shortest open chord of
C(pg,- .-, P4, 1) between pj and p}, we see that pi & D(pf, pj, pj) for k=0,...,49 — 1.

3. Since the center of D(pg, pj, pj) is in the interior of [p), p§, p§] C [0, pY, pg), we know that
p), is closer to the center of D(p{,pj,pg) than p) for j = 0,...,m and k # 0. Because
L(O,pY) N D(py, ph, P5) = (PG, py), we know that py & D(pg, pg, py) for all j = 0,...,m.
Therefore, p;, € D(pY, pg,p§) for j=0,...,mand k=0,...,4g — 1.

4. By a reasoning similar to above, pf; is closer to the center of D(p$, p}, p§) than qfc Since by
the previous step p;, & D(pf,pj.pg) for j =1,...,m and k =0,...,4g — 1, it follows that
q, ¢ D(pY,pd,py) for j=1,...,mand k=0,...,4g — 1 as well.

Secondly, consider D(p}, pi, p)-
1. Clearly, O and v are too far away from pj, to be inside D(p}, pi, pj)-

2. By mirror symmetry in the line L(O, pg), C(pg, p1,pg) is tangent to C(pj, ..., pj, ). Since
the radius of C(pg,pi,py) is smaller than the radius of C(pg, ..., P4, 1), this means that
D(p},pl,py) € D(pg, . .. ;P1g—1)- Therefore, py ¢ D(pd,pl,py) for all k=0,...,4g — 1.

3. First, to prove that pg ¢ D(pg, pt,py) forall j = 0, ..., m, we will now show that D(p}, pi, pi)N
(O,p}) = 0. First observe that the line L(O, pf) will intersect C(p{, pl, p§) in one or two
points. If the intersection consists of one point, then it has to be p{ and we are done. If
the intersection consists of two points, then it is sufficient to show that p} is the closest of
these two to O. Let p)! denote the midpoint of p} and pl. It is sufficient to show that

[ps, '] > R(p}, pi, pj). We have

tanh([pg, py']) = tanh([pg, pj)) cos Z(pypopi) = tanh([pg, py]) sin Z(phpopy),
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where the second equality is by equation in the proof of Lemma Therefore,
[ps, pd!] > R(p}, pi, p) is equivalent with the following sequence of inequalities:

tanh([pj, py']) > tanh(R(pg, pi,pp)),

tanh( [P, Pg))

tanh([pt, pi]) sin Z(pipipd) > ——2-2222
(1. pi)) s Z(plpi}) > s 2 P

| h(3[pg, p5))
sin? /(pip*p) > u
(popopo) = tanh([poypo])

i

Since
tanh (3 [pg, p5])

tanh([p}, pj))
and since [p}, p§] is strictly increasing by in the proof of Lemma we find that

= § tanh®(3[p5, pj)) + 3,

tanh(3 [pg, pj)) < lim tanh(%[POaPo])

~ 0.542.
tanh([pg, pg]) ~ a=oe tanh([pg, pgl)

Furthermore, since

sin® Z(pop;po) sinb’(§ Sy,s(liﬂg))ls ini £(Opoph)
sinh”([py, p5))
@ sinh’(3[p§, py)) sin® Z(Opipp)
~ sin®(3£(0p3py)) sinh®([py. pg])’
_ cos ( (Opopo))

B C05h2(§ [P()a Pyl

)

and since Z(Op{p}) is constant and [pg, p§] strictly increasing, we see that sin® Z(ppgp)
is strictly decreasing, so

sin? Z(pypgpd) > lim sin® Z(pipipl) ~ 0.744.
g—o0
From this we can conclude that

tanh( [p07 P5))

-2 1, %0
sin® Z(pgpoPo) =
POPOPD) = o (. )

holds, which by the chain of equivalent inequalities means that [p, pd!] > R(p}, pi,ps). Tt
follows that if L(O, p)) N C(p}, pl, p§) consists of two points, then pj is the closest of these
two. This implies that D(p}, p1, p§) N (O, pj) = 0. We conclude that p}) ¢ D(p}, pi, p§) for
all j =0,...,m. By symmetry, we see that p{ ¢ D(p{,pt,pg) forall j =0,...,m
Secondly, by the reasoning above we see that D(p}, pl, p{) is contained in the union of the
triangle [O, pJ, p§] and the (open) annulus

D(pg’ ce vpjlgfl) \ (D(p(l)v cee ’pzllgfl) U C(p(l)v R »pzllgfl))

centered at O, with boundary passing through pg on one side and through p} on the other
side. Combining this with p], & D(p{, pi,p}) for j =0,...,m and k = 0,1, we can immedi-
ately conclude that p] & D(p§,pi.p§) for j=0,...,mand k=0,...,4g — 1.

4. As we have seen before, C(p},pl,py) is tangent to C(pj,. .. ,p4og 1), which means that
D(p},pl,py) is contained in the interior of the 4g-gon [p}, ... ,Dis -+ - 71)2!}71]. Therefore,

q, ¢ D(pg,pl,pg) for j=1,...,mand k=0,...,4g — 1.
Thirdly, consider D(p§*, pi*, O).
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1. Since O € C(p§', pT, O), we know that O &€ D(py", pl", O). Clearly, v is too far away from
O to be inside D(py*, pT*, O).

2. Clearly, the points pj for k = 0, ...,4g—1 are too far away from O to be inside D(p{, pT*, O).

3. Since D(pg',pi*,0) is contained in the union of the disk D(pg',pi",...,pf,_1) and the
(closed) triangle [O, pY, p{], we immediately see that pi ¢ D(py,p*,0) forall j =0,...,m
and k # 0, 1. Since L(O, pf*) N D(pF, pT*, 0) = (O, p§), it follows that p% ¢ D(py, py", O)
for j = 0,...,m. Similarly, p{ ¢ D(pg,p7,0) for j = 0,...,m. Therefore, pi &
D(py,p*,0) for all j =0,...,mand k=0,...,4g9 — 1.

4. Clearly, the points qi forj=1,...,mand k=0,...,4g9 — 1 are too far away from O to be
inside D(p, pT*, O).

Finally, let 1 < j <n — 1 and consider D(pg,pl,p]l—'_l).

1. Clearly, v is too far away from the center of D(po,pl,pjlﬂ) to be inside D(pg,pl,pjlﬂ).

Moreover, O ¢ D(p},p],p, ™), since L(0,p9) N D(p},p),p)"") = (p].p]").

2. Of the set of disks {D(pl,pl,p’™"),j = 1,...,m — 1}, the one that is closest to pg is
0, P1:P1 0

D(pd,pt.p?), ie., if pj ¢ D(ph,pt.p}), then pj & D(p},pl,pl"") for j=1..,m-
1. Observe that C(p},pi,p?) and C(p§, py, pi) intersect in the pomts P, P Slnce the
center of C(p},pt,p?) is closer to O than the center of C(p§,p},pt), we can conclude
that p; & D(p),pl,p?). Therefore, pf ¢ D(p},pl,pi™) for j = 1,. — 1. It follows
that D(po,pl,pjlﬂ) C D(pg,---sPig_q) for j = 1,...,m — 1, Wthh unplies that p} ¢
D(p%,p{,p{ Yforj=1,....m—1land k=0,...,49 — 1.

3. Since 1)6,1)1,1)6“,1)];r1 are concircular, we see that D(pé,p{,p{“) is contained in the union
of the (closed) triangle [0, pY, pf] and the (open) annulus

D(p%a tee 7pig—1) \ (D(p%+1a ce api—gi_ll) U C( ]+1a cee api;]‘—ll))

centered at O, with boundary passing through Po on one side and through p}) 1 on the other
side. Therefore, p;C o4 D(po,pl, J 'H) for j = 0,...,m and k # 0, 1. Furthermore, since

L(O,pg) N D(po,pl,pl ) (po,po "), we see that P, & D(pj,pl,pi*") for j =0,
Sumlarly, pl ¢ D(po,p]l, ) for j =0,...,m. We conclude that p,C ¢ D(po,pl,p1 ) for
j=0,...,mand k=0,...,49 — 1.

4. Clearly, (pé,pi,p{“) is contained in the 4g-gon [pg, ..., pY,...,pY, 1], which means that
quD(pO,p17 )for]—l omand k=0,...,49 — 1.

Since each triangle of the infinite triangulation 7 is congruent to one of the triangles above and
since the circumdisk of each of the above triangles is empty, it follows that 7 is a Delaunay
triangulation. O

From these two lemmas the main statement of this subsection follows directly.

Theorem 30. The structured algorithm terminates. The resulting dummy point Qg set satisfies
§(Qy) < 3sys(My) and its cardinality |Q,| is equal to

6g + 2 + 8g([4 arcosh(cot(7;))/ sys(Mg)] —1).

A Delaunay triangulation DTD( 1(Qy)) is given by T.
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Proof. Termination of the algorithm is trivial. By Lemma [2§] the resulting dummy point set
satisfies 0(Q,) < 3sys(M,). The cardinality of Q, can be computed as follows. In line 1, Q,
contains the 2¢g + 2 Weierstrass points of My. In line 4 we add 4g points to Q4. There are

m = [4arcosh(cot(g;))/sys(Mg)] — 1

iterations of the for loop in line 6, each adding 8¢ points Q4. The cardinality of Q, is obtained
by adding these expressions. By Lemma T is a Delaunay triangulation. This finishes the
proof. O
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