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Antisparse coding aims at spreading the information uniformly over representation coefficients and can be expressed as the solution of an ∞ -norm regularized problem. In this paper, we propose a new methodology, coined "safe squeezing", accelerating the computation of antisparse representations. The idea consists in identifying saturated entries of the solution via simple tests and compact their contribution to achieve some form of dimensionality reduction. Numerical experiments show that the proposed approach leads to significant computational gain.

INTRODUCTION

Over the past decades, convexity has proven to be a powerful tool for regularizing ill-posed inverse problems. For example, the " 1 -norm" penalty has been widely advocated for promoting sparsity in the solution of an optmization problem. When combined with a quadratic discrepancy, such a regularizing function leads to the well-known LASSO problem. Two elements grounding the success of the LASSO are the existence of guarantees ensuring the robust identification of sparse vectors (see [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF]) and the advent of numerical procedures able to solve efficiently large-scale problems e.g., [START_REF] Beck | A fast iterative shrinkage-thresholding algorithm for linear inverse problems[END_REF].

Of particular interest in this paper is an acceleration method first proposed by El Ghaoui et al. in the context of sparsity-promoting convex problems, namely "safe screening" [START_REF] Ghaoui | Safe feature elimination in sparse supervised learning[END_REF]. This acceleration procedure revolves around two ingredients. First, the solutions of such optimization problems are known to contain many zeros, see e.g, [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF]Th 3.1] for the LASSO. Second, if the positions of (some of) the zeros in the solution are known, the optimization problem can be transformed into a problem of smaller dimension, potentially resulting in huge memory and computational savings.

Over the past few years, safe screening has sparked a surge of interest in the LASSO literature e.g., [START_REF] Fercoq | Mind the duality gap: safer rules for the lasso[END_REF][START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF][START_REF] Malti | Safe screening tests for lasso based on firmly non-expansiveness[END_REF][START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF] and beyond 1 regularization [START_REF] Ndiaye | Gap safe screening rules for sparse multi-task and multi-class models[END_REF][START_REF] Ndiaye | Gap safe screening rules for sparsity enforcing penalties[END_REF][START_REF] Gasso | Screening rules for lasso with non-convex sparse regularizers[END_REF]. However, up to our knowl-Part of this work has been funded thanks to the Becose ANR project no. ANR-15-CE23-0021. edge, all these contributions exclusively focus on the resolution of "sparsity-promoting" problems. In this paper, we show that the principles ruling safe screening can be extended to a family of convex optimization problems of different nature, namely antisparse coding. More particularly, we address the following problem:

x ∈ arg min x∈R n 1 2 y -Ax 2 2 + λ x ∞ , (1) 
where y ∈ R m is an observation vector, A ∈ R m×n a representation matrix and λ > 0 a penalization parameter. In [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF] the admissible range of the coefficients x is penalized through an ∞ -norm. For this reason, the solutions of (1) are sometimes referred to as "antisparse" or "spread" since, contrary to the LASSO problem, they are known to be dense with many "saturated" entries satisfying

|x (i)| = x ∞ . (2) 
Spreading the information uniformly over the coefficients of a representation is a desirable property in various applications, see e.g., [START_REF] Farrell | A Kashin approach to the capacity of the discrete amplitude constrained Gaussian channel[END_REF][START_REF] Ilic | Papr reductioni in ofdm using kashin's representation[END_REF][START_REF] Jegou | Anti-sparse coding for approximate nearest neighbor search[END_REF][START_REF] Studer | PAR-aware large-scale multi-user MIMO-OFDM downlink[END_REF][START_REF] Elvira | Bayesian antisparse coding[END_REF][START_REF] Vural | A new outlier detection method based on anti-sparse representations[END_REF].

From a numerical point of view, although generic convex optimization tools may be applied to problem [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF], the design of algorithms specifically dedicated to this problem has received much less attention than its 1 counterpart. In this contribution, we show that the main principles underlying "safe screening" may be extended to problem [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF]. To be more precise, we first show that (1) can be reduced into a problem of smaller dimension when some "saturated" components of the solution x are identified. We then propose a new methodology, coined "safe squeezing", allowing to uncover some of the saturated components of the solution

The rest of the paper is organized as follows. Section 2 describes the proposed safe squeezing methodology and the problem's dimensionality reduction it induces. In Section 3 we discuss an algorithmic solution to solve the equivalent "reduced" optimization problem. In Section 4, we illustrate the performance of the proposed methodology in numerical experiments. Concluding remarks are made in Section 5. For sake of briefness, the proofs of our results are omitted in this paper but can be found in [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF].

Prior to presenting our proposed safe squeezing methodology, we state two working hypotheses that are assumed to be met along the paper. First, we assume that 0 < λ < A T y 1 .

(

) 3 
The left inequality prevents from removing the penalization of problem (1); the right inequality ensures that the solution of problem [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF] is not the all-zero vector 0 n . For future use, we introduce the notation λ max A T y 1 . Second, we assume that (1) admits one unique minimizer x . The reader is referred to [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF] for a discussion on the case where the latter condition is not met.

Dimensionality reduction via saturation detection

In this section, we illustrate how the knowledge of the positions of saturated entries in x can lead to memory and complexity savings in the resolution of (1). Let

I + {i | x (i) = + x ∞ }, (4a) 
I - {i | x (i) = -x ∞ }, (4b) 
be the sets of positive and negative saturated components of x , and I = I -∪ I + . Then, for any

I = I + ∪ I -with I + ⊆ I + and I -⊆ I -, problem (1) 
can equivalently1 be rewritten as

(w , q ) ∈ arg min (w,q)∈R×R n-card(I) 1 2 y -AĪq -s w 2 2 + λw subject to q ≤ w, -q ≤ w (5) 
where AĪ denotes the submatrix of A whose columns indexed by I have been removed, "q ≤ w" means "q(i) ≤ w for all i" and s

i∈I+ a i - i∈I- a i . (6) 
Problem ( 5) has to be understood as follows: once the position and the sign of (some of) the saturated entries are known, their contribution in the reconstruction of y can be compacted into a single vector. This is the meaning of vector s in ( 6), and w is meant to be the absolute value of the saturation. Then, the two constraints ±q ≤ w ensures that the absolute value of the coefficients weighting the elements of AĪ is no larger than w.

Note that although the two problems are equivalent, their dimensionality can be quite different: whereas the initial problem manipulates n-dimensional variables, problem (5) only involves n -card(I) + 1 variables. We are particularly interested in the limit case when I = I where the dimensionality reduction may be quantified by the following lemma [17, Lemma 1]:

Lemma 1. If kruskal(A) = m then card(I ) ≥ n -m + 1.
Here, kruskal(A) denotes the Kruskal rank of A and corresponds to the smallest number of columns of A that are linearly dependent. As a corollary of Lemma 1, when I = I , the size of problem [START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF] potentially drops down to m, resulting in a dramatic dimensionality reduction. Hence, addressing (5) instead of ( 1) is obviously of interest to save computational resources. However, the relevance of problem ( 5) is conditioned to the identification of a (large) subset of I . This problem is addressed in the next section.

Safe squeezing test

In this section, we present our proposed safe squeezing procedure. It consists in a test ensuring that an index i belongs to I , and relies on the following result [17, Theorem 1]:

Theorem 1. Let I ⊆ I and u = arg max u∈U I 1 2 y 2 2 -1 2 y -u 2 2 (7) 
where

U I u : A T I u 1 + s T u ≤ λ ( 8 
)
and s is defined as in [START_REF] Malti | Safe screening tests for lasso based on firmly non-expansiveness[END_REF]. Then,

∀i : a T i u > 0 ⇒ i ∈ I sign(a T i u ) . (9) 
In other words, the left-hand-side of ( 9) ensures that the i-th entry of x -the solution of (1) -belongs to I as soon the i-th column of A is not orthogonal to some vector u defined in [START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF]. We emphasize that when some i passes the test, the sign of the saturation is also an output of the test. A proof of this result can be found in [17, App. A]. In a few words, (9) results from a complementary slackness condition. We also mention that [START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF] corresponds to the dual problem of ( 5) while (8) defines the dual feasible set. For this reason, any vector u ∈ U I will be refer to as dual feasible.

Unfortunately, in practice, identifying a maximizer of (7) turns out to be as difficult as solving the initial optimization problem [START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF]. To overcome this issue, we now device a relaxed version of the test presented in [START_REF] Ndiaye | Gap safe screening rules for sparsity enforcing penalties[END_REF] to identify subsets of I with a low computational burden. Given some c ∈ R m and r > 0, let

B(c, r) {u ∈ R m | u -c 2 ≤ r} (10) 
be some spherical region such that

u ∈ B(c, r). (11) 
In the screening literature, such a subset is usually referred to as "safe sphere" and the same convention is used hereafter. Then, the following result holds true (see [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF] for the proof)

Theorem 2 (Safe sphere squeezing test).

If u ∈ B(c, r), then a T i c > r a i 2 ⇒ i ∈ I sign(a T i c) . (12) 
In other words, the squeezing test [START_REF] Ilic | Papr reductioni in ofdm using kashin's representation[END_REF] provides a practical way of testing whether i ∈ I since it only requires to evaluate a single inner product (as long as a safe sphere B(c, r) is available). However, we emphasize that passing ( 12) is only a sufficient condition for i ∈ I . Obviously, the performance of the safe sphere squeezing test depend on the choice of the center and the radius of the safe sphere.

Construction of the GAP safe spheres

In this section, we elaborate on the construction of safe spheres, i.e., regions B verifying [START_REF] Farrell | A Kashin approach to the capacity of the discrete amplitude constrained Gaussian channel[END_REF]. In this task, we can benefit from the recent developments in the screening literature since several safe spheres derived in the context of safe screening for LASSO can be reused for safe squeezing up to minor modifications. The rationale behind this result is that the LASSO dual problem shares the same cost function as problem [START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF] but with a definition of the dual feasible set different from [START_REF] Ndiaye | Gap safe screening rules for sparse multi-task and multi-class models[END_REF], see e.g., [6, Eq. ( 2)]. In addition, many safe spheres proposed in the context of safe screening does not rely on the specific definition of the dual feasible set.

In this work, we focus on the "GAP" sphere proposed in [START_REF] Fercoq | Mind the duality gap: safer rules for the lasso[END_REF], which can be extended as follows in the context of safe squeezing: for any I ⊆ I and (w, q, u) verifying

q ≤ w, -q ≤ w, u ∈ U I , (13) 
where U I has been defined in [START_REF] Ndiaye | Gap safe screening rules for sparse multi-task and multi-class models[END_REF], the sphere B(c, r) with c = u r = 2 gap(w, q, u)

and

gap(w, q, u) = 1 2 y -AĪq -s w 2 2 + λw -( 1 2 y 2 2 -1 2 y -u 2 2 ) (15) 
is safe for problem [START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF]. The interest of the GAP sphere is twofold. First, using [18, Proposition 5.2.1], one can show that there is no duality gap between ( 5) and [START_REF] Herzet | Gather and conquer: Region-based strategies to accelerate safe screening tests[END_REF]. Hence, particularizing the GAP sphere to w , q , u , one obtains r = 0 and the GAP sphere squeezing test (12) boils down to [START_REF] Ndiaye | Gap safe screening rules for sparsity enforcing penalties[END_REF]. Second, the duality gap is a standard stopping criterion in optimization. In this context, computing the radius of the GAP sphere can thus be done at no extra computational cost. The last computational difficulty in evaluating ( 14) stands in the identification of a dual feasible point (that is u ∈ U I ). However, the "dual scaling" procedure proposed in [3, Section 3.3] can be extended to the present setup. More precisely, given any z ∈ R m , straightforward calculations show that

u = z if A T Ī z 1 + s T z ≤ 0, λ A T Ī z 1 +s T z z otherwise. ( 16 
)
is dual feasible. Note that ( 16) only requires the computation of card( Ī) + 1 inner products in R m .

PROPOSED ALGORITHM

A projected gradient algorithm

The reduced problem (5) obtained after squeezing is structurally different from [START_REF] Foucart | A Mathematical Introduction to Compressive Sensing[END_REF]. Therefore, numerical procedures devised to solve (1) (e.g., [START_REF] Studer | PAR-aware large-scale multi-user MIMO-OFDM downlink[END_REF]) cannot be re-used to address [START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF]. We notice, however, that ( 5) is a quadratic program with linear constraints and the latter can therefore be solved with standard convex optimization techniques. In [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF], we particularize a (rescaled) projected gradient algorithm [18, Section 2.3] to solve [START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF]. Starting from a current estimate (q (t) , w (t) ), each iteration consists in repeating the three following steps. First, during the gradient step, the current iterate is updated in the direction of the negative gradient of the cost function. Second, the projection step requires projecting the updated estimate onto the convex set defined by the linear constraints of problem [START_REF] Bonnefoy | Dynamic Screening: Accelerating First-Order Algorithms for the Lasso and Group-Lasso[END_REF]. Although this projection does not admit any closed-form solution, we propose in [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF] a procedure that computes it exactly in a finite and upperbounded number of steps. Finally, the last step consists in a convex combination of the current update of the iterate and (q (t) , w (t) ). The interested reader is referred to [17, Section 4.B] for a fully-detailled explanation of the method.

Static versus dynamic squeezing

Similarly to screening methods, the proposed safe squeezing procedure can be used either in a "static" or a "dynamic" way. Static squeezing refers to the case where ( 12) is applied once for all (with I = ∅) on the columns of matrix A before the application of a numerical optimization procedure. In the numerical experiments presented in this paper, we will rather focus on dynamic squeezing where the tests are interleaved with the iterations of the projected gradient algorithm described above. For this reason, our method will be referred to as squeezing Projected Gradient (sPG) in what follows. In such a setting, each test leverages the current estimate (at iteration t) to gradually narrow the safe region and (hopefully) increase the number of saturated entries detected by squeezing test [START_REF] Ilic | Papr reductioni in ofdm using kashin's representation[END_REF]. Here, since the proposed projected gradient method only produces a couple of primal iterates (w (t) , q (t) ) at each iteration, we compute a dual feasible point by dual scaling of z = y -w (t) s -AĪq (t) (see ( 16)).

NUMERICAL EXPERIMENTS

In this section, we assess the performance of the squeezing methodology presented in Section 2. For the two experiments, our simulation setup is as follows. For each trial, new realizations of dictionary A and observation y are generated. The observation y is drawn according to a standard normal distribution. The entries of matrix A are i.i.d. realizations of a uniform distribution on [0, 1]. The columns of A are then normalized such that a i 2 = 1 for all i. Note that we only con- sider one family of dictionaries due to space limitation. We refer the reader to [START_REF] Elvira | Safe squeezing for antisparse coding[END_REF] for additional experiments. Finally, for the two experiments, we set (m, n) = (100, 150) so that A ∈ R 100×150 .

Proportion of saturated entries detected

We first explore the effectiveness of the squeezing procedure for several values of the regularization parameter λ. In particular, we are interested in the number of iterations needed to identify all the saturated entries. Figure 1 presents the proportion of saturated entries that passes the GAP sphere squeezing test [START_REF] Ilic | Papr reductioni in ofdm using kashin's representation[END_REF] as a function of the number of iterations T of the projected gradient method. These results have been obtained by averaging the following setup 20 times. For each couple of realization (A, y), problem (1) is solved ∀λ such that λ ⁄λ max ∈ 10 -0.05 31 =1 (recall that λ max has been defined in (3)) with sPG. In particular, the solver is run until a duality gap of 10 -9 is reached. The resulting "high accuracy solution" is used to identified the total number of saturated entries.

One observes that a large proportion of saturated entries is detected after a few iterations. We note that the proposed GAP sphere squeezing test remains relevant even when the ratio λ ⁄λ max becomes small.

Gains in the computation of solution paths

The main interest of safe squeezing is to reduce computation costs. Hence, in this second experiment, we investigate the computational burden needed to compute solutions paths to a prescribed accuracy with (resp. without) safe squeezing. More precisely, the total number of operations 2 needed to 2 We restrict our attention to multiplications since they entail a much higher computational burden than additions in floating-point arithmetic. compute these paths with different solvers are compared. Depending on the type of implementation (sequential or parallel), such a figure of merit can be interpreted as either computational or energy savings. More precisely, we consider a sequential implementation of antisparse coding where the solution of ( 1) is computed for λ /λ max = 10 -0.025 for ∈ {1, . . . , 60} and up to different accuracy in terms of duality gap. For each λ , we search for a solution of (1) with each iterative procedures initialized with the solution obtained for λ -1 (warm start). Finally, we compare sPG (see Section 3) to FITRA [START_REF] Studer | PAR-aware large-scale multi-user MIMO-OFDM downlink[END_REF] a accelerated proximal gradient algorithm, which is currently the state of the art to solve (1). Figure 2 illustrates the computational cost of each path seen as a function of the target duality gap. The results are averaged over 20 realizations. One observes that the proposed safe squeezing methodology leads to substantial gains. For example, sPG requires more than 2 times less operations than FITRA as soon as the target duality gap is smaller than 10 -2 . The gain of the proposed procedure increases for higher accuracies: one can obtain savings of one order of magnitude when the target duality gap is equal to 10 -6 .

CONCLUSIONS

In an effort to speed up the computation of antisparse representations in the context of large-scale scenarios, we proposed a new methodology, dubbed safe squeezing, to detect saturated entries in the solution of the optimization problem. The proposed procedure enables to transform the initial problem into another (equivalent) problem of smaller dimension, allowing for potentially dramatic complexity reduction. Numerical simulations demonstrated the practical benefits of our methodology. Future work includes the design of squeezing tests based on safe regions having more refined geometries such as dome [START_REF] Xiang | Fast lasso screening tests based on correlations[END_REF][START_REF] Xiang | Screening tests for lasso problems[END_REF].
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 1 Fig. 1. Proportion of saturated entries as a function of λ ⁄λ max and the number of iterations T .
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 2 Fig.2. Number of operations needed to compute a solution path as a function of the duality gap for FITRA[START_REF] Studer | PAR-aware large-scale multi-user MIMO-OFDM downlink[END_REF] and sPG.

that is, for all subset I ⊆ I , there exists a bijection between the solution of (5) and the solution of (1).